Module 6 : Definition of Integral
Lecture 18 : Approximating Integral : Trapezoidal Rule [Section 18.1]

Objectives
In this section you will learn the following :

Mid point and the Trapezoidal methods for approximately the integral.

18.1 Approximating integral : Trapezoidal rule

In the previous section we saw how the existence of an anti-derivative for a function f helps us to

evaluate its integral. However, it is not always possible to identify an anti-derivative of a given function.
For example, the function

sinx

fx) = xe[1, 2]
x
or the function
X242
g[x)= . ] xE[;’rIéLEIE]
SN X

are both integrable functions since each is continues. However, it is not possible to identify explicitly a
function #such that F'= for a function (¥ such that (= g. In such cases, when we can not

compute the integral of an integral function exactly, the next best possible thing to do is to find an
approximate value of the integral. We describe some methods to do so.

18.1.1Definition Approximating ; by step function:

Let f: [a,f;.] — B be integrable and Pn :{J:D, X xn] be a partition of [a,b]such that
b—a
X—x 4, =h,= =1 .n.
i-1 b
b

y!. :f(x:.),l-:[j,l,... L

To find an approximate value of the integral .I-bf[x) dx . the idea is to replace f, on each subinterval
ol

Let

|: X i }J{J. ]by a simpler function whose integral can be found easily, and use that integral as an
1_

approximation. Mainly, we use polynomials functions to approximate f on each subinterval.

Let




r:!.E[ Ly, x!.],le,...,?z.

On each subinterval [ x | XI] let us replace j by the constant function f (r:!.). Then, the integral of
J_

this new function on [,;;;,E;.] is the sum of the areas of the rectangles and is given by

2 ()

Note that this new function is well-defined on each subinterval [ x

el ] and is called a step function.

Some particular cases are the following:

(i) Left-end point rule:

If o= x,_;forevery i=12,.,x, then
el

e =t 2 S (577)
=

is called the left-endpoint approximation for the integral .I-bflix:l o
fir)

(i) Right-endpoint rule:
If o;:=x,forevery i=12,., #, then
H
By =2 S (5-1)
=

is called the right-endpoint approximation for the integral .I-bf[x) o
a

18.1.2Mid point rule:



In case,

x . +x
£; = M for everyi=1,2, .., 5,

then,
n r . +x
M, =5k f{—l'lg *J,
=1

is called the mid-point approximation for the integral J-bflix:l o
i)

18.1.3 Note:

Note that each of

L Ry My, —?*.ij[x:lcixas 3 —>00 -

Thus, each of them is an approximation for .I-bflix:l e
]

18.1.4 Trapezoidal Rule:

For every #, let us approximate j in each subinterval|: X {3 J[J i|by the linear function g, obtained by
!_

joining the points |[x!._1 . f(;g._l )) and (x!-, i [;r!. )) by straight lines. Let

n flx) + (%)

=k
H ?’IZ 2

1=1

Geometrically, TM is the sum of areas of the xtrapezoids as shown in the figure. This is called



Trapezoidal approximation to _I-bflix) -
]
18.1.5Note:
(i) Note that for every x,
LB f) =T, s U(BLS)
Since f is integrable, we have by Sandwich theorem,
B
T, —}»I f{xjdx, as n —oo-
2

f[x)cix-

) ) b}
Thus, we can use 7,, as an approximation to I
]

(ii) It can be shown that if f : [.g, f;.] — [/ is a concave down function, then for every i,

T, = I:f[x)dx <M,

and if f is concave up, then
2]
M, 2| F(x)dr 25,
18.1.6Error estimates for the mid-point and the trapezoidal rules:

If £ [a:,,_f;-] — IR is such that #'is continues on [g,b]and |f"|:xj|£.:::for all xe (a;,f;-:], then it can be

shown that for every 3 =1, the following hold:

3

. -

O b, - Lo < 22
3

- b—

D) T, - _ij[x:'dx < [ 12‘1) @

18.1.7Example

Let
fli?f:l=l,xe[1, 2]
x
For » =1 fixed, consider the partition £ ={xlil= T xn} [1, 2] _where
g =14l =01, =

» »
Then



vy =13
i ) (x!1+?f!)f2
1 2 2
T n ; 2+[2i—1]
»n
H
1
= 2
g’ 2[?z+z':l—1
and
?;1 i + 2 11 + 12 +...+—11 +l
“10s) ) )
# # »
3 1 1 1
4w+l w42 2n-1
Since,
2
(=) = || = 2 ferall xe[l,2],
x
we have
21 1
ML, — —dx| = ,
‘ " Il x 1202
and
21 1
T, - — x| = .
M .[1 x i
Thus, to approximate .I.2 l A with an error less than 1[:]-3, we need to choose n such that
x
# -«:10_3, i.e., x#=10for the mid-point method
»
and
6_12_ < 1[]_3, i.e, n=13for the trapezoidal method.
#

Click here to see a visualization: Applet 18.1

PRACTICE EXERCISES

Use x = 10 to approximate the following integrals by the mid-point rule and the trapezoidal rule. Find the
actual

value and the error. Compare then with the error-estimates as given by 18.1.6:

.

4 1
0 Lﬁ

. +1 1
™ [ T

(iii) ( the actual value of the integral is ).
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J-
—j' X
1 X

. 2 7
@) [ 4=z dr-
2. Verify, for i =4, the claim in 18.1.5 (ii) for the following:

1
0) jﬂ x° dx

0
@ [ 2 dx

3 For the integrals in exercise 1, find a suitable number » of sub intervals for (ii) the mid point
" approximation and

the trapezoidal approximation, to ensure that the absolute error will be less than the given value:
() 5x107° for (i)
(i) 107 for (ii)
Gi) 107 For (iii)
(v) 107 for (iw)
{3

4. Find the trapezoidal approximation with z = for J' x? dx What can you say about the error-estimate?
]

Recap

In this section you have learnt the following

e Mid point and the Trapezoidal methods for approximately the integral.

[Section 18.2]
Objectives

In this section you will learn the following :

e Simpson's method for approximating the integral.

SIMPSON'S RULE




18.2 Approximating integrals: Simpson's Rule

In the trapezoidal rule, the integrand _f is approximated on each subinterval of the partition by a linear
function, i.e., a polynomial of degree 1. We can also use a quadratic polynomial for this as follows.

18.2.1Proposition:

0.y)
For a given function j, let -h.vp) 1 {h.),}
/7' B
P(-n o ).Q(0.0).R(n.5,) y=AR+Bx+C
be three points on the the graph 7 . % % ¥
If ¥= quz + Bx+(7is a quadratic function passing through the
points F, {}and &, -h 0 h

then
Mo~ 2.3"1 +.J"g

=y and 4 =
: 2k

Further, the area .r":lp bounded by the graph of this quadratic (a parabola), the x-axis and the lines

x =-h and x = & is given by
k2

ik
/

FROOF
18.2.1Proposition:

For a given function 7, let

P(-no).olo.).R(n.o)
be three points on the the graph .

If 5= Ax? 4+ Bx 4+ is a quadratic function passing through the points F. & and z, then
¥n — 2.}’1 +.}’2
2k
Further, the area 4,bounded by the graph of this quadratic (a parabola), the -axis and the lines

% =-h and x = h is given by

CT=pand 4 =

B
x‘:lp = E[yu +4y +y2:|.

Proof:
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Since #.¢ and R lie on the graph of » = #({x)and also on the quadractic curve, we have
M =C.yg=Ak? —Bh+Cand y, = 44% + Ba+C.
On solving these equations, we obtain

_ Y@ty
S B Wi
2

To calculate let us assume, without loss of generality that =; =0. Then g =— 4. x5 = &,
Now the required area is given by

A, = E}: (4x* - Bx+C)

3
= —2‘4;* +2Ch

-

18.2.2 Simpson's rule:

Given a function f : [,g, f;-] — [, to approximate _I-bflix) gx . for =1, fixed, we consider the partition
)

P;! = [ J:D, xl xn} of [.:;:,E;n]having odd number of subintervals, i.e, »is even, with
_b-a

TE_ =hy d=1 . .n,

#
Let

y!.zf[xl.),i=[:|,1,...,?3.

We replace j on each subinterval [ x

] x!__l_l:lby quadratic curve passing through points | x!__l,y!._lj

, (x!. y}.)and |[;;i+1 _3’:'+1)’ i=13,....»n—1 Using propsition 18.2.1, the integral of this new function is

the sum of the areas under the quadratic curves, given by:



-1
e (-yz'—l +4-yz'+yz'+1)
1=1,1 od

(yn +4y +2y s Hiy, o2y, o+ +yn)

w|?w|§= o |

[yu Ay oy, 2y, +...+yn_2)++yn:|.

The number Sn is called Simpson's approximation to _I-bflix) #xand the method is called the Simpson’s
P

rule.
18.2.3 Note:

Note that
5, = %[(yn ¥y oY ) 2y A [y o ) 2y vy +---+J’n)2*‘?n}

lim 8 = é“:lf[xj cfx+4_|-jf[x)dx+_|-:f|:xjdx}
= I:f[x) .

18.2.4Error Estimates for Simpson’'s Rule:

Let f : [a, .E;.] — [ be note that the following holds:

() f™(x) exists on [, 2] and |f“3'[x)| < forall xe(a,b).
(ii) fﬁ' ( X )is continious on [a:, E:']-
Then the following holds:
If fis such that f[*3:| ( X)) is continues on [.:;,E;.] and |f£4:'|:x:|| = f forall xe [a,b), then it can be

shown that the following holds:
5
b (B—a) #
SJ’I - .I-I:_2 fl:..'&'j dx EW—

18.2.5Example:

Let

f[x)=l, xe[1 2]
X
Then,

7 ()] = ‘2_';1 =24 foralx g[1,2].
X

For 4 =1fixed, # even, consider the partition

£ o= {xn,xl,...,xn} of [LE],where x!-=1+i,i=D,l,...,m,ﬁzn:l.

M M

Then



L FY) (L SRS S S ) DL S S
(>-2)
7=

M

B o | e o)

1 4 1 1 1 2 1 1 1
=—+— + +.+ += + +.+ .
Zmo B4+l w43 2u—1 Aln+2 n+d 2n-17

Hence

5, - dx‘

15?2

21
To approximate I — &% by Simpson's rule with an error less than 10—3, we need to choose # such that
x

2 =
— <10 " 1e,n=4.
155
18.2.6Note:
To compute the approximations A, 7, and 5, of _I-bfli?n’) #x» we need not know the function on the
=

whole interval [.g,f;.], the values of j only at the partition points s Ky, Ayare needed.

Click here to see a visualization: Applet 18.2

PRACTICE EXERCISES

Use ;=10 to approximate the following integrals by the Simpson's rule. Find the actual value and the

1.
error.
Compare then with the error-estimates as given by 18.2.4:
4 1 P
o [ e
1
B +1 1
(i) o
-1 2x+3

the actual value of the integral is s
(i) .[D m adx ( g )-

(iv) jD 4z dx-
2. Verify, for ;4 =4, the claim in 18.2.3 for the following:

1
0) jD X dx

0
@ [, *dx

3. Use Simpson's rule to compute an approximate value for
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2
I xg.:fx
I}

for n = and compare it with the actual value. Are they same? Can you justify your observations.

1 2
4 Use ; =4 to estimate .I-xjcix by Simpson's rule and compare it with that of trapezoidal rule. Find the
0
actual error. Can you find a bound for the error estimate? Justify.
Recap

In this section you have learnt the following

e Simpson's method for approximating the integral.
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