Module 14 : Double Integrals, Applilcations to Areas and Volumes Change of variables
Lecture 42 : Change of variables [Section 42.1]

Objectives
In this section you will learn the following :

e The change of variables formulae.

42 .1 Change of Variables
Recall that we had proved the following result for Riemann integration, called the integration by
substitution: Let f:[a,&2]—IE be continuous, g:[c,d]—+[a,b]differentiable and g':[¢,d]—IE
Riemann integrable.If gz =aand gid) =%, then
h d .
[ rdx=[ fla@)g'@®ar
To obtain a similar result for double integrals, we make the following definition.
42.1.1Definition:
Let (3in IE“be an open set and
g : Q ﬁ\1]1{2:! g{H,V} = (gl{u:v}:lgz(u:v}) fOf (H,V:l = Q:l
where

gl: gﬂ:ﬂ_}m

are such that both have partial derivatives in 3. Then, the Jacobian of the function £ is the function

Jo L —=IR

defined by
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(7= 2@ _ g " " PeQ
: Pedy
) %(P) %, (P)
Y Y

We state next the change of variables formula for double integrals without proof.

42.1.2Theorem (Change of variable):

Let [ibe an elementary regions in IE*and F Ly —TE be continuous. Let {3be an open set in IF.% and

. 2
g LI, g=1(g, 8
be a one-one function such that the following holds:

(i) Both g;and g, have continuous partial derivatives in (7}
(ii) The Jacobian function J of g does not vanish at any point of 1

(iii) There exists & — (s such that Fis an elementary region and g({ &)= 1) Then

(|7 @» iy =[] 7le.v),e ) T Baw,y)

See picture on the next page

N

Figure: Change of variables

42.1.3Note:
. The Jacobian may be thought of as a ‘magnification factor' for areas. While employing the change of
® variables

result for double integrals, one keeps in mind that after a change of variables, the integrand should be
simpler and/or the domain over which integration is to take place should be simpler (for example, a
rectangular domain) so that the computations are reduced

The change of variable formula extends to domains [1which are unions of finite number of non-
overlapping
elementary regions.

(i)
(iii) The Jacobian function can also be defined for suitable functions of three or more variables and a

corresponding and there exists a corresponding change of variable formula.

42.1.4 Examples:

(i) Let us find the area of the region f1in the x¥ -plane bounded by the lines



x+y=1,x-y=0,x-y=—dmdx+y=4

The region is the parallelogram

Figure: Change variable

Let us consider the transformation
w=x+yandv=x— 2y
Then, the transformation

glu,v)=1(x,y), where x= 2u3+v T = 4;1)

1

will take the region & to [1, where to find &, we note that the g takes the line

u=1to x+y=1,
w=94 to x+y=4,
v=0 to x—2y=10,
v=—4 to x—-Z2y=-4,

Thus, &such that g{ &)= I}is given by the rectangle bounded by the lines
u=1,u=4, v=0andv=—4

Further, the jabcobian of g is

g2, = det :—l.

3 3

Thus, by change of variables

AreatD)y = ”Da?(x, )

-”El I, ) |d,v) = % ”ch[u,vj = %ﬂfé'ﬂf (E)=4



Q)

Q)

Let

(8

+4
D:{(x,y;.emf‘mgy z,ggxgy }

u=1to x+y=1,
w=94 to x+y=4.
v=0 to x—2y=10,
v=—4 to x—Z2y=-4,

Thus, & such that g(E} = [)is given by the rectangle bounded by the lines
u=1,u=4 v=0andv=—4

Further, the jabcobian of g is

Jg2e,97) = det =——.
1
3 3

Thus, by change of variables

Area(D) = [[ d(xy)

= ”E| T, )| dfu V)= % ”Ed(u,vj = %ﬂma (By=4.

Let

1

+4
D={(x,ijIRE|DEy z,ggxg"” }

and

Fx =y 2x-3 e ?F for (x,3)€D
Then

]-Ly+4jf2

2 y3(2x—y]£m‘yﬁ dx:|cfy.

[, 7 nacmn=[;|

The above integral as such is difficult to compute. The integrand suggest the following change of
variables. Let

w=2x—y andv=y

Then



{14+
2

xi=gyu,v)= , yi=galuv)=v

note that g{x, V) = (x,))is one-one and the Jacobian function for g is given by

2| o—

1

2 1
20, = det =—.
(2, %) 5

L)
—

Figure : Change of variable

To compute & such that g{ &)= 7}, we compute g‘l{D} as follows: g‘l maps
the line y=0towv= 10,

the line y=2x to v=ut+y=u+v, 1e u=10

theline y=2x—4 to v={u+vi—4, 1e, u=4,

and

the line y =2 to v= 2.

Thus, if
E={(uWelR*|0=u=<4 0=v=2),

then g( &)= .3 Thus, by the change of variables formula, we have
21
[, 7y dxy =] vue [Ejd{u,v)
1¢2 4
= E.Ilu [ _[D P du:|cfv

12 1
:—_[ v ? At
20 2

115_1_
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Practice Exercises :

1. Evaluate

[ - ")t

by making the change variables

X+ x—
5= "y,v= Y

i 2

Answer

2. Evaluate the integral ”D(x—ng sin(x+y)d (x,y), where [)is the parallelogram

with vertices at (7,0, (277,77, (71, 27T and (0, 7).
Answer

3. Determine the are of the region £ in the x:-plane bounded by the hyperbolas xy = 1, = g

and the lines y=x,y=4x.

[Hint : Use the transformation x = /v, ¥ =uv].

Answer

4 Let [1be the region in IE{:‘ bounded by the lines
x=0,xz=4 2y—zx=2and 2y— x=4
Using the transformation
x=du, yv=2u+ 5,

Compute

”D x vdxdy and ”D (x— ) dxady

Answer

Recap
In this section you have learnt the following

e The change of variables formulae.

[Section 42.2]

Objectives
In this section you will learn the following :

e The change of variable formula in IE{L2 from cartesian to polar coordinates.

e The change of variable formula in IR3from Cartesian to cylindrical coordinates.
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e The change of variable formula in IRE from Cartesian to spherical coordinates.

42.2 Change of variables to polar, cylinderical and spherical coordinates

In this section we give some important applications of the general change of variables formula proved in
the previous section.
42 .2 .1 Definition:

Consider the transformation g : () co) [0, 2:7) — IR * defined by
glr Fi=(x ), where x=rcosd, y=rsan 8.

The map £ is a one-to-one map and is called the polar coordinates transformation . For every point

F'in the plane with Cartesian coordinates {x,3}, the above map associates an ordered pair, (&), called
the polar coordinates of the point F

Figure : Polar to Cartesian coordinates
42 .2.2Theorem (Change of variables from rectangular to polar

Let /' IR* IR . Let

Dci0mix[02m, and & =g(in,




where £ is the polar coordinates transformation. If f is integrable over E then fagis integrable over
JIrand

”Ef(x, Widxdy = ”Df(r cos8,ran & rdr &)

42.2.3Examples:

(i) Let us evaluate

|| RESERILAESD

where o is the annular region lying between the two circles
P4y =land 2 4+ y° = 4

Figure 153. Region [

Form the figure, it is clear that if we write

E={(r,dh|12r 22,0825},
then E(E’j = D, where £ is the polar coordinate transformations. Thus
[ c+»dizy= jzﬂ rﬁ (cos® 8+sin &) r dr 48
2 2
= Iu T “1 [:r3 cos G+ sin 5) r:fr) dd

2
:I T [E cos® &+ sin 5‘:|.:1!’-5‘
o 4

(i) Let @ =05=0 and



2y
D:{(I,y]Emz|a—z+b—2E1 .
Let
Flxyi=3* for (x, e D,

To evaluate

[, 7 xrrdix ),
we make the change of variables to generalized polar coordinates

r=glr,@=arcosd andy =g,(n,8) =bran 8

The Jacobian of this transformation g = (g, g,}is given by

grosd —arsnd

Jir, & =det _
band hrcogd

J: rab(cost +sin’ & = rab.

If we set
E={(r,8)|0=r =1,0=8 =27} =[0,1]x[0, 277],
then g{{)j =& and by the change of variables formula,
_”Df(x,yj dix,y) = ”E(b rsin8)'r ab d(r, )
_ E[ |7 a® rsins .:x‘é?} dr
= Ecx o mdr

ab®mw
Y

42.2.4

(i) Triple integral in cylindrical coordinates :

A point Px y z) & IE*can also be described in terms of cylindrical coordinates i(r &2, where

(#, & are the polar coordinates the point E! the projection of Zonto X¥ -plane. Thus

D=r <o, 028 <2mandze k.

These coordinates are related to the cartesian coordinates by the relations :



Figure: Cylindrical coordinates
X=rcos 8 yv=rand z=2z

The transformation

glr.8,z)=(xy,z)

is called the cylindrical coordinates transformation . If g{ &)= 1), then by the change of variables

formula, since J(r &, z) =7 we have

Il.7 Gr2d @y =[], o) ¢.8,2)]7.8,2)|d ,8,2)
= I”E(f og)(r8.2)rdrdfde

This change of variable is useful when the domain [1is spherical or cylindrical in nature.

(i) Triple integral in spherical coordinates :

Figure: Spherical coordinates



Another way of representing points in space is by spherical coordinates , {2 &, &), where for a point
Fin space, £is the magnitude F , gis the polar angle of the projection on of Fonto the X -plane,
and gis the angle between the line {37 and the positive z -axis.

The spherical coordinates are related to the Cartesian coordinates by

x= psing cosd| o = 0,
v= psng snd 0= & «2m
z= pocosgd 0= ¢ =«

If we denote the above transformation by gir & ¢ =(x ¥ 2z}, then

sin grosd —ean dand pcosHoos
|Jg (7,8, @) |=|det| sin gain & osin Proos d prosdan d :,-::J2 sin &
cos ] —sin @

Thus, if g{ &)= [}, then for every integral function j over [,

(Il dxy2= [[[[(F o) (6,6 o sin a6 dod ¢

42.2.5Examples :

(i) Find the volume of the solid region [jcut from the sphere

Py =1
from the cylinder

2 4+{y-12)' =14,




Figure: Region [}in spherical coordinates

The required volume is

.[”D ldv

In cylindrical coordinates, Dcan be described by

E= [(r,ﬂ,zﬂr:sin 8028 <7z —f1- 7 52521—:«2}

Thus,

ML= ng rd(r,8,2)
=2[" L”( g 1.:£er.:£;".:1‘5
e[ ([ 2rvi-rT ar)as
71 > .- chd
:2.[:. [—g{l—rz}” D

48
4 pma 3
_EL (1-cos® 8) 48

= % -I-:g (1 —cos &+ cos & sin? 5‘:].:1’5

oy A
sin 5‘:|

i

:i[ﬂ—sin5+
3

_dTe
Cz2l2 oz

(ii) Let us find the volume of the solid [)cut from the sphere

Py =9

by the cone

z:1|'x2+y2-



Figure: The region [

In spherical coordinates, the equation of the sphere is &= 3and the equation of the cone is

foosd=z2= \(,Gg sin’ goos’ &4 00 sin® Pan’ &
=0 sin @,

i.e., the cone is described by tati ¢#=1. Thus [Ican be described as

D={{0,8,#)|0=p=3,0=8=2r 0=g=m4}.

Hence, the required volume is

-1 7§ e
- [ [L’ﬂ 9 sin ai'.;aﬁ] 48

=9 .l-nM [— cos ;Eﬁ];m 48
=9[ﬂ”[1—%} 28

=9 (2 —~f2).

Practice Exercises
(1) Using polar coordinates find the volume of the solid region [bounded above by the hemisphere

z =416 —x* = 3*
F

and belove by the disc in the X¥ -plane

4yt =4,



Answer

(2)(i) Using the change of variables formula for polar coordinates, find for every = [J.

ol
10)= [[, e dn),
where

Diry= x| s +5" = ).

(ii)) Using (i), show that

;I-E}I%o Iir=m

(iii) Using (i), deduce that
al—e

.”-1:1+(:-fj'a?“2+~JJjII d(xy)= 4

1

where
i ='[(x,y) |2+ =r% 2= D,yEU].

Hence, deduce
) —(x3+y33 _ E
fim ( [[ e a )=

(iv) For every g =1, let
Jir) ::{(x,y) [l x|£r,|y|£r}.
Show that

Iiry < J(r) < I(+f2r), for every r =0,

Hence deduce that

lim J, =7
¥

(3) Using polar coordinates, evaluate

[Lﬁﬂlgdﬂ,

where [1is the region in the first Guardant that is out side the circle » = and inside the cardioid

r=214+coz &)

Answer
(4) Use cylindrical coordinate to evaluate
& pa-m pa-xiop? .
I_3 L‘m L x° dz dy dx
Answer

(5) Use spherical coordinate to evaluate
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[[REREE
where

F(xvz) =z? 1|'x3 +y3 + 24,

and [1is the solid bounded above by the hemisphere - — |'1_ x2 __},3 and below by the disc in the X} -
plane

4y =l
Answer

Recap

In this section you have learnt the following

e The change of variable formula in IIEEL2 from cartesian to polar coordinates.
e The change of variable formula in IR3from Cartesian to cylindrical coordinates.

e The change of variable formula in IEE;2 from Cartesian to spherical coordinates.
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