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Module 1:Preliminiary Concepts and Basics Equations

Lecture 3: A Generalized Approach

The Lecture Contains:

B Generalized approach for Energy Equation

B Important Dimensionless Numbers
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Generalized approach for Energy Equation

Let us apply Reynolds transport theorem to an arbitrary control volume (Figure 1.2) for the conservation
of energy. We can write

Rate of change of energy for the system,

(A) = Rate of change of energy in the CV,

(B) + Rate of efflux of energy through the control surface of the CV,

(C) Applying first law of thermodynamics,we can also write Rate of change of energy for the
system

(A) = rate of energy production within the

Figure 1.2
Arbitrary Control Volume Fixed in Space
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system + rate of work done on the system.

We evaluate the quantities B & C in the following manner

[

(B) +(C) [[f [%[ph’} +V-(pVE) -V - [.F.-"'F}"':I] oV

Here E is defined as ¢ - 1"3.;"'2_ Now, (B) + (C) can be equated with the rate of energy

production with in the system and the rate of work done on the system :

f / / | E“’“ S L u-w‘l] v

: : (1.51)
- ] [] PEV + V. (0:V) + S| a¥
For the homogeneous and isotropic medium :
J 5 - . Depr a
m{pL}l + V. {pVE}—kV°T = [;f_V + V. (e V) + Sy, (1.52)
h 3 7 L I v
We obtain the following from term | :
i : _ Jp il A
ﬁ[pi.:l }T-{;!VL}--LEP;JHF;!V.TL -L[T-;!V}
i . . . ﬁjr.l ,
il [W +(V-V) L:| + Ik [ﬁ + V. [ﬂV}] (1.53)

oF . DE
n [W +{V -V) L] Ppr
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Term IV produces :

i)
WoalBior M) 2 O
i)
R (i - Vj)
B v, (1.54)
= (Eﬂ';j) Vj -+ r}',jﬁ

= [‘F . ﬁ],.i '\-i"j + O [?V}”
=(V:a)- V4+o:VV

Energy equation becomes :

p% —kV T +pf - V+(V-0)- V+0o:VV+58, (1.55)

N-S equation is given by :

v
it T . 1.56
i D pf4+V-ea ( )

or, taking dot product of both side with V :
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Or,

D fve
Poe (T)=pf-\-r+{'1?-n}-\-" (1.58)

Subtracting Eqn. (1.58) from Eqn. (1.55) one gets :

De . .
;J—r = kVT+0:VV + Sth (1.59)
Dt
Here,
n:"FV:[— {p-l—%,rfv-‘rr}f -Z-T:| VYV (1.60)
Again,
T =21 DefV (1.61)
And
1| oV V;
Def V== | =2 + —& (L62)
2 [da;  Ouxy
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So
T VV = —pl :VV - %;4[? VI VYV +7:VV (1.63)
2 .
==p(V-V)=- ?;:v VP 4+1:VV (1.64)
==p(V-V)+po
Where

P vy dv iv; 2 [V, 2
b= H dz; K U‘J‘;} (U.e';) ~3 (E,i'_r',-) ] (1.65)

From continuity,

¥,
2P 4. (pV) =0
) ot (1.66)
;—f;+{v.?Jp+p{?.V}={J
Or,
-V.V= l |:?—ﬁ+(v.?]-p] = l&
p Lot p Dt (1.67)
v vi= P12 L vyl = 2P
p(V.V)= p |:{’Jf 4 W.?}p] =D
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Energy Equation (1.59) can be written as :

De pDp .
;!E = ETET + ;E + ;HI'—' + '-{"H’: (1.68)
L (1.69)
F
L L EC Y B 1y L e VL 1.70
T [Df Dt (,)] "’[m FEDi T R D (1.70)

Now, the energy equation becomes :

Di pDp  Dp a2 . pPDp -
Nl el it TR Py oy (TR el TR 45 1.71
IH”B‘ o Dt it N P D t b+ Su ( )
Or,
o Fi) ’ ;
;JF; = FJ: + VT + 4+ Sy (General) (1.72)
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For liquids, one can write (from Eqn. (1.59) and Eqn. (1.64)),

] ; .
p% = EVT + ud + S, (1.73)

where, the general viscous dissipation function is :

av; o avg av; 2 OV : du du ey du
[ P e} O uad ) I e I S P e
e clr; e 3 \dr, de dr iy dre f dy
du  dwy du dv  duy v dhy dw e dwy dw
—t—] =+ | ==t —F+2—= =t | =] = 1.74
2 (EJ: * r'i‘:) itz (H.J' ;'J..',r) b ! dy oy | (r’).‘, b U.:;) iz ( )
n i TH N che 'y choe " it N dury che " U 2 fOu + dv  dw ‘ (1.74)
dr  dz) ox dy o az) oay o Tar a0 3\ar dy ik i

However, in absence of heat sources( 5,;, — (1} and negligible viscous dissipation (& = (1. which
is often true for liquids), the energy equation for the liquids can be written as : (from Eqn. (1.73)

ar " ar N a7 " ar ! T N a*T 8T 175
M| —t—Ft1r——tw— =k = t+t==+== .
P\ot " “az " oy | o= a2 | oyt | 0z (1.75)

For gases, in general the energy equation can be written as (from Equation (1.72)) ,

DT D . .
Ij(I;JE = F!: + EN T + pd + 5y,
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Important Dimensionless Numbers

In order to nondimensionalize, we define :

; foo g
= = = — = —=
R L A T — T
. y e o . D e Ve
= = - = . I" = fee
=T T I P T L

Assumption of &,, —() produces,

il " al " il n ar ilp + ip N ip N ilp
i f— 1] = 1) — T e — [V 1) — ) —
Poe\ar " Yor T "oy T 02 ot ox oy Vo

(1.76)
o T T . T ®
" = - = — +u
art dy? a2t /
The time derivatives will vanish for the steady state situation. In any case,
i , o hin i it i U iy’ o Lo 3 Lo
T P il e e e — 1) ot o ! iy o
1.77)
" ke il " A n P N pls 1 b (1
L
peUnd \022 7 Oy~ 922 L pey(Te — To)Ux

o o0 o0

(i Cfop Ay’ A p
—+vr—+f~—+:a~';—f;r- = + o o et
it i Ay iz

—_— i — v — w—
it i Ay iz

p , , 1.7
| (EFH -0 E}‘ZH) Ee (1.78)

Y RePr ot T ot T o) TR ©
Uz pie UsoL
Ee = > . Pr=L  Re=p—= 1.79
el —T) i =y (.79)
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Let us look at the term Ec (Eckert number) :

B 2 Kinectic energy of the flow (1.80)
cp(Tw — 1) Boundary layer enthalpy difference

1 ol —Tw) _ ol (E_l)

e G Ve \In (1.81)
_ o @ fT, N__1 1 (L, '
T e =) UL \ T T (y=1) M2\ T
Fc = (y - DM (1.82)
[l[ u.l' JII :l o Ili

where M = (fluid velocity) / (local sound speed) and a is the local sound speed, and M is known
as Mach Number.

or low Mach number situation, energy equation in nondimensional form is :

a0 o0 . , | ol Y o S

i v - = T -
e da* Oyt d=*  Re.Pr |0z Oy2 02+

(1.83)
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Dimensional form will be :

il T i &aT 8T 8T
PCp — - ;'r— - i — = L 3 T e : 3 (1'84)
ilx ily i)z ihie iy ilz=
For forced convection, the variables can be presented as :
0=08(u v. x. y. Re. Pr, Ec)
- (1.85)
f oL Ty — 1)
o = —RKy— = Nl 1y —
T r on u o
Where, n is the dimension in the direction normal to the surface.or,
}, 2T - (Tw=Tx) 88
 —_— I an _ f L i (1.86)
{.I,u'_.l'ln::l I‘[u'_ffg\;
where I = +
Or

hl o
s — Mo — — | —— 1.87
(.ﬁ-) =Nu= (r’h‘a) (1.87)

Therefore, Nusselt number, Nu is the nondimensional temperature gradient at the surface on
which heat transfer takes place.
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