Module 6 : Definition of Integral
Lecture 17 : Fundamental theorem of calculus [Section 17.1]

Objectives
In this section you will learn the following :

° Fundamental theorem of calculus, which relates integration with differentiation.

17.1 Fundamental Theorem of Calculus

In this lecture, we describe an important theorem which connects integration with differentiation. We first
make a simple observation:

17.1.1Proposition:

Let 7 [a,b] — [B be an integral function. If 4 = [l is such that
L(P,f)i A= U[P,f)

for every partition P of [a,b], then 7 is integrable and

A= E Fix)dx -

ik

PROOF
17.1.1Proposition:

Let #:[«.&]— IR be an integral function. If .2<m®is such that
(P A= A= I[P, )
for every partition pof [«, ], then fis integrable and

A= j: Flxdx -

Proof:



file:///E|/HTML-PDF-conversion/122101003/Slide/Module-6/Lec-17/Sec-17.1/Proof-17.1.1.html

Since fis integrable, there exists a sequence {1, ., of refinement partitions of [, #]such that
lim [U(5,./)-L(B./)]=0.
By the given hypothesis,
LiE,.F) = 4 = U7 (F,, #).for every 2 =1.
Hence,
lim T(5,./)=4= lim L(5. 7).

Thus, by definition

A= ’ b
= [, F(ax-
17.1.2Fundamental Theorem of Calculus - I (FTC-1):

Let f, e [a:,f;.] — [ be functions with the following properties:

(i) fis integrable on [a,f;.].

(ii) & is continuous on [,g:,f;.].

(i) 7 is differentiable on [g,b)with F'(x) = f(x)forall x e (a,b).
Then,

jj Fi81ds =F (8 — Fla).

ik
PROOF
17.1.2Fundamental Theorem of Calculus — I (FTC-1):

Let 7, #:[a.&]— IR be functions with the following properties:
(i) sis integrable on [#,&].

(ii) 7is continuous on [ &].

(iii) ris differentiable on (a2 with F{x)= #ixz)for all = e{a.%).

Then, _[jj(f.)df. =F(E) — Fla).

Proof:

Let #={a=x,.x. .x,=~]be any partition of [z.%]. Then

F(b)— Fla) = Flx,)— Fixg) = ré[F (7= F(x)]

By the mean value theorem for zon I:’TI:—1= xk] , there exists cp € (xk_l, xk:]such that

F[:xk) _F(xk—l) = F(Ck)(xk_xk—l)'
Since, F'(x)= s (x), for all x=(a.&), we have

P(re) = (xia) = 7 () (e me).
From equations (2) and (3), we get
Flb)—Fla) = % f[‘fs::'(xk_ Xy )
Thus, for every partition pof [«, &].

L(P F) = F{B) —Fla) = 7P, 7).
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Hence, 7{&)—F(a) = I: Flx)dx. [?]
Back

17.1.3 Examples:

(i) Since, for every z =1,

dx

for every interval [a:, E:n],

b _
.L ax ™l agr = B4R,

i.e.,

oo B — "
I g =2 7%
2 x

(i) Since
d ..
= (sin x) = cosx,
for ¢, bR with 4 <4,
b
I cosdx = sin [E:')—sin [.:1)-

[}

(iiy ~ For the function f{x)=exp(x), xRk

d
= [exp [x)) = exp(x).

Y
Hence, for @, b =B with 4 <4,

b
x b d
I e'dy = & — g
d
17.1.4 Definition :

Let # F: [a, E:-] — ] be functions such that # is differentiable and
F'[;{) = f[x)for al x e [a,b)-

Then, & is called an antiderivative of _f on [a,f;.].

17.1.5 Examples :

Let F[x):xg,xem- Since f'(x):zx, which is a continuous function, an antiderivative of

0
I [x) =2xis

. Infact, for any » = —1, since
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d g
— (xn) = nx",
dx
we deduce that the function # [x) = x" has antiderivative
xn+1
F[:x): ,xelR, n=x-1
n+1
(i) For Flixj =cosx, xR, F'I[x) = —sin x , implies that ¢ [x) = zin x has an antiderivative, namely
i [x) = COSX-

17.1.6 Remark:

If 7 |[le is an antiderivative of # Iile , then clearly
G[x) =5 (xj 4+, ¢ a fixed constant, is also an antiderivative of _f . Thus antiderivative of a function

i [x) is not unique. Any two antiderivatives differ by a constant.

17.1.7 Definition:

Let 7 [a, f;.] — IR . The set of all the antiderivatives of { is denoted by

I Fx)dx,
and is called the indefinite integral or just integral of f . Since any of two elements of this set differ only
by a constant, we also write

J-f[x)cfx:F(xj+c,

where # is some antiderivative of 7 .

17.1.8 Examples:

In view of examples 17.2.5, we can write
" xn+1
Ix = +e, ne-1
n+1

and

Icos xdx=snx+c.
In view of theorem 17.1.1, since the knowledge about the antiderivative of a function is useful in

calculating the integral of the function, it is natural to ask the question:
Given a function _f : [c;t, E;.] — [/, can we always find an antiderivative of f ?

The answer to this is given by the following:

17.1.9 Fundamental Theorem of Calculus - Il (FTC - I1):

Let f : [a,f;.] — [B be continuous. Then

Fx) =[ 7(c)de xe[a. 8],

is differentiable with , i.e., has an anti-derivative, namely & .



17.1.10Remark:

Though the above theorem tells us that every continuous function has an anti-derivative, it may not be
always possible to find it explicitly. Some methods that help us to do this, are discussed in the next
section.

PRACTICE EXERCISES

Let # have an antiderivative & and g have an antiderivative {¥. Find an antiderivative of the following

1.
in terms
of Fand (}:
() af.ccR.
(i) f+g.
Show that if f : [a, f;.] — [/ is continuous and ﬁ £ [l is given, then there is a unique antiderivative & of
2.
J
such that & [a) = fAforagiven g e [a,f;.].
3. For the following j , find unique antiderivative & with the specified values at a specified point:
0 f(x)=3% F(2)=10
() Flxil=x+27+2% F(1)=0.
!
D six1=x", F(1)=0
4. Find the average values of the following functions over the indicated intervals:
) F(x)3x-2x,10,2]
(i Flxi=4-2[-11]
(i)  Fix)=cosx[0,3782]
Recap

In this section you have learnt the following

Fundamental theorem of calculus,which relates integration with differentiation.

( Section 17.2)

Objectives
In this section you will learn the following :

Integration by parts formula



e Integration by substitution

e Leibnitz's formula for differentiating integral with variable limits

17.2 Applications of fundamental theorem of calculus

17.2.1Theorem (Integration by Parts):

Let & (F: [a:,b] — R be differentiable functions such that both 7' (3 are Riemann integrable on [a,b]-
Then

[[7(x)G' (x)dr = F (5)G(8)- @@~ [ F'(x)G(x) ax

ik
i
PROOF

17.2.1Theorem (Integration by Parts):

Let 7 &:[a,%] — R be differentiable functions such that both #',G*are Riemann integrable on
[«.2]. Then

I:F[xj F(x)dx= F(B)F(B) - Fla)Fa)— j: B x) G () dx -

Proof:

Note that, by the product rate for differentiation
(FE) = FG+GF -

Since both #izand =~ are integrable, by FTC-I1, we have
F(R)G(A) - Fla)FHa) = [j[FG)’ (x)dx
_ I: (7' (x)60) + PTG )

— ! F(x)C(x)dx +]. F(x)C(x)dx
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17.2.2Theorem (Integration by direct Substitution):

Let 7 [a,f;-] —Rg: [.g,.;f] — [ be functions such that
(i) £ is continuous on [a,b]-
(i) g is differentiable on [c,d]with gici=aand gld) =4

(i) g’ Riemann integrable on [.::,.:1‘]-
Then

d b
[} fetetde=| f@ar

PROCF

17.2.2 Theorem (Integration by direct Substitution):

Proof:

Since fis continuous, by FTC-1, fhas an antiderivative, say 7. Then
Fxy=F(x)for all
Also by the chain rule,

(Fog) ()= F {g(x)g(x) = Flg)x) g (x).

Thus, by FTC-1
d ¢

[F&g) [a!’) - [Fag) (e = _L [F@g) (%%

-[fremeea -
Also, again by FTC-I,
(Fog)(d)-(Feg)(e) = F(g(d))-F(g(e))

=FE - Fla)

b
=[ rax )

Proof is complete from (4) and (5).

Theorems 17.2.1 and 17.2.2 give us techniques to evaluate definite integrals.
17.2.3Examples:

(i) To evaluate

.I-xem.:ix,a 210,
we write

Fixi=x3(x) ="
Then

Fixy=Tand F(x) = e
Thus, by theorem 17.2.1,
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_I-:xem % —éj-jx(mem)dx
:l[[b(mab)—a(aem)] _I-Ejemcix:|
i
:é(bmab—am@)—[ﬁﬁ :|
:(E:eab—aem}—éab e

1
(i) Tocompute r_ .I'Dlgx(xz +1]I2r|:fz.” let us write

1
Fla=ud u=gix) = x+1
Then by theorem 17.2.2,

d=1 b1
I= | fleto) g@dx = [u? au,
c=0 @

where ¢ = g{ci=1and b=g(d)=2

Hence
3 =2 3
1=| 243 _2l97 |
3 Ly 3

17.2.4Theorem (Leibnitz Rule):
Let f: [a,f;.] — [B be continuous and g v: [.r_z, ;_'i‘] — [.:z,f:'] be differentiable. Then ¥4 = [a,,ﬂ]

%[E{{:j‘f‘:ﬂ cﬁ] =f(v[y))v'[y)—_f(u [?))uf[?,)_

=y
Lk

PROOF
17.2.4Theorem (Leibnitz Rule):

Let r:[«.2] — mbe continuous and =, v:[=. 8] —[«.z]be differentiable. Then
W E[a,;‘_‘i‘]

2 s@at) =W ) () ).

dx =y

Proof:

Since for xe[a.2].
7(x)=[ 7 aeis differentiable with 7 = 7,
by chain rule, for all ;- <[, g], we have

%(Fau]l = Pu(p))u(v)=F(u(r))e' (7)), (6)
k=¥
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and
b
Tr [ Fan)

x=y
Also by FTC-I,

FOoR)) — Flula) = :fj; Fe)de = :Ej;’ FEde -

Hence by (6), (7) and (8), we have
L P j(zj.:z‘z

17.2.5Example:
Let

Fx=[ tdex>0

=
-0.||—l

Then, by theorem 17.2.4, F'(x)exists and for x > 0,

1|1y 1y 1.1 2
Fi=—|= |- |==+==2
X l X

X X X
X

PRACTICE EXERCISES

1. Using Leibnitz's Rule, compute the following:

a4y roods
al—r. F y=| —F—
3 ID 1+
(hjﬁ,if forx R
dx

() Fizx) = sz cos(ed) dt.

.1‘2
(i) F(x) = [D cos(d) d.

2. Let IR —IF be continuous and 2 e, A= 0. For =R, let

g(x) = %Iﬂxﬂz} sin A(x—1£) dt.
Show that

g =0=g"0)

and g satisfies the following:

g"(x) +}t'.2g(x) = fixiforallx e [

= F' (v(#))v' (#) =7 (v (#))¥ (7).

= () (#) -7 (e (r)je' (7).

(")

(8)



3. Let P be a real number and let ; :IE — IR be a continuous function such that

Flz+pi=fixiforall xe B
Let

§(x) = _[:+Pf(z).:fz xeR-

Show that |gﬂﬁis a constant function, independent of 2.

4. Let §: [U,m) —> (D,m) a continuous function. For any % = [J, let (%) denote the area bounded by the x-

axis, the lines x =0, x = & and the curve y= f{x). If, is given by

G(b) =B +1-1foreach b= 0,

determine the function f .

5. Let §: [a,b] — IR be a continuous function. Show that for every x & [a,f;.] ,

_[:“: i) cx‘z} di = _I-:(x—uj Flacd

6. Integration by inverse substitution:

Let #: [Q:,E:.] R and g [c,d] [ [ﬂ,fp] be such that the following are satisfied:

(i) JFis continuous.
(i) ¢ is onto.

(ii) g exists, is continuous on [c,d] and (3= Ofarall y € [.:',,;f] )

Show that g}is one-one, and hence gﬁ‘lexists. Using direct substitution for .g,'r show that

b i
| Gy ax= ] (800 ¢ 0,
where g:= g7} (a)yand B= ¢ ().

7. Using direct/indirect substitution, compute the following:

O | dr,

/9 +x2

(use y — g4 x).

- j‘ dx

A9 P ,

(use inverse substitution ).



x=Ztan g
Recap

In this section you have learnt the following

e Integration by parts formula

e Integration by substitution

e Leibnitz's formula for differentiating integral with variable limits
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