IIT KHARAGPUR S F NPTEL ONLINE
[N §  CERTIFICATION COURSES
S
NPTEL

WEEK 5: ROBOTICS

PROF. (DR.) DILIP KUMAR PRATIHAR
MECHANICAL ENGINEERING DEPARTMENT, IIT KHARAGPUR




-“--::‘;;i

@a% NPTEL ONLINE

U™ & CERTIFICATION COURSES
e

—

NPTEL

S
Y

"“Qx"}:f

IIT KHARAGPUR

/

Topic 4: Robot Dynamics

PROF. (DR.) DILIP KUMAR PRATIHAR
MECHANIAL ENGINEERING DEPARTMENT, IIT KHARAGPUR
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j=1, when all are rotary joints
k=1, when all are linear joints
Jtk=i, when there are j rotary

joints and k linear joints
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Robot Dynamics

% To determine joint torques/forces
% Robotic joint torque consists of inertiq,

centrifugal and Coriolis and gravity
terms

Inertia Term

Depends on mass distribution of the links
and it is expressed in terms of moment
of inertia tensor
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'r = position of a fixed point lying on i-th rigid link expressed
in its own coordinate system

X .

1

= | Yi

1

The same point can be expressed in base coordinate system as follows:

0= _ O i
ir =T ;r
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Inertia Tensor of i-th link
Ji = J %7_'57_'T’ dm

-J‘dem Ixiyidm IXiZidm IXidm_
_ IXiyidm nydm Iyizidm IYidm

I X,z.dm I y.z.dm j z:dm j z.dm

i jxidm Iyidm Izidm Idm |
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Various Cases
Case 1: Link with Rectangular Cross-section

A
|
i _____ o _’/_(_ {: —a _/ﬂ ) y—— Y
f.-" dZ 4’ .'|I
/ - | | - dy / a
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Moment of Inertia (positive value)
Differential mass dm = pdxdydz

b/2 0 a/2
I, = I I I(y2+zz)pdxdydz
-b/2-1-a/2
(12 sz
=m| —+
3 12
b/2 0 a/2
I,y = I J‘ j(x2+zz)pdxdydz
—-b/2—-[-a/2
a> b’
+
12 12
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b/2 0 a/2

I = J- I j(xz +y2)pdxdydz

—b/2 -[-a/2

/7 a“
= m +
(3 12)

Product of Inertia (positive/negative/zero)

b/2 0 a/2

I, = j J- j xypdxdydz =0
—b/2—~1-a/2
b/2 0 a/2

I,, = J- j I yzpdxdydz =0
—b/2 ~1-a/2
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b/2 0 a/2

I,x = J- j jzxpdxddeZO

—-b/2—-l-a/2
b/2 0 a/2

dem = I j prdxdydz =0

—b/2-l-a/2

[ zdm =0

Mass center = (Xi Y, ,zi)

= (0, -1/2,0)
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S
Idm=m

Inertia tensor, J; can be written as

[ S, —
XX 2YY 77 L L m X;

[.. =1, +I =

I = Lyy = ;Y = Iy, M, y;
| Lo +1,—1 .
Ix lyz = ;Y “ m; Zi

L mi;i m&i migi m. |
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F a2 7 For a slender link ,
1 0 0 (I >> aandl >> b)
2 - —
0 m31 0 _m71 0 ()2 0 0
= 2 ml ml
0 0 g 0 0 N 0 -
12 —
ml 0 0 0 0
o - 0 m ml
B 2 y 0 —7 0 m
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Case 2: Robotic link of Circular Cross-section
Y Y

/ rd6

\ 0 8 r L ~ﬁ\’/\’\ > 7
R: Radius of the circular link ‘ dr | dx
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Let us consider a link of length [ having circular cross-section
of radius r

y = rsinf

Z = 1T cos0

Volume of small element dv = r d@drdx
Mass of small element dm = pdv, where p = density

Moment of Inertia

Or2m 1
I = I(yz +z° )dm = II Irzprdedrdx = Emr2
A% —/0 O
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\®}

T

j [(x* +17 cos? 0 )prd0drdx
00

m/®> mr’

+
3 4
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Product of Inertia
I, = jxydm
Vv

Or2m

= J' J' I xr sin OprdOdrdx

—/0 0

=0

Similquy, Iyz = 0 IZX =0
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I xdm = ]2 j Txprdedrdx
\% -0 O
:—%ml
Iydm =0 N
v Mass center =(Xi, Y, Zi)z(—l/Z, 0, 0)
| zdm =0
Y
: dm =m
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Inertia Tensor For a slender link (I >> r)
B 2 ] _m_|2 ﬂ—
ml o o -m 3 00 =5
, 2 0O 00 O
. mr 0 0 J =
J 1 OI 0O O 0]
i = mr> _m
0 4 O 4 2 O O m |
_gl 0 0 m
2 |
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| Determination of Robotic Joint Torques |
Lagrange-Euler Formulation

d(JL) JL __
det\ 6q. )| oq, "

Wherei = 1,2,..... n

_ No. of ioint q; = first time (t) derivative of g;
n =No. o J,o'" S g 7; . Generalized torque for a rotary
L: Lagrangian function .
joint
L = K(K.E)- P(P.E)

: Generalized force for a linear

q; = Generalized coordinates joint

q; = 0, for arotary joint
= d, for a prismatic joint
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Let us consider i-th link of a serial manipulator
Position of a fixed point lying on this link

X
i— Yi
i =

Z;
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Determination of Kinetic Energy (K) of the Manipulator
Velocity of a particle of link i w.r. to base coordinate system

V=)
— d C c 1= R by i
W=—(mr) =TT T AT T T

(d aOT \ .
=kz q. J r,asf=0
°T & .
L et 6(I:|. = U, Therefore, V =(Z Uijqjjﬁ
j j=1
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Kinetic energy of the particle having differential mass dm
1 —0—T
K, =2 (25t + 2 him =2, (S

where T,.: Trace of a maitrix

. . T’
dk, = %T{Z Uiaqai}[z UibqbiE} }dm
a=l1 b=1

:% [ZZU ;;irﬂUqu qb}dm
a=1 b=l
—- r[iiu (1;dm1 TjuTqaqb}
a=1 b=l

i NPTEL ONLINE

- IIT KHARAGPUR CERTIFICATION COURSES



Kinetic energy of i-th link

K. = J‘dki =%T{22Um(ji}i}Tdm)Uquaqb}

a=1 b=l
= %Tr |:Zl: Zl: UiaJiU;l; qaqb i|
a=1 b=l

Where inertia tensor
Ji =jzl£”_"zl£”_"T, dm

Total K.E. of the serial manipulator having n links

n

B =l l € ..
K—gki =ZET{ZZUiaJiU£qaqh}

1=1
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Total K.E. of the serial manipulator having n links

K= Zk Z [ZZU JUqub}

a=1 b=1

K= zzz[T (U307 b, ]

1=1 a=1 b=l
Determination of Potential Energy of the manipulator

Potential energy of i-th link
P=-mgr=-m é( °T, F)
where g = (gx,gy,gZ,O)
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Total potential energy of the manipulator
n n L

P=2.PR =2 -mgTir
i=1 i=1

Now, 1 — Kk—-p

S S 1 (0T i ]+ S ()

i=1 a=1 b=1

Using Lagrange-Euler equation, we get

T, = ZDicqc + ZZhichCQd + Ci’
c=1

c=1 d=1
where | = 1,2,...,n
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Inertia term
ZTI,(UjCJjUJ.Ti) ic=12..,n

j:max(i,c)

Coriolis and centrifugal term

ZT(U & UT) icd=12..,n
Jmax1cd J
Gravity term
S o i=1,2,.....n
Ci=2(—mngﬁjr)
J=i
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An Example

L

[ ¢ty
3912
0

i 0
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(291 —591 0 L1091 -\
891 091 0 L1891
0 0 1 0
o 0 0 1 |
—8012 0 Lqcfy + Lochyo 1
cfyp 0 Lysfy + LasOo
0 1 0
0 0 1
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Reference

coordinate system




. . A . . 92
T, = (Dllé.l+D129“2)+h'111912+h11291‘92+h1219192+f112292 +C1

. . . . . - . 2
7y = (D161 +D2292)+h211912+h2129192+h2219192+h22292 +Co

NT
Uy = 5‘—9:
] “891 -—(391 0 —L1591
. 691 ~—891 0 L1c61
A 0 o 0 0
0 o 0 0
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05T
Unn = 36,
—8912 —6912 0 ——L1891—L28912
cfia  —sbip 0 LyicBy + Lochio
0 0 0 0
0 0 0 0
AT
Up = ——
.22 692
P -—8912 —6912 0 -L28912-‘
4 0912 —8912 0 L20912
0 0 0 0
0 0o 0 0
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Dy = Tr(UnhUR) + Tr(UsnJ2Us, )

1 1 1
= (—?;ml + mg)L% + §m2L% + moLiLocly + Z?‘Q(’ml + mg)
D 2 = TT‘ U22J2UT’ /
= = - —moLy L ‘
3m2L2+ 7o+ 5maliLach _ lmzL%-l- lmz,rz
3 4
Dgl = Tr(UgngUng)
1 1 1
= gmgL% + ngrz R EmngLgcﬁ’g
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hiin = TT‘(U111J1U171)+TT(U211J2U'§[),

. aUll (9U21
Ui = 6, U1 = W
[ —091 891 0 —L1691 g i —-0912 8912 0 —L1691 - LQCHIZ ]
_ —s6; _691 0 —L;st _ —s61p —cbi2 O —Lq1s67 — Losth2
- 0 0 0 0 Y 0 0 0 0
|0 0 .0 0 0 0 0 0 ]
hiin =
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oUy
004
[ ——6912
— 812
0
0
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= TT‘(U212J2U2’I£ ),

—Lochyo |

o B ew B e R e




Uy
U - 44
221 891
—-6912 8912 0 ——L26912 |
_ —sb12 —cbi2 0 —Lasbyo
0 0 0 0
| 0 0 0 0 |
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hige = Tr(UyeoU3;),

dUs
062
[ —6912 8912 0 -—L26912 ]
—8912 —(3912 0 —L28912
0 0 O 0
0 0 O 0

1
h122 = — §m2L1L2392.
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hi = h1119.% + h1126162 + h1219192 + h12293

C o 1 .
= —m2L1L28929192 4 §m2L1L2892922

hoir = Tr(UaJ2UL),

ha21i = 3maLy Lys6y
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ha12 = TT(U212J2U27-;),

oU.
Ug1a = 88221
[ —cb12 s 0O — Locb2 j
. —s012 —cb2 O —Losth2
- 0 0 0 0
0 0 0 0
hai12 =0
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haot = Tr(UsmJoUss ),

0Ua:

00,

[ --6912 8912 0 “—Lgcglg 1
. —8912 -—-0912 0 —L28912

o . 0 O 0
0 o 0 0 |

Uao1

hgo) =0
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haso = Tr(UxnlaUg,),
oU
Upo = "é%
[ —cb1; s O —Lochy |
. ——8912 ——C912 0 —Losbyo
o 0 0 0 0
0 0 0 o0 |
hoge =0
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~
o
|l

112119? + ho120105 + ho210102 + hy2062

%m2L1L2392912

I
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' 2
C, = E(-—mngjlg-'F)
j=1

— 1- _ 2
= —m19U111’7” — m29U2127‘

Substituting the values of g = (0 — g 0 0), Uy, Usy, 17 = (—%1 001)T

and 37 = (=2 00 1) in the above expression, we get

1 1
C; = E?nlngcgl + mogLqchy + §ngL26912
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Cy = —magUnlF

(0 —g00), U, 37 = (-—%2 00 l)T’ in

Il

Substituting the values of §
the above expression, we get

1
Cy, = §m29L26912
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1 1 1 "
n = ((gml + mg)L% -+ gmng + mo Ly LocOs + ng(ml + mz))91 +
1

1 1 o s .
(3m2L3 + ZmZTZ + 5maliLachs)0z — moLy LasOa6,6, —

S |
2m2L1L239292 o §m19L1361 + magLych

1
t5m2gLach,
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1 1 1 2 1 9 1 N
Ty = ((gmng =+ ng?"g + §m2L1L2c92)91 + (ngLQ + ngr )62) +
1

.2 1
§m2L1L239291 + §m29L2c912
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For slender links L >>r

o= ((%ml +mg)Li + %mng +maLyLach)6h +
(%mng + %mleLgcﬁg)é'z — myLy Los026,62 —
%?n2L1L2392922 + %mlngcﬁl + magLich)
+—12—m29L20912
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1

1 . 1 . 1 :
Ty = ((gmgL% + §m2L1L2C92)91 + (gmng)Qz) + §m2L1L2392912 +
) .
§m29L26912
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Another approach

IXX = %
Iyy = % -I- ilm'r

Iz7 = gmL2 - Zm?"?
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Parallel axis theorem

CIzz = Izz-m(X*+7?)

1 1 /1
= mL?4+ Znmr?—m(=
3m —|—4mr m( 1 + 0)
r 1 2 1 2
= 12'mL +4mr

1 NPTEL ONLINE

- IIT KHARAGPUR : CERTIFICATION COURSES



...
Kinetic energy (first link)

K, = 2m11712 + 5 Ilwl,

¥ j‘%(%’*gl)é 1116
w1 = 6

1 2 1 2
-1—2-m1L1 + amar

I
OV AT T
K; = gmi Ly + gmaro
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Potential energy (first link)

Py = —my(—g) %56 = gmigListy,
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Second link
= Lycly + %26912; o = L1807 + %28912.

2 = —~L159191 — L250,,(6, + 92)
L109191 + éﬁcﬁlg(f?l + 92)

_ =22 .2
Uy = T2 +7Yo

_ 24 2 L% . 9 .- . 9 : s
= L6 + 20, + 26163+ 6,) + Ly Lychy (6, + 6,6,)
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Kinetic energy

K, = "mZUZ + 5 Ing 5

1 . 2
51712[4%912 + m2L2

3
I

(617 + 26162+ 65°) + 5oLy Loch (6, + 616;)
1,1, 1 o
+§(i—§m2L2 + ngrz)(ﬂl + 02)2

) 1 1 .. 1 _
Emszgf + (Emng + §m27'2)(91 +6)° + 5771214114266’2912 4+
1 .
§m2L1L2c929192
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...
Potential energy

Lo

PQ —Q“S

—mz(“Q)L1891 N mz(—g) 012

1
= mogLys6) + §m29L28912
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Lagrangian

L = K1+Ky—P —-P,

1 .2 1 -2 1 ) 1 1 : :
- 6m1Lf91 + §m1r291 + §m2L%91 + (6 oL3 + ngT'Q)(el + 62)°
1 : 1 o 1
—l—§m2L1L2c92912 + —2-m2L1L20929192 — §m1gL1891 — moglLy56y —
1
§m29L28912
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Lagrange-Euler equation (first joint)

d OL oL
n=—-(-7)- T8
oL 1 1
871 = —(~2—m1 + mg)ngcé’l — §mggL2c912;
oL 1 . ] : : 1 : :
3_9-{ = (gml -+ mg)L%Ql + gmgL%(Ql + 92) + §m2L1L2c92(291 + 92) +

1 .1 vy
Zm1r291 + ngrﬁ(el +65)
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4L, _ 1 26, + LmaL2(6, 4+ o) .
7ag) = G+ ma)L36; + 32 L3 (61 + 65) + 5M2L1Lach2(26) + 6y)

]_ .
+5maL1Ly(26) + 63)(—50)8y + Loy 24, o L )
5 91,1 2( 1+ 92)( 392)92 + Zmlfr 91 + ng'rz(é’l + 92)

1 1 1 .
N = ((§m1 + mz)L% + ETI’LQL% + moLqLocly + ET‘Q(Tnl + mg))91 +

1 1 1 . =
(5777*21’% + Zmzrz + §m2L1L2C82)92 — moLq Lost#y0162 —
1

.2 1 1
§m2L1L259292 g §mlngct91 + mgngcﬁ’l + -2-771291126312
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Second joint

S B_L)_B_L
> T dt o6, 96,

oL 1 .2 1 .

%6, §'mzL1Lz(—3192)6’12 + EmleLz(—392)9192 - 5"’”29[’26912;
oL 1 1 . 1 -
—_ = —_ L2 _ E 9 —_ !
vy (3m2 5+ ruC )(61 + 602) + 2m2L1L2c9291,
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d BL 1 1 1 ) 1 1 -
—_—|— = — L2 = 2 + 1 5 1 ) :
1

—-Q—mngLgsﬂgélgg

1 1 1 . 1 1 .
Ty = ((gmzL% + -4-m2'r2 + -2—m2L1L2692)91 + (g?ﬂng + ng‘!'g)eg) +
1 . 1
§m2L1L2892912 -+ §m29L26912
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For slender links L >>r

n o= ((%ml +mg)L3 + %mng + maLyLaclz), + (%mﬂ/%
+-;-m2L1L2092)9§ — maL1L2s02016, — %m2Lle-ﬁ‘6’2ﬁ’.22 +
‘;‘mIQLICOI + mogLicty + %ngch!?u

To = ((%mgL% + -;—mngchBg)é'l + (—lgmng)éé) + %m2L1L2892912 +
%ngchelz
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