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Module 3: Internal Flows

Lecture 16: Approximate Solution

The Lecture Contains:

B Graetz Problem
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Lecture 16: Approximate Solution

Graetz Problem

Hydrodynamically developed, thermally developing flow subject to uniform wall heat flux is shown in
Figure 3.11. The problem is also known as Graetz Problem.

22222222

TITTTTTeT
<=|= g, is the wall heat flux

Heated zone
X

(does not vary with x)

Figure 3.11:
Graetz problem with Constant Wall Heat Flux boundary condition

For 7 < () : Both the fluid and the wall have uniform temperature, say Tg
For 70 = [] : Uniform all heat flux is applied
Preamble : We start with a situation which prevails at a very large x

Please refer to hydrodynamically and thermally fully developed flow with uniform wall heat flux.we got

T =To+ %0 [(2) _1(r) _2
e Iu T -«1 iy 4

o0

3 2

After substitution of  Hy(z, 1) = E b, Rpe 5*
n=1

Ty =T+ % (L) _L()'_3 372)
e A o 4 'y 4 .
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from (3.72) and (3.73)

T(r)=T, _|_q;r“ i 2_1 ot 4_1
=T + ” = 51 (3.74)

Also we have found from energy balance

L

Tm('r’) = Tm,:& + q:wP:E

mce,

P=27rg; m= pummﬁ (3.75)

Substitute (3.75) in (3.74) we get

2q T GuT0 P\ 1\ 7

T == Tmi L o —_ — i J— T

it PCpUmT0 + k (m) 4 (m) 24

T—Tm,s_4(z:fru]+ r 2_1 14_1

[Q‘;ﬂ"ﬂ/tk] ~ Re Pr 0 4 \rg 24

For the present problem, the equation (3.76) can be written as
Tra—To _ 4lz/ro) + (L 2 _1(r ’ o (3.77)
(quro/k) Re Pr To 4 \rg 24

In the developing region, let us define Td in such a manner

(3.76)

g P L I (3.78)

Here the suffix "d" means devloping and the suffix "fd" fully devioped .

The approximate form of energy equation
(boundary layer approximation has been invoked; also axial conduction is insignicant).

L _ad (07
ar  ror\ or (3.79)
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Shape of the fully developed temperature prole is same as the temperature profile of thermally
developing flow.

Therefore,
ar, a7,
c}.r‘ r=ro d? r=0

Also, to remember . — o0, T — Trgand Ty — 0
We know that,

i—g{l - (L)-] (3.81)
LI o

From (3.80) and (3.81), we get

. r 2 ATy o d _r'_'}Td
;:Hu-] [1 - (E) ]W = ’—_‘m |:J' B ] (382)

ity o

— j— ]
Re Pr P T

Non-dimensional parameters ©* = 7' /T, &

i Ty o T — de
T Gorolk  dyro/k

Therefore,

A1y o t];]“[: Abg
dr  2unrg k0%
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Non-dimensional parameters

o= = — _Tfra  _ T

F=1/To, ¥= 5P = mam
Ty T-Tu

Ba =

T qro/k  qorofk

0Ty _ quro 90s _ q, 94

o kg O kO

D (,0T4) _duro O (1004 _gu O (; 004
or \ or ) kg F\ 0F ) k or\ or

Substituting these in (3.82) and simplifying, we finally get,

00, 9%y 1 0y

-0
thel e dr  or? i) roor (3.:83)
Boundary Conditions are
’ To — Teg(0,7
0,(0.7) = L= tal0,7)
Qwrﬂfk
Ha| _ 04| _
or =0 B or r=1 a
We shall try the method of Separation of Variables
Now let,
0y (7. 7) = X(%) R (7)
Substituting in equation (3.83) and rearranging, we get
1 dX 1 d*R 1dR
—_—— = _ — + —— (3.84)
Xdr R(1—-r2)|dr? 7dr

Now that the variable are separated, each separated group can be equated to a constant 2 (say)
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LdX 3
Xdi (3.85)
X = Aﬂf_'ljﬁf
d?R 1dR 5 5
= - - 1 — 7<) = 3.86
7 -+ = +RB:(1—7°)=0 (3.86)
d?R dR o
T—— +— + Rr;(1 — ?"gj =10 (3.87)
dre dr
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The solution of equation (3.86 and 3.87) is of the form
OO
= E Cn Hy
n=1
and obtainbale for some specic values of n (Eigen values) The complete solution is given by

6a(%,7) =" bn R, e FE (3.88)
n=1

where Rn = Eigen functions and n = Eigen values of (3.86 or 3.87) Equation (3.86 and 3.87) are
called Strum Liouville equation. Symbolically stated as

d .k : i
d—['r'lf.t'] v+ [glz) + Ap(z)] y=10
T
Boundary condition are y (m = hy y(a] D<a< oo

y (b) = hg y (b) D<b<oo
Finite upper and lower bound h1l and h2 are real constants The solution of any function defined in
the above domain is given by

. ]

fl) =" anXn(x)
n=1
Compare this with the form of solution we proposed for equation (3.86 and 3.87). In above the
constants a, are given by

_ﬁ: flx) Xp(z)dx
—
fab}fﬁ(.a‘]d;a'

Now the task is to compare our equation (3.86 and 3.87) with the strum Liouville and evaluate the
constants Applying the boundary condition for equation (3.86 and 3.87) we get

By = (0,7) = Z bR,
n=1

Substituting x = 0 in equation (3.77)
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Applying the boundary condition for equation (3.86 and 3.87) we get

:i b R,
n=1

Substituting x = 0 in equation (3.77)

To—Tpa _ l}:e_lq i]

Hy=(0,7
d=10,7)= rolk

Comparing these two we get
o |
f('r‘)zz b, R,= — 72—t — (3.89)
n=1

Now we also obtain

— fa (7 — )] R, [’FB — %FJ‘ — 2_74:| dr (3.90)

fr:r (7 — 73)] R2dF

where ) — 59 are the Eigen values
n

Now by integrating equation (3.86 and 3.87) we get

1
[ r—{("'tmh)rfr+,lr Rir=f)yAdi=0 for R=R,
o dr d

L (3.91)
So, f R, (7 — F)Adi = 0
Li]

We can get A from (3.91) and b, can be valuated as

fo (7 = )R (7 — 47 — Z)dF (3.92)

b, = — ,
Jo (7 = P R2dF
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Going back to the solution of equation (3.88)

i T.f*‘f - _a /K -
g, = — = E bnE‘ ' * "Rn r
‘ qu-rﬂa"k ( }

n=1

Also, we know Tfd from equations (3.77) as Combining these two we get

-f._r'd - T;’l e —]-{.]'f'rf'”] + ( T 2 l ( r ) i ,r_
E-ﬂ':;-‘“'.'_-'lll;". B .I!EE .l{)r o 4 o 2_1
Combining these two we get
T(z,r)=Ty+ Q"o |4(x/r0) + N 1/e\' T
e k| Re Pr To 1\ o1

Le) _dz -
+3 by R, exp (—Rifo:n])}

n=I1

(3.93)

B2 R,(1)

25.6796
83.8618
174.167

296.536

-0.492597
0.395508
-0.345872
0.314047

0.403483
-0.175111
0.105594

-0.732804

450.947 -0.201252 0.0550357

637.387 0.273808 -0.043483

855.850 -(.259852 0.035597

Table 3.1
Eigen values and Eigen functions.
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Applying the boundary condition for equation (3.86 and 3.87) we get

8 = (0, Zb,,R

n=1

Substituting x = 0 in equation (3.77) Comparing these two we get

- - _Tﬂ_de_ T} 1_:4 7
gd_(ﬂrrj_w—_lr _1'1' _ﬁ

where A = .13,5 are the Eigen values Now by integrating equation (3.86 and 3.87) we get

! 1
/ﬂ % (F di;rr) fdr -E—/D thl[f‘ fﬂ':' Midr=10 for R = R“

so,

1
/ Ru(r —r ]Adr =0 (3.91)
0
We can get } from (3.91) and bn can be valuated as

Jo (F = P Ra (72 — 374 — I)dF
[ (F — ) R2dr
Going back to the solution of equation (3.88)

X Ty —Tya 2 1y
=(0Ffl=m= —m—— = = | = =F" —
im0 =t = - [

bn:_

(3.92)
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This is the complete solution. The terms bn and b, and A are to be determined from

equations(3.91 and 3.92).

Now we proceed to find the Nusselt number

T, T Ti
R i Qfd=n¢- 5’[}\="—£1
qwrﬂj;"' qwr[l.'”‘": quurﬂ.’{'f':
From equation (3.88)
Tr-T o - 2 _x/R
By = ”_f = bne_ljnmﬂn T (3.94)
‘= Tk = 2 &
From equation (3.77) we can write
[H.M —fg) =43+ 7 - %I" - % (3.95)

Adding equations (3.94) and (3.95) at r=1

TR CER e T A2
au._au_4J+(1 1 24)+;bnﬁﬂmf

(3.96)
(8 — Bp) = 5 +ib R, (1)e 5z
it o)== 21 o n<ln
From energy balance:
9 " o,
'I-m = I:ni - —-qw-‘
PeplimTo
Taking Twmi = T
(3.97)

file:///D|/Web%20Course%20(Ganesh%20Rana)/Dr.%20gautam%20bi swas/Final/convective_heat_and_mass_transfer/lecturel6/16_10.html[12/24/2014 5:59:05 PM]



Objectives_template

: -l-q; 0 T J." T
T, —Tp) =
': o) =" (Re P?‘)

(O — 6p) = 43

@ r — oo, Nup— _-""l.r'e‘i_D|fn[

Here @ # — oo

From equations (3.96) and (3.97) we get
R L L ib R, (1)e#n%
w e 2_1 ﬂ_l e
By definition,

. h2rg T 2y 2
N — = R —
‘UD k {Tw_Tm::l lil‘ Hu:_ﬂm

Limiting case:
\ 2
Ntp = 11 = T
E + Zﬂ:l bﬂRﬂ(].JE' -Gnr

Gi— oo N Up —= Il'k.uglfd

Here @ ¥ — oo

48
Nup|fe = = 4.36

48
_-""I.'T'EI-D|_M = H = 4.36 (3.98)

The result matches with the case of hydrodynamically and thermally fully developed flow.
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