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The Lecture Contains:

B Laminar Flow in a Circular Tube

S thermally develop
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Laminar Flow in a Circular Tube

The problem of laminar flow in a circular tube has been treated theoretically and the results has been
derived to express convection coefficients. We wish to calculate heat transfer under hydrodynamically
and thermally fully developed condition. At any point in the tube the boundary layer approximations
may be applied.

Heat transfer through a circular tube for hydrodynamically developed and thermally
developed flow with Uniform Wall Heat Flux (UHF) condition:

The governing equation is

T ar o« o ar

U— f 11— = — — | r— (3.41)
r O r Or ar

Hydrodynamically fully developed conditions: «» = 0, £ = 0 and w(r) = 2w, [1 — (r /1))

X 1 r\2| dT, « & [ 8T 0

2u Y (5 == — 3.42
e o dr T Or O

At any o dr' _ dT,. we are solving for T (at any x) with respect to r. At a given x (where

' ody dr ?
dl, /dx is known), T becomes a function of r only. We can write

iy

1 d dl’ 20, d1m Al
— — T — 1 _ —_—
rodr [ dr ] al dr ( 'y )
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dl'  2um dim [? ?‘4] .
s +C

" a dz ?&
or,
dT 2up dTm [ 2 Y
dr a dz [E _?g] T
or,
: 2 A
T(r)= 3:?1 Jim [TI l:’i?J +Ci Inr+Cy (3.43)

@r=0Tisfinite C; =0@ r=ry, T =T,

i 2, dT,, \3r2
(‘_,: e Irre m _[J
a=T,, e ( ar ) 16

Now,

i 0
Ton = / w(r) T(r) rdr/ / ulr) rdr
Jo Jo
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o -' I '
‘f?'ﬁ - 'I"“ ¥

L ¥

2y, [ = —BI,;.,. ]

B q:.'rc. 11
TJ‘H - TH.' - |I‘: (_ ﬂ) (344)
" g 2 x 24
(T s w ;D = Nup = Tl — 1.36 (3.45)
w — 4m/) f

Where, q,:, = h(Tu. — Tm:.' = -ﬁ'f% |r=-rc:-

For, Uniform Wall Heat Flux (UHF) boundary condition, laminar fully developed flow in a tube, N,p=

4.36 [independent of R and P,] Finally, it canbe shown that

i 2 ‘1
T(?-‘J = Tw -+ r:ui:‘o [(r_:;) — % (%) — 2—";] is the fully developed temperature profile in a

tube.
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3.4.2 Slug Flow
GO, O B (3.47)
e r o r

Slug flow means u is independent of r; u = U = constant

a1 a2 1 orT
IL et 3.48
¢ it . [f‘}r'z - r Hr] ( )
or,
2 - -
d o 2 o0 Ok (3.49)
e T Or v
T is a function of x and r
Substituting ;F=Zp— — 6 and = — ) and » — Zré " we get
CP& L o6 — C*_ﬁ-" (3.50)

oY Y oY _ 0X
Assume §j — F(Xj(_}‘(-yj where F = F(X) and G = G(Y')

&G | F dG _ dF
dY?2 'Y D

= dY dX

or,

PG 1dG] _ 1 dF
a2 Ydy| -

Qf =
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The temperature of the fluid must approach that of the wall with increasing X so it isnecessary to

assume F as a decaying function

Lﬁ"f"‘ -
FdX

A d::!

or,

l‘.-l!.!'“ a9 -
324
F T T\

or,
log F=—32X +1log C (3.51)

—_32 i
F =Cle 32X Where C is a constant.

Considering the left hand side of the equation, we get

1 [d2¢3 1 S - 52
Glavetyvay| = ~F

dEC 1 dG

22
v Tyay tER=0

.21"!’2{;‘ fflftrl [ .
} 72 +V;H' +Y<G3, =0

Substituting }7232 — 3,2 we get
~n 3

v d*G v dG G =0

—_—
32 *:5 9 v
n ( ) Hnod ('T_n)
(3.52)

Z,A*G  dG
d_+ F-}-C{ —-0)=0

Boundary conditions:
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Qr=rg,T=10y for x>0
Y =1.,0 = O(basically for v = /3,,)
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This is standard Bessel equation and its general solution is given by the equation
G = Ajﬁ('l.:j + BYD(’{':J (3.53)

where Jy{#) and Yj(v) are zero order Bessel functions of the first kind and second kind. Now we

can write

8=C.e X {AJy(v) + BYy(v)}

0= {A; Jo(v)+ By Yp(v)} e %X (3.54)

Boundary conditions:
@r=rg,I'=1y for x>0

@Y =1, = O(basically for v = 3,,)

@y <rpgand =0, T =T, this leads to @ X =0, #=1
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Boundary conditions:

Qr=rg,T=10y for x>0

@Y'=1,0 = 0(basically for v = 3,)

Qr<rpand r =0, T'=1T,, thisleads to @ X =0, #=1

60={A1 Jo (Y fa) + B Yo (YBa)} e

dr=0,Y =0,0= finite. Since ¥y(0) = -0, B; =0

0=A; Jo (Y B,) e X (3.55)
Or=rp,T =T, thisleadsto@ Y =1, #=10

Ja (Ij'jﬂjj =0 (3.56)
3, = 2.4048, 5.5201, 8.6537, 11.7915, 14.93309

For each value of ,"jﬂ: , the problem is satised thus far, and each must be considered

0= Ay Jo(3,Y) exp (=3 X) (3.57)

fi=l

The remaining boundary condition @ — () T = Toor@X =080= | demands

Y A8, Y) =1 (3.58)
Which is a requirement to express in a Fourier series of Bessel functions over the range
0<Y <1

1 1
/ Y Jo (3,Y) dY = / A, Y2 (B.Y) dY
Hu Hu

e YR BY)dYy St 3 Jo (v)

An = :
fo YJ2 (5.Y) dY 5 JE (Bn)

(3.59)
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For the above expression, let us refer to the following recurrence relations of Bessel functions:

Relation | :

1 :
i [v" Ja(v)] = v"Tn_a(v)
% [I'jﬂ:{'}. — {'._-Fnl:t'} =- f 1'Jﬂ[:':|(fi_' = E-Jlff-'}
dv |

Also,

n L .
" 5] = J4(e) = I

Which reduces for n=0, to the form, JI;I () = —Ji(x)
Relation II :

@ - - o ﬁ o
fD .iJﬁ{;\_d] dr = 5 |:{J )ﬁ.u}} ( ) J- {f"v.u}:|
or,

2
f],t'Jg{h'} dr = GT [{ Ji(Aa))? + Jg(laj]
ﬂ 4

Now,

1
f iﬁundn—%[( J(B)) + T3 (5]
]
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In our case ], (.Bﬂj =0

Therefore
p _,% j;f" vdo(v) do _ﬂ% [y (v) i:
S S 72 R S N T
4 2
) ﬂ_-"gnjll:.‘gn:'
b ] - -
Jo (3Y) 2
g—9 i —32X 3.60
nz—; B Jy (Bn) ‘ o

ITm = 2 fii[r}ﬂr}rdr
0

Uy TE
S 1V (3.Y)dY .
O, =21 8YdY =4 — T —nX
f:; \[I:l Fn gy (dﬂ} ‘
o —RX
B = :LZ = (3.61)
n=1 n
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Again,

d , .
E{Jn{.-%ﬂ} = = 1(5nY)

L] —Qi el=AnX) (3.62)
dY |y '

= n=1

AT

WTw—Th) = F»'E [ (3.63)
E — 2% 22::lr'_f3gx — ::1 'F_.J?.x (3 64)
ko Orm T rasi(eBRX) /B2 .
) hD e PIX 32
“or (4, I = —TAIX 1 — _;'fli
or, Nup = 57831 (3.65)
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Parabolic Velocity profile and Thermally Developed Flow (For Uniform Wall Temperature
Boundary Condition) :

The governing equation is:

or A ) AT
iyt —— r— 3.66
e dr  ror \ or (3.69)
{;J = ﬁ'— where Tc is the centerline temperature and T is the wall temperature;introducing
—_—r . _ I T — u
We get,

pepig U (n) 8T iii aT
o bz 78 o

(pwp) U 70 U or 1 ] aT
?‘ A
k v 9z g @?} / Ony

PrRep, 0T _ 10 ( ar)

5 U%: = yon "oy

Now, T =T, + (T, = T,)8(r): T, = fulz)

al .

— O(r
0z (r) Oz
al lie)
C:-'_T = [.Tc_ TL]I@
o o
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On substitution,

g oT, 1 o [
-~ = ( ) {Tc - Tu':'

“2 8z " npopg\'on
or,
1 & el
1 il dl, =& (HE .
T 7 | Pe = . = —A" (constant) (3.67)
|:.E|:‘{:} - .!“: fl!r-\' %E{”J
Pe dT,fdz 2
1. -1,
ch-ﬂij — Tu‘ 4 (_--E—J.E:I.-"Pe
The second equation gives
1 9 ( o &
- — (=) +SU8=0
n On (qﬂr}) 2
)
Where, - - 2 [1 = (ﬁ) } = 2[1 _”-2:
¢ + Lo + A1 =Y =0
N ] S . (3.68)

Euler Cauchy Equation

Boundary conditions,

@Tzoiﬁﬁzogzmmmmm

Qr=rpp=>Gnyp=1 6=0

The solution of above equation is an infinite series.
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Let the general solution be

6= i Cn
n=>0

Now,
0 = C'I}"‘Cl?}‘l-cgﬁrﬂ—l- (_'3-?]'34- ....... + Corf”

0 = Ci+2Cm+3C + e+ (n+1) Coyy”
8” - 2

Plugging in to the original equation, one gets,

2C5+3-2Cm+ ....... +(n+2)(n+1) Cosan®

+ & +2C+3Cm+ . +(n+1) Coaap™ ' 4 (n+2) Cryar™
)

+ MO+ NCm+ X0 + .. + X0

= AXCynp? + N0 + \2Con* + ... + A2C 2
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Equating the equal powers of 17
C, =0

2105+ 2C5 + A2Cy =0

3203 +3C; + XCy =0

4.3Cy + 4Cy + MCy = A2Cy

5405 + 5Cs 4+ NCy = ACy

n+2)(n+1)Cata+ (n+2)Cria + X¥o =20
As ('y = 0,4, (%s..... all odd coefficients are zero.

Putting 93 — 2m

(2m +2)(2m + 1)Cms2 + (2m + 2)Comsa + A2Com = NCom—a

(2m +2)*Copsg + A Coyy = N'Clyy

A2 .
Coms2 = Gmroe Eji{l’jﬁm —2 — Cop)
] AE f i
Com = —(gm}ﬂ{czm-ai — Cym_3)

Therefore, we can write

0= Cwmn™ (3.69)

Where

A2 :
Clan = Wl{:‘ﬂn—-l - 'Qn—ﬂl for n =12
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We can also write

0= Conf™ = Co+ Conf® + Can* + Can® + ...
=)

Invoking the boundary conditions, Ciy; = (), # = 1

We get

(__,TD = Hﬂt n—=0 =1

We also know, @iy = g, 1.e,, G = 1,6 =0

_T|:|+f_?g+{j4+f_jﬁ,+ ..... :D
0 A2 A bLI 3 U b
Oy — —0C — |y — — — | Cy+ e =10
°o—Z 0T 18 (1 e ) . :m( 16 +{i-l) it
AT A2 5AS X8
(g [l ——+—+—— ——— ] =10
"[ 4716764 36x16 Hﬁxﬁ-l]
Considering upto 4th power of the series
: A2 AT M pM
{u[l-*—_lu+-iﬁ+m—ﬁ:| =
Since, (7 _T'L i
PUIN At
l - — 4+ —+—=
4 16 144
M2 14 =0
Solving numerically by Newton Rapshon method,
A= 2704364 (3.70)
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Nusselt number for UWT

From the governing equation, we get

" I‘?r'fo_!__A__ aT
..[u ,r:nrpu,E iy 05, P

k— dr = roq,,

/”" v umdrg T 0w .. -y dic/dz '
o ¥ iy 2rd um T = Tw)

" PrRepis roou 2w
/ —— g — (T =-T,)—dr = ir'n.q::,
0

(T, —Tyw)  20F up 2m
or,
/'”' Mk 2nur(T = Tyw)dr o
- 7 = T'pfl,,
S0 2 EW{;:”?.F; =
or,
A2k J["]"u ul2rrdr T, fnr“ uardr) "
= 7 - ; = T
_1 ”_"_I;rrj-ﬁ '”ma-”'g .ftb
or,
AEL. [

or,

G 2rg  hD b

(Tw—-Tn) k k2

Nusselt number for hydrodynamically and thermally fully developed flow (subject to uniform wall

temperature)
),LE
Nup = o5 = 3.656 (3.71)

For parallel plate channels, fully developed Nusselt number

Nu = 7.5407 (constant wall
temperature)
Nu = 8923592 (constant wall heat flux)

In the above two expressions, the Nusselt number has been calculated based on characteristics
length 2b, where b is the channel height.
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