Module 18 : Stokes's theorem and applications

Lecture 54 : Application of Stokes' theorem [Section 54.1]
Objectives
In this section you will learn the following :

e Computational applications of Strokes' theorem.
® Physical applications of Strokes' theorem.
e Sufficient conditions for a vector field to be conservative.

54.1 Applications of Stokes' theorem

Stokes' theorem gives a relation between line integrals and surface integrals. Depending upon the convenience, one
integral can be computed interms of the other.

54.1.1 Example (computation of line integral):

We want to compute

CPCF.r:I’r, where F = yi+ =% -2’k

and Tis the circle in the plane z :—3, x:‘ +.}’2 = 4,oriented anti-clockwise. To apply Stokes' theorem, let us find a

convenient surface 5 whose boundary is {7 The most natural surface in this case is the circular disc
Pyt =4 z=-3

For &if we choose the normal vector nto be k,then £(3) = ('will have anti-clockwise orientation, and by Stokes's
theorem we will have

CPCF.dr = IJ-S{curl F- n] R

Since,

cwl(F) m= [a—i (xz”) —a% {y}:|=23 -1,

we have

‘Pc (Fdr)= ” . (- 1)ds= ”S[—zej.:fs = —28(4m)




54.1.2 Example:

Let us try to apply the above technique to evaluate

¥, v
CPC(F..:fr} where F =_x2+y21+ ——1

and (7is the circle x* +y2 =1,z = Qoriented clockwise. We note that for F, cuwl(F) =0, and hence
” o (ourl F) ndS= 0,

whatever be the surface 5, as long as #(&7) = " We also know (see example 47.2.8)that

$(7 dry=-2m

Thus,

cﬁcF-.:fr #+ ”S(curl F-nids

Does this contradict Stokes' theorem? The answer is no. The reason for this is that Stokes' theorem is not applicable for
the given F because

Y i+

xﬁ +}’2 xﬂ +_}’2

Fixyz)=-

is defined in D::{(x,y,z] e IR*|(0,0, z)] . Thus, there does not exist any surface 5 [Jwhose boundary is the unit

circle (7 xj +y2 =1in the X¥ -plane. However, we can still evaluate the integral

CPCF dr

as follows: Consider the vector field

. X
- ‘}; -1+ Ik,
¥4y 4=z

F (x,p,2)=—
xz +;u2 +z'2

(x,y,z) & IR * {0, 0.0%}. Note that F=Fon ' and if we consider the upper hemisphere 5 given by
P 4yi4zi=1z20, then (5 =Cand S CTRA{(0,0,07) . If we select the outward unit normal

n=xi+yj+zk,

x +}r2 +z%=1on 5, then A5 = ' gets the anti-clockwise orientation and we have by Stokes' theorem

CPCF L dr = CPCF..:I'J': ”S(curlf')-ndﬁ'.



Figure: Orientation on 5 and g{.%)

Let 5 be given the parameterizations :

rix,yi=xi+yj+ifl-2 -y k(xy el

where [1is the unit disc in £¥ -plane. Then

Ty <Ty :_fxi_fy 1tk,

for #ix yvi= m. This gives

X
r, =T :+—1+£k+k.
Y = z

Also
clFi=—-2zxi-2zvk - z°k.

Hence

z =

J[Covtl F-m) ds = ”D[+fi +2 K +;:]-(— 2zxi-2zyk - 2* k) dxdy
= .”D_ [2x3 + 2y + 222] dxdy
=—2HD dxdly
=2

54.1.3 Example (Calculation of surface integral):

In the formula

(PCF-.:x‘r: Hﬁ,curl{F) nds

the only relation between (*and fis that 3{5) =" Thus, if 5 and 5, are two surfaces such that 3{5))=a(5, 1=

-”.5‘ cutl (F) - nedS = CPCF..::!’r = -”,5‘ cutl (F) -ndS

and F is defined in a region including have 1

This is useful in computations. We consider an example. Let us evaluate

[|(7uxVv)nas



where

w=x -y +z°, andv=x+y+z,

Eis the upper hemispherical sheet

P4 =1z20,

n is the unit normal to 5 with non-negative =z -component. Since
(Vo WV =cutl (u V),

we have by Stokes' theorem
_”S(‘F uxVv) ndS= CPc(u 7 v).dr

:”SI(vuxvv).ndS'

D=liz v |z +y* =g z=0}
where we select Sl be the circular disc [( o4 } | Y ’ ]

Thus

J[((Fux7yynds= [[(Vuxvv)kduy

Since, (‘Fu ¥ ?v] k= 3;;2 +3};2 , we have

”c{‘Fu xVv) mdS= [, , 3" +y")dxdy

X +psa

3 @ 2T dxd
= L o
fp Iy
3
5
54.1.4 Note (Green's theorem, a particular case of Stokes® theorem):

Consider a planer vector-field.
Fixy=Fxy)i+dxyi

Let [)be a region in the XV -plane with Z([)) = ("a simple closed curve. If we treat [1as a flat surface, oriented I as
the unit normal, then by  Stokes' theorem, treating F as a vector field in = -space,

Fixy)=FPilxy)i+tQix))j+0k

¢ Fdr= ”D curl(F). kdxdy
which is Green's theorem, since

curl(Fjl:%—E-
dx dy

We showed in section 47.2, that given points 1-1,3 = .;IR3and F,a continuously differentiable vector field on D, if
the line integral

Icm..ay F.dr



is independent of the path {*going A4to & then curl(F)= 1 We also stated that this condition is also sufficient if the
domain [is simply connected. We prove this as an application of Stokes' theorem.

54.1.5 Theorem (Conditions for conservativeness):

Let 1be a simply connected domain in IR3 oD —}IE{3 be a continuously differentiable vector field. Then the following

are equivalent:

1. F is conservative.

2. ca BJF..:ir is independent of the path '{ A &) joining 4to 7.
3 curl(Fy=10
PROOF

In view of the statements above, we only have to show that (333} = (33} . Let C be any simple closed curve in E".

Since L is simply connected, we can find an orientable piecewise smooth surface S ‘Dsuch that C'= BS_ Then
by Stokes' theorem

cﬁcF-.:fr = IIScurl(F) ndr =0
Hence, by theorem 47 2 5, (ii) words.

54.1.6 Physical interpretation of Curl:

Stokes' theorem provides a way of interpreting the 1] of a vector-field F in the context of fluid-flows. Consider a small

circular disc Sa of radius a at a point Fin the domain of F . Let n be the unit normal to the disc at PD. Then by Stokes'

¢, (F T)ds=[[, Far
= ”..S'a {curl F] ndr
= (curl F(R ]H;;— ds

(curl F (PD) .n)ﬁl(Sa)

Figure: Flux along

Thus,


file:///E|/HTML-PDF-conversion/122101003/Slide/Module-18/Lec-54/Sec-54.1/Proof-54.1_9.html

1

(curl F(&)n)(R) = ¢, (FT)ds

Note that F T gives the component of & in the direction of the tangent and hence gives the rotational component of F
along Az . Then CPC'Q {F.T}isis called the circulation density of F around ;. If we let 4 —(in (92) then we will

have (as error in approximation goes to zero)

(curl FY{R)n{R)=lim L (F.T)ds

@ =0 A Sy Ca

For this reason, the normal component of curl(F}, also called the specific circulation of the fluid at the point £ .

Note that the specific circulation is maximum when u:urlF(F,’]} and n(ﬁ_ﬁ,}have the same direction we can interpret

Stokes' theorem.

[l (ol Fon)as = G Far

as follows: the collective measure of rotational tendency is equal to the tendency of the fluid to circulate around its
boundary. Thus, if il #=0in 5, then

_”cF-.:fr=D

i.e., there is no circulation tendency, or one says the fluid is irrotational .

Practice Exercises

1. uUsing Stokes' theorem, evaluate the integral

_[CF-.::t‘r,

where

1. F(x,y,zi=2yi+3zj+ xk, and (7is the triangle with vertices A{0 0 07 & {0, 2 07T (1,1,1) oriented
for 4 to

B to(to 4.

2. Fix,»z) =z* i+yj+zxzk, and ¥ is the boundary of the upper hemi-sphere 5 -— [4_ 3? _J,-ﬂ ,

oriented counter clockwise

3. Fix,y,z)= i +4xy3j +y2xk and ot is the rectangle going
A(0,0,00,5(1,0,0),C(1,5,2), 0(0,3,2)

oriented from 4 to £ to {*to [y to 4.

4. Fix,y,z)=3yi+4xj+2vk, and is the boundary if the paraboloid z =4 — x* — };3, z =) oriented
counter

clockwise

Answer:

M 1
@y 0



(i) —90
av) 16
2. Let F(x,y,z)=({x—zi+{y—x)j+(z—xnk, and 7 be the boundary of the triangle 5 with vertices
A(1,0,09, B(0, 2,03, C7(0,0,1} . Find the following.
1. Circulation of J around the triangle when (*is oriented counterclockwise.

2. Circulation density of Fat ((1,0,0} in the direction I .

3. Find the direction of malong which the circulation density of F at ([, [, (I is maximum.

Answer:
@ z/2
(i) -1
iii) —%j—%k

2
3. Let S be the upper half of the ellipsoid x* +y2+z_=1, oriented so that n is upward. For

F [x,y,z} = x'i +y4j +2° sin ok

Evaluate

_”S[curl F] s,

Replacing S by a suitable simpler surface with the same boundary as that of S.

Answer: 0

Recap

In this section you have learnt the following

¢ Computational applications of Strokes' theorem.
e Physical applications of Strokes' theorem.
o Sufficient conditions for a vector field to be conservative



	Local Disk
	Untitled Document


