Module 1 : Real Numbers, Functions and Sequences

Lecture 3 : Monotone Sequence and Limit theorem

[ Section 3.1 : Monotone Sequences ]

Objectives
In this section you will learn the following

¢ The concept of a sequence to be monotonically increasing/ decreasing
e Convergence of monotone sequences.

¢ Completeness axiom of real numbers.

3.1 Monotone Sequences

3.1.1 Definition:

1. A sequence {an}nzl said to be monotonically increasing, if @, = dy Y oa

[
—

2. A sequence {a?!}nzl said to be monotonically decreasing, if @, 4 = a, ¥ # = 1
We can describe now the completeness property of the real numbers.

3.1.2 Completeness property

Every monotonically increasing sequence which is bounded above is convergent.
3.1.3 Theorem:

If {an}nn is monotonically decreasing and is bounded below, it is convergent

Follows from the following facts.

1. {n}en is monotonically decreasing if and only if {=aubnz monotonically increasing.
2. {@}n is bounded below if and only if {=@ukn is bounded above.
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{_a?é}

3. {n}en is convergent if and only if 7zl js convergent .

3.1.4 Examples:

1. Sequence {En}n is monotonically increasing and is not bounded above.

rl

1
2. Sequence {— is monotonically decreasing and is bounded below,say by [] .
Blnrl

n
3. Sequence [(—1} ] | is neither monotonically increasing nor decreasing.
nz

By + 2
6

2
4. Let & :'LQ:n T= Wux2  Asshown in problem 2.1(Lecture 1) , g = E Y » and

n

aﬁ - a;ul \;f » - Hence, {-:In}nzl is convergent. Let f:nli_fglm ty . Then,
. T T S
lim @, = lim —22—
N —+o0 N =+ &
H4+2 :
Hence, { = . This implies that /= 2/ 3 . Hence, lim @, =2/{3
6 mee

For Quiz refer the WebSite
auiz

Practice Exercises 3.1: Monotone Sequences

1. Determine whether the sequences are increasing or decreasing:

: i 1=
I:1:| {ng?: l}ﬂzl (11) {—1—5',“_ } (111) { nﬂn}}zzl.

2. Show that the following sequences are convergent by showing that they are monotone and bounded. Find
their limits also:

1 2
—la, +— |¥uzl

o a,=1a =
0 a4l
2 iy

o @ =+2,a 1= f24a, Va1

[ an
ﬂlzz,ﬂn+1.—3+?.

@, + b, Layby
3. Let g, =, =0 and dy  =—— &y 4 =———
1= 2 dy T+ &,

Show that {‘In}ml is a decreasing sequence, {f:'n} is an increasing sequence and

nxl

dp >, = by =By, forevery a2 ..

Recap
In this section you have learnt the following

¢ The concept of a sequence to be monotone sequence.
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« Monotonically increasing/ decreasing sequences converse if they are bounded above/ below.

Objectives

In this section you will learn the following

¢ Techniques of computing limits of sums, differences, products and quotients of sequences.
e The Sandwich Theorem.

3.2 Limit Theorems on sequences :
Some more theorems which helps us in computing limits of sequences are as follows:

3.2.1 Theorems (Algebra of limits):

Let {xn }nzl , {_an }nzl be sequences such that nli_r}Ilmxn =X and nh_I)Ilm}*‘n =¥ . Then the following hold:

1. A sequence {xn +3’n}n>1 is convergent and nlgm{xn +yy)=x+y .

2. A sequence {xnyn}nzl is convergent and nli_r}rlm().;qyn}: .

X

x
3. If Y+ U, then 2 is defined for all REN, for some W EM and the sequence - is convergent with
n In nrm
. X x
lim 22=X2
[+u]
n— Y y
e
PROOF

1. Let ===9 be given. Choose *::”z =™ gych that

|xn —x|-::§ Yo za and lyn —y|-::§ Yoz,
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Let Then 2, :=max{n1,n2]. Then ¥ 2=z, .

‘xn+yn_{x+y}| = |xn_x|+bjn _y|{ £
This proves (i).

{xn}nzl {yn}nzl

. To prove (ii), first note that and being convergent, are bounded sequences

by theorem 1.5.3.

Let |20 | <2, and |3, <M, ¥ n .

x= £>0 be given Choose "1 @#€ %2 =™ g ch

Then, | M by exercise (ii). Suppose both x, y= 0. Let an

|xn—x|~:: ¥om oz |yn—y|< 2E ¥om =a,
that 2 and 1

Note that & = 0 =nd s, =0 Then, ooz = amy = mmaz {2, 2, )

XnVn _xy| = |xnyn —Z}?n|+|1;]fn —xy|
= |-J”n||xn - x|+|x||yn —}"|
=M, |xn —x|+M1b2n —y|
ELE
2 2
=F
Hence, nh—r;lw(x”y”}z > . This proves (i) when > =% The case when *=9 °or ¥»=0 5 easy and is

left as an exercise.

_ =0,
To prove (iii), we have to show that given an and such that
x x
2 _lee¥aza
Fn ¥
1 = 1 =
Since m 2= ™ " gnd neet ,we have . %2 €™ gych that
|xn—x| <eWazn
and
|yn—y| “EVnza
Now,
ﬁ_EZFLEﬁ
Yo ¥ ¥
_|xn}”_?D”+?D”_?D’n
| Yu¥
Ol N
[yl

If we take "o = M {722} the apove inequality will give us



v & + |x| e
B ‘-y?‘!| ly| for s =2, (l)

2

Fn ¥

Appearance of - in the denominator on the right hand side is to be removed. That we can do if we

bl ™ Pl >
can say P for some constant ¢ and for all » large, i.e., < for all large ». This is true since
b
i = Y — X < —
7B = 7= O and we can choose * such that ¥ 2= %s- | " | 2,
Thus, ¥ %= #.
bl 2 | = b =]
b
> )
= H =0
2 @)

»n o= max{nl, 222,.?23} ) Fn
Thus, for ¥n is defined and we will have from (1) and (2),

2
b
To bring this estimate to the required form, we make some changes. We choose * such that

I, X

Yo ¥

1
|t — x| < — |¥|e n2zan,
4 and if *=% we choose »: such that

1 |¥»[e
|yn—y‘c:—L‘?’?z:_"n2.
4 x|

Then for 7 =max{r. 2.2} e will have

o =2 b +2|x\ b =¥
bl

In case *=7 | clearly

3

{2|xn|
—— =cfor nzam.
Fa

b

This proves (iii) .

3.2.2 Sandwich Theorem:

Let a, £h <o, forall #=M . If @, —Jand o, —}, then By, —i .

el
£

PROOF
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Let == Using definition, find natural numbers = and *: such that

)s:_’)sl:>|an—£|<eand.:32?32 :>|r:n—£|<e.

Let #o =max{m.m} Then, for * =" we have

f— & < oy = &y = o, <i + =,

e, [n—il<s nus, B —7asn oo

3.2.3 Examples (Some important limits):

1. Let x £[R with |;r;| <1 .Then, x™ —() as » —soo . To see this, note that for x = (J we can write

l:1+}'2 for some =10
[
H )"
ence, |x‘ - = )
Using binomial theorem, we get #: T+nh+ . +k" = uh.
x

Thus, 0 <|z|® < — .
mh
Hence, by the Sandwich Theorem, In —= 0 as 3y —=m.
7 1
2. For x > O, the sequence 7 x is convergent and {jy; x® =1 - To see this, let us first suppose
mel o

that

hen, .1 f 1 :
. n =1. 7 .
x > 1.Then, 27 or every i = Letx :1+dn=dn:"[:l

Once again, for every s = 1.

x=(1+dy) = Thudy +. +{dy) >1+ndy

=1 1
Hence, d, {u and by Sandwitch theorem, &, —0 ,i.e., L5 Next, suppose ] « x <] -
I

1
Then T oo for every n. Let

0« x

L
L
1+, &

Once again, forevery n =1,

RS SRR
(14+k,)  l+nk,  nh,

r=



1
Hence, Egn < — implying that j, — 10 .
HX

1 1 1
Thus 3 . For x =1, clearl o for ever , and hence {; n_
P | Y .m_q Y n nlinmx =1

For Quiz refer the WebSite
auiz

Practice Exercises 3.2 : Limit Theorems

1. Show that the following limits exists and find them:

_ # b
1. lim | 5—+— +..+— .
=l gt 41 mt 42 Ho+n
. xl
2. lim — | -
=l o
. w430 +1
Rl gt 4 Eet +2
. 1n
4. lim [x) .
n—}m{ }
. oS T
5 lim 72“"_ .
hn—+ M
6. i [ Fi- ).
lim (-4

2. If lim a =4 find lim a . lim e, | .
npen N : s M+ n—>m| H|

; L
3. 1f lin @, =L =0 show that there exists . =R suchthat @ = _%Yauon
n—roo 0 n 2 1]

lim_a, =0 lim a," =0.
4. If y =0 and g G » show that n%maﬂ

5. For given sequences {an} and {E:'n} , prove or disprove the following:

nrl nxl

1. {cxnf}n }nzl is convergent, if {cxn} 1 is convergent.

nr

2. {‘Inbn }n>1 is convergent, if {cxn} | is convergent and {‘-E:'n }n>1 is bounded.

nr

6. A sequence {a”}ml is said to be Cauchy if for any =0 there exists My E ] such that

|Q:n - am| ey LR g;gu_ In other words, the elements of a Cauchy sequence come arbitrarily close to

each other after some stage.

Show that every convergent sequence is also Cauchy. (In fact, the converse is also true, i.e., every
Cauchy sequence in IR is also convergent. We shall assume this fact.)

7. Let {an}nzl be a sequence such that |':In | = 4 for every n. Show that
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8.

9.

=M

lim a,
n =

Show that a sequence {ﬂn} is convergent if and only if the subsequence {cxzn} d

an
nxl nxl

[a}z +1]n21 are both convergent to the same limits.

Is every Cauchy sequence bounded?

Additional Remarks :

1.

. Using the completeness property we can say that the sequence {ﬂzn}

In Practice exercise 2(i) of section 1.6, we defined @, = 1=‘In+1: = — |a+— ¥ r=l
3
n

The sequence {a”}ml is a monotonically decreasing sequence of rational numbers which is bounded

below. However, it cannot converge to a rational (why?). This exhibits the need to enlarge the concept

of numbers beyond rational numbers. The sequence {ﬂn}ml converges to _fo and its elements ¢, 's

are used to find rational approximation (in computing machines) of ||2 .

. To prove that a sequence {a”}ml is convergent to [ , one needs to find a real number [ (not given

by the sequences) and verify the required property. However, the concept of 'Cauchyness' of a
sequence is purely an ‘intrinsic’ property which can be verified purely by the given sequence. Still a
sequence is Cauchy if and only if it is convergent.

nrd of the areas of '3 -sided

regular polygons inside the unit circle is an increasing sequence which is bounded above. Its limit is
denoted by T ,
called pi. This gives a definition of #T . It is also an irrational number.

Optional Exercises :

1.

2.

e
Let {an}nzl be a sequence and let Sy =L T R e

b

1. Show that {E-‘n]' is convergent to } , whenever {an} is convergent to J .

n:l nel

2. Given an example to show that the converse of (i) need not be true.

#
Prove that the sequence (1 + —J is convergent as follows:
b
nxl

E] k
e
1. Expand 1_+l by binomial theorem and use the fact l gl {_lr’ 1=k =y, to
e k -

7
1
show that [] + = is bounded.
b
nzl

2. Using the fact that for all % =2,

i i
n+1(i]2m(l] |
£ a4+l k] n



#
1
show that [] +— is monotonically increasing.
»
nEl

n
3. Use completeness property to deduce iy |1+ l exists.
n—s »

The limit, denoted by & , is called Euler's number. It is an irrational number and the above
sequence is used to find its approximate values.

Recap
In this section you have learnt the following

e Limits of complicated sequences can be computed by expressing them as sums, differences, products
and quotients of convergent sequences.
e A sequence becomes convergent if it can be sandwiched between two convergent sequences.

Objectives
In this section you will learn the following

e The concept of a sequence being convergent to -+ or —pg -

e The concept of a subsequence of sequence.

3.3 Some Extensions of the Limit concept:

3.3.1Definition:

Let {'ﬂ”}nzl be a sequence of real numbers.

(i) We say {ﬂn}n}l converges to pn if for every @R {‘ﬂn}nﬂ is ultimately bigger than &' ,

i.e., given gelR, 3 My € Bl such that @y > g nz #, - We write this as nli_r}rlman =40oo

(i) We say {-ﬂn}n>1 converges to —pg if for every acel {-ﬂn} is ultimately smaller than &' ,

nxl

i.e.,, given e[l 3 My Bl such that oy T an Z;gu. We write this as nli_lemﬂx =—C0

We say a sequence {'ﬂ”}n?'l is divergent properly if either it converges to 4o or it converges to —C0

(iii)
3.3.2Examples:

10) Consider the sequence {Em}nﬂ . Given any g, by the Archimedian property, we can find positive integer




N

such that & = @/ 2 . Thus, forevery y = N, x, = 2n = 2N » @ . Hence, nli_r}nman =40,

iy Let @], @ =1 .Consider the sequence a” . We shall show that litn " =40 . To see this let
(i) nzl
= B =

@=1+ 5, where & =(. Using Binomial theorem,

n afn-1
a” =(1+ 8) =1+mﬁ+¥ﬁ3 + ..+ A eag
Once again, using the Archimedian property, we can find positive integer N such that Nﬁ =& . Then, by

the above inequality, we get & ;:.;gﬁ;:- o for every ;= A . Hence, nlflmﬂn =+, Here are some

intuitively obvious results.
3.3.3 Theorem:

Let {aﬂ}nzl be a sequence of real numbers.

converges to —pg, then it is not bounded below.

)
a”}nzl is monotonically increasing and not bounded above then, {a”}nzl converges to pon .
)

nrl is monotonically decreasing and not bounded below then, {a?!}nzl converges to —pq

G

PROOF

3.3.4 Definition:

Let {'ﬂﬂ}nzl be a sequence and let {”k} be as strictly increasing sequence of natural numbers. Then

Ex1

[a”j; ]k>1 is called a subsequence of [a”k] . In some sense, [a”k} is a part of {'ﬂﬂ}nzlv"ith

k=1 k=l

due regard to the order of the terms.

3.3.5Theorem:

Let{a':;'n]'?f!21 be a sequence. Then{uﬂn}nzl is convergent to j iff every subsequence Of{aﬂ}nzl is

convergent to }
il

PROOF

Quiz

Practice Exercises 3.3 : Extension of Limit Concept

K
(1) Let {Xn }nzl and {yn }nzl be two sequences of positive real numbers such that nlﬂlm_n = L exists

Fn

. : i =40
and [ = (1 Show that if {xn }nzl is convergent to ey , then nﬂlmy” .

(2) Give an example to show that conclusion of (1) need not hold for the cases when [, =0 or /=40

3 If , show that
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. i .
lim | ==L =0 lim a, =+0c0
e =S L n—om

(4) Let {x”}ml be an unbounded sequence. Show that there exists a subsequence of l[J’:,,!]'wlwhich is

convergent to +D:| or —gn -

Recap

In this section you have learnt the following

e How to extend the notion of a sequence to be convergent to 4{0 /—00 .
e The notion of a subsequence of a sequence.

e A sequence is convergent if every subsequence is convergent to the same limit.
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