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LECTURE 8
Modelling of Piezoelectric Material
(Part 1)(Part 1)



OrganizationOrganization

• Piezoelectric Property
• Crystal StructureCrystal Structure
• Constitutive Relationship
• Active Strain Evaluation
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Fundamental equations of piezoelectricity
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where, the subscripts i, j, k, l = 1, 2, 3 denotes tensorial indices. 
The stress tensor is represented by  S is the strain tensorThe stress tensor is represented by , S is the strain tensor, 
E is the electric field intensity and D is the electric displacement field. 
Elastic stiffness matrix  is denoted by the symbol CE, where 
the superscript E denotes that the elastic constant is measuredthe superscript E denotes that the elastic constant is measured 
under constant electric field; 
e is the piezoelectric stress-charge matrix and є the permittivity matrix, 
similar to C is measured under constant strain-conditionsimilar to C, is measured under constant strain condition. 



Different Axes 

x, 1



Di Hexagonal Crystal Symmetry

Greenockite Crystal



Tetragonal  Wulfenite

Perovskite Structure with 4mmPerovskite Structure with 4mm 
crystal symmetry



Outcome of Symmetry

The crystal structure of common piezoelectric materials shows 4mmThe crystal structure of common piezoelectric materials shows 4mm 
or 6mm symmetry. Following material symmetry conditions could be 
applied to the constitutive relationship
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The electro-mechanical coupling is shown inside the bordered boxes . Axes 
1, 2 and 3 used for the electrical system are identical with x, y and z, y y
corresponding to the mechanical system.



Simplified Equation for Piezo patchSimplified Equation for Piezo-patch

• Ignoring the normal stress z and the 
shear stresses xz and yz for plane stress xz yz p
assumption:
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Ep is the modulus of elasticity of the piezoelectric material,  is the 
Poisson’s ratio and dij are the piezoelectric strain-charge constants



Active Strain ExpressionActive Strain Expression

If a piezoelectric thin slab is subjected to mechanical load, the total 
strain S developed in an active layer would consist of two parts thestrain S developed in an active layer, would consist of two parts – the 
structural or elastic strain Ss and the piezoelectric strain Sa such that

S = S + SS = Ss + Sa

where S = [-d31E3 -d32E3 0] Twhere,    Sa  [ d31E3,  d32E3, 0] .

To generate strains along the direction of the thickness of the specimen, 
ceramics with different crystal-cuts are used which are commonlyceramics with different crystal cuts are used which are commonly 
known as Piezo-stacks. The electro elastic coupling components in the 
3-3 directions, like d33 or e33, become important in such cases.
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