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WEEK 4: ROBOTICS

PROF. (DR.) DILIP KUMAR PRATIHAR
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Topic 2: Robot Kinematics
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reference coordinate origins are Y 3
system 3 X
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Frame

91' di Qy a;
1 6110 -90| 0
2 | 0| O | L
3 631 0 0 Lo
4 641 01| 90 | O
o 651 0| O 0




Forward Kinematics

0T = 0T TATITIT

7 = Rot(Z,61)Rot(X, —90)

(Cl 0 —-s1 0
. S1 0 C1 0
B 0 -1 0 0
0 0 0 1

Here, c; and s; denote cf; (or, cosf;) and sb; (or, sinf)), respectively.
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[ 1 51 0 0
?T_l — 0 0 —1 0
) —81 C1 0 0

| 0 0 0 1|
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ng —389 0 Llcg

s9 ¢ 0 Ljiso
o o0 1 0

0 0 0 I

T = Rot(é’,ﬂg)Trans()?,Lg)
[ C3 —83 0 L2C3 ]
s3 ¢33 0 Losg
0 0 1 0
0 0 O 1
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3T = Rot(Z,04)Rot(X,90)

|_»{,‘4 0 S4 0
84 0 —C4 0

O 1 0 o0
| 00 0 1|
sT° = Rot(Z,0s)
(s —s5 0 0
_ S5 Cp 0 O
- 0 0 10
0 0 0 1]
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V11 = C1€234C5 — 8155
V12 = —C1C23485 — 5105
Uiz = C18234
o — Oplp2T3TiT vl = 81€234C5 t €155
° P ] vgy = —81C23485 + Ci1Cs
vi1 V12 V13 Pz
| va1 wva2 v23 Py V23 = S15234
B v31 V32 V33 Pz V31 = 823405
0 0 0 1 v3a = 523455
V33 = (234
px = ci(Lica+ Lacos)
py = si1(Lica+ Laces)
p. = —Li1sa— Laso
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Inverse Kinematics

T11 T12 713 Qg
T21 T22 T23 Qy
T3l T32 7133 (

o
N
Il

§T = IT3T3T3T3T
= ST'QT) = T3TITIT

/- NPTEL ONLINE

| IIT KHARAGPUR CERTIFICATION COURSES




[ C s1 0 O T2 M2 T3 Qx
N 0 0 -1 0 ro1 T2 T3 Qy =
-5 ¢ 0 O T3] T32 733 Gz
0 0 0 1 o 0 0 1
[ casacs —cazass  s2as Lica + Lecs
S$234C5 —8234S5 —C234 LlS'Z als L2323
S5 Cs 0 0
_ 0 0 0 1 ]
T™1C1 + 72181  T12€1 + 72281 T13C1 + 72351 QxC1 + QyS1 ]
= —T31 —T32 =733 —qz _
—T1181 + 72161 —T1281 + 72201 —T1351 +7T23C1  —(@x81 + gyCy B
0 0 0 1
C234C5 —C234S5 S234  Ly1cy + Locosg |
S234C5  —S23485 —Ca3q4 L35y + Losog
S5 Cs5 0 0
0 0 0 1 J
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9zC1 + gys1 = Lyco + Lacog
—qz81 + qyc; =0
gz = —Lysg — Losos
$234 = T13€] + r93s)
C234 = T33
—T1181 + 710, = 85

~T1281 + 10 = ¢5

I
o

—(qa281 + qyC|
dy

= 0 = arctan(—")

Q:r:

NPTEL ONLINE

| IIT KHARAGPUR CERTIFICATION COURSES



qf.+q§ +q2 = L}4+L2+2L1Lscs
2 2 2_r2__ L2
= 63 = arccos( 5L La )

Licag+ Locos = gzC1 + qyS)
= (L1 + Lacg)ea — (Losg)s2 = GuC1 + qySi

Let us assume L1 + Locz = psina and Los3z = pcos «, .
where p # 0 and p = /(L1 + Lac3)? + (L283)%; o = arctan(éﬁ-gﬂ).
Thus, the above expression can be written as follows:
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psinacy — PCOS Sy = (aC1 + QyS|

psin(a — ) = gzc1 + gysy

pcos(a — 6a) = —q,
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.C
tan(a — 03) = 9=C1 T GyS1
. —qz
= 0 = a-— a.rcta,n(qx':1 r qy81)
—q:
Oy +03+04 = a,I’Cta,D.(TBC:L = T2381)
T'33
= 0y = au‘(:tan(Tl?’C1 L T23Sl) — 0 — 03
733

L —r1181+721C
05 = arctan(=/HLoL217L)
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An Example Z,

7777777, —= X
(a)
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D-H parameters’ table:
Frame | 6; | di | & | a
1 04 a* 0 0

2 0 b 90 0
3 0, 0 0 c

a*: fixed offset
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Another Example Zy Zy

N>

V? a [ZO :Yo
v =X e L X,
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D-H parameters’ table:
Frame | 6; | di | & | a
1 0 a 0 0
2 0, b* -90 0
3 05 0 0 C

b*: fixed offset
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TOPIC 3: TRAJECTORY PLANNING

PROF. (DR.) DILIP KUMAR PRATIHAR
MECHANICAL ENGINEERING DEPARTMENT, IIT KHARAGPUR




Aim: To determine time history of position, velocity and
acceleration of end-effector of a manipulator, while moving from
an initial position to a final position through some
intermediate/via points.

.

A

S: Initial position
G: Final position

1. 2. 3: Intermediate points
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Points Joint-space scheme
S (Xs.Ys) (6,° 6,°)
1 (X;.Y,) (6,'. 6,")
2 (X2,Y5) (6,2 6,%)
3 (X3.Y3) (6,3 6,°)
G (Xe.Ye) (6,¢, 6,°)

22
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Trajectory Planning

v v

Joint-space scheme

Computationally expensive,
as inverse kinematics problem
has to be solved, on-line
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Joint-Space Scheme
*To fit a smooth (continuous) curve through (6,5, 8,7, 8,2, 6,3, 6,°)
First and second order derivatives must be continuous.

Various Trajectory Functions
*Cubic polynomial

*Fifth-order polynomial

Linear trajectory function
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| POLYNOMIAL TRAJECTORY FUNCTION ‘

Case-1 |
Initial and final values of joint angle are known, and angular
velocities at the beginning and end of the cycle are kept equal to

Zero. A

Att=t =0; 6=6, 60
Att=t.; 6=0., =0
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Let us consider cubic polynomial
O(t) = C, +Cit +Cot “+Cyt°

where C,,C;,C,,C; are the coefficients.

Differentiate 6(t) with respect to time to get angular velocity

&%) = C, + 2C,t +3C,t2
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Apply the initial conditions to angular displacement
and velocity equations. We get,

Co=6
C,=0
C, +Cit; +C,tf +Cot7 =0,
C, +2C,t; +3C,tf =0

Solving above equations, We get

o) =6 + 3(eftz—ei) £2 _ 200 ¢3

tf

'~ NPTEL ONLINE

| IIT KHARAGPUR CERTIFICATION COURSES



B
Case-2
Initial and final values of joint angle are known and angular

velocities at the beginning and end of the cycle are assumed to
have non zero values.

At t=t=0; 6=6, 69L68
At t=t.; 9=0,, =&

Let us consider a third order polynomial of the form:
0(t)=C, +C,t+C,t*+C,t°
where C,,C,,C,,C;are the coefficients.
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Differentiate 6(t) with respect to time to get angular velocity
&%) = C, + 2C,t +3C,t>

Apply the initial conditions to angular displacement and
velocity equations. We get,

Co=6
C =4

C, +Cyit; +C,t% +Cit; =6,
C,+2C,t; +3C,t2 = &%
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Solving above equations, We get

CO:@I,
C, =&
_3(‘9f_0|)_26&_i6&
: t2 t ot
2(0; -6
e Bt
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o V———
Case-3

Initial and final values of joint angle are known and angular
velocities and accelerations at the beginning and end of the cycle
are assumed to have non zero valves.

At t=t=0; =6, =6 & &

At t=t.; 0=0,, B=, F&

Let us consider a fifth-order polynomial as follows:
O(t) =C, +Ct+C,t*+C,t°> + C,t* + C.t°

where C,,C,,C,,C;,C, and C; are the coefficients.
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Differentiate 6(t) with respect to time once to get angular
velocity and twice to get angular acceleration

O(t) = c1 + 2cat + 3cst? + degt® + Hest!

0(t) = 2cy + 6cst + 12¢4t2 + 20¢5t3
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Apply the initial conditions to angular displacement, velocity
and acceleration equations. We get,

co = 0;
C1 = fji
142
= —@;
Co 2

Co + city + CQﬁ? + Cgtfc + {’:453% -1 C5t? = 9}'
c1 + 2cot s + 3C3tfc - 4(34!5? - 5C5t340 . H.f

2¢o + GCEtf + 126@} + 2035f.?" = gf
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Solving above equations, We get

C, =6,
C, =6,
C,= % eu
__ 20(6; —6;)—(86; +120; )t —(36; —0; )t7
Cs = 2t3
_30(6;,—6; )+(146; +166, )t; +(36; —26; )t?
C, = 2t
f
12(ef — ei) — 6(elf + ei )tf A (el — ef )'[f
Cs = 2
f
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A Numerical Example

« A single-link robot with a revolute joint is motionless at © = 20°.
It is desired to move the joint in a smooth manner to © = 80° in
4.0 seconds. Find a suitable cubic polynomial to generate this
motion and bring the manipulator to rest at the goal.

Solution:

cubic polynomial

O(t) =Cy +Cit + Cot “+Cyt> =====-- (1)
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Conditions:

At time t=t =0,
0=06 =20°
&= 0;

Attime t=t;=4.0s5,
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30, -6),, 20 -9) ;

o(t) =06, +
_ 204 3(80— 30) 2 _ 2(80—30) 3
(4.0) (4.0)

—20+11.25t% —1.875t°
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| LINEAR TRAJECTORY FUNCTION |

N
7

t —

(Pure Linear Trajectory Function)
Note: Infinite acceleration and declaration.
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\ parabolic blend

(Modified Linear trajectory function with
parabolic blends)
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A Numerical Example

« A linear trajectory function with parabolic blends at its two
ends is to be obtained to satisfy the following conditions given

below. At time t=t =0,
or | i 0 =6 =20.0°
! C B 0.0;
At time t=1t;=120s,
, 6=06, =74.0°,
= &= 0.0;
-y ==

(tf —tb)
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Total cycle timet_=1t-1=12.0s

Time duration at each of the blend portion t, =3.0 s

Magnitude of acceleration/deceleration

# 2.0 degree/s?

Determine angular displacement and velocity at two junctions of
parabolic blends with the straight portion of trajectory function.
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Solution:
At point A

Angular displacement

0, =0 +%x&et§ _ 20.0+%><(2.0)><(3.0)2
~20.0°
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Angular velocity

&= & &t =0.0+2.0x3.0
=6.0 degree/s

At point B: From the symmetry of the trajectory function,
0; —0 =0,—6,
74.0— 6 =29.0—20.0

HB — 6500
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Angular velocity in the linear portion of frajectory function

_ -0,
t, —2t,

_ 65.0-29.0 360
12.0-2x3.0 6.0

— 6.0 degree/s

To maintain continvuity of the trajectory function at point B, 9%‘

Should be equal to the velocity of the linear portion, that is,
6.0 degree per second.
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| SINGULARITY CHECKING THROUGH JACOBIAN |

Let us consider six functions and each of which is a function of six
Independent variables.

Y1 :fl(Xl,XZ,X3,X4,X5,X6)
Y, :fz(X1’X21X3'X4’X5’X6)

Ye =f6(X1,X2,X3,X4,X5,X6)

In vector notation: Y =F(X)
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ﬁESx2+....+ﬁ8x6

0X, 0Xg
of, of
—2 08Xy +.eet 20X
%, 2" +8x6 °

%8x2+....+%8x6

0Xg
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In vector notation: §Y =J(X)3X

where J(X) is Jacobian.

| of, of, of, |
OX, OX, OX,
of, of, of,

OX, OX, O

X

5 i NPTEL ONLINE
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Now,

im2Y — 1im J(X)%

3t—0 Ot 3t—0

— = J(X) R

In Robotics,
V=J(0)§

l P Jol

Cartesian Velocity

Velocity Jacobian
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; TWO DOF SERIAL MANIPULATOR ‘

P, =L,cos6,+L,cos(0,+6,)
oP,

} REVY. )

ael =—Llsin el_l—z Sin(el_l_eZ) 2/ y
L
oP, : ’ 4
892 — _|_2 Sln(el —+ 92) __l:.p__._._.._,_ .....--«_.' 4 .
=L,sin6, +L,sin(6, +0,)
8P
=L,cos0, +L,cos(6,+0,)
20,
oP
86)2/ — L, cos(0, +6,)
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LS -LS, -LS
Jacobian J(e)z( 191 T =291 212]

L1C1 + L2C12 L2C12

Now, &= J'(0)V

J*(®) should exist, that is,

J(6)| =0
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For Singularity Checking
3(6)[=0

= L,L,S,=0
Now,

L, #0,L, #0,
S, =0
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So,
0, =0%r 180°

When
0,=0° —> Fully- Stretched
0,=180°; —— Folded-back Situation
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