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Module 5: Turbulent Flow and Heat Transfer

Lecture 23: Universal Law of the Wall

The Lecture Contains:

B The Law of the Wall (Extended considerin ressure gradient
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Module 5: Turbulent Flow and Heat Transfer

Lecture 23: Universal Law of the Wall

The Law of the Wall (Extended considering pressure gradient)

Let us consider a fully developed channel flow
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Figure 5.8: Channel flow with pressure gradient

Assumption: All derivatives with respect to x are zero except %E

mean velocity field @ = [#i(y), 0, 0]

The averaged Ns equations give

0= —p e y (1.-, v ) + v [Eiyz] (5.61)
18 d —
— _EE’]—;} — ﬂ_y (’L‘ 2) (5.62)

Integrating (5.62) between 0 and vy,
with no-slip boundary condition,
we get

(5.63)
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Thus
dp  dpy
—_ == 5.64
dr  dx (>64)
also, to be noted pp = Pﬂ[_r)
From (5.61) and (5.64)
1dp, d(u'v') d2i
0= —- - + v 5
p dx dy dy (5.65)
Integrating (5.65) between 0 and y, we get
ydpy ——  du du
0=-= - U +v— — v — (5.66)
dr ) d
y=0
set
2= dii
=y —
dy y=a
Where, 1 is the friction velocity. Te equation (5.66) becomes
d : di
D ¥ BN, + v— —u? (5.67)
p dx dy
At y = h at the center of the channel ,
due to symmetry.
— dii
— UV |y=p =V = ()
d
Yly=n
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Equation (5.67) becomes

— dit g Iy
—u'v 4+ v— =1 ( - —) (5.68)
dy ~ "\ T h
put
u u
ut =2 oyt = Yur
Ur v

Now equation (5.68) reads as

w'v  dut

4+ — (5.69)
uz  dyt

4
= e A
R

Where p_ — uch
'y

Now, let y+ be finite, say of order one, in the limit of RT —+ [ .The equation (5.69) becomes

wv duT

= 5.70
g ! o

Assuming that the wall is smooth and no additional parameters appear in the BC,we expect the solution of
(5.70) to be
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u
ut = u_ = f(y™)
i (5.71)
u'v
L LE
a2 g(y™)

Here, f(y*) and g{yﬂ are the laws of the wall.

(a) Assume R.>>1uv t0 be negligible at y‘*‘ << K._.The equation (5.69) becomes.

_du* =1 (5.72)
dy+ B '

Integrating (5.72) between 0 and y+ and applying no-slip boundary condition, we obtain

ut = -y"‘ (5.73)

This law of the wall is valid for. 0 < yF < 5. Such a region is called the viscous sublayer.

(b) Assuming at y/h << 1, there is a region where the viscous forces are negligible,then
from (5.69) , we have (for R, — =)

—u'v' = wff (5.74)
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Consider Prandtl's mixing length hypothesis
_ 2
— dii
T (— (5.75)

Thus from (5.67),we get

Where, the mixing length

lm = XY (5.76)

parameter is called von-Karman constant. Here,

Karman assumed that {,, should be a function of the distance from the wall in a wall bounded turbulent
flow, rather than a constant as taken by Prandtl in the case of free turbulent flows. Substituting (5.75) and
(5.76) into (5.74), we obtain

= 2
Oy (j_;) = u? 677)
da
XY ay = Uy (5.78)
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Cdut 1 (5.79)
k’ dy-l- - y-l- '
Integrating (5.79) between j and y* we get
+_ 1 +
TR Iln yt+C (5.80)

where y == 0.41 and C = 4.99.

Equation (5.80) is called the Logarithmic Law of the wall , which is valid for 30 < y+ < 140, - the

so called inertial sublayer.

Barenblatt and Chorin (1998) introduced a Law of the wall which is given by

ut = py™)* (5.81)
where
3 . V34 5a
= , =
2In R,." 0
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Turbulent Heat Transfer in a Pipe (Simplified Analysis )
Heat flux due to conductivity of the fluid (Figure 5.9)
, aT
G = —k— (5.82)
y
The mean rate of turbulent heat transfer is given by
G = pepv' T [cpu'T' < ept T”] (5.83)
The total heat flux is given by
. . . aT = erer
§=qG+ G =—k— + pet'T (5.84)
dy
or
j=—pe, [ 7T
§=-pc, [ag (5.85)
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Turbulent heat exchange also considered equivalent to an increase in thermal diffusivity of the fluid similar
to turbulent momentum exchange
aT
VT = —a, — (5.86)
dy
aT
q=—pegloy + ] — (5.87)
/) F p[ i] Ay
where ry, is eddy diffusivity
Heat transport in a pipe or tube could be represented by
q aT
= —(a+ay) — (5.88)
pepA dy
In a similar fashion,
shear stress in a turbulent flow could be written as
T_(if-f’*Hf]l‘EfJH (5.89)
i t) .
P dy
We take a recourse to Chilton-Colburn analogy at this stage.
The analogy says that the heat and momentum are transported as the same rate; that is 3» = 5 [Prandtl
number, v/a =1
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Tube wall

Figure 5.9 Viscous sublayer in a pipe flow

"L.l
and v, = o, |Turbulent Prandtl number a_r_t = ‘l] Dividing equation (5.88) by (5.89) we get
t

(5.90)
(a/cp A7) du=—dT

An additional assumption is done here; ratio of heat transfer per unit area to shear stress is constant
across the flow field. Thus,

(5.91)

= constant =

4[| Previous Next||p

file:///D|/Web%20Course%20(Ganesh%20Rana)/Dr.%20gautam%20bi swas/Final/convective_heat_and_mass_transfer/lecture23/23_10.html[12/24/2014 6:06:05 PM]



Objectives template

Module 5: Turbulent Flow and Heat Transfer

Lecture 23: Universal Law of the Wall

Now equating equation (5.90) between wall conditions and bulk conditions gives

U=ty T _
U / & = —dT (5.92)
Cp Aw Tw Ju=o0 Tw
or
QHJ ﬂ-m —_ Tw e Tm. (593)
Ay Tw Gy
we know
go = hA, (T, —-T,) (5.94)

From Figure 5.10, one can obtain

2
. ot ST I (5.95)
#«DL 4 L
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é N

l—— >

Figure 5.10: Pressure differential in a channel

\. J
Again
Ap _ flu},
p 2D
SO
2
T, = pflv, D _ f o (5.96)
12D) L8 Pim

Invoking (5.94) and (5.96) in (5.93) we get

hd, (T,-T,) u,8
w Ao - - (5.97)
Au <y P2, i =de)
L - £ (5.98)
Peptty 8
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hD  k 1 1 f
k" ope, wml oy 8
NHD f
=Y 2 5.99
L g (5:99)
Turbulent friction factor f = U 134 REE,W fﬂl‘ RE b 2 X w&
Nup _ 0184 Rep'®
Rep Pr 8
or
Nup = 0.023 Re'/* (5.100)

This relation of turbulent heat transfer is highly restrictive because of the Pr = 1.0 assumption.
The heat transfer-fluid friction analogy for flat plate problem (known as Reynolds analogy) indicates a
Prandtl number dependence. Let us take a recourse to the Reynolds analogy for flow over a flat plate:

Tw
Ciz = m (5.101)
We know,
u 3 [y L gyn3
=33 -3 (% 510
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and ,
T = M —3
w = [

Invoking Equation (5.102) and Equation (5.103) in Equation (5.101), we get

(5.103)

y=0

'5'2“ —0.323 (Re,)™V? (5.104)

We have already seen that for flow over a flat plate

Nu, = 0.332 Reiﬂ prl/3

Nu,

—0.332 Re-V2 pp-2/3 (5.105)
Re. Pr 0.332 Re V< Pr
or
h ‘ —1/2 p.—2/3
= (.332 Re . Py
.I":"'?p'E"rm
St Pr¥% =0.332 Re~1/? (5.106)

Compare (5.104) and (5.106) discrepancy is 3%

st pros =
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Again we know that C'y = f /4

St Pri® = (5.108)

[ra] R

Now this dependence on Prandtl number works fairly well for turbulent pipe flow. Accordingly (5.99) can
be modified as

St Prif? = i with friction factor f=0.184 Reaj’m
8

or,
Jﬂk"uﬂ Fil“ﬂ"m - 0.184 R[?Bj'm
Rep Pr 3
or,
Nup =0.023 [Rep|V® [Pr]l/? (5.109)

Dittus-Boelter (1930) established experimental correlation which is quite close to the above equation.
The correlation is:

Nuy, = 0.023 [Rep]"® [Pr]” (5.110)

n = 0.4 for heating, i.e., T,, = T, and

n = 0.3 for cooling, i.e., Ty < T, The result has been confirmed experimentally for the

range of conditions: 0.7 < Pr < 160, Kep = 10000 and L/D = 100
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All fluid properties are evaluated at arithmetic mean of bulk temperature;

[i.E.1 Tm = I:I‘.H_{r + :I-lrrlui} !;2]

For flows characterized by large property variations, the correlation due to Sieder and Tate (1936)
is recommended

14

Nup = 0.027 Rell*Pr'/? [i] (5.111)
[T

The range of applicability is .7 < Pr < 16700, Rep > 10000, and L/D > 10

Where all the properties except fi,, are evaluated at Tm‘ Note that, to a good degree of approximation ,

the correlations may be applied for both the constant surface temperature and constant wall heat flux
conditions.

The U, is evaluated at the wall temperature.

The foregoing correlations are restricted to smooth surface conditions. Heat transfer will be enhanced by
surface roughness. In fact,

heat transfer enhancement is often promoted by using internal ribs, fins or corrugations. However,

the correlations do not apply to heat transfer in liquid metals [3 x 10=* < Pr < 5 x 10~%] For fully
developed turbulent flow (L/? = 10}, in smooth circular tubes with constant surface heat flux, the
recommended correlation for liquid metals [due to Skupinski, Tortel and Vautrey (1965)] is

Nup = 4.82 + 0.0185 (Pep)™™ (g, = constant)
Similarly for constant wall temperature, the correlation [due to Seban and Shimazaki (1951)] is

Nup = 5.0+ 0,025 (Pep)™® [T,, = constant]
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