Module 8 : Applications of Integration - II

Lecture 22 : Arc Length of a Plane Curve [Section 22.1]

Objectives
In this section you will learn the following :

e How to find the length of a plane curve.

22.1 Arc Length of a Plane Curve

A plane curve is the function that describes the motion of a particle in plane. Since the position of a point
is given by its coordinates, we have the following definition. We first consider the special case when the
2y -coordinate is a function of the » -coordinate.

22.1.1 Definition:
Let 7 [&*ﬁ] — TR be a function. We say ;V{x] = [:x, f{x}) xE[&', ﬁ] is a plane curve given by the
function § . Note that the image of the function v if precisely the graph of i

rix) = (x, fxd
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Our aim is to define the notion of length for a given curve.

22.1.2 Definition

Let a curve ¥ be given by function £ : [aﬁ] — I where fis differentiable with #continuous. Then
the arc length of ¥is defined to be

L{y)= j:,,‘1+f'{x}2.:fx- —————————— (10)




22.1.3Note:

@

Q)

The above definition is consistent with the notion of length for line segments. Indeed, for the line
segment

joining points the l[xl 5] ) and (xz ,_}:2) , the curve given by the function

f{x}:%“(ﬂ—x1]=x'5[x1rx2]-
27

Thus, the length of this line segment is given by

The motivation for defining the arc length by equation (10) is because of the following. To find the the
length of a

curve, we can approximate the curve by finitely many straight line segments. Let a curve ¥is given by the

graph of a function _f; [.::g, ﬁ] — R, ie.,

r(x)= {7 (x)). x<[a.2].

Let us approximate the curve by finitely many line segments. For this we consider a partition

of the domain [a,b] of the curve and consider the line segments joining the point (x:'—l’f{xi—l}) with

approximation, J, {P, ;v} , to the length of the curve given by

(8. = 2 [T [0 a)]

In case f is differentiable and 1_+(ff]2 is Riemann integrable, using the Mean Value Theorem for §,

it is easy to show that have

lim L{P, ) 147 (x
(%) |0 I

22.1.4Examples:

@

The arc length of the curve given by the function



is given by

(i) Let
g{y}le'rz_}fzs I=y=rsand;

where p =] and =8 .;:;:T{Q is fixed. Consider the curve given by this function. Geometrically, it is the
arc of a circle of radius » marked by the points {r 0}and {rcos &, rsind).

. 2 2 2 2
Since g"{y} =y/(r -y )
the length of this portion of the circle is given by

LzJ-I::*smﬁ' II1+g,{y}2dy=]';5ﬁﬁﬁdy='[;rdu = ré

Note that by symmetry, this formula for [, holds also when (;q?@} = g2,
22.1.5Note:
Sometimes, it is convenient to represent a curve }Fas the graph of a function x = g(y),ye[c,d]- If gis

O}

differentiable with g' continuous, the arc length of ¥is defined to be

L= [ o) @

Sometimes, the length of a curve can be computed by splitting it into pieces, length of each of which can
be computed, and adding the lengths of these pieces (see next example).

@i
22.1.6Example:

Consider the curve }¥given by the function
2
Fixy=x3, xe[-1,8]
We cannot use the formula (10) directly to find the length of the curve in the specified interval as f is
not differentiable at » =1 .

(8.4)

We can think ¥as a sum of two curves } and }; when };is given by the function

3
A==y 05yl



and J5is given by the function

3
f0=yL0sy<4
Thus, the required length is

L=I+1,

=-|-..{1+(f1(y Y dy+ 1+[:f2'|[y})2dy
1]

i 1+2 y.:fy +I ||1+ v adyl .
1]

Making substitutions 4 = 1+9_y we have
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22.1.7Remark:

Intuitively, it may look that one should be able to find length of any curve. However, that is not the case.
In our definition, we have given a sufficient condition for the same. Curves, whose lengths can be
computed are called rectifiable curves. For more details the reader may refer a book on advanced
calculus.

PRACTICE EXERCISES

1. Find the length of the curve given by the following functions:

3
O r=x2xeL1]

(ii) f(x):ln(cosx),xe[o,ﬂ.

(D) g(y)=(y- }2 xe[0,8]
An electric cable is hanging between two poles that are 200 meters apart and cable is in the shape of the
graph of

x X
the function f{x) =75 QBD- +e 50

Find the length of the cable. Module 8
Using mid point approximation with ; =111, find an approximation for the length of the curve given by the:
function

Fixy=x* zef0,2]

(i) Using Simpson's Rule with ; =1, find approximation to the length of the curve given by the function

fixy=x,xe[04].

3.(3J)



4. Let the curve }¥be given by a function f{x} reE [a,b]such that
me f(xy=Mioralxe[a,bd]
Show that the arc length [ of }has the property

(B—anfl+m® <L 2(b—anfl+m® -

Recap

In this section you have learnt the following
e How to find the length of a plane curve.
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Lecture 22 : Arc length of a plane curve in parametric and polar forms [Section 22.2]

Objectives

In this section you will learn the following :

e How to find the length of a curve given in the parametric form

22.2 Arc Length of a plane Curve in parametric form

In general, the position of a particle moving in a plane is located by its coordinates which depend upon
time. To be precise, we have the following:

22.2.1 Definition

(i) A curve in a plane is a function

y: |a. 8] —}]Rz,y:(x[z],y[z}),ze[c:r, 8]
The functions § | x{.ﬁ] and Hy{g}are called a parameterization of the curve.




(i) A curve
vl 8] 5B, v =(2(9). »(1)). e[ 4]

is said to be SMOOtN if both the functions ng[,ﬁ]and gHy{g}are differentiable with the

derivative functions ' [;} and {g} continuous.

(i) For a smooth curve y{g} = {x{f’}’y{f’]}’ ie [a', ﬁ] such that

;v{zl) # y(fz}, for g # £

its arc length is defined by
_ A Y]
r=| \fx (6) + () at-

22.2.2 Note:

In definition above, the condition

;V(zl} # ;V{f,z}, forg =6, e
12)
22.2.3 Examples

Consider the curve ¥given by
r[ﬁ]: [x[ﬁ],y[ﬁ}}. where x{ﬁ}: cICOSEf,,_}?{f,]=cISin3.f,f, E[D, 2:«‘?‘]-

This curve is called the asteroid, and can also alternatively described as the curve given by the function

xzﬁ +y2"3 :azﬁ,

where 4 = (1. The length of this curve is given by

L= Izﬂ\((—?ﬂ: cost f sin.if)2 +(3.:;: sins cos.ﬁf Fetd

ix ]
IIII 3a ||::os.t sin z| it

% orS .

2
4—2 IIZI sin 2 ek
fuct.

Another way the position of a particle in the plane can be located is by knowing its polar coordinates.
This motivates our next definition.

22.2.4 Definition

(i) We say a function

r:[cf, ﬁ]%m, = r(8),

defines a curve in polar form.
(ii) We say a curve,

P [.::E, ﬁ] —R

in polar form is smooth if »' exists and is continuous.



(iii) For a smooth curve

r:[a,ﬁ]%m

in polar form with

;V{!,l);f y{z,z},forzl # g,

we define its arc length is by
A 2 . Ao
L= Jr(a] +r'(8Y de-
13)

22.2.5Note:

Given a curve

r:[a’,ﬁ]%m

in polar form, we can represent it in parametric form by taking
x{é‘}: r[é‘]cosé‘ and y{.&?} :r[é?]l sin&, Be [{,E, ,5]

Note that,

J[r'[é?] cosd —r{8)sin E':IE + [r'[.&?}sin 8+ r{f)cos E':IE

Jr (@) +r(8y

Thus, by equation (12) in definition 22.1.2, the arc length is same as in equation (13).

Jx (8 +(6) a8

22.2.6 Note:

The arc length of the cardioid r = g {1+ cos ,5!} , where @ = 0, 08 <mis

2
I = -I-Dﬂ\f.:zz [1+|:-::us.:5‘:j2 +atsintddd

2
o y2a® (1+cos8) a6

2a [;” [cos(8/2)] 8

4a [ cos(8/2) ae
Ba.

22.2.7 Note:

For a curve in parametric form or polar form, if the corresponding functions are differentiable at all
except finitely many points, then the arc length can be determined by cutting the curve in appropriate
smooth “pieces” and summing their lengths. For example, consider the curve

F=cosdE 0 FE2T

This is called the four-petal rose, with graph as follows:



|5

The total length of the curve can be taken to be the sum of the four pieces of the curve: when & -varies
in intervals

RELRE L N I i
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PRACTICAL EXERCISES:

1. Find the arc length of the following curves given in the parametric form:

& £
O x=.yH=" 0<r=1.
(£) 3.13(]' >
(i) x(f) = cos 2z, y(£) =sin 2, 0 <¢ g”—;.

Gy x(f) =g cost, y(fi=e " sing, 0 <¢ 5?—; .

(iv) zifdi=a cosE.g' vl =a singﬁ', O=g=2mr-
w) x(.ﬁj:a{.ﬁ'—sin.ﬁ'],y(.ﬁ'}=c;t[1—|:-::|s.§'}, 0= 8= 2.

2. Find the arc length of the following curve given in polar form:
0) r(ﬁ)z?(l—cosﬁ], 0= F=2m.

(i) r=l+sng, 02 5= 2T,

3. The position of a moving particle at time {is given by

1 3 £
x(8) = E{EHB}E,}:{Q = E+f,.

Find the distance travelled by the particle between § =land = 3.

4. Two particles 4 g4 Zare moving in the X¥ -plane. A starts at {[J, (] and moves along ¥ -axis with some

uniform speed. The particles g starts at {1 ,(J7and is moving towards ¥ -axis, trying to catch 4, along
the path

1 3 1
yzg x2—3x2 -2

If Zis moving with twice the speed of 4, show that the distance covered by & is twice that of when
they meet.



Recap

In this section you have learnt the following

e How to find the length of a curve given in the parametric form
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