Module 3 : MAGNETIC FIELD
Lecture 14 : Force on a Current Carrying Conductor

Objectives

In this lecture you will learn the following

Calculate the force on a current carrying conductor in a magnetic field.
Find the torque on a current loop.
Define magnetic dipole and its magnetic moment.

Determine potential energy of a magnetic dipole

Force on a Current Carrying Conductor
A conductor has free electrons which can move in the presence of a field. Since a magnetic field exerts a force

— = —
gu x Bon a charge moving with a velocity v, it also exerts a force on a conductor carrying a current.

Consider a conducting wire carrying a current I . The current density at any point in the wire is given by’

—

J = nev

-~
where TLis the number density of electrons having a charge £each and T is the average drift velocity at that
point.

Consider a section of length dlof the wire. If Ais the cross sectional area of the section oriented

—

perpendicular to the direction of i the force on the electrons in this section is
dF = dqv x B

where dqis the amount of charge in the section

dg = neAdl

Thus the force on the conductor in this section is



dF = neAdlv' x B
If Eﬂrepresents a vector whose magnitude is the length of the segment and whose direction is along the
direction of f we may rewrite the above as
dF = nedvdl x B
= JAdl x B
= Idix B

The net force on the conductor is given by summing over all the length elements. If ﬁfdenotes a unit vector
in the direction of the current, then [ _ Ifﬂf w Bdl

Example 1

Force on a Straight Wire carrying current I

—

If the wire is straight ﬂfis a constant vector. For a uniform magnetic field B

F = I(iu B}fdi — IL(@ x B)
The wire experiences a sidewise force. The direction of the force is given by Fleming's Left Hand Rule.

Fleming's Left Hand Rule

If one stretches out the forefinger, the middle finger and the thumb of one's left hand so that they are
mutually perpendicular to one another, then, if the middle finger points in the direction of current and the
forefinger points in the direction of the magnetic field, the thumb will point in the direction of the force.

—
B
Fleming’s Left Hand Rule

Example 2

Force on a semi-circular current element
Consider a semicircular element in the plane of the paper ( the current enters the page at M along a direction
parallel to the negative z-axis and leaves at N in a direction parallel to the positive z-axis). These incoming

and outgoing sections of the conductor do not experience any force as Eis parallel (or anti-parallel) to the
direction of the current in these.



X—axis

Magnetic Field into the plane of the paper. <

The length element dl = Kdf. since the current direction opposite to the direction of the tangential unit

vector ’ﬁg, the vector dlis

—*

dl = — Rdfig

Thus the force is

dF = Idlx B
—IRd#ug x (—BE)
— IRBi4,df

The force on the semicircular arc is obtained by integrating the above. By symmetry, the force on a current
element situated at a point Q on the second quadrant, situated symmetrically with P, has the same magnitude
and is directed along the radial direction at Q. On resolving the forces along the x and y directions, the
components parallel to the x-axis cancel for such symmetric pairs while the component parallel to the y- axis
add up. Thus

- :r..fz
Fo QIRBf isin® = 2IRBj
0

The magnitude of the force is seen to be equal to the product of I B with the diameter of the semi-circle.

Example 3

Force on a conductor of arbitrary shape in a uniform field
For an wire of arbitrary shape, F = Iﬁ.[ % Bdl = I(fﬁ-[dl) % B
Now, f’ﬂfcﬂ is the sum of vectors along the curve from the initial point M to the final point N. By law of

vector addition, the sum is equal to the vector MNconnecting the two end points by a straightline segment.
Thus

F = I(i’ x B)

where L is the vector connecting the two end points. (Using this, the result of the previous example trivially



follows).

M

Corollary : The force on a closed current loop in a constant magnetic field is zero.

Torque on a Current Loop in a Uniform Magnetic Field

Though the net force on a closed current loop in a uniform magnetic field is zero, it experiences a torque.
Consider a rectangular current loop PQRS of length & and width b. The loop is in a uniform magnetic field

which acts parallel to the x-axis. The loop, which is pivoted about an axis OO', carries a current Ialong the
direction shown in the figure.
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The plane of the loop (i.e. the normal Tito the loop) makes an angle Bto the direction of the field. We take
the shorter sides PQ and RS (as well as the pivot axis O0") to be perpendicular to the field direction, OO' being

taken as the y-axis. The longer sides QR and QS make an angle gf)With the field direction. Since the force on

a current segment is Idl x B, the force is directed perpendicular to both E and to the direction of the

current in these segments. The force has a magnitude TaBsin qf)and is directed oppositely on the two



sides. These forces are labelled Fl and F3 in the figure. (The forces are actually distributed along the lengths

and the cancellation occurs for the forces acting on symmetrically placed elements on these two arms.)
Further, since the lines of action of the forces acting on corresponding elements on these two sides are the
same, there is no torque.

The forces acting on the sides PQ and RS (labelled F_iand Fg respectively) are also equal and opposite and
have magnitude IbE. However, these forces do not act along the same line. The force on PQ acts parallel to
—+ zaxis while that on RS acts parallel to — zaxis. Note that Zaxis is not in the plane of the loop. The

situation can be better visualized by redrawing the figure in the plane containing one of the longer sides and

—

B.

The current enters the branch SR at S marked with (s)and reenters from QP at P, marked with (#). The

directions of the forces on the branches SR and QP are shown. The magnitude of the torque about the pivot is

g sin #

T =2(IbB) % — IabBsinf = [ABsin#

where Ais the area of the loop.

e

The result above is independent of the shape of the loop. The following example for a circular loop gives an
identical result.

Example 4
A circular loop of radius Rcarrying a current {is in the x-y plane. The loop is pivoted about its diameter
along the y-axis. A uniform magnetic field Eacts parallel to the x-axis. Calculate the torque on the loop.

Solution :

Consider a length element di = Fdfat an angle Bto the y-axis. The force on the element is Idl x Bis

into the plane of the figure.

The force on the element is

—+

dF = — IR B sin 8dbk



The torque due to this force about the y-axis is

dr = 7xdF
= (Rsin®)i x (—IRB sin dé)k
= IR’Bsin®6d6j
y—axis
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The net force on the loop is zero because of equal and opposite forces acting on diametrically opposite
elements of the loop. However, the torques due to all the elements are parallel to the y-direction and add up.
The net torque is obtained by integrating over all the elements

2w
7= IRZBf sin?0d8j = 1R’ Brj = IBA;j
0

where A= ”J‘TR2 is the area of the loop.
Exercise 1

An coil of 10 turns is in the shape of an equilateral triangle of side 4 cm. The coil is in a magnetic field of
strength 0.01 T parallel to the plane of the loop. The current in the coil is 0.1 A. Find the torque acting on the
coil.

[Ans. 4\/5 x 1078 N-m]

Potential Energy of a Magnetic Dipole

A current loop does not experience a net force in a magnetic field. It however, experiences a torque. This is
very similar to the behaviour of an electric dipole in an electric field. A current loop, therefore, behaves like a
magnetic dipole.

We define the magnetic dipole moment ﬁof a current loop to be a vector of magnitude

| pl=1A



and direction perpendicular to the plane of the loop (as determined by right hand rule). If the loop has N
turns, | H |: NIA. In a magnetic field, the dipole experiences a torque

F=jix B
The form of torque suggests that in a magnetic field the dipole tends to align parallel to the field. If the

orientation of the dipole is at some angle Bto the field, there must be some potential energy stored in the

dipole. This is because, if we wish to bring the dipole from & = Dto some arbitrary angle 5', we have to
oppose the torque due to the field and do work in the process.

The work done is given by
]
W = f rdf
0

g
= [ uBsin6ds
0
= —pBcosf |g= (1 —cosf)uB

This amount of work is stored as the additional potential energy of the dipole. In analogy with the case of
electric dipole in an electric field, the potential energy of the magnetic dipole in a magnetic field is given by

U= —j- B= —pBcosd

The energy is lowest when ﬁand Bare along the same direction and is maximum when they are anti-

parallel.

Recap

In this lecture you have learnt the following

A conductor carrying current experiences a force in a magnetic field.

A current loop is equivalent to a magnetic dipole with a magnetic moment equal to the product of the current
and the area of the loop.

A current loop does not experience a force in a magnetic field but experiences a torque which tends to align
the dipole moment parallel to the direction of the field.

A magnetic dipole has a potential energy in a magnetic field.
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