Module 18 : Stokes's theorem and applications

Lecture 53 : Stokes' theorem for general domains [Section 53.1]
Objectives

In this section you will learn the following :

¢ How to verify the conclusion of Stokes' theorem for given vector fields and surfaces.

53.1 Verification of Stokes' theorem

To verify the conclusion of Stokes' theorem for a given vector field F and a surface 5, one has to compute the surface

integral
” ¥nege e (88)
&
for a suitable choice of I, and accordingly decide the positive orientation on the boundary curve #(5) =" Finally,
compute
L« LD ) - ——— (89)

and check that (2E) and (2% are equal.

53.1.1 Example :

Let us verify Stokes' s theorem for
F=xi+4xy]+)y zk

for the surface 5, the rectangular region in the plane Z = ¥ with vertices {1, 0 0%, (1 0 03 (133 (0 3 3. We have
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Figure: Surface S

The surface is z = f{x,¥) =¥, where {x, ¥ X,

R={(x,y)e R*|0=x=land 0= y=3}

Thus,
dz . dz .
[[o¢ cot Fmyas= [[( cud F}-[—al—$]+dexdy,
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n=-22; 9744
dx Ay

is the upward unit normal as the z -component is positive on 5. Thus,
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The selected orientation on 5 induces the anti-clockwise orientation on iZ'= 2({.5), as shown in figure. The boundary ¢
consists of four parts:



Clxi,0=x2]
ity +yk 0=y =3

O (l=-x)i4+ 37+ 3%, 0=x =1,
G+ G-k 0=y =3

Thus

CPCF..:fr =gﬁc dx+ A dv+ v xdz
4
= Z CPC;- Pdx+dntdv +yixdz .
=1
Since

3 3 2, a1
Cpqxcix+4xydy+y Hiz—_l-nxcfx—g,

3
CPCJ xdx+dn’dy +y adz = Ij:u(dlf +y2)dy = [y“ +‘y?:| =150,

0

2 3 g, " a2, _ 1
CPCJX dx + 40 dv+ v xc;t’z—_l-x=1x dx = 3
CP dx+adntdy +y xdz = ID Qv =10,

T p=z
we have

(PCF..:x‘r:QD. ---------- (91)

Equations ( 90) and ( 91) verify Stokes' theorem,
53.1.2 Example:

Let us verify Stokes' theorem for the following:
F=—yi+iyzj+i3k

5 to be the surface of the upper half of the sphere xz +}”2+22 =1.




Figure: Surface % with boundary 7

We note that
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The upper half of the sphere is given by

z=Jl-% =y =hixy), (xyeD

where [ = [(x,y] | 2% + 57 -::1] .Let us select the normal to 5 to be

n=-lki-k

Lit+k

Then,
_”S(‘F xF)nds = ”D(‘FXF)-[—sz i-hy i +k] A

- ”Dd"q

For the selected normal on 5, the orientation on 35 =, the circle %2 +.}’2 =1is the anticlockwise orientation. Since, as

z=0,x=cosf, y=sné 0=f =2sr,on ' we have
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Practice Exercises :
1. Verify Stokes' theorem for the vector field
F=2zi+3x+5yk

where 5 is the surface of the paraboloid z =4 — 7 _yz for which z = (].

Answer: lam

2. Verify Stokes' theorem for

F=(x-yji+{y-z]j+z-xk,
5 being the plane x4+ 31 +z =1 in the first octant.

] [N}

Answer:



3. Verify Stokes' theorem for

F=(zx—-1+({x-zi1j+(z—2) Lk,
5 being the surface of the cone P +_y2 , intercepted by the sphere

Py—al4zi=at 220

:.i'm'.2
Answer: 2

Recap
In this section you have learnt the following
¢ How to verify the conclusion of Stokes' theorem for given vector fields and surfaces.
[Section 53.2]
Objectives

In this section you will learn the following :

¢ How to extend the conclusion of Stokes' theorem for general domains.

53.2 Extending Stokes' theorem

53.2.1 Surface with more than one boundary components:

In section 5% 2 we proved Stokes' theorem for piecewise smooth orientable surfaces where boundary consisted of a

simple closed piecewise smooth curve. These are the surface which have no holes. For example this does not include
surface such as shown in the figure




Figure: Orientable domain with multiple boundaries

The boundary of this surface consists of two disjoint carves Cl and Cg. These surfaces are called surface with holes'. In a

way analogue to the extension of the green's theorem, Stokes' theorem can be extended to such surfaces, giving suitable
orientation to the various components of the boundary. We give some examples to illustrate this.

53.2.2 Example:

Let & be the surface consisting of the portion of the paraboloid z = 9— xz —uyj that lies above the plane z = 1and below
the plane 7 =4 . The boundary of this surface consists of two components:

A8 =CLu,

Figure: Part of paraboloid
where C’l is the circle xg +_J,.?2 = 3in the X¥ -plane and C"j is the circle xg +y3 =41in the plane z = . Let
F={z-yi+z+x)j-(x+yk

Then

VeF=-21+27+2k

For &', a parameterizations is given by

r(xy)=xityi+@d-2 -y k (xy) el

where

D={(x )42 +y* =9},

If we select the normal to [ to be



r,xr, =3xi+2yj+k,
then
[l;v 7 myds = [[ V7 tx, xx,) drdy
= [ 4x+4y+2)dnay
= HDE dxdly

={18-8)s
= 10T

On the other hand,

CPBSF - EPqF.dr-l-CPqF.dr

where C’lgets the anticlockwise orientation and Cj gets the clockwise orientation. Since

Cﬁq]:"'..:fr :ﬂflc[ x—y] dx+ [z + x]dy

= l?(zdy—ydx)
= 2% Area of the disk x° +_:|;2 =9 =z=10
=18,

and

CPqF..:fr :CPCQ [z—y)dx+({z+x)y
= CPC [ 2y — ydx) +CPC [4dx+4dy)

= -5

Thus

Cﬁa(Sder: 187 - 87 =107

verifying Stokes' theorem.

Practice Exercises :
1. cConsider [, the portion of the cylinder x* +_y2 = Zbetween the planes x4y +z =1and the %V -plane, the
vector field being
F=-3yi+xj-2k
Using extended form of the Stokes' theorem, write
_”S(‘F x F)m dS

as a sum of line integrals and compute the value.

Answer:



CPqF.ai‘r +c15c2 Fdr

where
Y 1s P4yt=3z=0
and
SR F4yi=3z=1-z-y
Recap
In this section you have learnt the following

¢ How to extend the conclusion of Stokes' theorem for general domains.
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