Module 17 : Surfaces, Surface Area, Surface integrals, Divergence Theorem and applications

Lecture 49 : Surfaces and parameterizations [Section 49.1]
Objectives
In this section you will learn the following :

¢ The notion of a surface
e Parameterization of a surface

49.1.1 Definition :

Let 7 D TR?* — TE be a scalar field and ¢ £ IE. Then

§={(xy,2) c D|F(x,y,2) =<}
is called a surface in [}

49.1.2 Examples :





1. Linear surface:

Let F(x,y,z)=ax+&y+cz, be a linear function of the variables x yand z, where @, ¢ € IE . Then, the surface

IP:={(x,y,z) e IR’ |ax + &y +ez =ﬁ:}
is called a plane .

2. Quadratic surface:

Let
Flx oy o= Az +‘5’u:1;2 + 7z +inv+ B+ Petax+ Hv+E2+0,

where (z y zieIR*and 4 B C,0 F F & H Tand Jare real numbers. This is called a second-degree equation in
variables X, ¥,Z . The surface

S={(x,y,2) e R*|F(x,y,2) = k)
is called a quadratic surface in IE.*. Some special cases are of a quadratic surface are the following:
1. For
Fix,y,zi=x"+y* with k=a" for some a >0,
the quadratic surface
&= {(x,y,z) eIR* | x4yt :a:z},

is called the circular-cylinder .

2. For

Flxyz)=x+y +z% with k=a*,a >0,
the quadratic surface
[(x,y,z]l e R? | 2+t 42t :.:12]

is the sphere of radius .

3. For
2 2 2
Plxyz) =+l +Z k=1,
a’ B ¢
the quadratic surface
x yz z*
S=i(xynelR| S+ +— =1
{( >,Z) |a2 PRI

is called the ellipsoid .

4. For



xﬂ

2
Plxyz) =2+l —Z k=1
e .

the quadratic surface

2 2 2

¥ ¥y =z
el |+ -2 =1
{(x,y,z) |45 }

is called the hyperboloid of on sheet .

3. Surfaces as graph of a function:

Surfaces also arise as graphs of functions of two variables. Let f Dz IIE{2 — T be a function. Then its graph
) 3
Gy ={(xy2)e B | (xy)e D,z = £ (x,5)]

={(xy2) e R |Flx,y,2)=f(x,)) —2=0,(xy) €D}

is a surface. In the vector form we can write (F{ {7 as the image of the function

{x,5) > r(x, y] given by

rixyi=zxityi+jxyik,(xy) el
The above example motivates the following:

49.1.3 Definition :

1. Afunction r: D IR?* = 1IR*,

riu vi=xu i+ vy vijte(uvik, (wyviel

is called a parameterization of the surface

S::{(x,y,z) eIR* | x =z, v), y=y(u,v), 2= z(u,v), (&,v) D}.

2. We say J'is a smooth surface if all the functions x(i,V) y(x,V) z(x,v)are continuous and have continuous partial
derivatives in [.
49.1.4 Examples :

1. The Plane

iP= {(x,y,z]l e IR? |czx + &y +ez :a!'}
has parameterizations

r(x,y:'=xi+yj+F—[5x+fiyﬂk,(x,mem%

[y [N [N
if =0,

2. Let & be the sphere of radius «,



N= {(x,y,z) e IR? | PR S s :az}.
A parameterizations of 5 is given by the spherical coordinates:

r(8,¢)=x8,¢)i+y(8,¢1+2(8,0k,

where

x(8d) = acosfcosd

yig8, @ = acos8angdy 0SF20, - A28 72
(8¢ = a sin @

3. Consider the elliptic-cylinder

S={(zyz) eR?|x* +4y" =4 zeR}
A parameterization of f5is given by

ri8 zi=x(8 i+ v8 211+ 208,21k,

where

x(8z) = Z2cosd

yifz)y = Z2eanfr 0282w zelE
(8,21 = z

49.1.5 Definition :

Given a surface [ with parameterization r (1,v) , (1,v) € [, the curves © > riu,v) for afizedu

and

v i, v) for any fized v,

are called the coordinate-curves of the surface 5.
Coordinate curves are useful in visualizing the surface.
49.1.6 Example :

Consider a surface 5 with parameterization:
riuvi=ucosvitusinvj+tuk,(wwelR?

For i, fixed, the coordinate curve

Vi rli, V) =ugcosvitugcosvitu, k

is a circle of radius iy in the plane = =iy - For i fixed, the coordinate curve
wy i,y =ucosy itusny, j+tu k

is the line at an angle v; from the z-axis.



Figure: Coordinate curves of %

In section 35.1, we defined the normal vector to .5, namely the vector V& provided it is nonzero. We describe this in terms of a
parameterization of 5

49.1.7 Theorem:

Let

S={(xy,2) C D|F(x,y,2) =}

be a smooth surface with a parameterization

riu v = x(u v+ i v (vl (v e 1)
Then,

VF=1 'Iru er:':

and the unit normal vector to S at any point is given by

nﬂﬂz{ﬁ}

- A m x|

| Vi

FROOF
Since (x,y,z) € S satisfies F(x, y,z) =¢,we have
Fx(e,v), @, v),2(,v)) =0, (v e .
Hence,
0 HY &
Ox e oy O ez du
=(VF)r,.
Similarly,

(VF) 1, =0.
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From (60) and (61) it follows that at every point on S, the vectors 75 and ry, xr, are parallel to each other, i.e.,

YV =%, xr,).

Hence, the unit normal vector to S at any point is given by

n:i{—ru Ty J
|Gy % Ty |

49.1.8 Example:

Let a surface 5 be explicitly representable in the form

z=hix v, (x,yieR

Then,

S={xy 2| Fxy,z)=h(x)y)-2=0.(x,y) € R}
Hence,

VF=hi+h,j-k

Thus, if we give 5 the parameterization
rixy)=xi+yi+hi(xyk,
then

£, X, =t VF =tk itk j-k).

Hence, the unit normal is

—hi-hy jtk
o

| ek

Practice Exercise
1. Find a parameterizations of the surface 5 given below:

1. The portion of the cone

2z = MI'J'f:4 +3°,

in the first octant between the planes z =1 and z =73 .

2. The portion of the sphere

2 yiezi=3,

between the planes %> — ME and 2 — _\E_
3. The portion of the plane

x+y+z=1

inside the cylinder xz +.Jf’2 =9.



Answer:

() riz,v) = (uoosVi+manv)j+3k 0=u =6, 0=v =27

i) T &) = [ﬁsin.;a:-msm)n[@sm .;a:-sin.:;:)j +[J§cos .;a:-)k,
0 < @<= 2, A3 = § < 273

(i) r{u,v) = (mcos Vi+{msinv)j +{l-ucosv—4sinvikl=u 23 0sv < 27

2. Compute the unit normal vector at a point on the following surfaces:

1. rix,v)=ul+vj +[m2 +v2]k, (w,v) e IR*.

2. riu,vi=(24cosuicosvi+(2+cosvisinvj+sinuk 0= = 2m,0 Sv <27,

Answer:
) —Zui—2vj+k
N
(i) —{2+cosv){cosveosul +sinvcosug+sinuk)

2 +rosu

3. A surface [is obtained by revolving the graph of the function 7 {x)=1/,1=x =5 about x-axis. Find a parameterization
of 5

Answer:
.1 .1
rix,Vi=m+—cosvj+—sinvlk, 1=2x =5 0=v =27
X X
Recap
In this section you have learnt the following

e The notion of a surface
¢ Parameterization of a surface

[Section 49.2]
Objectives

In this section you will learn the following :

¢ How to define the integrals of a scalar field over a curve.



49.2 Area of a Surface

49.2.1 Definition:

Let [ be a surface with a parameterization r : & IE{2 — IR3_ We define the area of the surface 5 to be the

cutface area of S:”R |r, =1, | dudy

49.2.2 Note:

1. The justification for the above definition is the following. Consider a small rectangular area element A & in the 1, v—plane
with sides parallel to the ,Vaxis. Let its image under r be the region A5 in IE*. We can imagine A5 to be same as the
parallelogram with sides r, , T, ., and hence the area of A is approximately equal to the area of the parallelogram, which

is given by |[ruﬂv}><ruﬁv|. Thus

AS =y, =y, | A Ay

Figure: p 5 is approximately a parallelogram

Hence, it is natural to define the area of the surface 5 to be the double integral

”R |r, %1, |ddv.

2. For the above definition to be meaningful, we should have the condition that the surface rix,v)is such that
(T, ®r, )z, )20,
everywhere on £ . From now onwards, we shall assume this condition. Such surfaces are called regular surfaces .

49.2.3 Example:




Find the area of the parabolic cylinder

V= x* in thefirst octant bounded by theplanes z=2and y= %

Figure: The surface y = x
We can parameterize the surface as follows:

rizzi=xi+x j+zk (xz1eR 0=z22,

where

R={(x,2)eR*|0=x=1/20=222}]

Thus,

r,=it+Zxjandr, =k

Thus
i j k
r,xr,=1 2x 0
o o 1
=2xi-j
Hence,

trxxrz|: 1.|||1 +47°,

Thus, the area of the surface is
L2 p2 2
] j (1+4x*)drdz
=ndz=0
49.2.4 Surface area for explicit representation:

For a surface S, explicitly representable in the form

z=hixy), (xy)ER,

we saw in example 49.1.8 that a parametric representation of 5is
riz,y)=xi+yi+hizyik,(xyieR,

and we have

oxr,| =10} 4



Hence,

sutface area () = ”R J1+ Ezif + kj dxdy

(7.}

b5
Figure: Caption text

If ¥denotes the angle between the positive z-axis and the vector I, %, Then,

ryxry) k=(-hi-h j+k) k=1 (62)
On the other hand
(r, Xr}l) k=|r, #Ty |cos y.

Thus,
|ty xry Jecosy=1 e (63)

i.e.,
secy =|I, Xry | =,f‘1+4xg +4y*

From (62) and (63) it follows that cos ¥ =0, and hence 0= ¥ <772 Thus, if }denote the acute angle between the z-axis and
the undirected normal, then we also have

sutface area of &= -”R J14 Ezi + Ez; dxdy = -”R sec ¥ axdy,

where & is the projection of [ on to the X¥ plane. Also,

(ry %1y ) k=1=cosy|r, xx, |

implying

T, %I, -k

k:@ =cosy

| Ty >ry |

Thus,
WV

seC ¥ = , Wherem = ——

|n k| | V|

and Fix v,z)=z—h(x, v
49.2.5 Example:

Let us find the surface area of the surface

=t 4y, 0=z



Figure: Surface z% = 2* + y* 0=z =1

The surface is given by Fix, y.z)= x* + y* —z* = (. Thus,

_VFE xityi-zk

n andn-l-c——L
|VF| 22 NA
Hence,
1
seC ¥ = =~.|'f§,

k|
and the projection of the surface on to the X¥ -plane is
R={(xy)| " +y* =1}
= {(xy)]0=x21,0- -2 =y, fi- 7]
Thus,

sutface area = ”R sec ¥ drdy

=2 ”Rl.:ix.:x’y
g W T P

dp
49.2.6 Example

Find the area of the portion of cylinder (x—a}j +y2 = azthat lies inside the upper part of sphere the xz +y2 +z2 = 4@2_



Figure: Surface of sphere inside cylinder

Projection of the cylinder onto X} plane is
2 2 2
= - =
Ry =[x(x-a) + ' =a"].
The surface, cylinder , is given by F(x,y,z]l = xz +y2—2c1x= 0. Thus,
VF = (2x-2a)i+2y]

Since %/ -k =1, we should not project the surface onto the X¥plane. Let us project 5 onto the xz plane. This projection is
given by

R = [(Jr:,z]l|lifIEJrEEc;t:,z:q,"'-ilc;t:4 — 2t x}.

Since,

|V |= of(2x - 2a)* + (29}

=2.)i{x— c:x.t]l2 +.J”2

=2a
and
VF j=2y=2.a" - (a-x)°,
we have
. VR a* —(a—xr
nj= = .
|VF| a

Thus, the required

dxdz

sutface area =

IR;;Z Jaﬂ _ (zz _ x}:;
:a]-x=2a J-z=..|l4a2—2ax ;

iz dx.

49.2.7 Remark:

If the surface [ is represented explicitly by

y=gixz),(xz)eR,



then the corresponding formulae for the surface area are

Surface Area = ”R sec J dxdz

where jis the acute angle between the ¥ - axis and the unit normal. Similarly, if the surface is representable explicitly as

x=fz), »2exk,

then
surface Area= ”Rsec& v iz,

where ' is the acute angle between the x - axis and the unit normal.
49.2.8 Example:

Consider the sphere given by
rluvi=acosveosuitasing cosvijtasnvk 0Zu =2y 0wz

Then,
I,=—cfnucosvitacosucos v

and
r,=—asanvcosui—astnusinvitacosvk

Thus,
i i k
I, X, =|—@5NLCOSY @ COSH COSY 0
— @SN SNV — @ ENL DY @ COSV
12 . 2. I
={a"cos” voosz)l +{a sinu cos” vl
+i{a sin msin veoosv+a cosTwsinvoosvi k
=(a‘cos®veoosu) i+ (a’sinm cos® vij +(a sinm cosvi k.
Hence,

44 2 TR U 40 2 2
||ty ®r, |Fa  cos”veos®u +a sin“wosin” v+ o sin‘u cos®y

4 s I:QS2 V]

=at [cos4v+sin
4 2 2 2

=a cos v[ocos  v4anT v
4 3

=a cos v

Thus, the surface area of the sphere is given by

] ar FEg I 2
Sutface area =a ;?TLI |cos v|dv= In In a”cosvdu dv
L [ 2
=dma L cos v gy
=dwa’
49.2.9 Surface area for implicit equations:

Let 5 be a surface defined implicitly by F{x v zi =10 Let S?a' be the projection of 5 onto the XV -plane. Suppose, the surface
can be explicitly given by



£= 'Eg(x:l.y:l:l I:'x:l.}r) E SJ.:I.I
Then, we have

_aFRx ., _ 3FBy

AFAz Y AFRAz

X

provided %; # ). Thus,

H%u JI+ 7 + i dxdy

a a a
\/aF LoF aF

cutface area

3 3
- ”.5'1:u - a;

dz

9y dx v,

49.2.10 Surface area for surface of revolution:
A method of generating a surface in IE ®is to rotate a curve about an axis. Suppose (Tis the curve in the xz plane given by
z=f(x),a=x=h,

being rotated about the z -axis to get a surface 5 We want to find the surface are of this surface. Consider a small portion # z of
the curve. When rotated, this will give a cylinder of radius x and of height Az Thus, its surface area is given by

2o x Mg

Thus, the total area of the surface is defined to be

Figure: Surface area of surface of revolution

=k h
Surface area = _lex__a 2mxds = EJFTL xafl4 (Fx0? dn

The surface 5 can be represented in parametric from, using cylindrical coordinates, as
riuvi=ucosvituanvj+ ik asush 0Zv 2y
Thus,

r, =cosvi+sanv]+ Mk,



r,=—usnvitucosvi

Hence,
i i k
r, Xr,=| cosu sinvy  Ffud=(uwcosv FMu i+ (usin v )]+ k()
— SV LoDV 0
This gives

|7 =r, [F=wf cos® v Fa0® +u’ sin® u 7'0v) +v°
=u? (14 7)),

Hence, we have

Surface area = LM _lj a1+ F00° dudv
= z;rr[j u 1+ 770 dudv

Similar formulae can be obtained when if we consider the surface obtained by revolving the same curve z = §{x) about x -axis
or ¥ -axis.

49.2.11 15 fundamental form for curves on surfaces :

Suppose r =r(i),i e [ is a curve on a surface [ with a parameterization (i, v) = #(,v) . Then, the curve is given by

FrsT () =1 (u(E), vie),t € 1.

Figure: Curve on a surface

Suppose, we want to find its length. Since, the curve is given by
r=rif)=riulf), v, el,
we have

dr P, v
—=r,—+r,—.
ot et ot

We write this as

T =T, di +1, dv.

Since,
dr'_dr dr
dt dt dt’

we write



|| dr || = (r, du +r, dv) - (r,du +1,dv]
=[r, r,) du +2(r, r,) du dv +(x, -r,) dv*
=B it 4 2F dudv+ G du?,

where
E=r, 1, F=r1,F=r1, 1,

Thus, the length of rizif)),(v(£)),£ € f =[a,b]is given by

] b

e=[" llar|f ae=| [\/Edu2+2qudv+de2]dz
i i

Practice Exercises

1. Find the area of the plane 2x+ £y +3z = 6 cut by the cylinder x* 4 3* = 1.

5y
Answer:

2 2
2. Find the area of the portion of the cone xj +.Jf’2 = zjjabove the Z¥ -plane cut off by the cylinder Ty = 2ar.

2
Answer: ”E?m

2

3. Find the area of the surface common to the cylinders x* 4+ y* = g*and y* 4 2% =4

2
Answer: 16

4. Find the area of the portion of the sphere xg +y2 +z2 = 442 that lies inside the cylinder xg +y2 = 2ax

16@2[5’—2?—1)

Answer:

Recap

In this section you have learnt the following

e How to define the integrals of a scalar field over a curve.
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