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Module 2: External Flows
Lecture 9: Approximate Solutions of Boundary Layer Equations

The Lecture Contains:

B 2.5 Approximate Methods for Flat Plate Boundary Layer
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Module 2: External Flows
Lecture 9: Approximate Solutions of Boundary Layer Equations

2.5 Approximate Methods for Flat Plate Boundary Layer

Flow over a heated flat plate | J*y ~. 3"‘— from 3"— ~ (PH)Y3 or 3“; o {P;-}l-’E] has been illustrated.
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Figure 2.4: Velocity and Thermal Boundary Layers

Governing Equations :

thu N dv 0 5 85
Br Oy (2.89)
'-!:aj + ‘ﬁ_t = —iﬁ + UE (2.86)

O dy pdr dy?

or  oT _ k OT
e b g — (2.87)

O dy  pop pcp Oy

The boundary conditions are

f!\y=Uu=U=rT=]"ﬂ~
Qy =4, u="U,, =dp, T =T,

Using Integral method due to von Karman and Pohlhausen is written as eqn. (2.86)

‘:' Jii'uf L'Je.rli' - ! u'pj R L P
Ty B sE )y Yo

W

I 1 11 v

Term 1l is zero for flow over flat plate (because dp/dx = 0)
Il term:

0 s
[vu]l — f —m.’y = tul,;, — vu |.|;.] f ua—udy (from continuity) (2.88)
0 Y
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Again, from continuity :

Il term finally becomes :

(i) u
—Ic.cf —dJ-i--/Jumdy

Equation (2.88) can be written as

o Ox

—f u“dy — U —f wdy =

5 ;
‘2/ uﬂn’J U, d“fu = — ﬁ
g O

dy |_hr=“

o

_V— |:.r—0

(2.89)
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Equation (2.89) is Momentum Integral Equation. Let us assume :
u = Co+ Cry + Coy” + Cay’®

U . o [ N
= Co +C1n+ Con® + Can®,  where p = y/d

£

n is called similarity parameter; despite the growth of buoyancy layer in x direction ﬁ remains similar

for same -'é atany x .
Boundary conditions:

Qy=0,u=0, or, Gp=0,—=0, =Cp=0

Gy =d,u=0U,, or, Gn=1, - 1
or, [C’l n+ C-';J_f;:*] = 1. or, C; +Cy =1
a 0 &u 0 (rr mes from i +1 Ou y@’u)
by =10, — = mnes from 41—+ v—=vr——=1,
y="5 iy Ox Ay oy?
) FlufUL) =0
or, py =10, (4/Us) =0,

n?
or, [2(} + GCgl]]at p=0 = 0= C;=0

o | U
or, [C1+3Can*|y=1 =0, =C,+3C;=0

; ('Ju. 3 (} i
.:il‘.y:ﬁ_—:ﬂl or. -ti_;::LL— } =1
Yy

Finally we get,

3 1 u 3 1 .
C = _‘C [ — S . —_— — — 3
1 =53 5 0, U 2?} 2?.?

Integral of the first term in equation (2.89)

& E__rz 1 .
f udy = —"".f (99 4+ 1° — 65%] ddn
0 4 Jo

Uz [Q 1 6] b_Sr}{i
7

1 |37 T35 4

5
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Integral associated with the second term of equation (2.89)

- U | § 5 Uss
j; udy = Tfﬂ [3n — 0] ddn = 13

The third term of equation (2.89) —HS—UFD

= EE Ir E_, l 4 |
__r'it'hlr s 2'1_2” =0

vl

2 4

Finally equation (2.89) becomes .

3U_ v
2 4

U2 di [68 5
4 dz |35 2

which reduces to

@ _140 v
de ~ 13 U,

On integration this gives

113 2= e

' 2.90
21a0° T ULt ) (2.90)

Initial condition wixr = 0,4 = 0 gives ' =1
Finally :

vr

U..

d = 4.64

On substituting Re, = “== we get,

£T

d = 4.64—
\-??'_r

(2.91)
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Casting the integral form of thermal boundary layer equation

o ar , or arr! - a-ﬁ:r*r
u—1diy 4+ [ V=t / iy (2.92)
fu dr Jo Oy Jo  pe, Oy*

Integrating the second term by parts and applying continuity, we get

*oT o k oT]"
u—dy + v or —f T—idy = [——]
A o+ T = | Toody e Oy I

i k or
f&r u—dy+f Tid'y + T |5, = =—=—|y=0

pop Dy
o= _ [T Buy
where -b|5r = _ID =2
or
a1 u i k o1
f (HGT—I-TQF) t,r—Tag/q—dF__:{?_yH:U
or,
or k e’:?T
or,
d [°r k oT
S (T — Ty = — e (2.93)
dIL [ ( -::c-}]‘y pCp ay Iy:EI-
This equation is called Energy Integral Equation. In order to solve this, let us assume the
temperature profile # = TT Lo — Ch+ ¢+ Ca? + O3> Where ( = % is a similarity

parameter.
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Applying thermal boundary conditions:

By=0T=T,= at {=0,0=0:Cy =1

@y=[};é2—T=ﬂ.=b at { =0, I[{25'—[]': Cy =10
Dyt dn?
OQy=én;T =Ty,= at (=1, 60=1: C;1+C3=1
. d
@y:ér;?—T:U,;‘v at { =1, —H—U Ch+ 3Cy =
iy dn
Solving for ¢yand ¢y '} = %,and ('3 = — 1. Therefore
T-T, 3, 1,
T.—T, 2° 2% @99
Now ,
g1 = T-Ty—-T+7 g
T _T T.{\._-._Tul
or

[T_Ta:] = [E_ 1] {Tm - Tu,}

First term of the energy integral (2.93) is:

d [T J
[fo = TW]EA u(f — 1)dy

et [ -] et
1o [ 9)-40) 1[2(&)-5(5“-']m

Substituting f — ‘5?1" and rearranging, we get :

o A [ 30 _3a_3.0, 1a_ 30 14
Ul - T [34 368 - 356" - 5+ gt - 360+ 56 }]

: il 3
= U7 _Tw}m |:'§ {_EEE }8”‘ -1}]
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The RHS of energy integral equation (2.93) is evaluated in the following way :

(T-Tu) = (Tx ’”! (i)_%(ﬁ)ﬂl

T -1 3L - 3]

By 25 247
_kor, 3T -T)
pep Oy ¥ 2 o

Now equation (2.93) becomes

(T~ Tl [a {—%fﬂ + 2;54}] = Solle-To) (2.95)

For Pr =1, 4 = dy, &£ = °F becomes small, and so ¢ = ¢2

&
PI‘HE—T Pr<l, | 8>3 Pl‘~—'h..: Pr<l,|8>67

Figure 2.5:

Different Situations with Pr<1and Pr= 1

For pr - 1 (Figure 2.5), equation (2.95) becomes :

rfli-'x{h [ ]

10 E,l 5 d Ez
L,ﬁzj (.l’ dr
dd 140 o~ o 280 vx
where dﬁ = Erm and 4¢ = EE
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Finally, on substitution of the above two relations,equation (2.95) becomes :

13 1
14 Pr

o4

£ + 2x§ (2.96)

d .
(€%) =

dr
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dy 3 131 3

_1 e— — —

il )
dr 4z 14 Pr 4x
This linear differential equation for which the integrating factor can be seen to be ;-3/4

d 3 13x3 1
_L_s,hz_"k + SX 34 _ —1/4

= — 2.97
i il P vy (2:97)
or
d gy 991 4y 2.98
& X) = g (2:99)
12 1
B e Sl T (2.99)
X "

where b is the constant of integration :

Figure 2.6:
The Flat Plate Situation with Unheated Initial Length
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Applying the boundary conditions as described in Figure2.6,we get fir = ry, dpr =0, £ = 0; and =0, Tr
= 1y, y = () Substituting in equation (2.99), we get :

= _EL 3:’*‘ (2.100)
14 Pr
After substituting in equation (2.99) for b, we get :
e il 18 L s
; 14Pr  14Pr
For xg — U, we finaIIy have :
oy = (Pr )—lfi‘- (2.101)

1. U:’ﬁ

Again we know that :

MTy — Too) = —k2L |,
[ - Dy |y

P &ar .
On substituting for &_y| y—n We get :

h= 51~ 2

(Tw — Tae)
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or,

_ 31026 4 1/9
h = h?-—l.ﬁ-—l,r:[Prj (Fler)

(after invoking equations (2.91) and (2.101)
The above expression leads to :

'l;l—"r = 0.332(Re, )2 Pr)l/?

The local Nusselt number can be expressed as:
Nu, = 0.332(Re,)Y?(Pr)Y? (2.102)

= '
Now, the average heat transfer coefficient }; — ff}_ hede
i Ar

and so the average Nusselt number

WL

Nuy, = = 0.664( Rey)"?(Pr)\/3 (2.103)

Where ,REL — p{ﬁ;':L
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