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Topic 4: Robot Dynamics
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Inverse Dynamics
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Forward Dynamics
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Robot Dynamics
 To determine joint torques/forces
 Robotic joint torque consists of inertia, 

centrifugal and Coriolis and gravity 
terms

Inertia Term
Depends on mass distribution of the links 
and it is expressed in terms of moment 
of inertia tensor
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Let, 
= position of a fixed point lying on 𝒊𝒊-th rigid link expressed 

in its own coordinate system
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The same point can be expressed in base coordinate system as follows:
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Inertia Tensor of 𝒊𝒊-th link

=
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Various Cases
Case 1: Link with Rectangular Cross-section
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Moment of Inertia (positive value)
Differential mass 𝒅𝒅𝒅𝒅 = 𝝆𝝆𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅
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Inertia tensor, 𝑱𝑱𝒊𝒊 can be written as

mdm =∫
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For a slender link ,
(𝒍𝒍 >> 𝒂𝒂 and 𝒍𝒍 >> 𝒃𝒃)
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Case 2: Robotic link of Circular Cross-section
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Let us consider a link of length 𝒍𝒍 having circular cross-section 
of radius 𝒓𝒓

𝒚𝒚 = 𝒓𝒓 sin𝜽𝜽
𝒛𝒛 = 𝒓𝒓 cos𝜽𝜽

Volume of small element 𝒅𝒅𝒅𝒅 = 𝒓𝒓 𝒅𝒅𝜽𝜽𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅
Mass of small element 𝒅𝒅𝒅𝒅 = 𝝆𝝆𝒅𝒅𝒅𝒅, where 𝝆𝝆 = density
Moment of Inertia
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Product of Inertia
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Inertia Tensor
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Determination of Robotic Joint Torques
Lagrange-Euler Formulation

,i
i i

d L L
dt q q

∂ ∂ τ
∂ ∂

 
− = 

 
Where 𝒊𝒊 = 𝟏𝟏,𝟐𝟐, . . . . . ,𝒏𝒏

𝒏𝒏 = No. of joints
𝑳𝑳: Lagrangian function
𝑳𝑳 = 𝑲𝑲(𝑲𝑲.𝑬𝑬) – 𝑷𝑷(𝑷𝑷.𝑬𝑬)
𝒒𝒒𝒊𝒊 = Generalized coordinates
𝒒𝒒𝒊𝒊 = 𝜽𝜽𝒊𝒊 for a rotary joint

= 𝒅𝒅𝒊𝒊 for a prismatic joint

𝒒̇𝒒𝒊𝒊 = first time (𝒕𝒕) derivative of 𝒒𝒒𝒊𝒊
𝝉𝝉𝒊𝒊 : Generalized torque for a rotary

joint
: Generalized force for a linear

joint 
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Let us consider 𝒊𝒊-th link of a serial manipulator
Position of a fixed point lying on this link
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Determination of Kinetic Energy (K) of the Manipulator
Velocity of a particle of link 𝒊𝒊 w.r. to base coordinate system
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Kinetic energy of the particle having differential mass 𝒅𝒅𝒅𝒅
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Kinetic energy of 𝒊𝒊-th link
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Where inertia tensor

𝑱𝑱𝒊𝒊 = � 𝑖𝑖
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Total K.E. of the serial manipulator having 𝒏𝒏 links
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Total K.E. of the serial manipulator having 𝒏𝒏 links
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Determination of Potential Energy of the manipulator
Potential energy of 𝒊𝒊-th link
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Total potential energy of the manipulator

Using Lagrange-Euler equation, we get

where

P Pi
i

n

=
=
∑

1
= −

=
∑ m g T ri i

o
i
i

i

n

1

𝑳𝑳 = 𝑲𝑲− 𝑷𝑷Now,

( ) ( )
1 1 1 1

1
2 ib

n i i n iT o
ir ia i a b i i

i a b i
T U J U q q m g T r′

= = = =

 = + ∑∑∑ ∑ 

1 1 1
,

n n n

i ic c icd c d i
c c d

D q h q q Cτ
= = =

= + +∑ ∑∑  

𝒊𝒊 = 𝟏𝟏,𝟐𝟐, . . . ,𝒏𝒏NPTEL



28

Inertia term

Gravity term

Coriolis and centrifugal term
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An Example
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For slender links L >> r

NPTEL



48NPTEL



49

Another approach
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Parallel axis theorem
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Kinetic energy (first link)
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Potential energy (first link)
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Second link
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Kinetic energy

NPTEL



55

Potential energy
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Lagrangian
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Lagrange-Euler equation (first joint)
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Second joint
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For slender links L >> r
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