Module 18 : Stokes's theorem and applications
Lecture 52 : Orienting the boundary of an orientable surface [Section 52.1]
Objectives

In this section you will learn the following :

e The motion of orienting the boundary of an orientable surface.

52 .1 Orienting the boundary of an orientable surface

In the previous section we extended green's theorem to Divergence theorem, which related surface integrals, over
surfaces enclosing closed bounded regions, with triple integrals. One can also extend Green's theorem to surface
integrals over surfaces which have boundaries as closed curves. Recall, we showed Green's theorem can be written as

CPCF. dr = ”R{curl F] Y dxdy

In this section we shall extend the above relation to IR3. To do that, we need to give orientations to curves which are
boundaries of surfaces in a compatible way.

52.1.1 Definition:

Let 5 be a piecewise smooth orientable surface bounded by a simple closed curve 7, i.e., A5 =(". Let us select and
fix an continuous unit normal on 5 and choose an orientation on (7 as follows :

1. Let T"be any curve on the surface and let 2 be a point on the surface, inside T". Let n{) denote the unit
normal on 5 at F as per the orientation of 5. Consider the orientation on I" which looks anti-clockwise when
viewed from the top of m(F"). This is called the positive-orientation on T"relative to the orientation on %

n(P)

Figure: Positive orientation on

2. We say that the selected orientation on ' = ({5 positive orientation on (7 if it has the following property:




Figure: Positive orientation on 7(5)

For any point P & "= 8(.5,if we consider a simple closed curve IT"on j which meets (7only at P, then the
orientations on J"and (¥ coincide. Thus, positive orientation on (= = A5 can be described as follows: imagine a
person walking along {*with his head in the direction of the orientation of the surface (i.e., that of the unit

normal to the surface). The person will be walking along the positive-direction if the surface lies on his left. The
orientation opposite to the positive orientation is called the negative orientation on 7 = 35,

52.1.2 Note:

Another way of saying that the curve I"on [ has positive orientation with respect to the orientation on % is the
following:

Figure: Right hand system on I

T"is said to have positive orientation relative to orientation on g if at any point Fof I, if we consider the vectors t,
the tangent vector to T"at F, £, the outward unit normal to T"at &, and n(F7, the unit normal to Sat o, then

&.tand n{F}) form a right-hand system, as shown in the figure below.

Figure: Right hand system

52.1.3 Examples:

1. Consider the surface



S:{(x,y,zﬂﬂixél, DE}’EI,Z:G}.

Figure: Positive orientation on {3

Let us select the orientation of 5 to be such that the direction of the unit normal to 5 at every point is that of
k. Then, the positive orientation to ¥ = A5 relative to this orientation of % is as shown in the figure, going from

fto 4to Fto {7to (7.

2. Consider the plane 2in IR3given by the equation

+y+z=10=2x=21 0=y=10=z2]

i.e.,

S:{(x,y,z)|x+y+z:1,U£xil,0£;ﬁ£1,U£zE1.}

Figure: Positive orientation on (.3



Let 5 be given the positive-orientation, i.e., if we write 5 as
Fixi=xi+yj+il-z—-zk 0=x=10=2y=] 0=z<]
then

Iy *I, i+j+k

Iy xx, || 3

Thus, the orientation on "= 2.5} is as shown is the figure, from 4to Zto ('to 4.

3. Consider 5, the paraboloid,

z=4-z"—y* z=0),

with upward normal orientation, i.e., geometrically the unit normal points upward relative to X¥ -plane.

Then, the orientation to '= A%, the circle x2 +y2 =4 z =10 is the counter-clockwise orientation, as

viewed from the top of positive z -axis.

Figure: Positive orientation on the circle, (%)

Practice Exercises

For the following surface 5 with the given choice of unit normal, find positive orientation on the boundary of 5 :
. 7 5 . . . .
1. Fisthecone > = [y +3y* [ =z« 2 With the orientation given by

_cos .::9 5ifl .:39

i v 2L

2. [Mis the hemisphere xg +:l|,.?2 +z2 = 1621 ) U, , with the orientation given by

2T,

_xityjtzk
= 7 _



3. [=is the cylinder x* +y3 =4 0 =z=1] closed at z =1 with nto be the outward normal.

4. fLis the surface of the cylinder xj +_}f2 =4 bounded at the bottom by the X} - plane and at the top by the

plane x+z = £, with nto be the outward unit normal.

5. Hris the annulus disc in the X¥ -plane bounded by the circles

P4y =l16and x* +y* =4

with n parallel to J¢ .

Recap
In this section you have learnt the following

¢ The motion of orienting the boundary of an orientable surface.

[Section 52.2]
Objectives

In this section you will learn the following :

e« The relation between surface integral and the line integral.

52.2 Stokes' theorem
We state now the theorem that relates surface-integral with line integral.

52.2.1 Theorem (Stokes'):

Let & be a piecewise smooth oriented surface and let its boundary be a piecewise-smooth simple closed curve (. Let
F be continuously differentiable vector field in a region [jincluding 5 . Then

[[ oo Fynas = fFay e (80)

where mis a unit normal on 5 and {*is given the positive orientation relative to the chosen orientation of 5
ol
FROOF

We shall prove the theorem only for simple surfaces, i.e., surface that can be explicitly written as
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z=F(x,(xy)eD’

or

y=gixy)ixzeld’

or

x=hiy,z), v,z el

First of all, suppose that 5 has a parameterizations
(v e riu,v), (v e

Then, the normal to the surface is given by

r,xr, =MNi+ ¥ i+ Mk

Let ¥ = Fi+ {4+ Ak . Then

[, curlp Nas= [[ curlF) @, xx,) duav

- ”G(GIHIF:' M+ N+ A k) dudy

AR @ 9P 3R
= [[.| 5= - 28| v, duav + j N, dudv
Flay 8z 3z arx

+ Hg[gf giw duck
= I
+.”

On the other hand

CPCF..:i’r= cjﬁcpdx+r]6cg.dy+cpcmz

aF

3P 2 3
- 2wy |duav+ [ 22w, - 28 | duay
Az v Gl 2x Az

N ] efricha,

In view of {E1jand {22}, to prove (20}it sufficient to prove the following:

”G(ﬁm; - zi}\f]dudv $,.pa,

Hﬁ(gw E;EN ucx'v—ﬁ]t.lchx’y

and

AR AR
”G(Qw_a N]dudv=ﬁpcﬁdz,



We shall prove (#3)jonly, as the proofs of (24jand (23)are similar. Since Scan be expressed explicitly as

7= f':-’f;.}":'; ':-’f;-}":' e /77, we can write a parameterizations of Las
r(ny)=xityi+f xk xyed.

Thus,

N=r,®r,=-7, i—j:JJ i+k,

giving us,

Ny=fp, Ny = fy nd My =1,

Thus,

Hg[g N, - g fu;] dudv="[[ [— 2 5+ g} A — (86)

Note that for our choice of orientation of 5, the normal W to S5 has positive ] -component. Thus, the curve

' = {51 has counter-clockwise orientation. Hence, if we choose a parameterizations r'it’ for B(D') , traversed in the
counter-clockwise direction, with

r'i{f=xig)i+yit)jeel,

Figure 243. Orientations on A(7)"jand 3{5)
we have

ri=x@i+y i+ s (x(0,y kel
This gives us parameterizations of {*in the counter-clockwise direction. Further, if we write

$(x, ) = Plx,y, flx, ), (x,y) e D,

then



&

¢ Pax=[_ P(x(e).y(e)) =at

ot
= EEI;é[:x(ﬁ],y(f)}%df
=4,y P ix

= Hﬂ[ %y,

by Green's theorem. Since, by chain rule,
ag_ar
¥ 3

—ﬁ(x y,z)+a—(x FoE)—— 07 (x, ).
3y Az dy

98 (xy, flx ,.:u:l):—(x no+ 2, y,z)—(xy:l
&y 0z oy

Hence

¢, Pax = ”D,[(— g}g(— 7 ):|.:1'xdy —————————— (87)

(#6)and (27 prove (83).

Practice Exercises:

1. Let & and S, be two orientable surfaces with a common boundary, "= &3] = 85, Let %, be the unit normal on

.S'!. be so chosen such that both a, and 2. induce the same positive orientation on (¥ Let F be a smooth vector

field with domain including 5}, 5, and (. Show that -”..5' (VxF) n, dS= ”.5' (V= F) n, dS.
1 1

2. Let i, g be scalar fields with continuous partial derivatives. Let 5 be a smooth surface such that 5 and
' = d{.5" satisfy conditions of Stokes' s theorem. Prove the following:

L[|, () (Vg) mds= [ (/Ve)-dr
2. [[, (V) (Vg) nds= . (Va)-ar.
3. |, (fVg+gVf) dr=0
3. Let F be a constant vector field, 5 a smooth oriented surface with unit normal I, and g% = ¥ Show that
F ndi= ! Fxr) 4
JI;F = _EL:'{ r)-ar

Recap

In this section you have learnt the following

¢ The relation between surface integral and the line integral.
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