Module 2 : Limits and Continuity of Functions

Lecture 6 : Properties of Continuous Functions [ Section 6.1 : Discontinuities ]

Objectives

In this section you will learn the following

e The discontinuity of a function at a point.

e Various types of discontinuities.

6.1 Discontinuities of a function

6.1.1 Definitions:

Let - ACE—Rand cre 4.

(1) We sayf is discontinuous at a point ¢ if it is not continuous at ... This can happen in any of the

following
ways:

@) limm, . #(x) does not exist. The nonexistence of litn, .~ F(X) can happen in two ways :

(a) Essential discontinuity:

Either limx—;c*' Fx), or 11mx_m_ JTXI | or both does not exist. Such a

point of discontinuity is called essential discontinuity of_j' . For example, for

Fixy= lat x =, both the left and the right hand limit of # at . =) do
x

not exist. Thus, no value for # (I} will make # continuous at ¢ =} .

(b) Jump discontinuity:

If both limx_m+ Jix) and limx-;.:‘ JFx) exist, but are not equal,

then such a point of discontinuity is called jump discontinuity of j' .

For example

] bl







b
+1
e +1if x 20 x
x)= .
-1if <0, —N-1
has jump discontinuity at » =] . +
(ii) Removable discontinuity
If hmx—m F{x) ={ exists but is not equal to F ), then such
a discontinuity is called a removable discontinuity, for the function
Yy
b

can
be redefined as f{c} = [ to make it continuous.

For example, the function
sin x .
if =10

Jixl =9 «x

e if x=10,

as shown in the figure has removable discontinuity at x =0 & =10 Graph of f#{x)

with (01 =0.
6.1.2Examples:
¥
() The function #(x) = [;n;] is not continuous at c,
if ¢ is an integer, since the left limit is not equal to the g
right limit. The function has jump discontinuities at 4 [r—
such points. ]
«——t A —x
2 1 1] 1 2
-1

(i) Consider the function f{x} =1 if x is rational, and f{xj =[Jif x is irrational. It is discontinuous at
every point. It has essential discontinuity at every point since limit at every point does not exist.

(iii) The function
f(x)=sinl for =0, F{00 =0
X

is discontinuous at ¥ =() .Once again it is a point of essential discontinuity x =(J .

Quiz
Practice Exercises 6.1: Discontinuities of a function

1. Analyse the points of discontinuity and the types of discontinuity for the following functions:

Fx) =[2 ] xeR; glx) = fz], x20

2. Find the type of discontinuity has at
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' -3x+2
0 #ixy = }
T s
2_
i) 7(x) = %
X

1, if %15 rational,
0

Show that f is discontinuous at every ¢ = [E. Analyse the type of discontinuity also.

3. Let f(x) =

if x1sirrational.

]

AL - x if xisrational,
.Let g(x) = o
1-=x, if xis urational.

Show that g is continuous only at « =1/ 2. Analyse the type of discontinuities at other points.

5. Let f have essential discontinuity at X =& . What can you say about Lf'l

Optional Exercise (Discontinuities of a monotone function):
Try to draw the graph of a monotone function _f : [,;;:,E;-] — [[ with a discontinuity at a point == [} .

You will realize that such function can have only jump discontinuities, and this is not difficult to prove. In

fact, one can show that monotone functions can have at most ‘countable’ number of discontinuities. [ Section

6.2 :
Basic

Recap
In this section you have learnt the following

e Jump Discontinuity
e Removable Discontinuity

e Essential Discontinuity.

properties of Continuous Functions ]

Objectives
In this section you will learn the following

e Intermediate value property for continuous functions
e Maxima and minima theorem for continuous functions.

e Continuity of the inverse function.



e The nth root function.

6.2 Some Basic Property of continuous functions

In this section we shall see how continuity of a function helps us to get a better picture of the function. We
shall only state the results. For proofs, one may refer any book on Real Analysis.

6.2.1 Theorem (Intermediate Value Property) :

Let f:[a,5]— IR be a continuous function. Let # be any real number

Let »= IR be such that f{a) <» < f(&). Saying that { is continuous
implies then its graph will cut the horizontal line y =

¥

between j (@) and (&7 . Then there exists some ¢ &[a,&]such that o) !
fley=r !
[t = smoss s =TT T

Suppose fia) < f{&) and ris a real number between F(zland &) . [ i
Let us try to draw a picture of this. f(a)+— ‘x./ i
I

b

at least at one point ¢ & (&, &) .
CLICK HERE TO SEE A VISUALIZATION
6.2.2Corollary :

Let 7 JJ I — [ be a continuous function. Then, for every interval /i [} , the image set (/) is
also an interval. Thus, a continuous function maps intervals to intervals.
6.2.3Example :

Let f: [k — IR be defined by

Ya
) - 3 forxzl A
x 1 for x< 1. °T
A*—
The function is not continuous at x =1. Observe that : :
1= £(0y< 2< 3= F(T), ““ 1 e =

however there is no value ¢ for which iz} =2.
This shows that the continuity condition in theorem 6.2.1 cannot be removed.
6.2.4 Corollary (Fixed point theorem) :
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Let /' [a.b]— [a,f;.] be a continuous function. Then there exists some ;= [.:;;,E;.] such that fizi=c¢ .

Such a point is called a fixed point for f .

6.2.4Corollary (Fixed point theorem) :

ol = [a,b]

Let 7 1 [@-21=[a.2] o 4 continuous function. Then there exists some such that S @)=«

Such a point is called a fixed point for
Proof:

Consider the function &%) = F(x) —x. x=[a. ]

Then, since 7 @) FE1€ [a’b],

glb) = i) -4 <l

and

gla)=jlal—a>0

Thus, by the theorem 6.2.3, there exists < < [=.21gych that &2 =0 ,i.e. FACH LS

6.2.5 Example (locating zeros) :
Consider the function

Flx)=Tx - 0% -1

It is not easy to find solutions of the equation ?_;.;5 - 5;,;3 —1=10 . However, we observe that
Fi-Ti=1=0=-1= F(0,

and f is a continuous function. Hence by theorem 2.5.1, there exists ¢ € (—1,00) such that f{z) =0 .

Thus we are able to locate a zero of § in the interval (-1, 0 )
6.2.6 Example :
@ Let f:(0,+00) — [E be defined by #(x) = l . Then, f is continuous, but j is not bounded on say {(,1}
x
(i) et g: [U,lj—} [E be defined by g(x)=x . Then g is continuous, g is bounded but g does not attain a
maximum value or a minimum value on{(,1}.
6.2.7 Theorem (maximum and minimum) :

Let f :[a,&]— IR be continuous. Then the following hold:
(i) F is bounded.

(ii) f attains its maximum and minimum, that is, there exist & and ¢, in [4,b] such that f{z,) 2 f(x)
, for everyxe[a,b] and fig,) = f(x), for every x=[a,b]. Further range of f = [, M ] where
m=fle)and M = f{cﬂ_

(i) f [[a,b]) =[a, M], i.e., f maps closed bounded intervals to closed bounded intervals.

We state next another important theorem.

6.2.8 Theorem (continuity of the inverse function)



Let f :[a,&]— R be continuous. If f is one-one, then j is either strictly increasing, i.e., #{x) < f{x)
whenever x «x; or it is strictly decreasing, thatis, f{x) > f(x;) whenever x <x, . Further, if [is

the range off , then f‘l = [a,f;-] is one-one and continuous.

6.2.9 Theorem (Existence of the nth-root function)

For every positive integer 5, the function f : [I:I,+0::] —oo, Flx= x” is a one-one onto function. The

inverse functionf'1 R %[U,+m], called the nth-root function, is also continuous, and is denoted by

S =

auz
Practice Excercises :

1. Show that a polynomial of odd degree has atleast one real root.
Let /IR — IR be a continuous function such that litm f[x) =0 and lim flixj = (). Use theorem

2 X —to ¥ —3—a0
6.2.7 suitably to show that there exist a point 4 = [f such that either #{z): F(x) ar fix)z fla) for
every = [R.

3. Show that the polynomial ;»;4 + 67.3 — & has at least two real roots.

4. Let f:IR—IR be a continuous function which takes only rational values. Show that f is constant

" function.

5. Give the examples of continuous functions with the following properties:

(i) It maps a finite interval onto an infinite interval.

(ii) It maps an infinite interval onto a finite interval.

(iii) 1t maps an open interval onto a closed interval.

Recap

In this section you have learnt the following

Important properties of continuous functions, such as the intermediate value property and the maxima/
minima property.

Existence of the nth root function.

Continuity of the inverse function.

Congratulations ! You have finished Lecture - 6. To view the next Lecture select it from the left hand side
of the page.
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