Speech Production Model

H(z)=G(z2)V(z)R(z)

Impulse

Generator

Glottal

Train =—> Pulse

G(2)

| 4

A_LV

Voiced Sound

Random
Noise

- Generator

Ay

Unvoiced Sound

ugln]

SNS——

Ay

Vocal Track
Parameters
Lip pln]
VOCE;/I(T)raCk L[n]» Radiation ;’
Z R(?)
H(z)




-

Speech Production Model

H(z)=G(2)V(2)R(2)

G(z)=

1
(1 _ e—CTZ—1)2

V(z)=

G

N/2

H (1-2r,cos0,z" +r'z"
k=1

R(z)=R,(1-27)

H(z) = c(1-z7")

N/2

(- "z |27, cos8,z7" +17277)
k=1




All pole modeling
H(z)=G(2)V(2)R(z)

_ 1 e—CT - 1
(1 . e—cTZ—l)Z

G(z)

G
V(2) =55 H(Z)
H (1-2r, cosf,z" +r’z"?)

k=1

R(z)=R,(1-z7")

Hee) - GRA~7)

N/2
(1-e "z YT (-2r, cosf,z" +r2z7)
k=1




Pitch period, P

General Speech model:

K Sometimes neglected
Gain (G) Voiced/unvoiced

!
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Voiced Impulse Glottal u(n) —l
generator filter Voice H() R(z) Lip
volume Vocal P ra;ivllatlon
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" The LPC Model

S(z) A
H(z) = =
) U(z) 1-— 3 akz_k
S(Z)[I—Zp:akz_k]:AU(z)

k=1

S(z)—Zp: a,S(z)z”" = AU ,(z)
S(z) = Zp: a,z*S(z)+ AU ,(z)
s|n]= Zp: a.sln—kl+ Au [n],

s[n] = Zp: a.sfn—k] when u,(n)=0

sln]~ a;s[n—1]+a,s[n-2]+...+a, s|n— p]




-

Liner predictor

s[n] = Zp: a s[n—k]

V4
P(z)= ) a,z " FIRFiler of order P
k=1

The prediction error: )

e[n]=s[n]—s[n]=s[n]- Z o, s[n—k]

k=1

s(n) | o E(n),ki _e(n)
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Error transfer function:

~

P

eln]=s|n]|—s[n]=s[n]- Z o, s[n—k]

E(z)
A(z) = =
(2) S(2)
Au,|n]
s|n]

k=1

P
I—Zakz_k =1-P(z)

k=1




: LP Estimation Issues

»Need to determine {«, directly from speech such that
they give good estimates of the time-varying spectrum

»Need to estimate {a,} from short segments of speech

»Need to minimize mean-squared prediction error over
short segments of speech

»resulting {a,} assumed to be the actual {a,} in the speech
production model

all of this can be done efficiently, reliably, and accurately for
speech

. /




Solution for {a,} N
P
e (m) =Sn[m]—ZakSn[m—k] where n—m<mzn+m
k=1

mean squared error signal:

E,=> ei[m]




Can find values of a, that minimize by setting

O, =0, i=12,..,p
o,

aa =20 : Z( [m]— Zak [m—k]y’

=2 (s, [m] Zaks [m— k])(——Zak [m—k])

lkl

Where

p
s m=l== Y s, Im-k
i k=1

. . 0 .
a8 [m—k|) is constant with respect taa— for k#i
a.

1




N

0= 2Z(S Zaks [m—k])(=s [m—i])

ZS [m—i]s, [m] —deZS [m—i]S [m—Kk] I<i<p (1)
let :

¢ i,k]= ZS[mz [m—k] 1<i<p
then

SL01=> aplik]  i=12..p (2)

leading to a set of p equations in p unknowns that can
solved in an efficient manner for the {a,}

/
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9, [L1] ¢,[L2] ¢[L3] - @lLp] | | |4[L0]

plpAl olp.2] #lp3] -olp.pl|e,| [4[p.0]

The resulting covariance matrix is symmetric, but not Toeplitz,
and can be solved efficiently by a set of techniques called
Cholesky decomposition







-

Autocorrelation Method

Let s [m] exists for 0 <m <L -1 and is exactly zero every
where else (i.e., window of length samples)

s,lm]=s{mw{m]

Where w[m] is a finite length window of L samples

WM\WMF
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e, (m)=s,[m]— 5, [m—k]

Is only non zero over the interval 0<m<L-1+p

L-1+p

E,=2 eilm]l= Y ei[m]

m m=0

S [m]=0 outside the 0<m<L -1
L-1+p

$.li,k1= > S, [m—-ilS,Im—-k] 1<i<p, 0<k<p
m=0

L-1+(i—k)

$,li, k1= > S, [m]S,Im+i-k] 1<i<p, 0<k<p
m=0

/




There are L-| i-k| non-zero terms in the computation of
& [i,k]for each value of 1,k

Then ¢n [ia k] = Rn [i — k] short-time autocorrelation

From equation (2)

f;%¢im—¢ﬁﬁ]ngsp

V4
Y a,R[i-k]l=R,[i] 1<i<p
k=1

Minimum mean-squared prediction error can be written as

E,=¢,[0,01-> a,4,[0,k]

= R,01-Y @ R,[k]




R,[0) R[] R,[2]---eeeeeee Rlp—=1] o | | R[]
Rn :1] Rn [0: Rn :1] ............ Rn [p o 2] a2 Rn :2]
Rn 2] Rn [1 Rn O] ............ Rn [p — 3] o, | = Rn 3]

RIp-1] RIp-2] RIp-3] --RIO0]|e«,| |R,[pP]
Ra =r
a=R"r

‘Ris  a pxp Toeplitz Matrix => symmetric with all diagonal

elements equal
matrix equation solved using Levinson or Durbin method




The set of optimum predictor coefficients satisfy

with minimum mean-squared prediction error of

R,[01-Y R, [K]= E"”

k=1




R,[2]

R,[0] |
1] R,[0]
R,[1

RI[L

Rlp-11 Rlp-2] R]Ip-3] -R,[0]

() 0
— ap

Expanded matrix is still Toeplitz and It can be solved
iteratively by incorporating new correlation value at each
iteration and solving for next higher order predictor in terms of
new correlation value and previous predictor

i"" order solution can be derived from (i-1)* order solution

o

given o/, the solutionto R '~'¢q '~' = E -

we derive solution to

i i i
R a =L,
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The (i —1)t solution can be expressed as:

(R,[0] R[] R,[2]eeeee RIi-11
R[] R[0] R[] weeeeess R,li-2]
R[2] R([1] R,O] -weeveveee R,[i-3]
Ri-1] R[i-2] R[i-3] -R,[0]




_Rn 0] RJ[1] R[2]--ceee- R [{1] 1 1 Ei_l
R[1] RJ[0] RI] --eevvvvee-- RIi-1] || - 0
R[2] R[] RJ0] ---evveveee R [i-2] aéz—l) 0

R[i-1] R[i-2] R,[i-3] ---R[I] ;a,(ifl) 0
R[il] R[i-1] R[i—2] - RI0] |l o D

where y U = R [i] - a \""DUR [i- j]
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Toeplitz matrix has special symmetry we can reverse the
order of the equations

_Rn 0] RJI] R [2]--eeeeeee R [i]] A1 0 _7/(1'—1)'
R[] R[0] R[] -+eevveeee R[i-1] | —a™ 0
R[2] R[] RJ0] ---evveveee- RI[i-2]| - aéi—l) 0

R[i-11 R[i-2] R[i-3] R[] ;ai(iIl) 0
R[] R[i-1] R[i-2] - R[0] | £
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Combine the two sets of matrices with a multiplicative
factor k;

1 0 Ei—l '7(1'—1) ]
af"‘” af"” 0 0
(i—1) (i—1)
o] I Y I O R P
n 1 1
(i-1) (i-1) 0
al—l o al—l O
0 1 y E"™

Choose of y(-7) so that vector on right has only a single non-zero entry,
l.e

i—1
. (i—1) . .
. Rn[z]—;aj R [i— j]

7/ .
ki = Ei—l = Ei—l ‘

. /




The first element of the right hand side vector is now

EY = EC —kpt = ekt @

The k; parameters are called Partial Correlation (PARCOR) coefficients

So the vector of order it predictor coefficients is

1 1 0
-1 _ P
al(z ) al(l 1) al(z 1)
(i-1) (i—1) (i-1)
o, | I a,
i
(i-1) (i-1) (i-1)
al—l al—ll al—ll
= al.(i) 11 0 | 1 |




. (z) (z 1) ka(l 1)‘

N

-5, @

A. The final solution for order p is:

a;,=a;j 1< j<p

B. with prediction error
E" = E, 01T (1-k2)=R,[01T1 (1-k2)
m =1 m =1

C. If we use normalized autocorrelation coefficients:

r (k] = ol
R,[0]
D. normalized prediction error

(’)—H(l—k) 0<v?W <1 —1<k, <1




£ = R[]
fori=1,2,....p

i—1
ki = | R[] - ) af VR[i—j]| /gt
J=1
ﬂ'_E” = k;
if¢=>1thenforg=1.2,....1—1
(i) _ _(i=1) 5  (i=1)
o, =a; fi‘,&i_]—
end
EW = (1 - k#)EL-1

end




1. Consider a simple p = 2 find the solution

2. Consider a simple p = 3 find the solution

3. Consider a simple p = 4 find the solution
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normalized prediction error
o
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o

=
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Prediction Error vs. Model Order

o
¥}
T

1 1 1
5 10 15
predictor order p

Model order is usually determined by:
* Fs/1000 poles for vocal tract
= 2-4 poles for radiation
= 2 poles for glottal pulse

20




Computation of Model Gain
G

P
- Z a,z"

k=1

Wml=Y ahlm—k]+GS[m] @

Multiply by  hlm —1i]
himlhlm —i] = Zp: a hlm—klh[m —il+ Go[m]h[m —1i]

let =0

o0 o0

> hlmlh[m]=) a, D h[m—k]h[m]+Gi S[mlh[m]

m =—00 k=1 m =—o0 =

V4
r,[0] = Z a.r,[k]+G? since h[0]=G Put m=0in equation (1)
k=1

/
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Energy in hjm]=Energy in short time measurement s_[m]

1,10]=7,10]
and r[r]l=r]lr] for tT<p

SO

P

G* =1 [01- 3 (k1= 1, [0]- Y e, [K] = E,

k=1

Solution for Gain (Voiced)




-

Solution for Gain (Unvoiced)

For unvoiced speech the input is white noise with zero
mean and unity variance,

Excite the system with input Au[n]

Y(z)=H (z)U (z)

H(z)=—Y

—Z Otkz_k
Y (z) - Zp: a,z 'Y (z)=GU (z)
Y (z) = ; a,z "Y(z)+ GU (z)

k=1

4

yiml=> a,ylm—-kl+ Gu[m]

k




Multiply by  y[m—i]

yimlylm —i]=Y a,y[m—k]y[m—il+ Gu[m]y[m —i]

k=1

let 1=0
S miml=S e S ym—kyml+GS ulmlym]

V4
r[01=> a,r[k]+G* since h0]=G
k=1
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Frequency Domain Interpretations of Linear
Predictive Analysis

The final LPC model consists of the LPC parameters,a, and
gain A together which define the system function

G
H(z)=——
1- Zakz_k
k=1
H(e’") = p G
1— Zakej”k
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a Effects of Model Order

The AC R, [m] function of the speech segment S, [m], and
the AC function R" [/m], of the impulse response,
corresponding to the system function h,[m], are equal for the
first (p +1) values. As p->a the AC functions are equal for all
values and thus:

2

H'™)| =18, (jo)|

lim

p—>a
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Linear Prediction Spectrogram

Speech spectrogram

L-1
Z s [nR + m w[m e /™)

m=0

20 log(

S, (k)]) = 20 log

LPC spectrogram

G
L-1

j(27k/ N)
S e
m=0

20 log( |H , (k)]) = 20 log
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Angle corresponds to frequency, and radius corresponds
to bandwidth. So we can determine the pole (or
resonant) frequencies and bandwidths (converting to Hz)

F
Frequency = 5 6
T

Bandwidth = -log(r).E =—log(abs(z, )).E
T T




Can find values of a, that minimize by setting

ok :
=0, =12,...,
o, =1 P
OE, B 0 < B D LYV
804 — 804 ;(Sn[m] kzﬂlaksn[m k])
0 p O &
=2 (s,[m]->_as,[m— I<])(—a— > as,[m=k])
0 k=1 O k=1
Where
: 0 < ‘
“sim-il==2" > as m-K

a.s.[m—k]) is constant with respect to@ﬁ for k=i
194
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0=23 (s, [ml-Y 5, [m-KkD-s, Im-i)

> m-ils =YY s -k 1gp @

let
then

¢n[i,0]:iak¢n[i,k] 1=12....p (2

leading to a set of p equations in p unknowns that can
solved in an efficient manner for the {a,}

\_ /




N

+ i Zp:aksn[m—k]Zas [m—1]

= 3.si [ml- Zakz [m—KJs, [m]

M=-—00

= Oy [010] B Z o, @, [O’ k]




4,li,k1=>S, [m—i]S,[m—k] 1<i<p

¢n[i,k]=ilsn[m—i]sn[m—k] 1<i<p 0<k<p

Changing the summation index gives

L-i-1
o.[1,k] = Z S, Im]S [m+i—-k] 1<i<p 0<k<op
L—=k_—1
. [1,K] = Z S, [ImM]S. [m+k—-i] 1<i<p 0<Lk<op
m=-k
key difference from Autocorrelation Method is that limits of summation
include terms before m =0. i.e window extends p samples backwards

since we are extending window backwards, don't need to taper it using
window function since there is no transition at window edges

/
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4i0=Y aglikl  i=12..0 @

p
E, = [0.0]- [0, k] @
k=1

¢n 1’1] ¢n [1’ 2] ¢n [1’ 3] o ¢n [11 p] |
¢n 211] ¢n [212] ¢n [2’3] o ¢n [21 p]
¢n 3’1] ¢n [312] ¢n [313] o ¢n [31 p]

¢n[p’1] ¢n[p12] ¢n[p’3] ¢n[p1 p]_

pa =y
a=¢ y
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the solution of the matrix equation is called the Cholesky
decomposition, or square root method

¢ Matrix is symmetric but not diagonal elements are same
¢ = ADA'

Where A = lower triangular matrix with 1's on the main diagonal;
D=diagonal matrix

determine elements of A and D by solving for (i, j ) elements of the matrix
equation




Let p=4 and matrix element ¢,(i, ]) = ¢;

b1 D O Pu
D On Pn On
Dy P O P
D P O3 ¢44_

1 0 0 0fd, 0 0 Of1 A, A, A,
A, 1 0 0|0 d, 0 00 1 A, A,
A, A, 1 0j/0 0 d, 00 0O 1 A,
Ay A, A; 1JO0O O 0 d,JO O 0 1
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Solve matrix

Else
j-1
Aj =@y — Ad Ay ld
k=1
p-1
o 2
dp (Dpp ; I‘dk

Ayd, =@, ——

d, = ¢,

d, =0, - A221d1

P

d,
%

Apd; =@y ——> Ay = d_3l
1
%

Apd, =0y, d_41
1

d
- A,d A
Ap,d, =¢p, — A d, A, —> A, = P 42 d41 172

> A, =

——> Ay =

P — Ay d A
A,d, =@, — A,d A, —> A, =2 31910

2

2

iterate procedure to solve for dj, A,;,d,




ADA'a =y

AY

Let




= DA'a =Y => Ala =D
1 A, Ay Agla| [1/d, O 0 0 Y,]
0 1 A, A,lla,| | 0 1/d, 0 0 |V,
0 0 1 A lla,| | O 0 1/d, 0 |V,
0 0 0 1e| | 0O 0 0 1/d,]Y,]
o = Y4 y
Cody = D= Z Aa
Y3 d j=i+1
YTy, T e o=, /d,
Y 3 for(i=1; i<=p; i++)
a2:d2_A43054—A320(3 { . p
? i
v, @i = 2 Ase,
alzd__ A43a4—A32a3—A21a2 } i j=1+1
1
Calculation proceeds backwards from i=p-1 to 1
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Both covariance and autocorrelation methods of LP

use two step solutions
Step-1: computation of a matrix of correlation values
Step-2: efficient solution of a set of linear equations

In lattice methods, two steps are combined into a recursive
algorithm for determining LP parameters

It begin with Durbin algorithm--at the i*" stage the set of coefficients
are coefficients of the it order optimum LP




/

N

H(z)=

P
_1_ —k
. p - A(z) =1 k; a, Z

k=1

ith order prediction error filter
i
A(z)=1-> e, 27"
k=1

e'[m] = s[m]-s[m] = s[m] - Z ais[m - k]

Forward prediction error E | ( Z) = Ai ( Z) S ( Z)

b[m]_s[m—l] Za s[m —i + k]
B'(z) =2z7"'S(z) - Za Z 'sz(z)_ 27'S(2)[1- Za'zk]




Lattice Formulations of LP

Forward Prediction
— i samples used to predict s[m] —

s|lm—1i]

I

s[m—=i+2]

0 §[m—3]

>

s[m]

T

—0

I

[ I—

s|m—i+1]

o 8
I

-
Backward Prediction

§lm=1]

I samples used to predict s[m—i] —*
I

same set of samples is used to forward predict s(m)

and backward predict s(m-i)




Levinson Recursion

Step-1
E (°) = r(0)

a, =0
Step-2 Weighting factor of i pole model

K, ={r(i)—ia}‘l’r(|i— j |)}/E(”), 1<i<p

Step-3 oV =k

a _ (-1 (i-1)
a;’ =a; ke

Step-4 Update the mean square prediction error

EW =(@1-k)E"™
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A'(z)= A" (2)-kz'A(z)
B'(z)=z"'S(2)A'(z")=z"'B'"*(2) -k.E'"*(2)




/ei[m] —e''[m]—kb'"[m—1] —__ Equation No—(1)

e’[m] e’[m] e’ *[m]
—k, —Icp
s[m]
—ﬁ:] —kz —kp
—> —~ 1 3 o Bt 1 = - . 3 1 >
_ 2
porm] [EEm] b’[m] b [m]

Lattice Filter for - _
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All-Pole Lattice Filter for H(z)

e[m]=e”[m]  eP?m e!fm] e’[m
IF{F > > kp_li > . & @ I‘kl o
~k, _kp—l -k,
porm] —— b*[m]  bm]  ——b[m]
e '[m]=e'[m]+kb'*[m—1] (z)—i
bi[m —1] = b'[m] + k.e"[m] - A(z)

N
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1. since b”[-1]=0. ¥i. we can first solve for " "[0] for
i = p. p—1.....1. using the relationship: ¢“[0]=“[0]

2. since b'7[0]=¢e[0] we can then solve for 5®[0] for
i =1.2..... p using the equation: 5[0] = —k, ¢"[0]

3. we can now begin to solve for ¢"[1] as:

e V1]=e®[1]+k b" M [0].i=p.p-1..1

4. we set b'[1] = ¢”[1] and we can then solve for »™[1] for
i=1.2..... p using the equation:

b=~k " "[1]+ b P[0].i=1L2....p

5. we iterate forn =2.3..... N -1 and end up with
s[n]=e[n]=b"[n]




Direct Computation of k Parameters
e'[m]=e"*[m]-kb'*[m—1]

Minimize forward prediction error as

i'[e [m]]? —i'[e' “[m] - kb [m ~ 1]
8E;°l;wam = =—2Lf'[e' Am]-kb [m -1]Jo" [m -1]
Lfie“l[m]b“l[m —1]
k.forward _ m:LO_1+i

Z_[bi‘l[rn -1]1°




/
b'[m]=Db""[m-1]-k.e""[m]

Minimize backward prediction error as

L—1+i L—1+i
backward Z[b [m]] - Z[bl 1[m 1] k el 1[m]]
aEtl) kward < -1 -1 i-1
adward_ — 0 = -2 Y [b'[m—-1]- ke "[m]]e' " [m]
8ki m=0
L-1+i _
> e [mlb" " [m 1]
kbackward — _m=0
i L—1+i

> [e ]}




L—-1+1i L—1+1i

2 [ [m]l* = > [b™ [m-1]]°

PARCOR forward |, backward |, forkward |, backward
K, = Jk ek =  forlwerd _

L-1+1i

> e [m]b'[m-1]

( > [l 3. (b —1]]2]




Direct Computation of k Parameters

¢ minimize sum of forward and backward prediction errors over

fixed interval (covariance method)

L-1 3
Bl = 3 {[e"(m)] +[6(m)] |
m=0 J
11 2 © 2
=Y [ (m)-kb M (m-1)| + 3 [-ke"P(m)+b"P(m-1)]
m=0 m=-x

Ek:' m={ -
L=
-23 | -ke ™ (m)+ b (m-1) " (m)
m=ll
L-1 )
i 2 [e“-“{m)- bl (m 1}]
":ﬂ' " L-1 = , L _
Z[E“_”{m}]_ +Z|:bl[f—1](m 1):|
m=0 m=

e —1=k™¥ <1 always 17




L-14i
eV imipt N (m-1)

k. = m=0 -
([L-1+i L-1+i ) l”: -4
$|: Z [eir—lqunj]l:“ Z [D“_l'll[.f}’]'—l)]" :|J
I_ m=1 m=1

elim)=e"V(m)-kb"V(m-1)| |*1

b (m)=b""(m-1)-ke" N (m)| [%2

21




Lattice Algorithms

£ = R[0] (1)
e0n] =bMn] =sn], 0<n<L-—1 (2)
fori=1,2,...,p

compute k; using either Eq. (9.125) or Eq. (9.128) (3)

compute e'/[n], 0<n <L —1+iusing Eq. (9.117b) (4a)
compute b'"/[n], 0=<n < L —1+iusing Eq. (9.117c) (4b)

H.'_En = k.';' (5}
compute predictor coeficients
ifi > 1thenfor j=1,2,...,i—1

(i) _  (i—1) (i—1) .
o =a; = ko (6)
end
compute mean-squared energy
[#y S eli—1 -
W = (1 - k2)et-1 (7)
end
(p) :
€ =r_1*j1 =012 ....p (8)

efn] =e®n], 0<n<L-1+p (9)
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