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Lecture 01: Introduction to Fuzzy Sets



Concepts Covered:

J Classical Set/Crisp Set

J Properties of Classical Set/Crisp Set
CONCEPTS COVERED

J-Fuzzy Set

. Representation of Fuzzy Set




Classical Set/Crisp Set (A)

 Universal Set/Universe of Discourse (X): A set consisting of all
possible elements
Ex: All technical universities in the world
o C(Classical or Crisp Set is a set with fixed and well-defined
boundary
 Example: A set of technical universities having at least five
departments each

i CFNLENE EQ IZ TIgkN \
|..|.u|

{r_."nu




Representation of Crisp Sets

* A={x|P(x)}, P: property

 Using characteristic function

1, if x belongs to A,
|J.A(X)= {

0, if x does not belong to A.




Notations Used in Set Theory

° (I) .
e XcA

e X ¢ A:xdoes not belong to set A

*AcB:
*AoB:
*A=B:
*AxB:

Empty/Null set
Element x of the Universal set X belongs to set A

set A is a subset of set B
set A is a superset of set B
A and B are equal

A and B are not equal




 AcB:Aisaproper subset of B

e AD>B:Aisaproper superset of B

 |A| :Cardinality of set A is defined as the total number of
elements present in that set

e p(A): Power set of A is the maximum number of subsets

including the null that can be constructed from a set A




Crisp Set Operations
* Difference: A — B = {x|x € A and x € B}

It is known as relative complement of set B with respect to set A

’/ﬁ\x Q"

nE » |
N A

(a) (b)

Absolute complement: A=A =X - A ={x|x € Xand x ¢ A}
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* Intersection: ANB = {x|x € Aand x € B}
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* Union: AUB = {x|x € Aor x € B}
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10 Law of excluded middle: AUA = X

Properties of Crisp Sets

Law of involution: 4 = A

Law of Commutativity: AUB=BUA, AhNB=BnNnA
Associativity:  AUB)UC=AUBUC);(AnNnB)NC=An(BnC)
Distributivity:AN(BUC)=(ANB)UANC); Au(BNnC)=(AuB)n(AucC
Laws of Tautology: AUA=A;ANA=A

Laws of Absorption: AU(ANB)=4;,An(AUB) =A

Laws of ldentity: AUX =X; ANX=4,AUP =4, ANnP=
De Morgan’s Laws: (ANB) =AUB; (AUB)=ANB
Law of contradiction: AN A = ®




Fuzzy Sets

* Sets with imprecise/vague boundaries
* Introduced by Prof. L.A. Zadeh, University of California, USA, in 1965
 Potential tool for handling imprecision and uncertainties

* Fuzzy set is a more general concept of the classical set
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Representation of a Fuzzy Set

A(x)={(x, pa(x)) x € X}

Note:
Probability: Frequency of likelihood that an element is in a class

Membership: Similarity of an element to a class




Types of Fuzzysets |
1 00
: | 0! o
1. Discrete Fuzzy set " ol il
n of liiliio
A(X)ZZHA(Xi)/Xi’ of LIl
i=1 ) SRR
n: Number of elements present in the set 00—

1 23456 789 101112131415

Days ————=

2. Continuous Fuzzy set

A= [ 1a(x)/ %
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Convex vs. Non-Convex Membership Function Distribution

A fuzzy set A(x) will be convex, if

HA{kxl T (1_ 7")X2 } = min{“A(Xl)’ HA(Xz )}
Where 0.0<A<1.0




Various Types of Membership Function Distributions

1. Triangular Membership

— max min(x_a C_on I
Htriangle_ b—a,C—b ’
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2. Trapezoidal Membership

S (x—a , d—x
:utrapezoidalzmax min b_a’l’d_c ’O




3. Gaussian Membership

1.0

H Gaussian 1( X_mjz

0.0

(4
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4. Bell-shaped Membership Function

MBeII—shaped v

X ————

FRLL OWLINE EDUCATION %

—E[:}'Ih'lh-.l T T P [—

(4




5. Sigmoid Membership

uSigmoid




Reference:

Pratihar D.K.: Soft Computing: Fundamentals and
Applications, Narosa Publishing House, New-Delhi,
2014

References
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Conclusion:

Classical Set/Crisp Set has been defined

Properties of Classical Set/Crisp Set has been explained
Fuzzy Set has been defined

Deals with representation of Fuzzy Set
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Concepts Covered:
J A few terms of Fuzzy Sets

d Standard Operationsin Fuzzy Sets
J Properties of Fuzzy Sets

d Fuzziness and Inaccuracy of Fuzzy Sets




Numerical Example

Triangular Membership: Determine p, corresponding




x—ac—x
Htriangle = max|min (b —d'c— b) , 0]

. x—2 10—x
= max|min (6_2 , 10_6) , 0]

=max[min(x : 104 x) 0]

We put, x=8.0

Htriangle = Max [mln(
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Trapezoidal Membership

*Determine u corresponding to X = 3.5

A




.utrapezoidal = MmaxX




*We put X =3.5

Htrapezoidal = maXx mln(% ,1, 65),0

= max|0.75,0]




Gaussian Membership:
Determine u correspondingtox = 9.0
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HGaussian = 1/ %—1\2
37( o )
Takem =10.0and o = 3.0
B 1
HGaussian = 1/x—10.0\2
ef( 3.0 )

We putx =9.0

1

* BGaussian™ 1(9_0_10_0)2 =10.9459

e2\ 3.0
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Bell-shaped Membership function: Determine pu
corresponding to x = 8.0

1.0 }ooco )

0.0
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1

x—c‘Zb
a

KUBell-shaped =

1+

Take ¢c=10.0, a=2.0, b=3.0

1

x—w‘6
2

KUBell-shaped =

1+

We put x=8.0

1
=0.5

KUBell-shaped = . |3 . 10‘5 -
2




Sigmoid Membership Function:

1

Determine u corresponding to x = 8.0

0.8

— 1 07
usigmoid o 1+e_a(x_b) B
osr

Takeb=6.0; a=2 "
_ 1 0.3
usigmoid - 1+e_2(x_6_0) 02

i |

we put x = 8.0

1 1

usigmoid — 1+e—2x2.0 = 1+e_4 =0.98

Swayaim
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Difference Between Crisp and Fuzzy Sets

1.0 r
] XT Crisp set representation
Y 0.66 —— Fuzzy set representation
0.33
0.0

6.45 650 6.557.00 7.05°7.10 7.15

Time ——




A Few Definitions in Fuzzy Sets

* a-cut of a fuzzy set a,,(x)

A set consisting of elements x of the Universal set X, whose membership
values are either greater than or equal to the value of a.

a,,(x) ={xlps(x) = a}




« Strong a-cut of a Fuzzy Set

a;, (x) = {x|lps(x) > a}
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Numerical Example

The membership function distribution of a fuzzy set is assumed to follow a
Gaussian distribution with mean m = 100 and standard deviation 0 =20.
Determine 0.6 — cut of this distribution.

Solution:

Gaussian distribution : ]

1{ x-m ’
eE(TJ
where m : Mean ; o : Standard deviation
By substituting the values of u=0.6, m =100, 0 =20 and

n=

taking log (In) on both sides, we get




1
0.6 l(x—loojz
e2 20
1( x-100)’
:ez( 20 ) =ﬁ u
By taking In
p l(x—loojz\ 797846 m i"z'ai“lesi N
2\ 20
= 1. !
) @ ln( 066 ) Figure : 0.6-cut of a fuzzy set.
\ Y

= x = (79.7846,120.2153)




 Supportof aFuzzy Set A(X)

It is defined as the set of all x € X, such that p,(x) >0

supp(A) = {x € X|u,(x) > 0}

Note: Support of a fuzzy set is nothing but its Strong 0-cut

 Scalar Cardinality of a Fuzzy Set A(X)




Numerical Example

Let us consider a fuzzy set A(x) as follows:

A(x) ={(x,,0.1),(x,,0.2),(x,,0.3),(x;,04)}

Scalar Cardinality ‘A(x)‘ =0.1+0.2+0.3+0.4=1.0




e Core of aFuzzy Set A(x)

It is nothing but its 1-cut

« Height of a Fuzzy Set A(X)

It is defined as the largest of membership values of the elements
contained in that set.




« Normal Fuzzy Set

For a normal fuzzy set, h(A) = 1.0

« Sub-normal Fuzzy Set

For a sub-normal fuzzy set, h(A) < 1.0




Some Standard Operations in Fuzzy Sets

 Proper Subset of a Fuzzy Set

A(x) € B(x),if pa(x) < pp(x)




Numerical Example

Let us consider the two fuzzy sets, as follows:

A(x) ={(x,,0.1),(x,,02),(x,,03),(x,,04)}
B(x) ={(x,,05),(x,,07),(x,,0.8),(x,,0.9)!

AsforallxeX, u, (x) <l (x),
A(x) - B(x), that is, A(x) is the proper subset of B(x)




Some Standard Operations in Fuzzy Sets
(contd.)

« Equal fuzzy sets

A(x) = B(x),if us(x) = pp(x)




Numerical Example

Let us consider the two fuzzy sets, as follows:

A(x) ={(x,,0.1),(x,,0.2),(x,,0.3),(x,,0.4)}
B(x) ={(x,,0.5),(x,,0.7),(x,,0.8),(x,,0.9)}

AsforallxeX, u, (x) # [ (x), A(x) # B(x)




e Complement of a Fuzzy Set

Alx) =1-A(x)

AX)

= A(X)
0.0

2 4 & 8 10
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Numerical Example

Let us consider a fuzzy set A(x) as follows:

A(x) = {(xl,O.l),(xz,O.2),(x3,0.3),(x4,0.4)}

Complement K(x) = {(xl,O.Q),(x2,0.8),(x3,0.7),(x4,0.6)}




 Intersection of Fuzzy Sets

Intersection of two fuzzy sets A(x) and B(x) is denoted by (A N B)(x)

and its membership values are determined as follows :

Kang) (x) = min{u, (%), up (x)}




H inftersection

0.0
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Numerical Example

Let us consider the two fuzzy sets as follows:

A(x) ={(x,,0.1),(x,,02),(x,,03),(x,,04)}
B(x)={(x,,0.5),(x,,07),(x,,0.8),(x,,0.9)]

Now, H ans) (xl) = min{,uA (xl),,uB (xl)} = min{O.l, 0.5} =0.1

(x,)=min{0.2,0.7} =02
wm) (%;) = min{0.3,0.8} =03
( 104,09

)= min{0.4,0.9} = 0.4




« Union of Fuzzy Sets

Union of two fuzzy sets A(x) and B(x) is represented by: (A U B)(x)

and its membership value is determined as follows:

Kaup) (x) = max{p, (x), up (x)}




e

H union
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Numerical Example

Let us consider the following two fuzzy sets:

A(x) ={(x,,0.1),(x,,0.2),(x,,0.3),(x,,0.4)}
B(x) ={(x,,05),(x,,07),(x,,038),(x,,0.9)!




 Algebraic product of Fuzzy Sets

A (x).B(x) = {(x, ug (x). up (x)), % € X}




Numerical Example

Let us consider the following two fuzzy sets:

A(x) ={(x,,0.1),(x,,0.2),(x,,0.3),(x,,0.4)}
B(x) ={(x,,0.5),(x,,0.7),(x,,0.8),(x,,0.9)}

A(x).B(x) ={(x,,005),(x,,0.14),(x,,0.24),(x,,0.36)}




« Multiplication of a Fuzzy Set by a Crisp Number

d A(x) = {(x,d X U (x)),x € X}




Numerical Example

Let us consider a fuzzy set
A(x) = {(xl,O.l),(xz,O.2),(x3,0.3),(x4,0.4)} and a crisp numberd = 0.2

d.A(x)={(x,,0.02),(x,,0.04),(x4,0.06) (x,,0.08)|




 Power of a Fuzzy Set

AP(x): p-th power of a fuzzy set A(x) such that
Par(x) = {pa(x)Px €X

Concentration: p=2
Dilation: p=1/2




Numerical Example

Let us consider a fuzzy set
A(x)={(xl,O.l),(xz,O.2),(x3,0.3),(x4,0.4)} and power p = 2

A’(x) ={(x,,001),(x,,0.04),(x5,0.09) (x,,0.16)}




 Algebraic Sum of two Fuzzy Sets A(x) and B(x)

A(x) + B(x) = {(x, pa+p(x)), x EX}

where

Parg(x) = pga(x) + pp(x) — pa(x). pp(x)




Numerical Example

Let us consider the following two fuzzy sets:

A(x) ={(x,,0.1),(x,,0.2),(x,,0.3),(x,,0.4)}
B(x) = {(x1,0.5),(x2,0.7),(x3,O.8),(x4,0.9)}

- A(x)+B(x) ={(x,,0.55),(x,,0.76),(x,,0.86),(x,,0.94)}




e Bounded Sum of two Fuzzy Sets

A(x)®B(x) = {(x, Lapp (X)), x € X}

where

Pagp(x) = min{1, py(x) + pp(x)}




Numerical Example

Let us consider the following two fuzzy sets:

A(x) ={(x,,0.1),(x,,02),(x,,03),(x,,04)}
B(x) = {(xl,O.S),(x2,0.7),(x3,O.8),(x4,0.9)}

- A(x) ®B(x) ={(x,,06),(x,,09);(x;,1.0),(x,,1.0)}




 Algebraic Difference of two Fuzzy Sets

A(x) = B(x) = {(x, na-p(x)), x € X}

where

pPa-p(x) = panpx)




Numerical Example

eLet us consider the following two fuzzy sets:

A(Xx) ={(%;,0.1),(x,,0.2),(%;,0.3),(x,,0.4)}
B(x) ={(x,,0.5),(X,,0.7),(X;,0.8),(X,,0.9)}
Now, B(x) ={(x,,0.5), (X,,0.3);(Xs,0.2), (x,,0.1)}

- A(xX) —B(x) ={(%,,0.1),(x,,0.2),(x,,0.2),(x,,0.1) }




« Bounded Difference of two Fuzzy Sets

A(x)OB(x) = {(x, pgep(x)),x €X}

where

Paep(x) = max{0,pu,(x) + pp(x) — 1}




Numerical Example

eLet us consider the following two fuzzy sets:

A(x) ={(x;,0.1),(x%,,0.2),(X;,0.3),(x,,0:4)}
B(x) ={(x,,0.5),(%,,0.7),(X;,0.8),(x,,0.9)}

A(X)®B(x) ={(x;,0.0),(x,,0.0),(%,,0.1),(x,,0.3)}




Cartesian product of two Fuzzy Sets

Two fuzzy sets A(x) defined in X
and B(y) defined in Y
Cartesian product of two fuzzy sets is denoted by A(x)xB(y),

suchthat p,xp(x,y) = min{uy(x), up(y)}




Numerical Example

Let us consider the following two fuzzy sets:

A(Xx) ={(x;,0.2),(x%,,0.3),(X,,0.5),(%,,0.6) }
B(y) :{(y11 0-8)’ (yz J 0-6)’ (y3’ 0-3)}

min(ze, (%), 445 (¥,)) = Min(0:2,0.8) = 0.2
min(z, (%), 445 (¥,)) = Min(0.2,0.6) = 0.2




min(zz, (%), 45 (¥;)) = min(0.2,0.3) = 0.2
min(z, (X,), 5 (y,)) = min(0.3,0.8) =0.3
min(u, (X,), 5 (Y,)) =min(0.3,0.6) =0.3
min(z, (X,), tz (Y5)) = min(0.3,0.3) =0.3




min(z, (X;), 15 (y,)) = min(0.5,0.8) =0.5
min(z, (X;), 15 (Y,)) = min(0.5,0.6) =0.5
min(z, (X;), 145 (Y;)) = min(0.5,0.3) = 0.3
min(z, (X,), 15 (y,)) = min(0.6,0.8) = 0.6




S AXB =

0.2
0.3
0.5

0.2
0.3

min(u, (X,), 5 (Y,)) = min(0.6,0.6) = 0.6
mMin(z, (X,), 5 (Y5)) = min(0.6,0.3) = 0.3

0.2
0.3
0.3
0.3




Composition of fuzzy relations

Let A = [a;] and B = [b, ] be two fuzzy relations expressed in the matrix form.

Composition of these two fuzzy relations, that is, Cis represented as follows:
C=AoB

In matrix form
[c,] = [aij] o [bjk]

Where

¢, =max[min(a;, by, )]




Numerical Example

Let us consider the following two Fuzzy relations:

A=bil=los o
0.3 0.6 0.7
8 =|b,.J- 0.1 -0.8- 0.6

*Elements of [Cik] matrix can be determined as follows:




¢y, = max[min(a,,,b;;), min(a,,b,,)]
= max|min(0.2,0.3),min(0.3,0.1)]

= max[0.2,0.1]




¢y, = max|min(ay;, by, ), Min(ay,, by, )]
= max[min(0.2,0.6), min(O.3,0.8)]

= max[0.2,0.3]




cy3 = max|min(a,,,by3), min(ag,, by)]
= max[min(0.2,0.7), min(0.3,0.6)]

= max[0.2,0.3]




C,, = max|min(a,,, by, ), min(a,,, b, )]
= max[min(0.5,0.3), min(0.7,0.1)]

= max|0.3,0.1]




C,, = max|[min(a,;, b, ), min(a,,, b,,)]
= max[min(0.5,0.6), min(0.7,0.8)]

= max[0.5,0.7]




C, = Max|min(a,;,b;3), min(a,,,b,;)]
= max[min(0.5,0.7), min(0.7,0.6)]

= max|0.5,0.6]




0.2 0.3 0.3]
0.3 0.7 0.6

o



Properties of Fuzzy Set

Fuzzy sets follow the properties of crisp sets except the following two:

e Law of excluded middle

A(X) A(X)

Incrispset, AUA =X 1.0

In fuzzyset, AUA = X = =
=

C
[
[




e Law of contradiction

1.0

In crisp set, AN A =0

In fuzzy set, AN A #0

0.0
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Measure of Fuzziness of Fuzzy Set

Entropy has been used to measure fuzziness of a fuzzy set.
Let X = {xq, X3 ..., x,,} be the discrete universe of discourse.
Entropy of a fuzzy set A(x) is determined as follows:

H(A) = —%z[uﬂ (xi) log{pma(x)} + {1 — pa(x;) Hog{1l — pa(x;)}]
i=1




Numerical Example

Let A(x) = {(x4,0.1),(x2,0.3),(x3,0.4),(x4,0.5)}.
Entropy
H(A)

= — % [{0.1 X log(0.1) + 0.910g(0.9)}

+{0.3log(0.3) + 0.710g(0.7)}+ {0.4log(0.4) + 0.6log(0.6)}
+ {0.5l0g(0.5) + 0.5log(0.5)}]

= 0.2499




Measure of Inaccuracy of Fuzzy Set

Let us consider two fuzzy sets: A(x) and B(x) defined in the
same discrete universe of discourse X = {xq, x5 ..., X,,}

Inaccuracy of fuzzy set B(x) is measured with respect to the
fuzzy set A(x) as follows:

1 n
1(4;B) = — = [a(xo) log{up(x)] + (1 — pa(x)Ylog(1 — pp(x)}
i=1




Numerical Example

A(x) = {(x1,0.1),(x2,0.2),(x3,0.3),(x4,0.4)}
B(x) = {(x1,0.5),(x2,0.7),(x3,0.8),(x4,0.9)}
Inaccuracy of B(x) with respect to A(x),

I(A; B)

— —% [{0.1 X log(0.5) + 0.9 x log(0.5)}

+{0.2 x 10g(0.7) + 0.8 x log(0.3)}
+{0.3 x 10g(0.8) + 0.7 x 1log(0.2)} + {0.4 x log(0.9)
+ 0.6 xlog(0.1)}




References:

 Soft Computing: Fundamentals and Applications by D.K. Pratihar,
Narosa Publishing House, New-Delhi, 2014

 Fuzzy Sets and Fuzzy Logic: Theory and Applications by G.J. Klir,
B. Yuan, Prentice Hall, 1995




Conclusion:

A few terms related to Fuzzy Sets have been defined

e Some standard Operations in Fuzzy Sets have been
explained

 Properties of Fuzzy Sets have been explained

* . Fuzziness and Inaccuracy of Fuzzy Sets are

determined
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