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Module 6: Free Convections

Lecture 25: Buoyancy Driven Flows

The Lecture Contains:

B Free Convection
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Introduction

Now we shall consider situations for which there is no forced velocity,

yet convection currents exist within the fluid.

They originate when a body force acts on a fluid in which there are density gradients. The net effect is a
buoyancy force, which induces fluid velocity. The density gradient is due to a temperature gradient, and
the body force is due to the gravitational field. The book by Gebhart, Jaluria et al.(1988) provides
excellent insight in to natural convective flows and its importance.
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Figure 6.1: Boundary layer development on a heated vertical plate
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Free convection over a vertical flat plate

We focus on a classical example of boundary layer development on a heated vertical plate Tw > TE_.

The fluid close to plate is less dense than fluid that is further removed.

Buoyancy forces therefore induce a free convection boundary layer in which the heated fluid rises
vertically,entraining fluid from quiescent region. The resulting velocity distribution is unlike that associated
with forced convection boundary layers.

In particular the velocity is zero as iy — o¢ as well as at

”ﬁ + ilaj — _@ o @
P\"8z " "oy ax P9I T gy
outside the boundary layer, we can write
dp

substituting (6.2) into (6.1), we obtain the following equation.

u@+r@ = (pPoc — p) —|—E@

Introducing the volume coefficient of expansion /3 = é (j_ﬁ.,} . 'Y = volume,we can write
il

g L (Y=o} P (Pu—r) 1
V-:ln T_?;c 1 PP ?_T‘:‘E
,;=M=_l(3_ﬂ)
p(T - T.) pANIT /
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From (6.3) and (6.4) we can write

u it Fu
Sl O rblenl] O - oty (6.5)
p (u{jT +1 ﬂy) Agp(T = Toc) + o

Like forced flow boundary layer, y momentum equation is gu =1
y

The set of governing equation is now

du v

— e — = 6.6

pr - % 0 (6.6)

i i P

Mot (T - T e 6.7
(uﬂx+ttiy) g3 T =Te) +v—s (6.7)

(6.8)

i o 1 ¢4 o | P sz i
with = —(55), =5 (7F7) = 7
[this might be needed for calculating] (for perfect gas)

B y=0:u=09=0;8 y=5:u=0,F=0
Boundary condition ¥

@ y=0:T=T,;@ y=4:T =T, and % =0
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Integration (6.7) within the boundary layer yields

f [Hﬁwﬂ] dy = f&?fﬂf Tm}dwf v—
¥
f[—'”""""l:m}]dy:_ﬁ'ﬂf {T—Tx}dy—vg—;

i)

or

d %, $ _ j‘ﬂ du
E./,, udy + [uv], = g3 A (T = Toe)dy — v 3

y=ll

d J a g du (6.9)

- “dy = g T—T)dy —v — '

irlvy §.£{ bo)dy vayyﬂ
integration of equations (6.8) yields

:BT-J-:'BT dy =
i\ cfy*
or,
aT § o il aT
f(uﬁ)dy-l_j: Ta{fy—'ﬂt _/jﬂ dy = —a E,.ﬂ
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|'.i B

{Invoking 5= % from equation (6.6))

o) pdy = -0 %

o: 4 y=0 (6.10)

" arT
EL u{T—Tm}dy——na—y

y=0

Defining # = T' — T, and substituting this in equation (6.10), yields

B af

Al - 6.11

= j: ubdy = Byl (6.11)
The temperature distribution may be assumed as

6 _ T-Ts Y2 (6.12)

1:: Tu.' TD:: (1 = z)

@y=0T=T,ie, Gy=008=8,
This satisfies @ y =6, T =Ty ie., G y=46=10
=0ie, Gy=6 2 [[‘E.__— 10T 1 }f] =0
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The velocity in the boundry layer is given by

u=a+by+ ey’ +dyt (6.13)
where q,. is some arbitrary function of x.
The boundary conditions are

u@y=0u=00y=48u=>0

Gy =0,v5% = —Bg(T, —Tx)i @y=455=0

These boundary conditions will finally produce

_ _ g g g
ﬂ—'}, b—m{_Tw—TﬁL C’——E [TH-I_TW}: d—m{Tw—Tg;.}

Substituting these values in the polynomial we get

_ 9B (T, -To)y yy\? (6.14)
e 4v F] (1 B E)
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The terms (T, —T..). 42, :L;""can be included in 3, so that we can write

;_: > % ( _ %)2 (6.15)

The maximum velocity and its position (distance in y direction) at any x can be obtained from

equation (6.15)
2
-
(6.16)

1 4y 37
s ertE =0

- RNTT TR g
or, 8" —4dy+3y" =10 6.17)

or, -3y —dy+3y*=0

or, (8—y)(d=3y)=0
but @ 4 = § velocity is zero

o . U 1 17°
, the velocit |smaX|mumﬂ:_[ __] or, U, .=—
y 7] 1=3 max = 57

Therefore @ v =
(@ y 3 3
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Energy equation (6.11) can be now written as

g [ o (5wt (- = e g [(1-)]

i
30

y=l

i{ur 5] BTI'I = za B’n
dx

The momentum equation (6.9) may be written as

2 [t -0 dy=os [ m (1-8) dy-vu £ 2 (1- 2]

1
105 dx

or

_gB8,5 wvu,
-3 S

(u2 6) (6.19)

In equation (6.18) and (6.19), and «, are dependent variables and x is the independent variable.
To solve the above two equations ,w,. and j are considered as function of x
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Assume u, and 4 very according to the following functions : -
ty = C12™ and § = Coz™
Substitution in (6.18) will produce

m+n
30

3
-C;.: 7" (6.20)

{:-[ {':2 |i_,.’_,.:'rl-Hnu—l -

Substitution in (6.19) will produce

2m+n ] 2min—1 __ l n
o5 Ci Gz (z) —Sﬂﬁﬂm Cox" —

vCixm ™
Cy

(6.21)

The equations have to be treated in the following way.

First let us consider equation (6.20). If a monomial nonlinear expression is dependent on a variable (say
x) that is equivalent to an expression independent of x, then for universal validity of the equation as a
function of x,the power of the nonlinear expression must vanish.If we divide entire equation (6.20) by its
right hand side, then for the universal validity of the expression,

we can say

m+2n—-1=0
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Now, let us look at equation (6.21). Any number of non-zero degree can combine to result into one term,
provided each of the terms has same degree. The degree of the resulting term will also be equal to each
of the terms. This will lead to

Ymtn—1l=n and 2m+n-—-l=m-n

Im—1=0 and m+23n—-1=10

The conclusion derived from equation (6.20) and one of the two-conclusions derived from equation (6.21)
is same. Now by solving these, we get

m=1/2 and n=1/4
Substituting the values of m and n in (6.20) and (6.21), we get

C,C3 = 80a (6.22)

(?(.: - 1 ' - (.| 6 23
) _Ey.ja.m(-zm(—_zp (6.23)

Solving the above two equations, we get

v 202 g8 e
T= ri RN o 6.24
Cy=51Tr [“ + Qljl ( 2 ) (6.24)
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vy=12[r 201" fg 36, \"'"

Substituting ; and ', for evaluating =, and § and substituting for Py = y/a

-1/2 , 12
HI:{E.]T] H(F‘F‘+§) (g-—jﬂm) _TI.-"J

21 e

1/4 =1/4
§ =3.93 (Pry~'/2 (Pr + E) (g 'H_H'") x4

21 v
or,
ﬂﬁ' =l 2 20 in g -':i Hm 14 =374
= 3.93 (Pr) Pr+ 21 2 T
or,

5 _ % 20\"* (g 8 8na®\ V!

Introducing (r, = Grashof number = s_!':;mr_’ Grashof number we get

1/4
é = 3.93(Pr)-'/? (Pr 2% %) Gro1/A
(6.26)

4
B Pr+21Y
- =3.03 | —=
; Pr2 Gr,

Equation (6.26) gives the variation of boundary layer thickness along the height of the plate.
Here thermal boundary layer thickness and hydrodynamic boundary layer thickness are same.
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