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WEEK 3: ROBOTICS

PROF. (DR.) DILIP KUMAR PRATIHAR
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Topic 2. Robot Kinematics

PROF. (DR.) DILIP KUMAR PRATIHAR
MECHANICAL ENGINEERING DEPARTMENT, IIT KHARAGPUR



Rotational Operator

Rot (Z, 0): Rotation about Z axis by an angle 6 (anticlockwise sense)

0w DC = q,Sinf
— L""’.\ X Y)
- \ a a —_—
' AQ = q,Cos6
qy cos © I\".\
| f//vﬁ OC = q,Cos0
Y o - ED I ay sin O - - .
" < a, sin * AD = BC = q,Sinf
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qdx = q9xCos6 — q,,Sinb + q,X0

qQy = q,Sin6 + q,Cos6 + q,X0

qz = 9,X0 + q,X0 + q,X1
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In matrix form:

dx ' cos® —sin® 0] q,
dqy |=|smB cos® 0] q,

qZ O O 1 qz

(cos® —sin® 0
Rot(Z, 9): sin®@ cos6 O
0 0 1
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Similarly, we get

1 0 0
Rot(f(,@): 0 cosO -—sinH

0 sin® cosO |

 cos® 0 sin®
Rot(¥,0)=| 0 1 o0

—sin® 0 cos O_
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Properties of Rotation Matrix

e Each row/column of a rotation matrix is a unit vector

 Inner (dot) product of each row of a rotation matrix with each
other row becomes equal to 0. The same is true for each column
also.

* Rotation matrices are not commutative in nature

ROT(X,0,)ROT(Y,6,) + ROT(Y,0,)ROT(X,6,)

* Inverse of a rotation matrix is nothing but its franspose
ROT™1(X,0) = ROT'(X,0)

e T ="T"
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A Numerical Example

A frame {B} is rotated about X?, axis of the universal coordinate system
by 45 degrees and translated along Xy, Yy and Z; by 1, 2, and 3 units,

respectively. Let the position of a point Q in {B} is given by [3.0 2.0 1.0]".
Determine “0.

Solvution:
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(1 0 0 11[3]
_ 0 cos45 -—sind5 2|2
0 sin4d5 cos45 3|1

0 0 0 1111,

4 | B !

2c0s45 — sin45 + 2 2.707
2sin45 + cos45 + 3 5.121
1 ] 1
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Composite Rotation Matrix

Composite rotation matrix representing a rotation of a angle
about Z, followed by a rotation of g angle about Y axis , followed

by a rotation of y angle about X axis.

ROT .omposite = ROT(X,y)ROT(Y, B)ROT(Z, a)
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Representations of Position in Other Than
Cartesian Coordinate System
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Cylindrical Coordinate System

o z Steps:
Vg 1. Starting from the origin O,
4 translate by r units along X
axis
K | 2. Rotate in anti-clockwise
i > sense about Z; axis by an
N angle ©
S 3. Translate along Z; axis by z

0 units

d><>
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[T]composite = TRANS(Zy,z)ROT(Zy, 0)TRANS(Xy, 1)

cosO@ —sinf@ 0 1cosO]
_|sin@ cos® 0 rsinf
10 0 1 z
0 0 0 1

We get q,. = rcos0
q, = rsin0
q9.=%2
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o NEEE—————
Spherical Coordinate System

)z Steps:
.t 1. Starting from the origin O,

d‘j g translate along Z; axis by r

r 1By units

2. Rotate in anti-clockwise
sense about Y, axis by an
angle a

3. Rotate in anti-clockwise
sense about Z; axis by an
angle g

L
Y

<:;>'<>
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[T]composite = ROT(Zy, B)ROT(Yy, «)TRANS(Zy, 1)

‘cosacosf

cosasinf
—sina
0

—sinf sinacosf rsinacosp]

cosf
0
0

sinasinf rsinasinf

cosa
0

rcosa
1

We get (, = rsinacosp
q, = rsinasinf
q, = rcosa
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Representations of Orientation in Other
Than Cartesian Coordinate System
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o EE——...S
Roll, Pitch and Yaw Angles

iR

(d) Yawing
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Steps:

1. Rotate {B} about X, by an angle « |:>rolling
2. Rotate {B'} about ¥, by an angle g —>pitching
3. Rotate {B!'} about Z; by an angle y |:>yawing
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chomposite: rpy = ROT(ZU' y)ROT(?U’ ﬂ)ROT(XU’ a)
cBcy —casy+ sasfcy sasy + casfcy |
= |cfsy cacy+sasffsy -—sacy + caspsy

—sB cfsa cacf

We compare with

PR=|T21 T2z T3

rs31 T3z T33

ri1 T2 T13]
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A Numerical Example

The concept of roll, pitch and yaw angles has been used to
represent the rotation of a frame {B} with respect to the reference
frame {U}, that is YR. Let us suppose that the above rotation can
also be expressed by a 3X3 rotation matrix as given below.

—0.250 0.433 -0.866
0.433 -0.750 -0.500
—0.866 —-0.500 0.000

4R~

Determine the angles of rolling, pitching and yawing.
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Solution:
Angle of rollin tan—1232 — tan-1 —100 90
a=—1t@a@n —=t4i@an ————=
gie ot rofling T33 0.000
. - -1 —Tr31
Angle of pitching p = tan
\/rﬂ +154
4 0.866
= tan
V(=0.250)2 + (0.433)?
= 40.89°
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| g TTa_ oy 0.433
= n = n v
Angle of yawing ¥ = ta e 0,250
= —59.99 =~ —60°
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UsingﬁEuler Angles Up_ Bpl
“u BT U
Steps:
A 1.Rotate {B} about Z; by an angle « in
anti-clockwise sense
2.Rotate {B} about Y, by an angle g in
anti-clockwise sense
3.Rotate {B} about X;- by an angle y in

anti-clockwise sense
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OR = ROT(Xp,—y)ROT (Y, —B)ROT(Zp, —)

Eulerangles

cacB sPsyca— sacy sPcyca+ sasy
gR = |sacf sPsysa+ cacy sPcysa—syca
| —sp cfsy cfcy

We compare with

ng 21 T22 T23

rs31 T3z T33

ri1 T2 7‘13]
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Denavit-Hartenberg Notations

* Proposed in the year 1955
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Link and Joint Parameters

 Length of link; (a,): It is the
mutual perpendicular
distance between Axis, ; and
Axis;

« Angle of twist of link; («;): It is
defined as the angle
between Axis; ; and Axis;
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» Offset of link, (4): Itis the distance
measured from a point where q, ;
intersects the Axis, ; to the point
where q; intersects the Axis, ,
measured along the said axis

- Joint Angle (0): It is defined as the
angle between the extension of 4, ;
Notes: and a; measured about the Axis; ,

‘Revolute joint: 4. is variable
Prismatic joint: 4, is variable
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Rules for Coordinate Assignment

. Axis |
: o , Axis i
i Axis . i :

» Z,is an axis about which the
rotation is considered or along
which the translation takes
place

i-1

- If Z, , and Z; axes are parallel to
each other, X axis will be
directed from Z, , to Z, along
their common normal

Note: Y axis is perpendicular to the plane of the paper and moving

inside it
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* If Z, , and Z; axes intersect each
other, X axis can be selected
along either of two remaining
directions

* If Z,_, and Z, axes act along a
straight line, X axis can be
selected anywhere in a plane
perpendicular to them

Note: Y axis is perpendicular to the plane of the paper and moving
inside it

* Y axis is decided as Y = ZxX
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We have

AT = AT ATETST
= ROT(Z,0,)TRANS(Z,d;)ROT(X, a;)TRANS(X, a;)

= Screw;Screwy
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cO; —sO;ca; sO;sq;
i-1p _ sO; cO;ica; —cO;sq;
y 0 sa; ca;
.0 0 0
, - -1
Now, ; T = ["3T]

[ cBi SB,- 0
_|—s0;ca; cO;ca; sq;
| s8;sa; —cO;sa; ca;

L0 0 0

" IIT KHARAGPUR
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Example 1 Y

Frame | 6; | d;
R, | 1 6, | 0| 0| Ly
1

/‘?/TA
X
A

reference
coordinate system

1 NPTEL ONLINE

- IIT KHARAGPUR : CERTIFICATION COURSES



Forward Kinematics

2Er‘us:':'I- - BusrzT%T

" IIT KHARAGPUR

peseT — ROT(Z,6,)TRANS(X,L,)
é 1 —8§1 0 L]C] |
. S1 =1 0 L131
0 0 1 0
0 0 0 I
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- 52 C2
B 0 O
0 0

r
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ROT(Z,0;)TRANS(X, Ly)
ey —sy 0 Locy

0 LgSQ
1 0
0 1




Base Baserl
‘i BaselT
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0 Lici + Lacyy 1
0 Lisy+ Lasys

1 0

0 1




Inverse Kinematics

l C{ﬁ '_'S(;S 0 qx
BaseT,___ S¢ Cf;b 0 Qy
¢ 0 0 1 0

A0 090 1
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qz = Li1cy + Lacya

qy = L1581 + Losyo

qﬁ + qﬁ = L% -+ L% 4+ 2L1Locyoc; + 2L1L95198),
 @24q2-Li-L3
! 2L1L4
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q: = Ljcy+ Lacicy — Las1s2
c1(Ly + Laca) — s1(Las2)
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p = /(L1 + Laca)? + (Lasa)?,

¥ = arctan( Llfz‘i’i’:z Ji
gz = pec1siny — psycosv = psin(Y — 6,)
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g, T

. IIT KHARAGPUR

~ NPTEL ONLINE
CERTIFICATION COURSES

qy

f, = ¢ — arctan (=)

pcos(y — 6;)

qy
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