Module 9 : Infinite Series, Tests of Convergence, Absolute and Conditional Convergence, Taylor
and Maclaurin Series

Lecture 25 : Series of numbers [Section 25.1]

Objectives
In this section you will learn the following :

e Convergence of a series of numbers.

25.1 Series of numbers

Given any finite collection of numbers
AL,y

we know how to find their sum. For this, we take @ add to it @, to get ay +.:12 , add to this sum a5, to

get (ﬂl +¢;2} +,;;3, and so on till we reach dy- IN fact, the associative and the commutative properties

tell us that we can add them in any order. In many practical problems one would like to add an infinite
collection of numbers. Let us look at an example.

25.1.1Example

Consider two cyclists gand &, at a distance one kilometer apart, moving towards each other, at a
constant speed of 1km/hour. A man shuttles between and & at a constant speed of 2km/hour till the
two cyclists meet each other. How far away from the starting point =the man will stop shuttling and
what would be the total distance covered by the man?
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The answer to the first part of the question is obvious (to some one who has the knowledge that 4 and
L are moving towards each other at a constant speed, and hence they would meet at the point Q

midway between £ and (!). To answer the second question, let the starting point for the man be P and

let it move towards (. Let E, Pj, %....,ﬁ;,_”denote the consecutive points of the man's turning back




from 4Jand F . This gives us a sequence

ﬂ-l :_f'iP, ﬂz :P]. JDE,...,CIH =PJ‘! PJ‘!+1""

The distance covered up to }zﬁ: turning is given by

sy =AR+H 5+ + 5 y=a+. +a,.

It is easy to show that

]

2
AR =y :2f3,Pl B=a =§’ andfor any », A5, :.:zn:BTi—-

Hence,
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One is interested in knowing what happens as # becomes larger and larger.

We are given a sequence {‘In} for real numbers. What should be a method of finding the sum of all

=l
the terms of this sequence? An intuitively obvious method is to ‘carry on' the ideas of finite sums. For
every ;< f, we can find

= a t oag o ta,,

and let this process continue, i.e, consider the convergence of the sequence {S”} In view of this, let

n=l’
us make the following definitions:

25.1.2Definition:

O}

Q)

Let {a”}nil be a sequence of real numbers.

For every j =1, define
n

S =a and Sy =+ +ay, :Z;'ﬂf’ for all #21
1=

The pair {{ a:n].n:j1 . {S?’!}n:jl) is called a series of real numbers and S, is called the ,,f -partial sum of the

series.

is convergent. In that case,

We say ({ a”}n}I . {Sﬂ}n?-‘l) is a convergent series if the sequence .[JE,"},J]IH::\1

the litn,, .., 25, is called the sum of the series.

(iii) The series ({ a?’!}nEl . {Sﬂ}nél) is said to be divergent series if it is not convergent.

25.1.3Note:

Note that a series is determined by a sequence {an} of real numbers and the corresponding sequence

In fact {Sn}

rzl

of partial sums {Sn} determines the sequence {ﬂn} uniquely since

nzl’ mzl r=l

ay =5 and a, =48, —~yforevery n21.

n+

In view of this, the series [{dn}n:ﬂ \ {SH}”}I) is often denoted by the symbol z: | And if it is
= = 1=

convergent with sum &, we write



[n)
A word of caution: the notation Z | 2y, is just a convenient symbol for the more cumbersome notation
=

[{ ‘In}n:_ﬂ . {S?!}nijl ) for a series. It becomes a number only when the series is convergent.

25.1.4Example

O}

Q)

i)

Consider the series

. @, wherea, = [—1]}%1

n=1

ne=l.
Since
=11t 1z even and 5, =0 1f # 1z0dd

the sequence {Sn} is not convergent. Hence the series is also not convergent.

nzl

Geometric series

Consider the series

[}
Z ar”. where re® iz fized
n=1

This is called geometric series with common ratio #. The convergence of this series depends upon the value
of the common ratio. For » = 1, the ,,f partial sum is S, = »a . Since,

lim &, = *o0,
Moo
the series is divergent for » = 1. Similarly, for » = —1, the ',gfh partial sum is
o, = s if #is odd, and = ()if x is even.
Once again, limn_}m Srz does not exist, and hence the series is divergent for » = —] also.

Finally, for |,F'|.,-£ 1,

_ n+
Ky = Fia, =& — @
Since » = 1, we have
2 —ﬂ?‘nﬂ a ﬂ:r,n+1
sy =

1-r 1-»  1-r
For |r|-::1 , since M _, nas » —»c0o, we have

. o
lim 5, = —
M0 1—#
Hence, the series is convergent whenever |,r-| < ] and its sum is lfl—r‘ .

. . o . .
As in example 25.1.1. the series Z lﬂ” is convergent to 1, since
n=

1

—T 0
3

Hence, the man would have covered a total distance of one kilometer from start to finish. Let us also
compute the total distance the cyclist 4 would covered till it meets F . Clearly, if they meet at the point

F . then gpFis the limit of the distances AF, . To find AF,, let us observe that for every ;1.

AR = AR -RB+ER - . +(-1)" E_E,

Ly

If we write
n-1

Enlzalz_rﬂfl’andbn:{—lj Gy

then is the partial sum of the series , and is given by



Af, n™ pIL
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= —|1-2+.+|=
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Since
1
—=0 azs »—=00
3?’!—1
we have
3 b= 5
y=1 2

Hence, the cyclists will meet exactly midway.

_ . . w 1 :
(iv) Consider the series Zn=1 . For this
1 1
S, :1+§ +..+— forevery n=l
b

For s = gk, we have

1 1 1 1 1 1
Sp = lh—tot—t gt g —+. +—
2 2 3 4 2 241 2
—1+1+[ 1 +—1]+ +( + 1]
241 2? 21 41 oF
>1+1+[1-+1]+ +( o+ ]
2 \2F 2R ) GE oF
_ 14k
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This shows that {Szk};:a is an unbounded, sequence. Thus, {S”}H:‘l is also unbounded and hence not

. w1 : w1 i
convergent. Thus, the series 2: | —is not convergent. The series z: | —is known as the harmonic
n= n=

series.

(v) Consider the series

m_n+1
%

It is called the alternating harmonic series. Let us look at the odd and the even terms of {Sn}nﬁl’ the

sequence of partial sums of the series. For any [,

Ry =1—l+l+“. !
1 1
+ L —
k-1 2k

A

(-34-3)

Similarly, we can write



(vi)

o o fronyfron_ (11
2kl T 23 4 5) ok 2k+1

Form these, it follows that [S

5 is monotonically

JEC]I;EI is monotonically increasing while [32k+1];,;:_:~1

decreasing. Further

1
0wl <8, +— =& =1.
2k 2k S+1 2k+1

Hence, by the completeness property of real numbers, both the sequences [Szk]kibl and [32k+1];.;:=-1 are

convergent. In fact, the relation also tells us that they have the same limit. Hence, the sequence {S”} , is
also convergent convergent by exercise (8), section 1.7. Note that, we have not found its sum, we have
just proved that it is convergant.

w1
n=1 ;2_'
is a monotonically increasing sequence. Let
no= 28 -1 k=21

Then, we claim that for every j-,

08, <1+ % 4+

2 2 2%
Clearly, S’nl = land if (16) holds for #; , then

Consider the series Z Since it is a series of positive terms, the sequence {Sn} of partial sums

m=l

S =8 4 — L !
ngtl T g (21‘.:)2 (2k+1}2 (21c+1_1}2
-::1+l+...+—;37f+i2
2 2 (23:)
TS

Thus, by induction, (16) holds for every [ . Hence,

k
: 1
D-:iSnRE%1m Z=1F =2

Thus, the sequence [.S' ]Fc>1 , is bounded. Since, {Sn} is a monotonically increasing sequence, and for
F =

n n=l

every x we can find a positive integer }-such that »; = ny = 2;‘: —1, we have
Sy 28,22,

Hence, {S

”}?’1:"1 is a monotonically increasing sequence, bounded sequence. By the completeness property

f i t. H the seri @ 1, t
o) m’{gn}yﬁl is convergent. Hence, the series Zn:l ;z_ls convergent.
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PRACTICE EXERCISES

For the following series compute their ?th -partial sum and show that the series is convergent:
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Z'”=1 [m+2]—{m+3]

o 1
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In? +3n— 2)

For the following series compute their Hﬁ! -partial sum and show that the series is not convergent:

. Module 9
Zm 2 —1_ : Infinite
n=1 4
oo »
In| ——|.
Z”=1ﬂ(m+1]
1-n

L]

Zn=152?‘1 ?

Zc::l cos () -

For a series Zm 1 G let .5, be its Hfh -partial sum such that
n:

S, +1

A

] = for every a2 =1.

Express S"n in terms of ] and show that the series is convergent with sum equal to 1.

Let {an}n:*l be a sequence of real numbers. Find necessary and sufficient conditions for the series
[em]
Zi{ﬂn _an+1}

n=
to be convergent.

oo .
Let Zn—l @, be a convergent series. Let

=}
b= 2 g, form 2l
k=n

Show that the sequence {r‘n}nﬂ converges.

Recap
In this section you have learnt the following



° Convergence of a series of numbers.

Series, Tests of Convergence, Absolute and Conditional Convergence, Taylor and Maclaurin
Series

Lecture 25 : Simple tests of convergence [Section 25.2]

Objectives
In this section you will learn the following :

e Various ways to analyze the convergence of a series of numbers.

25.2 Simple tests of convergence
In view of the Cauchy completeness property of [ we have the following:

25.2.1Theorem (Cauchy criterion) :

[n}
Assries Zn:la” iz convergent if and onlvif for everyv e 0 there exists N € M such that

15 = 85| = g - -+ o <€ TOr BVERY 22 52 = W,

ol
i

PROOF

25.2.1Theorem (Cauchy criterion) :

A szries Z:ll iy, i5 corvergent i and only iy for every e 0, there exisis N e ™ such that

[Se — S| = |Zps + - + 7| <= fOr BvEry B2 >0 > I

Proof:
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This is just a restatement of the fact that Z‘Ic::lan is convergent if and only if {5.},.,, the

sequence of partial sums is Cauchy.

25.2 2Corollary ( (- term test) :

. w0 .
(i) If a series Z & is convergent, then
M=l Hn

nlg}nmcxn =0.
(i) If
nlﬁlmﬂ” =0,

. o -
then the series Z‘I & 1S divergent.
H=. n

@iii) I
litn e, =0,

n—o

[n}
then the series Z @ , may either converge or diverge.
n=l n
The above corollary is most useful in proving that a series is not convergent.
ol
PROOF

25.2.2Corollary ( pif- term test) :

(i) If a series Z?;an , iIs convergent, then

lim o, =0.

n—o
(i) If
Jim _a, =0,
then the series Zf:l“n is divergent.
(i) If
Jim o =0,

then the series zlean, may either converge or diverge.

Proof:

(i) Follows from theorem 25.2.1 since,

dn = Sy~ Sne

Statement (ii) is just a restatement of (i). Finally, consider the series
1

o and

il
ile
® |-

For both the series, lim, ... =, = 0. However, the first is a convergent series, while the second is
a divergent series.

25.2.3Examples:
. . . . L ] .
(i) Consider the geometric series Z lr , where |,r| =] . Since,
Hn=
bl
lr|” — e,

the series is not convergent.
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Z:vz=1'?“n

(ii) Consider the series

po | Dat 41
Since,
1 3
(At a3y 1+£+E 1
A e Bt ey w AP
7

the series is not convergent.
The limit theorems on convergent sequences imply the following results:

25.2.4Theorem:

Let Zf:lan and Z:llf;.n be series and »~ = [ . Then the following hold:

@ I Zm G and Zmlbﬂ are convergent, then the series
H= n=

%::{ (‘In +bn ):i (ﬂn _bn]:'é (anbn) andé (‘In)

are all convergent and

Z{{ﬂn +E}n]= Zl.ﬂn +Z{E}n:

o

Z{ﬂn_bn) :éﬂn _ibns

n=l

and

=l

Gy If Zf:ﬁzn is divergent and . = [Jthen Z:ilc {gn} is also divergent.

ol
i

PROOQF

25.2.4Theorem:
Let =™ a,and 3°” 5, be series and - <m . Then the following hold:
() If > a,and 7 &, are convergent, then
Z_:{ (ctn +24 ):Z{ (. _bn):Z_:{ (i) a”dz_.'{ ()

are all convergent and
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Z{{an +‘-E:'n)= Z{an +Z{"-E:'n:
Z__}{ﬂn _‘-E:'n) :Z__}an - Zfbm

and

thcan] :E(Z{an].
(i) If X7, a,is divergent and - othen 3=™ -(a,)is also divergent.
Proof:

Follow from application of the limit theorems to the partial sum of the series under

() consideration.
The statement (ii) follows from the fact that if 3-™ (-a,)is convergent, then by (i)

will also be convergent.

25.2.5Example:

(i) Consider the series

fl 2 (3 "
el o l4) |
Since it is a sum of two convergent series:

[u) 2 [u)
>, = and Z ( ]
n= IBM
it is also convergent.

(ii) Consider the series

¥ o= 5+ ]

n=1 n=1 n
This is a divergent series, for if it were convergent, then

()Xo 2 (5]
n n
n=1[M n=l nelt 2

would also be convergent, which is not true.

Here is another simple test that can be used for analyzing convergence of series with non-negative
terms.

25.2.6Theorem (Comparison test):
Let {‘In]’naa”d {E’n}nabe sequences of real numbers such that [} =g, =%, ultimately, i.e., there exists
some }fe= B, such that
=h, for every »n = I,
then, the following hold:
(i) If the series Zl::lbn is convergent, then so is the series Zl::lan

(] (]
i If the series Z: is divergent, then so is the series Z:
(i) n=1an 9 n=1bn



PROOF

25.2.7Examples:

(i) Consider the series

=1

Zn—p,where I=p <wm
n=l1

For 0= p =1, since

nf =nforeverynz1,

. w1, .
and the series 2: = is divergent, the series
n:
»
[ru)

1
Z—m divergent for 0= p =1
= e
For =1, since

W matfarnz2,

. w1, .
is convergent, the series Z 1_pls convergent for =% . We shall prove(in

1
and the series
Z —IT =l g,

1
the next section) that E —is convergent to z = 1.
1 ¥

(ii) Consider the series

% ()

1 1
Since ———— < —forevery nz 1
20t +u+l ml '

n=l 1 ) L
and the sum Zm — is convergent, the given series is also convergent.

(iii) Consider the series

1

f‘n!

=
1l
—

For ; =4, it is easy to check (by induction) that

Since E — is convergent, the series E —is also convergent.
n=l
nl

PRACTICE EXERCISES
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1. Using comparison test, analyze the convergence/divergent of the following series:

e 1
O L

oo Inia)
"= +1

i 2

)
oo s (2]
(iii) 2:?1:1_;?2{”’] .

[ u] (] (]
L ri f non-n ive reals. Pr he followin
2. Let Zplﬂﬂ’znﬂbﬂ’znﬂcn be series of non-negative reals. Prove the following
G0 If

_‘In +

by = T’Hlfnr every A,

oo i i ==}
and Zn=1a,n is convergent, then so is Z‘In:lf;.n
(i) If

iy toy, = o, for every a,
and = is convergent, then both = and = & are convergent
Zrz=lcn 9 ’ Z?‘!=1ﬂn Zn=1 e 9 )
(i) If

lim | 22 =0
n—roo f;.n

[ru] [ra]
and is convergent, then is also convergent.
Dt 9 IS g

(v) If

. iy,
lim | = |=+w0
n = j;.n

[r-u} . . wo " .
and Z‘In:lf;.n is divergent, then Zn=1a,n is also divergent.

Recap

In this section you have learnt the following

Various ways to analyze the convergence of a series of numbers.
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