Module 7 : Applications of Integration - I

Lecture 20 : Definition of the power function and logarithmic function with positive base
[Section 20.1]

Objectives

In this section you will learn the following :

e How to define the power (exponential) function for arbitrary positive base.

20.1 The Power function

In view of the property as in theorem 19.2.2 (iii), the function exp(x)is also called the power function
with the natural base, i.e., Using the functions exp(x)and ln(x), we define the power function for any
base 4 =11.

20.1.1 Definition:

Let 4 = (). For xR, define
a’ =explxlna).

The function x| - 4% is called the exponential function with base .

20.1.2 Theorem:

For g = (1, the function
F R =00, f(xi=a”
has the following properties:
M Jin=1
() F'(x=(lna) f(z).
(iii) (ﬂxl)xﬂ _ al{xlxj} _ (gxﬂ )Xl .
(iv) If 3z =1, then

Fixi=lforallxe R

(v) For z =1, the function #(x)is a strictly increasing and concave upward with

lim a" =wand lim a' =0
¥ —sum ¥ —s—m

(vi) For g <1, the function ,*is strictly decreasing, concave upward with




)

. X . X
lim @¢” =0and lim o =co
¥ —»co X —»—0o0

For @ = 1 a" is one-one and its range is [D,o:::] g [D,m) — R is the inverse of f, then

In x
g(x)=| — |forall xe (0, c0).
Ina
The function g is denoted by log, . Thus,

1
log,(x) = (g} for all x [D,D::).
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20.1.2Theorem:

For ..o, the function
FiIR (000, Fixd=a’

has the following properties:
i som=1
(i) o =0na)s=.
iii) (clejlx) — imxal _ (axg)’ﬁ _
(iv) If »-1, then

Fixh=1for all x = TR
(v) For & =1, the function s is a strictly increasing and concave upward with

lim a@® =ooand lim a® =0.
X —Foo X —F—oo

(vi) For 4 <1, the function .+is strictly decreasing, concave upward with

N x N x
lim a” =0and lim a” =oo
X —>oo X —»—oD

(v) For a=1.47is one-one and its range is (o.e). If z:{0.e0) —mis the inverse of s, then

In x

gix)= (—]fur all x = (0,00).
I e

The function zis denoted by 1.2, . Thus,

ln x
log,(x) = [E] for all x = [D,DD).
Proof:

The statement (i) follows since,

Fi = exp(0) =1.
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20.1.3Definition:

The function log, (x), x € (0,00} is called the logarithmic function with base ¢ .
20.1.4 Note:

For @ = &, the power function ,*, is given by

2" =exp(xln &) = exp(x) for every x e B

20.1.5 Examples:
(i) Consider the function
Fixi=x" x>0
Let us analyse if for regions of increasing / decreasing and concavity. Since,
Filxy=expixln x),
. 1
Fixi=expizlnx)| x—+lnx
x

=x" (1+1ln(x)) = O forall x = 0.
Thus f(x)is a strictly increasing function.
Further

frr(xj = f"(}:}l |:1 +ln [I):I + fix) (14‘%}

x+1
=quum@f+fli_l}a
X

it is a concave up function.
(ii) Let

ln(x] 15 0.

Jfix)=

Then
In(x) ln(x)

S===3" T—l—

Since, F'(x) = Ofor {0, g)and F'(x) -::EI for (0,0}, we have
f(x)is strictly increasing on (. &},
f(x)is strictly decreasing on (z,c0),
and j has a global minimumon x=¢.

Thus, if f<g < b, then

In(&) . Inle)

b @
fe,alnld) <blnla)

ie In(d®) <1In(a®)




Since In{x)is a monotonically increasing function, above implies that

B¢ {a,g,

In particular, since g « 73 « 77, we get the following inequalities:

¥ g gt ﬁeﬂ,ﬂj <32

QUE

PRACTICE EXERCISES

1. Analyse the following functions for the region of increase/ decrease:

: 2
O rxy=x%. x50

Gy F(x) =10g2[x—31} xl

x—
2. Sketch a graph of the following functions:
() Ff(x)=3",z=0

) Fxy=2"%x, x>0

xﬂ
(i) £(x)= GJ x>0,

3. Find equation of the tangent to the following at the indicated points

0 fix)=loggx+logy xatx=1
(i) fix)=(log, zilog, xat x=1

Recap
In this section you have learnt the following

e How to define the power (exponential) function for arbitrary positive base.

Section - 20.2

Objectives

In this section you will learn the following :

o o . o 0 oo
e How derivative function is useful in computing limits of the form —, — and so on.
0 oo
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20.2 L'Hopital's Rule

In this section we shall see how the derivative function is useful in computing limits of certain types of
functions.

20.2.1 Example:

Consider the function

2 +5-3

f(x:I=—ZT,I?Ei2
e —

We want to analyse %lf}lzf(x:' . We note that simply putting x = Z in the above formula does not help,

as fis not defined at x =2, and

g(x) =2 +5-3=0=h(x) =2 —4,forz=2.

However, both g x)and (%) are differentiable at x = 2. Thus, we may assume that near x=2,

X

gl@)+(x-2)g'a) _x'+5 -
Wa)+Hx-2)k@) 2%

Thus, we should expect that

1K

J(x]

x 1 1
11 =lm| ———I|| —|=—=.
p = {1 2:) 7%
In fact, the above does hold and is made precise in the next theorem.

. 0
20.2.2 Theorem (L'Hopital Rule — form)
0

Let g,/ :{a, &) — R be functions such that the following hold:

@ hm, gl)=0= lm kz)

(i)  gl{x)and k(x) are differentiable in (&, »with A'(x) = 0.

@iii) lim [ixﬂexists, says L.




Then,

lim [g(x)}: lim [gr("}J:L
x—at Bix) r—at A'(x)

20.2.4 Note:
) Theorem 20.2.2 is applicable for functions g % defined in intervals of the type I:.:',Q::] with 5 5 ot
replaced by
x—>a

lim 2 jy £
x=a” h(x) xoa kx)

whenever the right hand side limit exists.
(i) In theorem 20.2.2, since gix)=A(x)=0for x=a, the limit

)
iz 8

lim A(z)

¥ —a

0
= -

This is called indeterminate form E .

0

@iii) The conclusion of theorem 20.2.2 is also true when x —+go or x —»—00, OF L =+4mj—oo-

20.2.5 Examples:

0] Let g{x) = sin xand 2({x) = x, then the lim T X is of the form E , and by theorem 20.2.2,
x—0
x
: sin X _ cas X
lim = lim =1
x—0 x x—0 1
: 1
lim 7}
(i) We want to compute *—+® 1%] Let
3 Sn |-
x
ik
PROOF

20.2.2 Theorem (L'Hopital Rule %form)

Let =.%:(=.2) —mbe functions such that the following hold:
(i) lm.el=0= lin &z,

(i) Both gtxyand &y are differentiable in (a.:ywith z# ¢z = 0.
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(i)  lim (g(x}} exists, says L.

r—atl hix)

Then,

iz, (22)= i [ 22 -
Proof :

The proof is an application of Cauchy's Mean Value theorem.

Let = gbe arbitrary real numbers with

a <o f7 b

We note that »(#) = (=, for otherwise by Roll's theorem we will have & ) =0
for some & <~ < g, which is not possible by (ii). Thus,by Cauchy's mean value
theorem for g,z :[=, #] — m®, there exists a point ¢ = (. #)such that

g(B)-zle) g

- 1
W(B)-na) we)

By (iii), given <.o, there exists s -osuch that

g'(x)

f

I—ex <iteforalze {a,a+d)

Y
Now from (1), for # <a+s, we get

I 8B —gla)
A3 - hia)

<itefora<f <atd

Since, this holds for all & <= < #, letting = —a, we have g(a)— 0.%2(=) —0, and
hence

f—E EM = ltefora < <atd
gy

Hence,

2,
et h(f)

20.2.3 Examples:


http://iitmweb.iitm.ac.in/phase2/courses/coursecontents/122101003/Slide/Module-7/Lec-20/Sec-20.2/Proof-20.2.2.html

(i) Let

E{xj':\l'x2+5—3 andk{x):xz-.q :

Then, both gz} and k(x) satisfy the conditions of the theorem in the interval say [2, 3). Thus,

N P x 1y 1
lim = lim | ==|| —|==.
x—2t ; —4 ot -.Illxj+ Dy &

4
gix) = x ? and Bix)=smn (1]

X

Then, lim g( :I is of the form E and hence
x4 ;g(x) o]
4
4 4 =1
x 3 3 ’
limn = lim
310 3500 1 1
2 — cos| — || -
)l
. 4
= lim
F—m0 1
3xcos| —
X
=10
(iii)  Let us compute
et -1
litm
x¥—=0
The required limit is of the form E . Thus
0
g’ —1 g”

We give below (without proof) some other terms of the L'Hopital's rule:

oo
20.2.6 Theorem (L'Hopital's rule, — form):
oo

Let g,k (a, b)) — IR be differentiable functions such that j '{x) = 0 for every xand

W lim g()=40= lim h(z)



Gy lim ﬂ =M, exists,
=2t B (x)

where M eIB or M =+c0/—oo

T A Y
r=at| bix)

The conclusions of theorem 20.2.6 also holds when _;.ﬂ"'is replaced by  — 4=, provided g,}g are
defined

Then

20.2.7 Note:
@

in some interval [.;-,g:] .

The conclusion of theorem 20.2.6 also holds when g % are defined in some interval [a,+m) and
x —»+wo (or

in some interval [—m,.:zj and x ——00).

Q)

(iii) L'Hopital's rule also becomes applicable to indeterminate forms like o —co, D[—mj,lmand so on. In

most of

. _ - 0 oo
these cases, we can bring the required limit to — gr — form.

0 o
20.2.8Examples:
) . In {sinx) -0
lig, ——— "~ —_
R P (mf'm]
cos X
- lim iR X
x—=t l
x
= lim[ .x }[casx]
= mipx
=1.
(i) lim [ln (x}] [Efnma
x x co

i) fimm (l— ! } (o0 —c0)
x—=0t



(v) Tocompute lim

X —won

fixy= (1+1] .
x

using the fact that In(x) in conditions,

[

. SIRX—X [U]
=0t xsinx ]

. cog x—1 (U]
=0 ciw x4y cosx 0

—Fin X
=07 D pps x— xRin x

x
1+l] which is of the form 1%, we write

X

Applying ]n function to both sides, and taking limit,



Hence,
lim In(f (x))=1

Since exp (x)is a continuous function, we get

}E}Ilmflixj =exp(ll=2.

Hence,

20.2.11Remark
(i) L'Hopital's rule should not be taken as a golden rule, applicable always. For example

. tan x oo

hﬂ}r is of the form —, since
Ky SEC X oo

a* c:t’z(sec %)

E[1:5111 x):tan x,—xz—d = EEC X,

L'Hopital's rule will yield no result.

(i) Consider

Io i x2+smx
=hm ———-
X— x

co
It is of the form — ,and if we apply L'Hopital's rule twice, we get
co



I =lim
F—p 2x oo
. 2—rFimx
= lim ,
X0 o

and the last limit does not exist. However, from this we cannot conclude that | does not exist.

In fact,
2 . )
lim X 4+rsmmx - tim 1+smx
2 Y= XE

X =0 x
:1+1m1(”2xJ

X—poo

=1

because
sin x - 1 a
?— = xT — ) as x — oo

Quiz
PRACTICE EXERCISES

Evaluate the following limits:

1.

. lim [sin x —tan x).
(|) x_}g[ :]
L Y
D) }Elm(x r+x )

(i Cos x—1+(x2f2)
i) 1
gy 3

Let f, g [ —IR be defined by

2.
) x+Z2 fx=0 4 g0 x+1, ifx=0
MEl 00 wx=0 TUEYTY 0 grx=o)
Show that litn J =) =1, but lim m = 2. Does this contradict L'Hopital's Rule?
#=0 g'(x) =D g(x

3. Evaluate the following:

lim xln x

O Ser
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Gy i 2UBT)
= Inx

e

(i) lim .
X =0 g
Fr_
V) lim ——.
AR
4 Using L'Hopital's Rule, analyze the convergence of the sequence whose xth term is given below. In case it
Tis

convergent, find the limit.

n
[0) @+5],aem-

»
i
1] [
10"
n
(iii) [i] .
a+1
lh
iv) —T .
o

5. Suppose f"exists at x=a , compute

Slat+h)—Fla)-Sa)k
iy P '

Recap

In this section you have learnt the following

I I . L . . 0 oo
e How derivative function is useful in computing limits of indeterminate the form — , — and so on.
0 co
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