Module 13 : Maxima, Minima and Saddle Points, Constrained maxima and minima

Lecture 38 : Second derivative test for local maxima /7 minima & saddle points [Section 38.1]

Objectives
In this section you will learn the following :

e The second derivative test for locating points of local maximum/minimum and saddle points.

38 .1 Second derivative test for local maxima/minima and saddle points

In order to obtain sufficient conditions for local maxima, local minima and saddle points, we need the
following notion.

38.1.1Definition

Let /:DC IE? —=IE and {x3,¥,) € L1 be an interior point. Let all the second order partial derivatives

of fat (xu,_ynj exist. Then

Af( ) Fx (Ko, ) f_).:l.l (%)
x =
% For (%20 Sy (5, 0]

is called the discriminant (or hessian) of 7 at (x,,3,)-

38.1.2Note:
If
Jip (g, Vo) = Fyr (20, %)
then

AF (3, %0) = Fre (B, 0 ) oy (n ) = Fip (Foud )




For example, this would be the case if f@, and f},x are continuous at { x;, ;1. Further, in such a case, if

Af(xy,0,) =0, then both £, () and £, (%, ) are nonzero and have the same sign.

38.1.3Theorem (Discriminant Test):

Assume that the first and second order partial derivatives of j exist and are continuous at every point of

B, (x,,»,). Suppose

Frlxg, ) =0y (%, 000 =0

Then, we have the following:
(i) The function f has a

local masnmum at (x,, ¥ ) 1f AF(xg,»00 =0 and F,, (x5, 00 <0 (or j:yy =0
(i) The function jf has a

local mintmum at (x, ¥ 018 AF (x40 =0 and £ (x, ¥, =0 (or j:},y =),

(i) The function f has a

saddle point at (x,,»0)1f &7 (xy, ») <0

We assume his result, the interested reader may refer a book on advanced calculus book.

38.1.4Example:

Let

Fix, ) =4np—x*—y* for (xy)eR.

Then,

Fr(a) =40 = 77) and £, (%,0) = 4(x, - yg)

Thus,
fx':xu:-.}’u:' = ._J-G,I (I.;.,y,;,) =10

gives us

(%, 290 = (0,0),(1, Dor(=1,-T).

Further,
fxx ':xu:-}"’n:' = _12-’53: f;:u ':xu:-.yu:' =4, fp} (xn:-.}’u:' = _12.333

and



AF(x,,7,) =16(9%, v, = D).

Hence,

AF(0,0) = —16 <0, implying that (0,0)isa saddle point.
Also,

AF(LTI = AF(—1,-1)= 128> 0,

and

fn’{lzlj =fxx|:_1,_1:| =-12 <0

Thus,

f hasalocal mazimum at {1,1) as well as at {—1,-1).

Further,

along the line x=v, f(x,2)= 2x*(z—x*) = 0, for every x

and

along the line x= —y, fix,—x) =22 (2—x") «0for all 0 «2* <1.
Thus,

the point {0,015 a saddle point for §

38.1.5 Remark:

The Discriminant test is inconclusive at (xn,yuj when

Frlxg, )= _f:;u (%, Vo) = & (x5, =0

For details see next examples.

38.1.6Examples:

(i) The function

F(x,p) ==+
has a local maximum at {0 (0} even though 7, (0,0} = _;f:}, (00 =AF0 0 =10

(ii) On the other hand the function

Sy =xt 4yt

has a local minimum at (0,0} and f,(0,0) = 7, (0,0)= 47 (0,00 = 0.

(iii) The function
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flx, ) =4xy—4n7,

satisfies the property that f, (0,0} = j:}, {0, 0y = AF(0,0%= 0. Further, if we consider

the curve

(g, mE) =1t -t/2), te R
Along this curve,

3
FimEmiEn = —% for every ¢ e IR

Thus, we can find points {x, ) close to {0, iwhere f(x, ) < f{0,01=10.
Similarly, along the curve

(mih, @) =¢ 02 te IR
the function is given by

4
FlmEmiEn = ?% for every £ e IE.

Thus, we can find points {x,)) close to (0, 0y where f{x, ) = f{0,0) =10 Hence, f has a saddle point at
(0, 0.

QU

Practice Exercises

Show that the following functions have local minima at the indicated points.
Sl =xt 4+t +4x-32y -7, (%,0,) = (-1,2)-

S50 =2 4328 - 20045y =4y, (%, ) = (0,00

Analyze the following functions for local maxima, local minima and saddle points:
Sy = (6= yhetrtie,
!
Sy =2 -3
Fix=6x —2x° +39° +6x0.

Flxyi=x 4+ —3ap+15
Let

Fxyy=y -4y - 32,

Show that {(J, (I} is a critical point for § , but the second derivative test fails.

Show that (], (I} is neither a point of local maximum nor local minimum


javascript:popUp21('Quiz38.1.html')

(i) Show that along every line through the origin, { has a local minimum at (0, ()
(iv) Show that along the curve y = 2z*, f has a local maximum at {{J, (J} .

(4)Let

Fix =24 (x 1 eIR?

Find all the critical points of fand analyze them for being points of local maximum/minimum/saddle point.
Every point along x -axis and ¥ -axis is a point of local minimum.

(5)Let

Fixyi=4x2e" -2 -t

Show that f has only two critical points, both being points of local maximum. (Note that for a function of a
single variable, between any two points of local maximum, there must be a point of local minimum).

Recap

In this section you have learnt the following

e The second derivative test for locating points of local maximum/minimum and saddle points.
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