Module 15 : Vector fields, Gradient, Divergence and Curl
Lecture 43 : Vector fields and their properties [Section 43.1]
Objectives

In this section you will learn the following :

Concept of Vector field.

Various properties of vector fields.

Continuity and differentiability of vector fields.
Gradient vector field.

43.1 Vector Fields and their properties
Recall that, in module 11 we looked at functions

F DR SR x=123

where [is an open subset of TR" Since these functions take scalar values, they are called scalar fields . For scalar fields, we
also analyzed various concepts such as limit, continuity and differentiability. In this section we shall analyze functions

FDCcR® - R™, where m=23.
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Such functions are called vector fields. Vector fields arise in mathematical representations of physical concepts, such as velocity,
acceleration, and force in mechanics.

43.1.1 Definition:

A function

F D BE® - R", where n=123 and m=273

and [)is an open subset of TR" is called a vector-field . Since for every x & IR", f{x)e ™, we can write
Fix)=AZi+ 505 i+ DK,

where i, i k are the unit vectors along the coordinate axes. The functions

A DCR® 5R,i=1273

are scalar fields, and are called the component scalar fields of f .




43.1.2 Examples:

1. Gravitational field:

Let a particle 4 of mass jf be fixed at a point P,_lland let a particle & of mass #: be free to take any position Fin space.
By Newton 's law of gravitation, F is attracted towards _4and this force of attraction, denoted by F[(F), at 7, is directed

from Fto Pl_flwith magnitude proportional to mer‘z, 7 being the distance between the points & and El_fl Let
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Figure 158. Gravitational force field

N
||F(P}||Z=Gr—2,

where (}is the constant of proportionality, called the gravitational constant . If we introduce a coordinate system with

respect to which £ has coordinates (x,, 3,,2,)and P has coordinates (x,y,z], then
2 2 2

r=ylx-a) Hy- ) Hz-z)

If we write

rEy=(x—x) ity -y itiz—z,)k,

then

|| F)||l=r, andfor » = 0,—— 1s aunit vector in the direction of the force of grawtation.
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is a constant. Thus, F(P} is a vector field, called the gravitational force field. The vector-field g is example of an inverse
square field. Another example of inverse square field is the electrostatic force field.

2. Velocity of a rotating body:



Consider a rigid body & rotating about a fixed axis passing through it. Let 2 be any point on F Let
(i) »{F)denote the velocity at =,
(i) w = (0, denote the magnitude of the angular speed of the body,

(iii) and ¢ denote a vector along the axis of rotation so that the rotation is clockwise when looked from the initial point of
¢ towards the fixed point of ¢ such that |a: |: W

Figure 159. Velocity of a rotating body

Recall that,

Tangential speed at F

w=|a|= .
e distance of Pfrom axis

Thus, if we chose a coordinate axis along the axis of rotation, with origin at ¢, and if the position vector of Fis ¥, then

[ (El=wd = el| [l ]| sin &

where 4 is the distance of F from the axis of rotation and & is the angle between gand r. Thus,

[l CE3=leel [ >,

and by the fact that ||»{ F}||is tangential, i.e., perpendicular to to both @ and ', we have

v(Fl=axr

This gives the velocity as a vector field. In the particular choice of axis of rotation to be z — axis, with &= ¥W¥, we have
Pk

vizvzi=0 0 w=—wlyi—xj.

Xy =z
Since, for a vector field F{x, v,z is a vector, it is possible to represent it geometrically. Let us look at some examples.

43.1.3 Example



(i) We saw above that the velocity vector field of a body rotating about z — axis is given by

vix,y,z)=—wyi+aj)

We note that

|9 ]F'= w?(a* +57).

Thus,

| |F= O if 2 +3% =%

Hence, ¥ has constant length {yalong circle of radius {* The direction is always tangential. Thus, for a right handed coordinate
system the visual representation of y is as follows:

Figure 160. Velocity vector field of a rotating body

(i) Consider the gravitational force field between two bodies of masses #; and #4, respectively:

G, ) Hx2,2)
Flxyzi=- L )
.2,2) (Ilr(x,y,z) ||5‘J(|| F(5,9,2) ||J

Thus, for z at the origin and #, at {x,v,z), the direction of F(x,y,z])is directed towards the origin. Its magnitude is

| Sraappay |
| F(x,2,2) s —————
|7 ix,p 20|
For points at the same distance, the value of fFis same, becoming smaller as we approach to origin. Thus a sketch is as follows:



Figure 161. Gravitation force field

Some of the geometric concepts, like curves are also described by vector fields, as we shall see later.
The notion of limit for a vector-field can be defined in a manner similar to that of functions of several variables.

43.1.4 Definition:

let £ D IE" —IR™ be a vector field, where » =12 or 3 and ;3 =2 or 3, and [)is an open subset of TR." For ¢ £ {J, we
say f has a limit f, e JR™at @if for every £ (], there exists § = [J such that

0<|x —al|< dimplies || flx)—L|<&

and in that case we write

lim fixi=1L

xaaf( )

43.1.5 Remark:

It is not difficult to show that for £ ={(#, 7, /5),it will have limit [ ={J,,/, L) at if and only if
l%i_t}‘r‘lafi[IIIZEJ-, forevery i =123

Thus, all the concepts involving limits of vector fields can be analysed in terms of its component scalar fields.
43.1.6 Definition:

Let
Ff ODcCcR"—-R™
be a vector field. We say f is continuous at 4 < [ if

L f(x) = fle)

Limit and continuity of vector-fields behave in a fashion similar to that of scalar fields (see theorem 29.2.1). We shall assume
(without proof) that vector- fields also have similar properties. We can also define differentiability and existence of partial
derivatives for vector fields via their component scalar-fields.

43.1.7 Definition:



Let

F DcR" —-R™

be a vector field with component functions 7 1=i =m.

(i) We say f is differentiable at 4 ¢ [} if each f; is differentiable at g = 7

(i) We say £ has E'J'fh partial derivative , 1=i =, 1< j=x ata point 4 g [} if ajg-faxj exists at & .

(iii) We say f is continuously-differentiable if every component function is continuously differentiable.

Like functions of several variables, see section 32.2, differentiable vector-fields have nice properties. We state some particular
cases.

48.1.8 Examples:

(i) Let
FOCE —=IR" and g: OcCcE™ =1
be such that (g = £(t} is defined for every ¢ ¢ ) If £ is differentiable at ;= 2} C TR

and g is differentiable at £(f,), then (g o f£)is differentiable at £,. Further,

o Py =3 & s
(g=f) (fu)—vr_z::i ij {f ':f-n:'} 7 {£s),

@ii) Let
F DR 5IR™ and g OcR™ =R

be such that go f is defined. Then, {g = #)has % component functions, the ;i
component is

(g°.F)(x) = ((g); o.F)(x) for every x e D.

Thus, for every i, j,

d(gofl _olgheof)

x i a §

whenever § and g are differentiable.
43.1.9 Definition:
Let

g DcR* = IR
be a scalar-field such that all its partial derivatives exist. The gradient of ¢, denoted by % (), is the vector-field defined by

@ =2 i+ 2 i+ 22 Pk for PeD

x By &
We saw in section 35.1, that ‘F{.;a}) helps us to represent directional derivatives and the concept of normal to surfaces given by

F(x, .21 = ¢ Vector-fields, which arise as gradients of some scalar fields, play an important role in applications.

43.1.10 Definition:

A vector field

F DcIR" =IR?



is said to have a potential ' where

DR =R

is a differentiable scalar field, if

F{F=(VAI(F) torevery FPell

In this case, Fis said to be a conservative vector-field with potential f

A necessary condition for a vector-field F to be conservative is given by the following:

43.1.11 Theorem (Necessary condition for a vector field to be conservative):

Let
‘E‘.Ii"-"::l.‘:l"?:IZ:I = Fl(x:y:lz) 'i+ lE‘ﬂ (x,y,Z)j+F3(x,y,Z:| k
be a conservative vector-field, with a potential function f{x,y,z) If f is twice continuously differentiable then

. , — in [
dx & dy & &

)
/

PROQF

Since 7 is a potential of F, we have

FivRjrRk=F=v=Li:¥ ;¥ rinn
& A &

Hence,

¥ 5 ¥.p ¥_n
A Ay &
Thus

on_of _¥f
B vk oxdy o

1

as S is twice continuously differentiable. Similarly

ar a8y ar, Ak

& & & A
43.1.12 Remark:
The above theorem is useful in checking that a vector-field is not conservative. We shall show later that the conditions of above
theorem are also sufficient for a vector-field to be conservative when extra condition of ‘simple connectedness' is imposed upon
the domain.

43.1.13 Example

Consider the 2-dimensional field

Fix,y)=x'yi+wyJj

Since


file:///E|/HTML-PDF-conversion/122101003/Slide/Module-15/Lec-43/Sec-43.1/Proof-43.1_12.html
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F{x y)is not conservative.

J
() =x = y=—(»),
ox

43.1.14 Note:

In many calculations, the following notation is useful:

v=2is 2 09
o AT &

called the gradient operator . This can be applied to any scalar-field j as follows:

2. 8. 2
V)= (it i )

¥, LT,

=—I1+—g+
& &

That the gradient operator behaves like a differentiation operator, is illustrated by the next theorem.

43.1.15 Theorem:

Let f, £ D IR3 — [ be differentiable scalar fields. Then the following holds: iii
) V{f+g)=ViI+Vig)
(i) Vifg)=Vigh+gVis)

Vi — 1Y
@iii) ‘F(ffg}:—g i zf g

.whenever g # [

)
/

FROGF
All the proofs are easy and over left as exercises.

Applet 43.1: Vector fields

QUIZ  For Quiz refer the WebSite

Practice Exercises
L. Let Fx,y)=x"i-y i (x, ) eR%
1. Analyze Hm{x,y}—ﬂﬂ.ﬂ] | F(xxl.
2. If (0,3 is such that y = what can you say about the direction of F{0 1.

3. For {x,¥)in the first quadrant, analyze the direction of F{x, ).

Answer:
® 0
(ii) negative Y -axis

(iii) downward to the right
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x ; ¥ }
2. Let Fix vi= i+ 7,
(xz +y2)”2 (x2 +y2)m

1. Analyze lim(xJ}%{Uﬂ} | F(x2).

2. Analyze the directions of F(x y)for {x (), x = Oand (0, ), y = 0.

Answer:
(i) 1.

(ii) unit vectors along five x -axis unit vectors along positive
¥ -axis

3. Let _f DIk —},IR3and g D IR —}IR3 be differentiable vector fields. Prove the following:

d d d

1. E(af+bg)—cz§(f)+bg(g),a,bEIR.
d d d

2. E(f-g)—f-a'ig}‘i‘g-a'(fl
d d d

3. E(f ><£3'=f><£(£)+£><£(f)-

—(gﬂf)(a) Z; ag AR

4. Let f: D IR" = R™and g: 0 cIRE™ — IR be differentiable. Show that &

oS e
0%

5. Show that the following vector-fields are not conservative:
L Flx,y)=5"3yi-xJ).
2. Fiz,yi=e" (cosyi+siny ji.
6. Show that gis a potential for the vector field Fin some domain:

_ ¥ ] x
1. =tan " (m), Flxyl= i+
#x.) (%), Flx7) 1+ x:‘yz 1+ x:‘yz y

2. g(x,y)=x'y, Flxy)=2ni+x j

x A+
P4yt

3. fx,y) = %ml:xﬂ by, Flxy)=

7. Find the vector-field for which the potential function is:
1. @(x,») =52 + 3+ 10)°

2. Plx v zi=xvinlx+7

2
3 flxy,z)=z-ye



Answer:

@) (10x+3y)i+3x+ 20y)]

@ii) (yln(x+y}+ id ]i+[x1n(x+.:v)+ i ]i
i+ ty

(iii) [—zm"“]i+[—g"”}j+k

Recap
In this section you have learnt the following

e Concept of Vector field.

e Various properties of vector fields.

e Continuity and differentiability of vector fields.
e Gradient vector field.
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