Module 11 : Partial derivatives, Chain rules, Implicit differentiation, Gradient, Directional
derivatives

Lecture 32 : Chain rules [Section 32.1]

Objectives
In this section you will learn the following :

e Chain rules which help to compute partial derivatives of composite functions.

32.1 Chain rules

Recall that for w= f(x) a differentiable function of one-variable, if x=g(f)is also a differentiable

function of {,then the composite function w(f) = { f o gl(f)is also a differentiable function of {and

e 3 adf dx
di dx odi
Similar results hold for functions of several variables.

We state next another such rule, the proof of which is similar to the Chain rule-I, and is left as an
exercise.

32.1.1Theorem (Chain rule-1I:)

Let (x,,y,)€IR*and ' B (x,,»,) — IR be differentiable at {z, y,J. Let ¢, € IE and
Y =0, +d)——=IR
be functions such that
(x(fp), yide)) = (%, 04) and (x(£),yEN € B, (x,04) torall (g — 4,6+ ).
If X, y are both differentiable at {£;,then the composite function
W (£, — &5, +4) —IE given by

is differentiable at




wiz) = f(x(£), y()), L€ty — 8,4, + ) fy

and

Wity = 5 (x,00 )2 (5) +75 (.0 ey
Functionally, this is also written as

dw_gf dr of &y
di S odi & odi
ol

PROOF

32.1.1Theorem (Chain rule-1:)

Let (x,, 1 eTR*and 7 : B, (x> — IR be differentiable at (=, Let £, = Ik and
a0y — 3,8 + S—— 1K

be functions such that
Calen . 00800 = (xg, v ) and (x(E)»(EN € B (xg,3) for all £ = (4 — 5,5, + 5.

If x, y are both differentiable at ¢,,then the composite function
w (£, — 4,2, + &1 —IE given by

wii) = Fx(2), v(£)), £ € (¢, — d,¢, +J)is differentiable at ¢,
and

Wiy =y (%, 0 x5 ) + J:';u {20, 0% 007 (g ).
Functionally, this is also written as

dw _ & dx & &
g B At & di

Proof

Let
B =x— 2, and k) = vE) — o, For i e (£, — J,5, + T
Then, by differentiability of /, we have for :=s,,

wi£)—wit, )

= Jixg A8,y HE(E) = F (%,0)

= Jy (3, Yol x(2) — (2] + 7y (%, 0 ) [ (2) — vigg)]
Hax(e) — xlty 3]g (), K0 +[0(2) — yidg )] 5 (Aie), KL)).

Thus for ¢ = ¢,

wit) —wify) xiE)— xisy) yEI—yig)
T=fx(xns}’uj[T:|+J} (%:J”u]{T}
{x(zi::&u)J . (&(ﬁ},k{z}}{y(ﬁi:izﬂ O (28)

Since xi(£), ¥(zrare continuous, (%), &z — (0,00 as ¢ —4. Hence, as : —4,, it follows from (28)
that w() is differentiable and
ay

& o
Tt} = 3Ry ) - G) Sy (7, 0) ().

32.1.2Theorem (Chain rule-11):
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Let {x,,y,)eIR*and f: B,(x,,»,) — IR be differentiable at {xy, ¥, ). Let (s, ¢ e IR*and
%,y Byls,t) >R

be functions such that

(x5, 50, ¥ (8.5 N %, o) and (x(s,£), ¥(s,£0)E8, (23,0 ) for all (5,£) € By (5,4).

If x;,x:,¥,,); exist at (s, %), then the composite function

g Bg(5,5) =~ IR, gls,t)=7(x(s,:),»(5L))

has partial derivatives g, (=,,;)and g (s,,% ), given by

E; ':Su afu:' = fx ':xu:yu:'x.s ':Su:ufu:' +f:}| ':xu:yn:'y.s (Su:zu:':
8t (80.20) = Sy (Fo, o) % (8, ) + Sy (2o, ) e (8, ).

Symbolically,
e _ ¥ x ¥y &_¥ X Y
& odx A A A& & &

32.1.3Examples:
(i) Let

Flx, =2 +3* for (x,3) e IR*

and

xit) =& wi=tte IR,
Let
wit) = Sz, 00, t e IR.

Then, by chain rule, wit) is differentiable for all {  IE., and we have
W) = 2(e")e’ + 2t = 2(e% +£).

(i) Let
Fix = % +y2,for {x, %) cIR*
and
x5t =5 -, y(s,6) = 2at, forall (5,6 elR?

For
gls,8) = fx(s,2), y(s,0),(s,0) e IR,

we have by chain rule,

% = 2(c" — ) (28 + 2023280 = ds(s* +£7)



z_f = 205 — (-2 + 20280 28) = de (s 47,

(i) Let

Filx = i For {x, = (0,00 and F(0,00=10.
+y

2 2
X

Then, fx,j:}, exist everywhere and

Sr(0,0)=0=7(0,0).
Hence, if

x(f) =t and y(t) =¢* forte IR,
then

S0, x(0)+ £, (0,00"(0) = 0,
However, since

wiz) = Flx(8), »EN =6/ (1+2%), t e IR,

we have w'((J} =1 This does not contradict Chain Rule as fis not differentiable (in fact not even
continuous ) at (), (7.

32.1.4Remark:

Chain rule extends to functions of three or more variables as above for functions of two variables.



W=ffx,y),x=X(0 ;y=Y(0

w=f(x,y

X=x(t y=y(@

oW - ow dx _bw dy
ot " ox dt T oy at

Figure 1. Chain rule-I

weflx,yl, x=x(r,s),¥Yy=y(r,s)

W-fﬁ,”‘ W-fﬁ,”

r 8

ow ow Ox _ ow DY oW _Dw Ox 2w Ay
Bor  bx dr ¥ or o8 oOx g Ay bs




Figure 2. Chain rule-11

W=f{X) r X =x(r’ 3)

w = ()

X=X{(r, s)

r ]

ow _ dw ox oW - dw x

or dx or 08 dx 0Os

Figure 3. Chain rule-111




w=Ff(x,y,z),X=x(r,s),Y=y(r,s) ,Z=Z(r,s)

w w
X zZ X z
r s
oW 0w OX _ow OJY L DW DBz
BF X OF oY br oz  or
sw _ow Ox _ow JY ., OW DZ
28  0x s 0¥ s 0z OS

Figure 4. Chain rule-1V

QuEz

Practice Exercises

(2 [54
1. Compute Eand _5 where
: - - -1
(i) z—ulogv,u—xj,v—l_l_y.

() z=g(x*+)y" ™).
Answers

2. I f{u,v,w)is differentiable and

H=X— Y, V=YV—Z,W=2—1I,
show that

a o

)
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3. Let f(x,»)be such that for some  =jand all § =,

Flen, o =1£" f(x, ).

Show that if 7 is differentiable, then

g
xa+y§—?zf(x,y).

4. Let @, kbe constants and w = f {ax+ &y), where j is differentiable. Show that

thw th
—=h—
the &x
5. Let
sz 2),
v oz

where { a differentiable function. Show that

x:‘%ﬁy —+22%: 0
x v dz

Recap

In this section you have learnt the following

e Chain rules which help to compute partial derivatives of composite functions.
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