Module 16 : Line Integrals, Conservative fields Green's Theorem and applications

Lecture 47 : Fundamental Theorems of Calculus for Line integrals [Section 47.1]
Objectives

In this section you will learn the following :

e Fundamental theorem of calculus for line integrals.
e Physical applications of this theorem.

47.1 Fundamental Theorems of Calculus for Line integrals

b
The fundamental theorem of calculus for definite integration helped us to compute I Fixidx If £ has an anti-derivative &,
il

then
Ij Flxde=F®~-FE. s (38)

In fact, if f is continuous on (&, &), then fand & are related by fi{x)= F'(x)for every x < (a, k) ie., an antiderivative & of
£ is given by

F(x) = j:f(z}.:fz,xe[a,b]. —————————— (39)

We shall extend both these parts of the fundamental theorem of calculus for line integrals.

47.1.1 Theorem (Fundamental theorem for line integrals):
1. Let fybe an open set in IR*and ¢: D) = IR* — IR be a continuously differentiable scalar field. Let

ABeDand let O r:[a,b] — ), be any smooth curve in fsuch that initial point of (7is _4and final point of {7is 7.
Then

L_, (V@) dr = ¢r(d)) - glria)).

2. Let F: D IE-E;3 — TE. be a continuously differentiable vector-field such that & is conservative, i.e., F :‘?.;25 for some
continuously differentiable scalar field $on 1. Then, for 4 & e I} and for any smooth curve
r[ab]—0 with ria)=A andr{E)= 5,

We have

[ Fdr = flr(e) - pir(a).

PROOF

1. Consider the function g:[a,&] —IE,

gl =(gori(), i ela, k]

2. Then g is a continuously differentiable function with
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g'it) = (V@) r'ie), ¢ €la,d)

Hence, by fundamental theorem of calculus for a single variable,

L
[@or=] wpoco)roa

=j: 2'(t)dt

=glh)—gla)
= ir (&)) — P(r (a)).

(ii) This follows from (i).

We give next some applications of this theorem.

47.1.2 Applications :

1.

Independence of work done:

The above theorem says that if a vector-field is conservative, then the work done in moving from one point to another
does not depend upon the path taken.

Principle of energy conservation:

Let F be a conservative force field in a domain [ with

Flx.r.2)=(v@ixrz) (x,y,2) € D

The scalar field gis called a potential function for the vector field F, and the scalar field

Vizy,z)=—giz,yz2),(x,y,z) el

is called the potential energy of the field at the point {x,1,z). The above theorem tells us that ¥ the work done by F

on a particle that moves along any path (¥ from a point {x,,;,2,) to a point (x,),,2,) is related to the potential energy
of the body by the equation

W= J-CF dr = ';E:'I('xl:l.:J"rl:lzljI - '?E:'(xu:yu:zn:'

=_[V{x1=3"1=21}'V[xmyn:zn]]:
i.e., the work done by the conservative force field is equal to the negative of the change in potential energy. Thus, in
particular if (*is a closed curve, then there is no change in the potential energy, and hence the work done is zero. Further,

suppose the particle being moved has mass # , velocity v,at the initial point (x;, y;,2,) and w at the point (x;,1,2,) -

Then, the work energy relationship says that the work done is also equal to the change in kinetic-energy. Hence, for a
conservative force field,

1 5 1 45 _
o] =~ _ICF-.:;?: =—(F -1,

where
‘T{ = V(xl:lyl:lzl) and Vn = V'ixu:.}’n:-znj'-
Thus,

lmvf+ﬂz%mv§+?’,].

This equation stats that the total energy, i.e., the kinetic energy plus the potential energy, of the particle does not change
if it is moved from one point to another in a conservative vector field. This is called the principle of energy



conservation . This is the reason that for F =%, we say that F is conservative.
Mathematically, if a vector field F - [ — IR* — IR *is conservative and A, 5 € 7, then the integral

.I.C(A,Bder 1z independent of the path O

joining the points 4and g . Itis natural to ask the question:

"Is the converse true, i.e., if F: D —IE* —IE%is such that for given points A B e D the integral -I-C'(A,Bder is

independent of the path (joining 4to &, is F conservative?"

Thus, given a vector-field with the above property, one would like to construct a potential function for it, i.e., try to extend
equation {39 to line integrals. Recall that, for a function # of one variable, to construct an antiderivative in [&,&], we
simply defined it to be

x
If@ﬁ
a
In the present situation, given a point ﬂ(xn:.}’n:-zn:' elc IEE'_3, we would like to define
$lx,y,z) = _I-C(A,BJF-dr, --------- (40)

where ('is a curve in [Jjoining Al x;, ¥,,2,)to any arbitrary point B(x,y,z) € [}.

Figure: Definition of @ (x, ¥, z).

We observe that the given property of the vector field F tells us that {x, ¥, z1, as given by equation {40}, is well-

defined since the line-integral does not depend upon the choice of the curve {*joining 4to & . However, there is one
problem:

How to ensure that given a point A(x,, 3, 2,) € D, there will be at least one path C(4, B),

completely in domain 0 joining A to any arbitrary point B(x, v, z) e L9
That this may not be always possible for some domains is illustrated in the next example.

47.1.3 Example :

Consider the domain [} IE{EJ the plane IE-E;2 minus the shaded annulus region, i.e.,

Di={(xy) eR? |32 +y" <2}

Let

Ae{(z,))|x* +y* <2} and Be{(x, )|z +y" >3



Figure: The region [}

Then, the points A & = [} cannot be joined by any continuous path (*completely lying inside [1. To go from the point 4to the
point &, one has to cross the annulus region.

Practice Exercises

1. For the following show that I = ¥4, for sum # . Use this to compute I F . dr for the given (*:
i

1. F=2x»" i+ (143z* y¥*)j. s the line segment joining (0,0,0) with {1,1,07.

2. F=¢ i, (is the semi-circular path in the upper half Z¥ -plane joining {—1,0} to (1,0}

Answer:

W #(xy)=x"y +y;L Fdr=3
@ ¢(xy)=xe’,[ Fdr=-2

. 2
2. Using fundamental theorem of calculus, Evaluate CPC xad dx +[—x2ye=:'~}' +L"(x2 +y3]|].;fy around the square determined

by | x|=a,| ¥ |= « traced in the counter clockwise direction.
: 2
(Hint: xp= .:z’x+(—x2ye"”2 dy = .:i’(xze"vz 3.)

Answer: 0.

3. Find a non-zero function g(x])such that the vector-field ¥ (x, ») = % (x) I:{x sin y +y cos y)i{x cos y— ysin y) ]:l has

a potential function.

_ X
Answer: & (x)=e
Recap
In this section you have learnt the following

¢ Fundamental theorem of calculus for line integrals.
e Physical applications of this theorem.

[Section 47.2]



Objectives

In this section you will learn the following :

e Necessary and Sufficient conditions on the domain and the vector field to be conservative.
e The motion of simple connectedness of a domain.

47 .2 Conservative Vector Fields

The independence of the line integral Ic s over the path (joining two points 4and £ can also be described in terms of closed

paths as follows:

47.2.1 Theorem:

Let 7@ 1 IE* — IE be any scalar-field. Then the following are equivalent:

1. For any two points 4 & € i} ,the line integral _[

CiABdeS does not depend upon the path {*joining 4and &

2. (PC F d= =0 for every closed path (7in .

e
PROCF
(i) = {ii) : Let (¥ be any closed path in [} with parameterizations
ri[a,b]—=IR® rla)=r(d)
Choose ¢ = (@, &) and consider the curves

O, nid)=ri), et e, and 0, r(8) =r.f),c =t <h
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Figure 189. aption text.

Then, (is the union of the two curves jand (,. Further, —,is the curve with initial point r (%) =r{a, and final point
ric}. Thus, by {7}
fai's:_[ fa?s:—_[ Fds
L‘l - &
Hence,
C]ﬁcf ds:lclf .:;t‘s+_|'cgf.:£s= 0
(1) = (i) - Let C'and T, be any two curves in [such that both have same initial and final points. Then,
C=C0wi-0)
is a closed curve, and by the given property
?C‘f g J-clf g J-_cszf g J-qf g J‘sz g
Hence

RS

We saw in example 47.1.3 that the existence of potential for a vector field F depends upon the nature of the domain of F.
This motivates our next definition.

47.2.2 Definition :

Let [ibe a region in IE*. We say [1is connected if any two points in [ican be joined by a piecewise smooth curve completely

47.2.3 Examples :

1. In IE. , the only connected sets are intervals.

. In IRE , examples of connected sets are:

open balls B,(x,y) = {(&, 8 € R? || (xy)—(& 8 |7},
annulus regions{(x,y}emﬂr{xz +y° -::s}for r.ecIE with 0<r <g,

open rectangles (a &1 x (e, d).



Figure: Connected subsets in IR3

3. It is easy to see that in IE*, every convex set is connected. In fact, by definition, any two points in a convex set can be

joined by a line segment.

For connected regions, we can answer our question: which vector fields have a potentials?

47.2.4 Theorem (Existence of potential):

Let F: 7 cIE* —IR*be a continuous vector-field, where [iis an open connected set. If for any curve (*in [, the line-

integral I F 4r , depends only upon the initial and final point of (7, then there exists a scalar field .;aj-j Do IR3 — TR such that
e

F=V4

PROOF
Let us fix any point Fix;, ¥,,z,) € £}. For any point {}(x,y,z) € i}, let ('(F,(}]be any smooth curve with initial point P and

final point [}, at least one such curve exists as [}is connected. Define

Figure 191. The path C'(P,("in D

#x,3,2)= [ 4 o Fdr, Q(xy,2) €D

Further, the value #(x, ¥, z]does not depend upon the curve joining P'to () Thus, the function (x v,z ${x ¥ z)is well-
defined. We show that gis the required scalar-field. For {x,y, z) € [}, since [)is open, we can select » = [J such that

Bixyz)C D,

where B,(x,¥,2)is the open ball in TE*with center {x,y,z)and radius r. Let ()< j « rand u = (1,,1,,14,) be any given unit

vector in such that
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]3-3
xthime B (xyz), 0=k <1

Let ® be the point {x+/ki,, ¥ +hu, 2z + ke, Jand L({ A denote the line segment joining {!to & Then,

fla+iu)—@ix) 1
x ‘; x :E“CEP,RJF-dr+L(P,QJF-:£r}.

Using the properties of the line integral, we have

Plx+hu)—gix)

1
& EL(Q,RJ

Let for the line segment L{{}, &) us choose the arc-length parameterization

I x+sin,0=s =1

Then

Pix+hu)-dix) 1 1p
h =3 Jion ¥OF ‘gfu[F(xﬂku)-(ﬂzu)]ds_

Selecting W =1 we have

Px+hi)—gx) 171 o s
- =E“DF(}:+SE31)-(E31}}£S

- LIFI(HS;: i)ds
1 ¢k _
= E.I-u Aix+ei)ds.
If we write
H
g(f) :=L Fix+si)ds,t IR,

then gt} is differentiable at ; = (1, with g'{() = F{x) . Hence,

¥ [@(X+ki)—¢(1)}_l. [g(?ﬂ)—g('ﬂ)
1111 =um| ——

limg - lim| = } g (0)=Fx)

Thus, gis differentiable with respect to x and
2 w=FRe

Similarly, by choosing m =jand y =1k, we will get ¥i=F.
Theorems 47.2.1 and 47.2.4 give us the following:

47.2.5 Theorem :

Let Dcﬂf be an open connected subset of IR3and FjﬂcIR3 —;-IR3be a continuous vector-field. Then the following
statements are equivalent :

1. There exists a scalar-field : ) — IR* — IR such that



F=v¢,

i.e., Fis conservative.

2. For any two points P,Q € [, the line integral _[ F . dr is independent of the path *joining Fand Q

CLPL

3. CPCF -dr =10, for every closed smooth curve (7in [J.

e
/

PROCF

() = G

If F =4, then by theorem 47 1 1for any curve (*joining F,{J} e [},
Jop o Fdlr = 80)- 4(P)

Hence (33} holds.

(32) = @)

Given that (ji} holds, by theorem 47 2 %, there exists a scalar field g : 1} —IE such that F =% . Hence (i} holds.
(i) = (i)
We have already proved this in theorem 47 2 3

In order to be able to use theorem 47 2 3effectively, i.e., given a vector-field F to be able to check whether it is
conservative or not, one has to verify the condition that for all points P,Q € Iland all curves C(P,Q} joining Fto Q the

line integral F. dr is independent of the curve [ This condition seems difficult to check. One aim is to find some

CLPLY
verifiable necessary and sufficient conditions for F to be conservative. _simple necessary condition for Fto be
conservative is given by our next theorem.

47.2.6 Theorem (Necessary Condition for F to be conservative):
Let [ i— IR3 be an open connected set and F ' [} —}IR3 be a continuously differentiable vector-field. If

F = Fi+ Zj+Fk

is conservative, then

- AF,
ﬁ=—i,15;53,15;53,i.e_, curl (Fy =7xF = 0.
ox; O

o

Since F is conservative,
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F=Vg for some scalar field £

since Fis continuously differentiable, ¢is twice-continuously differentiable, and we have

a¢

F=2 12423
;-

Since gis twice continuously differentiable, we get

. 2 2 a7
o __9 _9¢ _ L 124, <3,
ox;  onpdry  ondx;  Ox

proving the required claim.

The above theorem is useful in verifying that a scalar field F is not conservative.

47.2.7 Example:

Let .
F=xr+ng(xyzielb .

Then,

E(x,yJZ) = x:l Fﬂ(x:y:lz:l = R}? a'nd' "FE(X:I.}?:IZII = D

Since
o ., 3
th (58

the vector field F is not conservative.

We give next an example to show that the condition of theorem A7 2 &, i.e.,

sufficient.
47.2.8 Example:

Let

i
F(x,y,2)= 2 (x,y)= (0,0)
4y

Note that,

{(x,3,2) e R?|(x,0) = (0,0)]

curl ((F:,:,:[]is only necessary, and not

is the set ({D}K{U}xmjcm3. Thus, F: [} —1IE is a continuously differentiable vector field on an open connected set

D:=TR* ™ {(0,0,2))z e IR} with

¥ ¥
E_I:x:y:lz:l:_ a 2,1%(?:,_}’,2}= ] i
4ty ¥ty

Thus,

25 [x2+y2]—2y2__ xt =yt

o (Rey) oS

and



aF, [xg +y2]—2x2 xt =yt

&% [xz +y2] % +y2 '
Hence

D (5,5,2)= 22 (1,3,2), for dll (5,3,2)€ D
X

&

However, if we consider {7, the curve xz +y2 = 11 in 1, with parameterization
(A =cosd, y(B) =sn B, 028 <2,
we have
ar ) . . . . .
CPCF..:I’F = _[D {— fn &1, cos 5']]. {—sm d1,coz 5]] g8 =2m= 0
In fact, if we take the closed curve f_::"
rif=cosfi+sn ), 0=8 =4,
i.e., the curve that circles the z -axis twice, then

CPCF..:fr =4

Thus, though T satisfies conditions of theorem, it is not conservative. To make the condition 3] ((Fn=nto be sufficient also

for F to be conservative, one has to impose more conditions on the domain fiof F.

47.2.9 Definition :

1. A subset [3—TIE‘is said to be simply connected if no simple closed curve in [1 encloses points that are not in the

region [. Intuitively, in IE.? a set without 'holes' is simply connected.
2. Aregion ) — IE*is said to be simply connected if Lrfor every simple closed curve fin [there exists a surface 5in [

whose boundary is (.

47.2.10 Examples:

1. For example, the region enclosed by a circle, ellipse, a rectangular path are all simply connected sets in IE* The region
D=1" \\{ (x,y)|2=x +y* = 3} is not simply connected. In particular is not simply connected. There are closed curves

(7 that enclose points not in [, for example origin.

100 06

simply connected sets non-simply connected sets

Figure: Simply connected and non- simply connected sets in Er*?

2. In the interior of a sphere is simply connected. Interior of two concentric spheres is also simply connected. Torus is



]3-3

1

not simply connected. For example, in the figure below, the curve (7is not the boundary of any surface in [1.

Figure: Simply connected and non- simply connected sets in IE?
47.2.11 Note:

A more mathematically rigorous definition of simple connectedness is the following. Let D — IE*be connected. We say fis

simply connected if given any two points 4and Fin [rand any two curves rjand r,in [,

both having initial point ,4and final point &, the curve rjcan be continuously deformed to r,, i.e., there exists a continuous
function

F:[0,11:0,1]= IE *such that F{0,5) = ris)and F(l,g) =r,(s) foralls el

Figure: Continuous deformation of r; tor,

We state a necessary and sufficient condition for a vector field to be conservative. We shall prove this in module 18 (theorem
54.1.5)

47.2.12 Theorem (Sufficient condition for a field to be conservative) :

Let [0 — IR3 be a simply connected open set and F: [} —}IE;3 be a continuously differentiable vector-field.
If curl (F) =10, then there exists a scalar-field g7} —IE. such that F = V@, i.e., 7 is conservative.

47.2.13 Example (Calculation of potential function):

Let us consider the vector field
Fixyzi= {y:‘zz Cos X— 4x32]|i +(223y sn xj+ (3}?222 s & — x“)k, (x,¥,20€E IE*.

In case F is to be conservative with potential {x, v,z , we should have



d¢

13 3
— =¥z tos x—4x°z,

@ = 223y sinx, (42)

and

@ =3y'zisinx—xt. e (43)
e

A general function @{x, v, z) which satisfies (41} can be obtained as follows. First we integrate (41} with respect to x. This gives

us
gz, v 2= y223 sin x— xtz+ @iy, z), - (44)

where &y zlis a continuously-differentiable function of J,Z -variables. But then, differentiating {44)with respect to ¥ and

using (42}, we have

@ = 2;@2 sif x+5_ﬂf = 2;@3 sin x.
v ey

Hence,

Je

—I:_}?,Z:I = D -

&

Thus &(y,z) depends upon z alone. Let us take ¢y (y,z)= f{z). Then, from {44} we have

:;Ef'(x,y,z) :,}’223 5N & — X4Z+ ﬁl(z:l _________ (45)

Once again differentiating {45} and using {43}, we have

o

Loy*ztain x-xt - 2 (2) =3y sin x- 2t

Hence §'(z)=0Y z,implying that &(z)= (', a constant. Hence, (45) gives
- 4

x v zi=yzanx—xz4+C

Now we can check that 7 =F. Hence, F is conservative with potential .

47.2.14 Note :

Recall that, in example 47.2.8 , we showed that the vector-field

. & . .
Flx v zi=- 2_}’ 1+ — 2],(x,y,z)EIR3\z—ax1s
¥ty ¥4y
o  aF ¥ —
T R T
satisfies the conditions that o o (x"+y7)
however, F is not conservative. The natural question arises: why can we not apply the process of the previous example? The

reason is that J-CF-.:ir is not independent of the path, and hence (as in example 47.2.13) we cannot always select path parallel

to the axes to integrals. Let us analyze this in detail. Let , for some in



F=vg ¢

Di={(x,y,2)€IR?|(x,y) = (0,0},

Then
&
g(‘r:ynzjz_#' """"" (46)

Hence, if we integrate, we get

Plx, ¥, z) =—ﬂ(%}dx+a(y)_
¥ +x

This will give us

$(x,y,2)=— (tan'l i] +aiy).
¥

This is where the problem arises. The function
4l x
tar 1[—}, (x,v,z0e
¥

is not single valued, since tan : I[E. — IE. is not a one-one-function. In fact, if we consider
tan (-2, 72— 1R, frrtans,

then it is one-one, onto and the corresponding inverse function gy -lis called the principle branch of tan_lﬁ' . Thus, in order to
make the above calculations possible, we can decide to select the principle branch of tan_lx- But then, this function is not
everywhere continuous. In order to set a valid solution, we can modify our domain, as shown in the next example.

47.2.15 Example

Consider
Di={(x,y,2)eIR?|x= 0, y>0},

i.e., [iconsists of the space IE.*minus the plane consisting of negative part of the x -axis (including 0) and the =z -axis. Define
[, -1f% :

tan (?} if x=0

b if z=0,v=10

;ﬁ(x:y=‘z> :=<tan_1 (%}-}ﬂ' ;f X -:i':l,.}*’:"':'

tan'l(%}—;?r if x=0,y<0

Then gis the required potential for

¥ . x .
A Y

A

Practice Exercises

1. Show that

Fixvzi=vi+i{zoosyz+xij+iveesyank



is a conservative vector field by finding a function .;iﬁsuch that F =% .;aﬁ

Answer: Flxy,zi=xy+snyz

2. Show that F =V ¢, for some ¢, where

Fixyz)=(2nz+snx)i+x zj+x° vk,

and hence compute I F.ds,where (is r (f)=cos  fi+sin tj+: 4k, 0ss =
C
Answer:

$(x,y,2)=x'yz—cosx
j F.ods=-0
!

3. Show that the line integral

Ic yzdr+zxzdy+yxds

is not independent of the path .

4. Show that the vector field

¥y oo, x :
Fixyl=a—1-—4—i
P Y 4w

is not conservative by evaluating the integrals
j F dr andj F dr,
= =]

where jis the curve 7 (f1=cosfi+sntj,0=¢ =sand ,is the curve

pifl=cosfi—anéj,0=¢ =T

Recap

In this section you have learnt the following

e Necessary and Sufficient conditions on the domain and the vector field to be conservative.
e The motion of simple connectedness of a domain.



	Local Disk
	Untitled Document


