Module 1 : A Crash Course in Vectors
Lecture 2 : Coordinate Systems

Objectives

In this lecture you will learn the following

o Define different coordinate systems like spherical polar and cylindrical coordinates

e How to transform from one coordinate system to another and define Jacobian

Coordinate Systems :

We are familiar with cartesian coordinate system. For systems exhibiting cylindrical or spherical symmetry, it is
convenient to use respectively the cylindrical and spherical coordinate systems.

Polar Coordinates :

In two dimensions one defines the polar coordinate (p, 3) of a point by defining g as the radial distance from

the origin O and & as the angle made by the radial vector with a reference line (usually chosen to coincide with

-

the x-axis of the cartesian system). The radial unit vector ﬁ and the tangential (or angular) unit vector & are

taken respectively along the direction of increasing distance @ and that of increasing angle a respectively, as

shown in the figure.

Click here for Animation

Relationship with the cartesian components are

= pcosf
y = psinf
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so that the inverse relationships are

— ‘.I'Iz _|_y2
1Y
I

= tan
By definition, the distance g == D. we will take the range of angles & tobe D E 8 <27 (It is possible to
define the range to be — E ) <. 7). One has to be careful in using the inverse tangent as the arc-tan

function is defined in 0 E a < . If 1 is negative, one has to add T to the principal value of & calculated by

the arc - tan function so that the point is in proper quadrant.
Example 2

A vector .f%has cartesian components ;‘%Iand ;‘%5, Write the vector in terms of its radial and tangential
components.
Solution :

Let us write

.

Since jﬁand Hare basis vectors jﬂ" ~g=
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A =Ad-G Ag=A.8

Note that (see figure) the angle that ﬁ"makes an angle Hwith the x-axis ( 5-) and 'Ef? — Bwith the y-axis ( ;ﬁ).

Similarly, the unit vector Hmakes 'E;sf? -+ &Hwith the x-axis and #with the y-axis. Thus

A, =A-p = AJ-B+AGé
A cosf + A _eoa[z/3 -8
A cosf + A sin#
As=A-% = ‘4;§§—%‘!1§,3=-§
A cos{m T+ 85+ A _cosf
= —A.snd+ A cosd

The Jacobian :

When we transform from one coordinate system to another, the differential element also transform.

For instance, in 2 dimension the element of an area is dl:dy but in polar coordinates the element is not dgdp

but (pd'g:] dp. This extra factor g is important when we wish to integrate a function using a different coordinate

system.



If f(l‘, ’y) is a function of I, we may express the function in polar coordinates and write it as g(p, 3) .
However, when we evaluate the integral Jl" f(I, ’y) dId’y in polar coordinates, the corresponding integral is
fg(?",ﬁ')pdﬂ'dp. In general, if T = f(u, ’L‘) and Y = g(u,ﬂ:) , then, in going from [:I‘,’y) to (’LL,’!.‘) , the

differential element dIdy —3-| J | dudv where J is given by the determinant

Az
J = g;-;
B

IFRR

The differentiations are partial, i.e., while differentiating 8::/81.-, = 83‘(1.-,,1-)/81.-,, the variable 1 is treated as

constant. An useful fact is that the Jacobian of the inverse transformation is 1/J because the detrminant of the

inverse of a matrix is equal to the inverse of the determinant of the original matrix.

Example 3

Show that the Jacobian of the transformation from cartesian to polar coordinates is .

Solution :
We have
8z Bz
=% &
g of

Using & = gDG3 &Fand = ﬁéﬁg, we have

cosf# —psind
sinff pcosf

Exercise 1

x H E E
Show that the Jacobian of the inverse transformation from polar to cartesian is E_Efﬁ = E.}; 2 + '3@3

w

Example 4

Find the area of a circle of radius E
Solution :

Take the origin to be at the centre of the circle and the plane of the circle to be the & — E‘?plane. Since the area

element in the polar coordinates is f]!ﬂ?-éf:! the area of the circle is

2

2= R i, =
f r:ﬂﬂ'f pdp =27 |—| =nwR?
0 0 2

1]

a very well known result !

Example 5



_f.2,_1
Find the integral fﬁ (=" 4y J'd::dy where the region of integration is a unit circle about the origin.

_. 2
Using polar coordinates the integrand becomes & P The range of i integration for g is from Dt 1 and for &

is from 0 to 27. The integral is given by
2w 1 3 1 3
I:f dﬂf E_dep:2?rf e P pdp
! ! 0

The radial integral is evaluated by substitution ' — }’Jz so that pdp = dw/? The value of the integral is

1
I = zﬁf e~ dw/2 = w[—e ]t = x(1— -)
0 [

Exercise 2

Evaluate ){ ;r Eggéﬁff‘gg where the region of integration is the part of the area between circles of radii 1 and 2

that lies in the first quadrant. (Ans.

15/8)

Exercise 3
- ]
Evaluate the Gaussian integral i = fgﬂﬁ Fdr
[Hint : The integration cannot be done using cartesian coordinates but is relatively easy using polar coordinates

and properties of definite integrals. By changing the dummy variable Zto #, one can write i= fgﬂ E_!'rr:fy,

so that we can write % _ i’ fﬂ E—{IY‘?!\’Y?@E{&#
gz Jo i

Transform this to polar. Range of integration for giis from [to oCand that of His from [to 'E;f{?(why 21

[Answer : ﬁ;?%

Differentiation of polar unit vectors with respect to time :

It may be noted that the basis vectors ﬁ and 8, unlike Z and j" are not constant vectors but depend on the

position of the point. The time derivative of the unit vectors are defined as follows

dg .. Ap . plt+At) — p(2)
T ARA T AT A
g . A8 B(t+At)—8(t)
E_ﬂ]éﬂlﬂﬁ o a].JEElﬂ At

L

One can evaluate the derivatives by laborious process of expressing the unit vectors ﬁ and & in terms of



constant unit vectors of cartesian system, differentiating the resulting expressions and finally transform back to
the polar form. Alternatively, we can look at the problem geometrically, as shown in the following figure.

f;(r+dt}
ﬁ (t+dt) d
d@ o A0

de

) 0

In the figure, the positions of a particle are shown at time tand t + dt. The unit vectors ﬁ is shown in red

while the unit vector & is shown in blue. It can be easily seen by triangle law of addition of vectors that the

magnitude of ﬂ.ﬁ and Af is 1.df = dB. However, as the limit dt — 0, the direction of ﬂ.ﬁ is in the

direction of & while that of /A is in the direction of —ﬁ. Thus

dp Ap da -
P _ i 2F !

= T = —_—
dt  At—o0 At dt
dé Ad dg
— =lim — = ——0p
dt Ar—0 At dt
Now, dﬁ'/tﬁ is the angular velocity of the point, which is usually denoted by (v, Thus we have,
dp R
— = wéh
dt
df .
— = —iy
dt P

Cylindrical coordinates :

Cylnidrical coordinate system is obtained by extending the polar coordinates by adding a z-axis along the height
of a right circular cylinder. The z-axis of the coordinate system is same as that in a cartesian system.

In the figure g is the distance of the foot of the perpendicular drawn from the point to the T — ’y(p,-ﬂ') plane.
Note that @ here is not the distance of the point P from the origin, as is the case in polar coordinate systems.
(Some texts use T to denote what we are calling as g here. However, we use g to denote the distance from the
origin to the foot of the perpendicular to avoid confusion.) In terms of cartesian coordinates

= pcosd

= psinf

Z = Z



so that the inverse relationships are

Click here for Animation

Exercise 4

Find the cylindrical coordinate of the point 3% —+ 4j + k.

[Hint : Determine © and tané using above transformation]
(ans. 5+ tan—1(4/3)8 + k)

The line element in the system is given by

—

dl = pdp + pdf8 + dz
and the volume element is
dV = pdfdpdz
The Jacobian of transformation from cartesian to cylindrical is gas in the polar coordinates since Zcoordinate

remains the same.

Spherical Polar Coordinates :

Spherical coordinates are useful in dealing with problems which possess spherical symmetry. The independent

variables of the system are ('r., 3, 45:] Here T is the distance of the point I from the origin. Angles & and ¢
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are similar to latitudes and longitudes.
Two mutually perpendicular lines are chosen, taken to coincide with the x-axis and z-axis of the cartesian system.

We take angle & to be the angle made by the radius vector (i.e. the vector connecting the origin to P) with the
z-axis (the angle a is actually complementary to the latitude). The angle ¢> is the angle between the x-axis and

the line joining the origin to P", the foot of the perpendicular from P to the x-y plane.

The unit vectors TA, & and qf) are respectively along the directions of increasing T,ﬁ' and qf)

The surface of constant T are spheres of radius T" about the centre. the surface of constant & is a cone of semi-

¢

angle £ about the z-axis. The reference for measuring is the x-z plane of the cartesian system. A surface of

constant gf? is a plane containing the z-axis which makes an angle l;L"? with the reference plane.

Example 6
Express unit vectors of spherical coordinate system in terms of unit vectors of cartesian system.

Solution :

From the point P drop a perpendicular on to the x-y plane. Denote OF' by ﬁ The figure below shows the unit

vectors in both the systems. By triangle law of vector addition,

7= OP = OP'+ P'P = rsin8p + rcos 6k

However, ﬁ = COS5 @ + sin gf)j. Substituting this in the expression for T we get on dividing both sides by

the magnitude of T

7 = sin @ cos ¢ + sin fsin ¢7 + r cos Gk

Transformation from spherical to cartesian :

—

Using the expression for I in terms of cartesian basis, it is seen that



and the inverse transformation

g - tagt VY a2
= T
1Y
— tan ' 2
¢ I

Range of the variables are as follows :

0<r<oo 0<8<7 D<¢p<2r

Exercise 5

A particle moves along a spherical helix. its position coordinate at time tis given by

oot gt t
== — = A —
S prr= Y s B Y

Express the equation of the path in spherical coordinates.

(Ans. ¥ = 1, oosf = /7L + 8 BiE] =2

The differential element of volume is obtained by constructing a closed volume by extending T, 8 and q‘ﬁ
respectively by d‘T, df and d¢ The length elements in the direction of T is dr, that along 8 rdf while that
along ¢ is T 5]‘_1335@? (see figure). The volume element, therefore, is

dV =dr - rdf - r sin 8d¢ = r° sin 8d8dgdr

Thus the Jacobian of transformation is ‘Tz SJ_ti 3



T sin @ d¢
dg
I'sing
d
A T
T
0
y

o NJ¢
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Example 7

Find the volume of a solid region in the first octant that is bounded from above by the sphere
A A A 3 3 ]

et Sk Yand from below by the cone & +u = Az

Solution :

Because of obvious spherical symmetry, the problem is best solved in spherical polar coordinates. The equation to
sphere is ¥ = Jso that the range of ¥ vaiable for our solid is from Ot &.

The equation to the cone E:I —+ g:fj = 3;’1 becomes *F‘I E%iﬂ B = 3&3 lI'J._“&S’E & Solving, the semi-angle of
cone is tand = -ifgi.e. #= 'ﬁ'gf‘g. Since the solid is restricted to the first octant, i.e., ( LW, T 2 l:l), the
range of the azimuthal angle #is from [to .g;?-

Exercise 7

: : : P . 3 3 3
Using direct integration find the volume of the first octant bounded by a sphere Z* -+ I o a— G

Recap
In this lecture you have learnt the following

e In addition to the cartesian coordinates, two other coordinate systems, viz., spherical polar coordinates
and cylindrical coordinates were introduced. The relationship of the components of a vector in various
coordinates was studied.

¢ When we transform from one coordinate to another, length, area and volume elements also change.
Jacobian provides the transformation of such elements in different coordinate systems.

¢ While the unit vectors in cartesian coordinates are fixed, the unit vectors associated with the position of a
moving particle changes as the particle moves, and are therefore, time dependent.

¢ The differentiation of such time dependent unit vectors with respect to time was discussed.
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¢ Integration techniques to find out volumes of objects having different types of symmetry was studied.
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