Module 5 : Linear and Quadratic Approximations, Error Estimates, Taylor's Theorem, Newton
and Picard Methods

Lecture 13 : Linear Approximations [Section 13.1]

Objectives
In this section you will learn the following :

e Approximating a given function by linear functions.

13.1 Linear Approximations

The aim of this module is to see how the concept of differentiation leads to the idea of approximating a
given complicated function by simpler one.

13.1.1Definitions:

Let .. A— K be a function such that 7'}, its derivative at @, exists. Then f'{a} is the slope of the
tangent to the graph of f at x = . The equation of the tangent line is given by

Lixa)=fla)+ falz—a)
For znear &, the linear function L{x,a)is a reasonable approximation of f(x). We call L{x, a)the
linear (or tangent line) approximation of ffor Xnear g. The error committed in this process of
approximation is given by:

ez @)= f(x) - Lixa) = f(x) - (fla)+ flla)(x—a))

Thus,

Fx)=Fla)=(z-a)f(a)+aixa)

Note that, the increment 7 {x)— f(a)in f is equal to the tangent line increment f'(a)(x—a) plus the

error g,(x,a, -





13.1.2Note:

@

Q)

This process of approximation of f near ( is also known as the method of linearization, for it allows us to

approximate a given function F{x)in a small interval around a point x =& by a linear function: the

tangent line.

The error el(x; .::t) I 0 as x — . In fact, it vanishes at a much faster rate, since

a(xa) — (f(x)—Fla))

X—a X—a

- fla)

this implies that

- [MJ:G
T=al x—a

Thus, not only g (x,a) —»0asx —>a, it does so at a rate faster than at which [x— gj —0.

13.1.3Examples:

@

Q)

iii)

For a linear function f{x} =pmx -+, its linear approximation at x = is given by

Lixa)=jla)+ fllalx—a) =mz)+c = j(x)

the function itself. For example, the perimeter of a circle is a function of its radius #, given by
p(r)=27ris a linear function of 7 .

The surface area of a sphere is a function of its radius #i.e., S[r) = 4:-‘37'2- The linear approximation is

Liza)=Sa)+ 5 a)x—a)= A7Ta’ + Bfalx—a),

and the error is
gk a) = Sla+k)— Sla)— S (a)k = A7Th?.

Let = be any real number and [ be any rational number. Let

f(x]l:(1+cx)k fnerR,xi__l.
e

Then, the linear approximation of # for xnear 5 =1[Jis
LM =1+kx

Thus, for example, if
Flx)=—— then L(x, 01 =1+1x,
-X
and if

Fixy=31+2x, then L(x0) _1+?



This is useful in finding approximate values of roots. For example, for } =5

o= +1 = 1+% :% =12,

and for j =355,

10002 = 31+1.0002 & 1+$ =1+0.00004 =1.00004.

13.1.4 Examples:

Consider the function
Flxy=— x#-1
+x

Suppose, we want to find I|near approximation of #(xjat y=13. Since, linear approximation works

over an interval near x =g, we consider the linear approximations of j{x)for xnear z =1. We do this
to make our computations simpler. Since,

t 1 -
f(szl_j_,xi 1

+x
We have
x+1
Lz D)= (D+ 7 Dix- 1)——+ (x-T = e
Hence, a linear approximation to f(x] at x=173is L[1_3,1):D_5?5, whereas the actual value is
F(1.03)=0513.
13.1.5Note:

For a function y= #{x), through L{x, &)gives an approximate value of f{x)at points xnear ¢, it
cannot be used directly in many situations. The reason being, the calculation of L[x,a) requires the
values of {x—a)which may not be known. However, in many cases, we have a bound for {x—¢}and
one would like to calculate a bound for the error f{x)— #{a) which is approximately #'(a){x—a) . For
example, if @ ={x—a) = /A, then, we can take &'z’ = Ffila)(x—a) = 8F(a).

13.1.6 Example:
Consider the experiment of finding the volume of a sphere of radius » . Suppose its radius is measured

. 1 . . .
with an error of at most +——2 . We want to estimate the error in computing the volume. The volume

100

as a function of the radius is f(,vj = ij‘r;j.
3

Thus, #(#) = 4;;,;«2 . Now if r,, is the actual radius and #,is the measured radius, then we know
— L = (=i, = L
100 100

Since

Flmd =Sl = il —m),

the error made in measuring the volume will be



1 1
—ﬁf'(*“u) = J i) =7 a) Eﬁf"&‘h)

Thus, if the measured value of the radius is = 10 z#2 , then the error bounds for the measurement of
the volume will be,

—AT S flm) - Flr) =+47T,

as _f’[rn) = 4;{(1&)2. Similarly, if we say that [J.005 %4 error was made in measuring the radius, then

7,
T

X100 =005

The corresponding estimated percentage error in measuring the volume is given by

%xmn}:%zﬂm

=3x 0.05
=015

PRACTICE EXCERCISES
Find linearization's of the following:
3 Fix) :x2—2x+5,neara =0anda=2

Fi) fix = \f{; heara = 2.
G Fix) :"..l'x2 +4 near a = -2

Gvifi{x)=sn 2x+cos 2 neara =0,

(Vi f(x)= tan(x3 {3 neara =0.
Use the tangent line increment for suitable functions near suitable points to find an approximate value of
4 1
(2.007 +(2.00°% - (8.01) 3
Let #(x)=af1+x and let L{x) be its linearization near x = (1. Show that

e
}%(Lm] -

What do you conclude from this?

For z e[R . let

F(x)=cyto(x—a)for xR

If a function f is differentiable at « , show that 7 is the linearization of § near & if and only if



Sla)=Fla)=qy.and fa)=F'la)=¢.

This shows that among all the linear functions &, linearization is the only one with the property that

1 (M]: 0
X —x r—1

5. The side of a cube is measured to be 20 < with a possible error of ({37 .

(i) Use the tangent line approximation to estimate the error made in calculating the volume.

(ii) Estimate the percentage of errors in measuring the side and the volume.

Recap

In this section you have learnt the following

e Approximating a given function by linear functions.

[Section 13.2]

Objectives
In this section you will learn the following :

¢ How to estimate the error in linear approximations.

13.2 Error estimate for linear approximations

We want to analyze the questions:
How well [ Iix;cz:l approximates # [;»;) ? Can we get a bound for the error?

To investigate this, we must estimate the error 2 [x;c:)- To do this, we need the following extension of

the Lagrange's Mean Value Theorem, which we shall assume without proof.

13.2.1Theorem (Extended Mean Value:)




Let [cx,b] — R, be a differentiable function such that §'is contiucus c:'?z[cz,b] and " exisis

1 [a,b). Then there exists ¢, € [a,b) such thoi
2

70)- 1(a) = 7 (@)(o=a) 77(er) 2D

As a consequence of this theorem, we have the following:

13.2.2Corollary (Error estimate for linear approximation):

Let [c:,.:f] —=R. let a,xe[c,d],a = x and [ be the closed interval joining

a and X Supposs the following are safisfied
() The functions §f.7" I =B are contfinuous.
(i) For svery ¢ bebween a and X,

F" () exists and |f”[c)|£M2 (x)
Then

2
|é‘1 x.:;t| |f xaj|EM2[x:l[Q]-

ol
i

PROOF

13.2.2 Corollary (Error estimate for linear approximation):

Proof:

If « <x, put &z =xin the theorem 13.2.1. and obtain

2
()= 7 (@) + ri(@) (xma) + 7o) L
When = <« , define a function g:[x,«] —IR by
g(.ﬁ) :=f(a+x—z), £ E[x,a] .
Then, zsatisfies the conditions of the theorem 13.2.1 on the interval [x,a]. Further,
gle)=—sF(a+x—z)and g"(z) = F"{a+x—:z)
Thus, by theorem 13.2.1, there is some ¢, = [x a ] such that

£(a) = 2 (x) ' (@) (r—a)+ () T2

) 2
ie.,
(x—a)®
F(x)=sla) + S (a)(x—a) + F"(e2)—
where 5= o« +x— &5. Thus, in either case, we have a point -.between zand rsuch that
2
()= Fl@) + 1 @) (- a) o o) B2
Hence,
7(6) ~(7 @)= 7 @)(x-a) = |a (ri0)] < 263 E2L

13.2.3Example:

Consider the function


file:///E|/HTML-PDF-conversion/122101003/Slide/Module-5/Lecture-13/Section-13.1/Proof-13.2.2.html

flix:l:% forx=1.

Then,

and

f”[xj :ﬁ, for z=1.

The linear approximation for f[x) near the point » — (] is given by 1, Iix,[:]:] =1+ x, as in example 13.1.3

(ii). Let us estimate the error for a point 1 .-]. We consider two cases:

Case (i): 0 =x

In this case, for (1 < » « x, we have

Thus,

x

|E]_|:x',|:|:|| E ﬁg‘
For example,

ey(x:d| = (0.1)7/(0.9)" < 0.014, for 0 <x <0.1.
Case (i): x <0
In this case, for x <« <[], we have

(el < 2= My (x),
and hence

2

|y (i) = ||

For example,

|y (%, 03] = 0.01, for —0.1<x <0

Click here to see an interactive visualization : Applet 13.1

PRACTICE EXERCISES

For the following functions find the linear approximation near @ = [J. Also find an upper bounds for the
error
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g'l[:xﬂ:] which are valid for all x & [D, ,5) , and the one which is valid for all z & [—5, I:I:] :

M Flx)=1+x,z2-1 and =001

X

Gy filx)= L d=05

iy f{x)=tanz, S=x/4

2. Let

Flx) = ﬁ+% for x=0.

Find the linear approximation Llix:l of f[x) near ¢ = 4and estimate the error # [4_41) - 5(4_41) i
3. Let

F(x) = Jx +x+1-4.

Show that there is a unique x; & [3,4)such that f[xu) = (] . Using the linear approximation of # near 3,

find an approximation x of X - Find ) exactly and determine the error |x1 - |

Recap
In this section you have learnt the following

How to estimate the error in linear approximations.
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