Module 10 : Scaler fields, Limit and Continuity

Lecture 30 : Continuity of scaler fields [Section 30.1]

Objectives
In this section you will learn the following :

e The notion of continuity for scalar fields.

30 .1 Continuity of scalar fields:

Following the case of function of a single variable, we define the notion of continuity for functions of two
variables: the value expected of f at a point is actual value of f at the point.

30.1.1Definition:

Let D IR® (x,,,)€ Dand D —IR . We say f is continuous at {x,,y,}if for every g= (1, there

exists some 4 = [J such that

(x,y) el B{(xn:.?n:': 5] = | f(x,y)—- flx,yl|<e

Thus, for a limit point {x,,;)of 1,

J 1z continuous at (x;, o) if and only if lim  fx,y)exists andis equal to F(x,,04 ).
LX =0 Y

As a consequence of the corresponding theorem on limits, we have the following:
30.1.2Theorem:
Let D IR® (x,,,)e Dand f,g: D —IR.

(i) The function f is continuous at (xu,yu) if for every g = [, there exists 4 =[] such that

(x,3) € D,J(x— x )+ (=3, < Simplies that| #(x, 31— f(x, 00 |< &

The function f is continuous at (x;, 3, if and only if for every sequence {(x,,,)} of points of fisuch

Q)




that
(g, ) =2 (2%, X)) we have F{x,, »,) — Fix,00)-

(i) If both # and Z are continuous at (xu,ynj and » = IE , then the functions

f+g Ff—g, rfand 2

are also continuous at (x,,3,) Further, in case g{x,,1,)# 0 the function f/zis defined in a

neighborhood of [ x;, ;) and is continuous there.
Another useful result is the following:
30.1.3Theorem:

Let f:[1)—IF be continuous at (x,,3,Jand EFbe a subset of IE containing the range of f . If
g B —IE is continuous at f{x,,),), then the composite gaf : [} —1IE. is also continuous at {x,, ¥, )

ek
/

PROOF
30.1.3Theorem:

Let #:.2 —IF be continuous at (=x,,»,7and zbe a subset of m containing the range of ;. If
g & —+IEis continuous at #i(x,,»,), then the composite gz @ 22 —IRis also continuous at
CXgaa) -

Proof

Let -=nbe given. Since zis continuous at ¢x,,,, we can find s = osuch that

[ (2,00 — F iz o2 || < Jimplies | g (%, 30— g2 (F (xq, 00 | =< =====---m- @)
Also, fbeing continuous at ¢x,,3,3, we can find & = osuch that

[Cs, 20 — (2 2 || < & implies | F (5,20 — F (%, 000 | <& =====----- 2
From (1) and (2), taking ¢x,») = fis,21, we have

Il (=23 — F (zp. 00 | = Simplies | g (5,80 — g (F (x. 0000 | < &

Hence, g=fis continuous at (x;,3;) -

30.1.4Examples:

(i) Consider the function

FIR? = IR defined by Fix, y) = sinlx).

Since, the functions (x,y) =+ xrand &} sinf are both continuous at every {z, ¥, eIR* by the
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above theorems, f(x,)is also continuous at every point.

Consider the function f : IIE{2 —= TF. defined by

2
rd
SO0 =0and f(x,y) = z—— for (x,y) = (0,0).
rty
It is continuous at every {x;,¥,] # (0, ), by the above theorems. It is discontinuous at the point ({1, ).

For example, if {x,)) — (0, () along the parabola y = ax*{a = 0}, then

i
Jix,y) BT =0,

which is different for different parabolas.

Consider the function j : IR:‘ —= TF. defined by

FO0.0)= 0 and F(x,3) = ——m2_ if (x,) % (0.0

-M.lxj+u:u2

It is continuous at every (x,,3; 7 # ({0} by the above theorems. It is also

continuous at {1, [1}. To see this, note that

|zy|=|x||y|£[1#x2+f]|y| For every (x,3) € IR2.

Thus, given any g (), if we take & = g, then

(x el [(U, a, 5} implies | Fix, ¥ |<E.

Practice Exercises
Find a suitable value for the function f{x, y) at the indicated point so that it is continuous at that point:

Fix vi=secxtan ¥, at {0,774

Xy

= ,at (1.0
J(x0) T t (1,0

—y+2x—2
Fy)=2 "”’:Eff; b

,at (0,0}

Answers

Show that the following functions cannot be defined at the stated points to make them continuous:

S5 Y) =, at (0,0).

cat (00
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Flayn=222

x+y
E: 2
e
Fixyi=——7 at (0,0}
¥+
Using limit theorems, show that the following functions are continuous everywhere in their domain of

definition

Fix, = tan’ () + tan® () +tan® (22 -

T 2
E%;}%ilif(aﬁimﬁ}
J(x,»)=3
1 if (xy)=(0.0)
xffyg i (x,0) = (0,0),
F(x,0=3
0 i (x)=(0,0)
Answers h

Let g,k IE —IE be continuous functions. Prove the following functions are continuous everywhere on
IR

Sy = glx)+hiy)

J (&) = sin(g (DA 0)).

Sy = glglx) +gthly).

S (x,p) = min{g(x), A7)}

J(x, ) = maxig(z), )}

Sy = glz)+ay)].

Using definition, examine the following functions for continuity:

yofxt 7
Jix, = v
0

if y=0,

otherwize.

1
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xsinl+lsin_}f, ifx=20p=10,
r¥
1 .
xsin—, if x=20,p=0,
x
Jix,p)=5
1 :
i —, if x=0y=0,
¥
I 0, if x=0p=0
Answers
(6) Let

a2
f(x,y)=exp[i],y:»0.
¥

Find, if possible, the values that { can be given at points (x, (), x £ IE. so that # becomes continuous at
all points {(x, )| x eIk, y=0}.

Answers

)
Let D IE*and (x,,,) € I be such that B((xﬂ:}’u:':’"} < [ for some » = (), i.e., [x;,¥;) is an interior

point of . Let & = (1,1, be a unit vector in IR.*. Then the equation of the line through (x,,, ) along
the direction of i is given by

L= L{(xy, 30, 8) = (% +8, 0 +iwy ) |¢ € IR},

Let A = 1 be such that

{(xy +ta, 0 +ug) | -8 <t < I} C L {(xu:yu:'j]'

Let f: D IR* —=1IR and

B(E) = Flxy iy, vy Hiug), —d <f <4

If f is is continuous at [ x,, 3], show that the function j (¢} is continuous at ¢ =[] Is the converse true?

(8) Let f : D.;IR:‘ —= T . Prove the following:

(i) s continuous at (x,,3,) € £} if and only if difference

Flx = Fla, ) = 0as (x0) = (x,0).
Let

Bi=x—x,,k=y— ¥,
and
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gl i) = Fixy +h, ¥+ - Fix.),

for &,k IR such that (x;+4,y,+4)e L} If fis continuous at (%, ¥;),show

that
ek k) =0 as (hk) — (0,00,

(9) Let
A = JIE+Ii (k) e IRE
the distance of (k, k) from (0,07 . Clearly,
d (k) = (0,0) as (k) — (0,0,

We say a function f{x, ) converges to zero as (x,¥) — (0,0}, at least at the same rate as 4~} &},
if there exists 4 = (Jand (* = (1 such that

S (k)
ad® (h i)

< for all (h,k) € B((0,0),5).

Prove the following:

(i) The function f{x, ¥)=xand g(x, ¥) =y, converge to O at least at the same rate as d (%, &) .

(i) If fand g converge to zero at least at the same rate as 4, what can you say about the function

af+ Az tora, Selk.

(iii) The function f(x:-}":' = axz +f;.;;3: +cy2 converges to O at least at the same rate as .:fz-

Recap
In this section you have learnt the following

e The notion of continuity for scalar fields.

[Section 30.2]

Objectives
In this section you will learn the following :

Theorem that tell us some properties of continuous scalar fields.



30.2 Properties of continuous functions:

To state some more properties of continuous functions of two variables, we need some additional
concepts about sets.

30.2.1Definitions:
Let [1be a subset of IE*. A point ':xu:-i“'u:' e IE.%is an interior point of o if
B[(x,:,,yn),r]l = D for some # > 0

We say 'ixu:-.}’u:' E]Rzis a boundary point of [if for every = D:-B{(xu:-}’u:':r} contains a point in 7}
as well as a point not in [).

Figure 1. Interior point and boundary point

30.2.2Definition:

Let [1be a subset of TR

(i) We say [is a open set if every point of [1is an interior point of 7.

(i) We say [is a closed set if every boundary point of fiisin [).

(iii) We say [1is a bounded set if there exists some # = [J such that

DI; B{(Rb:‘yﬂ):r]'

30.2.3Example:

(i In IE* . each of the coordinate planes

[(x,0.0)| xeIR},{(0,».0) |y IR} {(0,0,2) |y e IR}

are closed set. None of them is open.




(i)  The annulus ring

() eR*a<s+ )" <b)

Figure 2. Bounded and open set

for ) « o < &, is open and bounded, while,
[(x,y) e IR? | 2 =xt 4yt = E:']

is both closed and bounded.

Figure 3. Closed and bounded set

Figure 4. Neither open nor bounded set
(iii) The region
{(x,y)eR*|0=y <z}

is neither open, nor bounded

Recall that, a continuous function of one variable _fdefined as a closed bounded interval had special

properties, for example, the range of such a function _f is also bounded and it attains its maximum and

minimum values. Similar properties hold for special domains EJ(;]RE_ We shall assume the following



theorem:
30.2.4Theorem:

Let [1be a closed and bounded subset of TR*and f:7[}—IF be a continuous function. Then the
following holds:

(i) fis a bounded function, that is, there is some & & IE. such that
| Flx = torall (xy)e il
(i) attains its bounds, that is, there are (z),d,) (£,,d,) € L) such that

Flepd) 2 fa,y) forall (x,y) e L,
Fleg,dy) = Fix, ) forall (x, ) L)

30.2.5 Note:

All the above notions and results have natural analogues for subsets of IR”J;;E 2and continuous
functions on them.

30.2.6 Example:

(i) Consider the function

DIk,
where
D={(xy)|y=0}

and

s tx,mf,{x,y}eﬂ.

The set [jis an open subset of IE.* which is not bounded. The function { is continuous on [, but is not

bounded, for example f(x 1= x, can be made as large as we want, by choosing x large.

(ii) Consider the function

;o 0—=IR,

where

D={(x,»)| x|y # 0}
and

F(x,¥)=rtos yain x

Even though [1is not closed and bounded, the function f is bounded, in fact

| (x| = eral (x,p)e D).



Practice Exercises
(1) Show that the following functions are continuous on the specified domains. Are these functions bounded?

(0 Jlxy)=yha+x,{(xy)|x>-1}.

() Fx,y)=a9-x" =y (& +y" =9
(i) Fix,yi=sin(x® +y* 427 (x,y. 21 e R*.
Answers

@ Let f g: D IR* — IR be bounded functions. Show that f + g, fz and ¢ f are also bounded for all
aelk.

What can you say about f /g ?

Recap

In this section you have learnt the following

e Theorem that tell us some properties of continuous scalar fields.
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