Module 10 : Scaler fields, Limit and Continuity

Lecture 29 : Limit of scaler fields [Section 29.1]

Objectives
In this section you will learn the following :

The notion of limits for scalar fields.

29.1

Limits of scalar fields
Through level curves and contour lines give some information about the function f{x, ¥}, they are not
sufficient to draw any definite conclusion about f One would like to define concepts, as for functions of

a single variable, which will help us analyze 7 (x,)analytically. Recall that, for a function f of one

variable, the fundamental concept, which is used again and again to define various other concepts, is
that of limit of f . Intuitively, as for a function of one variable, we say j(x,)approaches a limit

Lelk , as (x y)approaches {a &), if fix 37 lies 'arbitrarily close' to f for all points ‘sufficiently
close' to {z,4). To describe this concept of ‘closeness’ in TE.? we have the notion of distance between
points. So, it is natural to say that a function _fof two variables has a limit [ as I:x,y)EIRz
‘approaches’ F(a, &) if the distance between jf(x,¥jand [ is ‘arbitrarily’ small for all points F

sufficiently close to F. To make this definition meaningful, let us assume for the time being that f is
defined at all points ‘sufficiently close' to F, possibly not at =. That is, we assume that there exists

some ; = (1such that 5 {{a,&),7) = I). And we have the following definition.

29.1.1Definition:

Let
fDcR*—=TR

and P{a b)e IR*? be such that B, (P, ) [ifor some » = (). We say f(x, )’ approaches a limit 7, as
{ %, ¥i approaches ', and write

wlﬁlmﬂx,y) =L,

if for every g =11, there is some [} « 4 «  ,such that

0 <l (x,»)~(a,8) < & implies | F(x)-L|<¢,




that is,
(..'-’f,_}’:l S BI:I ({ﬂ,b),n’j‘} 1mp11es |f{x,}*‘}— L |{: £.
29.1.2Examples:
(i) Let
Fix,v=x and gix,v) = yiorall x, v IE.

Let @,&IE. To analyse lim“m_}m Ei'lf(x’y)' we first have to guess whether this limit can exists or

not and if it exits, what is the possible value. Suppose it exists andis [, Then to prove that

llm(xmhiabjf(x’yj =L, we have to find § =0, for given &= () such that

0 <] (x,5)—(a,4)||< 8 implies | f(x,y)-L|=|z—L|<e.
Since

| x= L|<|| (2,0 — (L, M)||for all M € R,
it is obvious that if we take [, = and chose & = g, then for a given £= (1,

04| (%)~ (a,8) < & implies | x—a|<|| (x,5)— (@B |<5=¢,
i.e.,

| Flxyi—al<e for ||(x,p)—(a,b)|<d.

Hence,

x =
[y Hﬂfﬁ'ﬁf( 'y)
Similarly

x b
[y Hiﬂblg( ;u‘jl

The functions f and g are projection maps on the x -axis and } -axis, respectively.

Q)
Let
Jix ,.:v‘}——+ (x,0)eR*
We claim that
lim =10
fxy :Hi'i'-'i'?f( ?)
Note that
A
|G 2) =01 = | == =] E D G
Thus, given z= (), if we chose S such that 52 . 2, then
. . ry 2
0<|| (x,0)||<d 1mplies |— =4° < £
x+1
Hence,
lim o= 10
:chu.u:ﬂ ¥l
(iii)

Let



ysinl, if x=10
Jix,p= x

(4

2

if x=0,

where g'is some fixed real number. Then
, 1
lim |wsn—|=0,
Lx {00 x
because given any == (1, we can take 4 = =and note that

1
O<|x|«d, |¥|<d implies }ysin— Zly|l<d=g
x

In the case of function of a real variable, the existence of limit at a point implied that both the left hand
and right hand limit exist and are equal, That is, f(x} approached the same value when z approached

the point from the left or from the right. In TE.*, a point (i, 4)can be approached to along many

different paths, and if the limiIJHEﬂ.bJ J(x,y)=L then #(x, »)should approach 7, irrespective of the

path along which one approaches the point (a,b} . Hence, we have the next theorem.
29.1.3Theorem (Path independence of the limit) :

Let P{g,bie D TE ® be such that B,(F,ryc Dfor some = () Let

fiDhcR*—=IR
be such that

lim x,¥vi=1L exists
cwh—mbnﬂ )

If TE—D o ]RE is any path such that
imgixi=h
lim g(x) =5,

and
hix)=fix,g(x)), xel,
then,
£1_I>Ir12 hixh= 1L
ik

¥,

FROOF
29.1.3Theorem (Path independence of the limit) :

Let FPig, &3y e O — IR*be such that &,(~,» — D for some » =0 Let
i DcIR*——=IR

be such that
.:xlyl:%f?a,&:.f(x’y} = L exists.

If z: E—DC IRE is any path such that
lim g(x) = &,
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and

Blx)=Ff(x, gla,xed,
then,

lim f2(x) = L.

Proof

Given #=0, choose # =0such that
O || Cx, 0 — (e, B2 || = &) implies | Fix,»)— L=< &

Also, choose d = [, f, < i such that
2

O < x—a|<dimplies | glx)—4& |<:%

Then, for 0 <| x—|=< 4,

| (x, g(0) — (@, &) |2 Af(x— @) +(g(x) — &)

fz & . |a
= 52+T£\’;-i.§1.

Hence by (19), we have
| Fix, g(x))— L)< &, thatis, | 2(x)— L|< &

29.1.3Theorem (Path independence of the limit) :

Let Pra, &)= 20— IR?be such that z,(~,») = o for some - =0 Let

i DCIR*—=IR
be such that
.;x,yl;g?a,b;.f(x’y) = L exists.
If g:Tr—D cIR*is any path such that

Lm () = &,

and

Blx)y=Fflx, glaxed,
then,

?ﬂé B(x)= 1.
Proof

Given #=0, choose & =osuch that
O =] (2,00 — (e, &) || = &y implies | Flx, ) — L=< &

Also, choose d = [, d, < i such that
2

O x—a|<dimplies | glx)—4& |-c:%

Then, for 0 <| zx—=|< 4,

| (x, g(x0) — (@, &) ||z Af(x— @) +(g(x) — &)

fz & . |a
= 52+T5\’;{q

Hence by (19), we have
| Fix, glx))— L] =g, thatis, | &(x)— L |«<&



29.1.4Note:

From the above theorem,

x L exists,
[xy :Hiﬂ.fl:lf( _}’:'

then f(x, glx) = Las x —a along every path v=g(x) through (a &)

That is, a limit of #{x, 1) exists and is same along every path to (i &). This gives us a test for the
nonexistence of a limit.

29.1.5Corollary(Test for non-existence of limit):

29.1.6

If for a function f{x, »)
either the limit of f(x ) at {@,&) does not exits along at least one path through (e, &)

or

{1z, 1) has different limits along at least two different paths through (e &)

then

lim x
[xp :l—n::z _._-.,Jf': . ) does not exits.

Example:

Consider the function

x4+
Flx)=2"2 xe yand flx,y)=0, x=y.

To analyse limn;x,_yj—>(u,03f':x:-3’:'1 let us find this limit along some simple paths through {0, 0%, for

example, along y = g(x) = #x, the line through the origin with slop . Note that

y—=0asx =10

Since
x+mm 14
f(x:lmx): =T
x—mx  1-m
we have
1+
11mf(x K= ——
—m

which is different along different lines. Hence,

lim  fix ) doesnotexist
CX (0.0

To define lim J(x,7)we required that f be defined at all points sufficiently close to {4,

{XJi~(a.b)
except possibly at {¢, &) . This condition can be relaxed. All we need is that j should be defined at least

at points close to ([, &), as close as we want. More precisely, we have the following:



29.1.7Definition:

Suppose (¢, &) € Llis such that

forall » =0, DB (a,d),r =

Such a point is called a limit point of ).

29.1.8Example:

The point (), (I is a limit point each of the domains shown in the figure.

Figure 1. (0,0} is a limit point

29.1.9 Note:

A limit point of a set [jneed not belong to [). However, if (,g,f;.j = IIE{2 is a limit point of [, then there

exists a sequence {5}, of points of [jconverging to (&)
29.1.10Definition:
Let {x,,,) € IR*is a limit point of 7) = TR*and let #: D IR* We say

lim xyi=L
ixJ-':Hl:qu'n:lf{ }’:'

if for all £ [, there exists a § = (J such that

(x,0) e D Byi(xy, ), 0) implies | F(x, 0 —-L| <z

29.1.11Example:

Let

f(x):ysin[l],for all (x ) with x=0

%
The domain of f is the set

D={(xy)eR*|x= 0}



The point {0, 0% & 12 but is a limit point of ) For any given £ = (), if we choose & = £, then
L 1
0« x|<d wmplies | flx,y)-0Fxsn—|<x|<d=2¢
¥
Hence,

lim T yi=10
o mef( , V)

QUIZ

PRACTICE EXERCISES

1. Using g— fdefinition, analyze lim, 4 ,;qp f (%, 37} for the following functions:

0 f&uﬂ=x;wg,xiiy

2
(i) fmm:?%%ﬂaﬁimm

(i) Fxy)= %,(x,ﬁ = (0,0).
ity

_ 3,3
W) Flryy =222 x vy = (0,0)
¥ +uw

- 4
W flry) =S 0,0
BEE

iy Flxyi=lxl-x|-x]-]»].

Answers

2. Let

xsinl, if w20

Jix,y)= ¥

1] otherwize

Show that lirrliMJJ_}i,JJJ:I 7 (x, 37 exists but limy_}u F(x, %) does not exist for every x fixed.

3. Let 7 B, [([:], D),r) — TR, for some = [1 be such that

litn ryi=1
- ch.n:ﬂ ¥

If both lim , , F(x,»)and lim,_, /(x, ¥} exists for all %,¥is a
neighborhood of (0,0), show that
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X—=0

i i, 75,)) = itz £ 59 =2

4. Let

3. 2
f(x,y):ﬁ for (x,3) % (0,0).

Show that both lim,_, {limj,_m f(x,y)) and lim, _,, (lim,_, f(x,)))=0exist

and are equal but limixm_}wmf{x,y} does not exist. Thus, the converse of exercise 3 above need not

hold.
5. For
Flry) ==L xty =0,
x4+
analyse the existence of the following limits:
g_rpn(};_%ﬂx y}) (i 7(2) and |l £

6. Another way of analysing limix._}'ll—>iﬂm Fx, 3 is to write

x=rcosd, y=rans,
and noting that limit of f as (x,y) — (0, 0} is equivalent to analysing

litm rrosd rein 8
ir & o, U:lf( )
Use this to analyse the following limits:

3 )
. F
(0] litn 2—@; .
(P =0 x4y
) +
(i) lim tan™ M
LX P (00 ;t; +J.-‘

3
@iii) lim “y—
ixp el 52 +;u

Answers
Recap
In this section you have learnt the following

e The notion of limits for scalar fields.

[Section 29.2]

Objectives
In this section you will learn the following :

Theorem that help us to compute the limits for scalar fields.
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29.2 Limit theorems

As in the case of function of a single variable, the following theorem is useful for computing limits.

29.2.1Theorem:

Let  g: DCIR* = 1R and (x,,%,) € D' be a limit point of 73. Then the following hold:

()  lmgypp,; S(x00=1if and only if for every sequence {(x,,»,)},s N o such that
(xm.yn) —>(x,:,,y,:,) 1mp11&s that H_E%Qf(xn:yn) =4
@y |If

lim xyvi=1, lim X,V =m
fIJfouJujf( .}’j fxd':Hl:an'u-:'g( yj

and » = IE. ,then

litm T el wvi=ltm
wmwﬂj(i’ g)(x, ¥} :

limn O x, v =,
EXL}':'—?iJ-’u-.}'u:l(fj( 7)

lim  {fg)(x,y) = lm,

(Xl Ko o)

and if s = 0,

lim [iJ {x, ¥ = i
LX) M) g b

ik
i

PROOF

Proof

Proofs of all the statements are similar to that of functions of a single variable. To exhibit this, we
prove (i). Let limix‘},:l_}um},u:lf(x,y:l =/ and choose g = (] such that

O (x 0= (xg, 000 ||< & implies | flx,y)=f|<e e (20)
Now, since (x,,v,) —#(x,¥,), choose }fsuch that
| Cxy, g )= (3000 |<d YWmzANo e (21)

From (20) and (21), we have
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| Flxy,vgi—i|<e ¥auzN
Hence
Lim 7z, vn) =1

Conversely, let

(s V) = (Zg, ) dmply litn f o) =4

Suppose
lim  fix =l
LM (X M)
Then, there exists some g = [J such that for all ;; ==1, there exists (xmyn) £ [lwith the property
that

1
||':xn:yn:'_':xu:-.}’u:'”{; but |f':xn:yn:'_j|} £.

Then, clearly for this sequence
(.xn,yn) ﬁ\I:‘T‘-I:I:l..:l"rl:lj but j('xn:l.yn) E ll’I1:l
a contradiction. Hence

lim x =/
[xp H':?-'u-}'u:lf{ )

We leave the proof of other parts as exercise for the reader.

29.2.2Example:

Let us compute

lim |27
[X 0 (1,2) x—

Since, for fix,yvi=xand gix,¥i=y,

Flxy)=

glx,y)=4

cxm—mzb: :w: cabn

using theorem 29.2.1,

lim x+y 1+ 2 _ 3
(il x—y 1-2 '

29.2.3Theorem (Sandwich) :

Let f g h D E?* —=IE and (xuhynj £ ) be a limit point. Let there exist some = (] such that
glx 2 (xy)sh(xyfordl (x5 8, ((x,0,),8 D

lim glxyvi=L= lim Bz,
A B [EMI={% M)

then
lim  Fixy»i=1L
(XM =X Ma)

Proof
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Easy to prove and left as exercises.

29.2.4Example:

We want to compute

. {tan'l (x ) J
litn — .
(X 00) X

From the Maclaurin series expansion of tan‘l(gpj, it follows that for ¢*in a neighborhood of .:;:?:CI,

except at ],
-1
l—ﬁ -::tan {P-::l.
3 @

Hence, in a neighborhood of ({J, (I, except the axes we have

-1
l_xy -::tan () <1
3 X |

Thus, using sandwich theorem,

. tan
T €
(xp)=00)  xy

aumz

PRACTICE EXERCISES

1. Analyze the following:

0) (tan_lx+tan_1y+tan_lz)

litn
{x 3. 2=00.0)

(i) litn ;
(X 21=L000 | 2z | +| v |

Answers

2. Using Maclaurin series for s, deduce that

2

4
2|@:|—x6~:" <4{1-cos f] <2| )

and hence deduce that

4 —4cos | |
1111
(33 )= 100 | 2|

3. Using limit theorems, justify the following :

@
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I L
1111 =
o0 ™ | Z 1 57

(i) litm ysinl:[:l.

(x> (00) X
i) ixml,i.ﬁl—wu.nfy cosz=1.
. i+
™ txmlﬁtu.mﬁ: 0.

Recap

In this section you have learnt the following

e Theorem that help us to compute the limits for scalar fields.
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