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Module 1: Preliminiary Concepts and Basics Equations

Lecture 2: Thermal Energy Equation

The Lecture Contains:

B Energy Equation using specific coordinate system
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Module 1: Preliminiary Concepts and Basics Equations

Lecture 2: Thermal Energy Equation

Energy Equation using Specific Coordinate Sys-tem

Let us consider a differential control volume (Figure 1.1) in a flow field and account for the energy
crossing the control volume (CV) boundary.

| i“m
i & {-: (4] & * *
Yy I:'l‘l"( !r'!r'] y Econy +[Econd
: W
: Tyx +ﬁ£}-{TF-‘l}ﬁ}'
Fi 5

ATy 75 (T o

ﬂ'x:( % __h ﬂxx+ﬁ(ﬂxx}ﬁx f?':r'
- ECDL'IV

iv Econy — T "'
+ }:. +
Econd 4 " —®» E.ond
Q kR
T}.x
= 31
G}"!r' Econv Econd

Figure 1.1: Differential Control Volume for Energy Conservation

Thermal energy per unit mass = e
*

Kinectic energy per unit mass = 1'#/2 where |'% — ;2 — ;¢

Rate of change of total energy with in the CV

72
2 { lpl[e + %}] Emﬁy} (1.16)

ot

Rate of mass crossing  1() = pu(dy.1)

Rate of mass crossing fS = pur(fy.1) -i-%ipu[riy. 1)]da

Rate of energy crossing () = pu oy (g! + %)

Rate of energy crossing RS

. V2 i) . Ve " 1
e +? _rm+a r+2— o | da o (dy.1) (1.17)
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Net convective efflux of energy across this pair of faces (PQ and RS)

(r + ]_)_) prr] drdy (1.18)

Similarly, we can find the efflux across the faces PS and QR.

i
i

efflux (both in x and y direction) of energy convected:

i : i . .
{E |:( + 1?) pri] + E [(-r + ]T) Ir.lr] }45.1'#;} (1.19)

Next, we shall consider diffusive transport of energy. Conduction (diffusive) flux across PQ into
the control volume is given by

o
f.‘r,— (dy.1) (1.20)
il
Conduction flux across RS
0 i i Jl o
~|=—hk=— ]+ = k— || dxd 1.21
[f}.r' ( f'lr) iy ( iy )] ey (1.21)
Net conduction flux in x direction :
_2 (I. J—I) dady (1.22)
f.]'r il

Similarly, net conduction flux across the whole control volume :

il T il T
= = — 1.23
L’J.r (!‘ t',i.r') L2 ity (L iy )] dady (23
il ! :
[I { ( : T) pu} { + — | g }] dady (L.24)
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In vector notation we can write that efflux of energy through the Control Surface (CS):

[T {;J]_t (r- i l—:)} V. H‘TI']] dady (1.25)
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The Reynolds transport theorem can be stated as the Rate of change of energy for the system is
summation of the rate of change of energy in the Control Volume (CV) and rate of efflux of energy
through the Control Surface (CS) of the CV .

According to the First law of Thermodynamics :

Rate of energy production within the CV + Rate of work done on the CV = Rate of change of
energy for the system.

Let us evaluate the quantity, rate of work done on the CV. The rate at which body force f does work
is given by force time velocity

plfeu+ fyv] dxdy = pf.Voxdy (1.26)
Work done (rate) by the surface forces on the PQ plane of CV :
—Uﬂ”a?f — Tyt Eif (2.27)

Work done (rate) by the surface forces on the RS plane is :

i . i) o B
|L|[r'r“ i) + 7 (Tertt) O + Tryv + . (Teyv) r'!,r] iy (1.28)

Net work done (rate) by the surface forces in x direction :

[i (opptt) + i

5 . & u}] Ay (1.29)

Similarly, we can determine the net work done (rate) by the surface forces in y direction,and adding
these two we get work done (rate) on the CV:

x| oy = W Tyl = W Tyrl Yo (1.30)
[af (G- . Eij + ﬁff I:G-JJ ”j + af I:T y ”j + ﬁu I:TJ ujj| fﬁi‘ﬂi}'
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We assume the sources of heat such that the strength per unit volume is g, , the energy production
within the CV = S, dady

The conservation of energy requires (invoking Eqns (1.16), (1.24), (1.26) and (1.30)

i ¥ + 'I_-r-:! {} Ia + 1_-2
a3 171 5 E]: o 5
9, V2 a f or a f or
UL U UL B DA PR T P (1.31)
iy {'m (‘ 2 ) } b (A r'lr) iy (L f'],:;)
i ) .
p{feu+ f.ti"} + {E {oeon+ Ty} + m {I'T!.mf' + Ty rr}l + S

In order to simplify these terms, let us take a recourse to the mechanical energy part through the NS
equation. Multiplying the x momentum equation by u and y momentum equation by v and adding, we

get
, a Ve . :)r}u . i o i i Lo
=l — U — 4+ uv—+uv—+v°
f arn 2 il i1y i iy

(1.32)

i i) i i)
pifeut fyvl +u {_ﬂ“ N dﬂw} n {HTT"” " '_ﬂ'w}

First two convective terms of the LHS of Egn. (1.31) can be rearranged as :

i Ve i V2 e i V20
e {m (e 5) bl (e 5) ) =+ eaton + 000
b 2 E.i';l 2 r il 2 il | (1.33)
IO 7% . T PO T TYRTO Y
JrH."]‘.r' 2 r]u iy - 2 iy e P hy \ 2
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The temporal term of (1.31)
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First three terms of Eqn. (1.31) will yield
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(1.34)

(1.35)

Invoking this and considering homogeneous isotropic medium, the energy equation (1.31) can be written as
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Subtracting Eqn. (1.32) from Egn. (1.36) and considering the stress tensor symmetric we get

e ile ile ool S Y
Plae ™% ™" Ay ox2 dy? (1.37)
u o tels ti g
= Tz T Tey s T Tyy - T Tyr ¢ T “th
- il O Yy Ty ihy i
Let us look at terms within braces { }
i du 2 du i
—Ogz = | =P+ 2P —cpp s — + — -
il e 3 ey i
) iy (1.38)
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Vo dr iy
. 2 . p
i thi hi it it v du
Tye— =fp | — + — + i == )
oy t ey :.i'tj.l :}el.l / de (1.41)

Equation (1.37) may now be written as
e de . . f]'r- de i T . T i . i
Pl or f)r E ort O P\ or oy
o (ﬂ'u)' N (E}t') . (ﬁ'u . ﬂ-r)z 2 (ﬂu N ﬂr‘)z 4 (1.42)
+ 1 — — + | —+=—] == —+— ,
'! i hy dy  dr 3\ dy h

Viscous dissipation

»
ik ]
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Equation (1.42) is the general form of energy equation, valid for both the compressible and
incompressible flows.

Now, let us consider enthalpy per unit mass, i =+ %

Substituting i in equation(1.42), we get:

ii il ili il fp Jd (py 0O P
? '-HT-i- I'E fil E —J +|'.I'm . '-J‘E
¢ ; Y / : Y (1.43)

— VT - p (31 + m) + p + Sy,
e iy

or
i i r}r dp  pdp ﬂ_n updp r'}'p v dlp
+ U=+ ————tU—— —— F — = ——
i ihr E]r,r t p ot " or pdir t]‘u p oy
du e . (1.44)
= kV:T —p (—+ —) + pd + 5y,
e dy
or
i i i g dp dp  dp
— et v—| = VT + | =+ u=— +1
& [r’)a‘. ar Ay (f}'i ” r’lr f]t;
o +0.9(5) (1.45)
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or
i Dp .
—+1 V()] = kV'T + == 4 pd + Sy, 1.47
or
I Dp :
— = kVT + =+ udb + S (1.48)
Substituting , 7 = ¢, 1"
DT Up
+EVAT + pb + S (1.49)
o Dt L” # th
This is the general form of energy equation. Special Case: For liquids,we can directly write from
(1.42)
Dr Fr T
= I 1.50
e =klaz+ 57 o + b+ Sy, (1.50)
For liquids, ¢, = ¢, = ¢ and p (-ru :L) = 1), In the case of liquids,

the viscous d|SS|pat|on term will have to be modied by invoking the incompressibility

condition.
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