Lecture Notes 4

Example 0.1. Change the order of the integration [j* dz [ f(z,y) dy.

Sol. The given region of integration may be thought of as consisting of lines parallel to
the X-axis starting from =z = y to x = a.

I:/Oad:z/oxf(x,y)dy
:/Oa dy/y“ﬂx,y)dx

Green’s theorem in R?. Let P, Q be two single valued functions such that % and 2 8y
exist and are continuous on a simply connected domain bounded by a closed curve C . Then,

j{(PdHQdy // ‘lQ_éLP ) dady

oy

where, f denotes that C' is closed and it is described in the +wve direction.
C

Example 0.2. Evaluate by Green’s theorem the integral / (x2y dx + zy? dy) taken along
C
the closed path formed by y = z and z? = y?in the first quadrant.

Sol. The curves intersect at O(0,0) and A(1, 1&\}6 integral is of form | (Pdx + Qdy)
c

where P = 2y and Q = zy?. (&

0 ('l')

1 T3
I—/(x ydx + xy? dy) = // Y —x )dwdy—/ / (y? — ) dx dy
=0 Jy=x
o8 o 2 3 20,2 1
:>I—/dx/ (y* — 22 dy—/o[?)(x —a:)—a:(a:?»—x)}d:c:@

Example 0.3. Evaluate the integral / [(2zy — 2°) dx + (z + y)? dy], where C is the closed
C

curve of the region bounded by y = 22 and y? = z

Change of variable in double integral.

Let a function f(z,y) be continuous in a region D. Let the variables z,y in the double
integral // f(z,y) dx dy be changed to w,v by means of relation x = ¢(u,v), y = ¥(u,v)

where ¢ and v have continuous first order partial derivative in a certain region D; in the
uv-plane. Then, it can be shown that



//D fz:9) dxdy:/Dl F(9(u,v), 9w, v)) || dudv,

oz
oy

ov

O(z,y) _
)

where |J| = 0K , the Jacobian of the transformation.

oz
%
ou

Let I = // f(z,y) dx dy, changing to polar coordinate x = rcosf, y = rsinf, then
D

integration converts to I = / f(rcos@,rsind)|J| drdf, where Jacobian
Dy

cos —rsind

J = sinf rcos6

Oz Oz

0
B 8
or 00
This is how we convert integration of Cartesian coordinate to Polar coordinate.

Example 0.4. Evaluate I = // sin 77(3:2+y2) dx dy over the interior of the circle 22472 = 1.

Sol. let us take x = rcosf,y = rsinf = 2z + y? = r2. Now

I= //sinw(w2+y2)da:dy

T 1
= / / sinwr? rdr do
0=0J0

T 1 1

= / d9/ —(sinnt)dt (taking t = 7?)
o=0 Jo 2
2m

/ [ B coswt} 1
0 27T

2

méi: 4
Example 0.5. Show that // 4o 22 — y2dody = §(37r — 4)a3, taken over the upper
D

half of the circle 22 + y? = 2ax.

Sol. The given circle is 22 + y? = 2az = (z —a)? + y*> = a®. Center = (a,0) and
radius=a. Putting z = rcosf and y = rsinf in 2 + y? = 2az then,
72 cos? 0 + r?sin? 0 = 2ar cos§ = 12 = 2arcosf = r = 2acosf

Thus for the given upper half of the circle our 6 varies from 0 to 7 and r varies from 0 to
2a cosf. Then

I= / / Vi — 22— P du dy
D
T 2a cos 6
= / / Va2 — r2rdr df (Substitute 412 — a? =t = —2rdr = dt)
o Jo

7w rda®sin? 9
AT

a?

4
= §(37r —4)a®

1 11—z
Example 0.6. Using the transformation x+y = u and y = uw, find the value of / dx / er dy.
0 0



Sol. z+ y = u,y = uv, Now,
y=l—-zr=>z+y=1= u=1,
Yy=0=>uw=0=u=0,v=0

Againx =0=> y=u=u=w=v=1land z =u —uv,y = uv
Jdz Oz

5

or 00

1o 1 1
I:/ / eu|J|dudv:/ / e’ududv
0o Jo 0o Jo
1 1
-1
:/ udu/ e dv = &
0 0 2

Integartion in R3. Consider a curve C in R? : @ = f(t),y = g(t),z = h(t),a <t < b.
Let P, @, R be three functions of x, v, z defined on domain D C R? containing C. Let f, g,h
posses continuous derivatives on (a,b). Also suppose P, @, R are continuous on D. Then

the line integral I = /(de + Qdy + Rdz) exists and [ = /(P dr + Qdy + Rdz) =
C C

b
/ (Pf' + Q¢ + RN)dt
t

=a

J =

=U—UV+ UV =1Uu

<=
<

1=v —u
v U

—

Alternatively F' = (P,Q,R) and ¥ = (z,y,2) = dr = (dz,dy,dz) then line integral
b -
I:F-dF:/ (ﬁ-@>dt
t

=a

Example 0.7. EValuate I — / (:L,QyS d.%'—i-dy_‘_@ve C iS the Cil“Cle .Z’2+y2 = RZ’ Zz = 0

C
Sol. Putting x = Rcost,y = Rsint, z :(&( 4 = —Rsint, % = Rcost, % =0

2m ’»
I= / [R® COS)%!(—R sint) + Rcost+0- 0] dt
t=0

27 27
=_—RS / cos®t sin*t dt + / costdt
t t=0

0
s
2

= —4R6/ cos® t sin* t dt
t=0

3x1 T
— AR 2~
B e 1 2
™
= __RS
8

Example 0.8. Evaluate I = / (rydr+yzdy + zx dz) where C' is curve given by x = t,y =
C
12 2 = t3, where —1 <t <1

Sol.

I:/(xydx—i-yzdy—i-zmdz)
c

1
:/ (tt21 + 12432t + 13.4.3t) dt
-1

1
:/ (t* + 2% 4 3t%) dt
-1

th 571
-5+ 7)-



Integral of bounded function over a parallelopiped R = [a,b] X [c,d] X [e, f].
Let Py, P>, P3 are the partitions of three intervals,

p

f) = Z Z ZMrst(xr - -Trfl)(ys - ysfl)(zt - thl)

t=1 s=1r=1
P n m

U(P7 f) = Z Zmrst(xr - xr—l)(ys - ys—l)(zt - Zt—l)

t=1 s=1r=1

where, M, s = Upper bound of f on R and m,s = Lower bound of f on R.

lim U(P,f)= lim L(P,f). Then f is integrable over R.
|IP[|—0 [|P[|—0

flx,y,2)dedydz = dx dy [ f(x,y,2)dz
I, fofaf

Calculation of integral in a bounded domain bounded by D. If f is continous on a
domain D bounded by z = ¢(z,y),z = ¥(x,y);y = g(x),y = h(z);x = a,x = b. Then,

h(z)  ri(z.y)
// f(z,y,2)dedydz = / / f(z,y,2)dedydz
g(z) Jo(zy)

Example 0.9. Evaluate, I = ///(cc+y+z+ 1)2 dx dy dz, over the region x > 0,y > 0,2z >
O,z +y+2<1.

Sol. The region is bounded by 2 =0,z =1—x — y It’s projection on D in xy—plane a

triangle bounded by =0,y =0,y =1 — z. T@
I:///x—i—y—F &xdydz

1—x

:/ / x+y+z+l) dx dy dz

=0

1 1— ac 1—z—y
/ / (r+y+z+1 3} dx dy
3 =0 Jy=0 0
1 1 1—x
/‘u/ 8 x+y+1ﬂdm@
3 =0 Jy=0
1/ [
3 =0
1/ [
3 =0

:@

=l

1
Sy—Z (r+y+1) ]0 dx

=l

8(1—x)— - 16 (x+1)4)}da;

Triple Integral(Change of variable).

// f(z,y,2)dedydz —// fz(u,v,w), y(u,v,w), z(u, v, w)) |J| du dv dw
D Dy

:// fu,v,w) |J| dudv dw,
D1

Oz Oz 0Oz
O(z,0,7) U v adw
where |J| = 522820 = 190 9Y 9Y | the Jacobian of the transformation.
O(uw,w) — |Qu v Qw
z 0z Oz
Ju Ov OJw



Example 0.10. Spherical polar co-ordinate: x = rcosfsin¢,y = rsinfsin ¢,z = rcosf =
|J| = r?sind .

Example 0.11. Cyndrical polar co-ordinate: z = rcosf,y =rsinf,z =z = |[J| =7

Example 0.12. Evaluate, I = /// xyz dx dy dz, over the region bounded by x = 0,y =
0,z=0,z+y+z2z=1.

Sol.
I = ///wyzdxdydz,
1 11—z l—x—y
—/ / xyzdxdydz

2T T 1
1:/ / in- 0 cos® ¢ (2 sin ) dr df d¢
0 0 0
2T T 1
:/ cos2¢d¢/ sin29d9/ rtdr
0 0 0
1 27 ) T 9
=— cos” ¢ do sin“ 6 do
9 Jo 0

—1><4><2/200s2¢d¢/281n20d0
5 0 0

_ 4

15

[22 42 .2
Example 0.14. Evaluate, [ = /// eVatizt g dy dz, where D is the region 1/ ﬁ—j + %j + %ﬁ <
D
1.

Sol. Changing the variables to polar , £ = rsinf cos ¢, ¥ = cosfcos ¢, Z = rcosf.

27 T 1
I= / / / e"(abcr?sin ) dr df de
0 0 0

2 s 1
= abc/ dd)/ sianH/ r?e”" dr
0 0 0

1
= 47mbc/ r2e™" = 4mabe x (e — 2) = 4mabc(e — 2)
0

(Doubt)



Volume of a solid by triple integral. V = / / / dx dydz It can be shown that

D
on a closed (region) domain D bounded below and above by the surface z = ¢(z,y),z =
Yz, y), (. y) > (2, ).
V= /// dx dydz

p(z,y)
/// drdydz
(z,y)

Example 0.15. Find the volume of the ellipsoid z—; + %j + i—j =1.
Sol.

z2 y2
AV s

V= /// > drdydz
ny/lf%fy—

—20// dardy (zzrcosé?, g:7'sin0, |J|=ab7’)
a b

—20//\/1—r2abrdrd0

§7rabc

Example 0.16. Evaluate the volume cut off from the sphere 22 +y2+ 22 = a? by the cylinder
2 2
r°+ Yy =ax

Sol. The given region is bounded by the surf%é Va?— x2 - y and z = —y/a? — 22 — 32

and it’s projection in the zy— plane is the cigC omain D : 22 + y? = ax.
a2 —x2 42
V= // dz
a2_m2_y
\/ y2dx dy
acosf
—2/ / Va2 —r2rdrdf

9 acosf
:—/ (a2—r2)3/ db
3 Jo 0

2 ™
:ag/ (1 —sin”6) d

3 Jo

2 2 2 4
:§a3(7r—2.§) 3@3(71'— g)

Example 0.17. Find the volume of the region above zy plane bounded by the paraboloid
2z = 22 + y? and the cylinder 22 + 3% = a?

Sol. The given solid is bounded above by z = z? 4+ y? and below by 22 + y? = d?.

Moreover the solids are symmetrical, its volume V four times of the volume lying in first

octant.
V=4//zdxdy
D
:4// (z® +y?) dz dy
z 4 4
—4/2/ r2rdrdf =4 x T« @ _ T
=0 Jr=0 2 4 2

6



Example 0.18. Find the volume of the region bounded by the paraboloid z = (z — 1)% + 32
and the plane 2x + z = 2.

Sol. The required value is,

V—4//D(22—21)da;dy
:4//17[(2_2:5)—{(90—1)%;/2}} d dy

Where D is a region given by eliminating z between two given surfaces, (z —1)2 432 = 2 —2z.

So,
V:4// 1—(:L‘2—|-y2)} dx dy

1 1 2w s
_4/9 / 1—12) drd9—2w(§—1)_z_§

Surface area. The area of the smooth surface x = f(u,v),y = g(u,v), z = h(u,v), (u,v) € D
defined as double integral,

ANy, 2)1%, [9(z,2)1%  [9(z,y)1?
du d
//D \/[8(u,v)] +[8(u,v)} +[8(u,v)} waw
Given the surface z = f(x,y) or x = v,y = v and z = f(u,v). If we take the surface area
over the surface z = f(x,y) having projection D oszy plane as S, then

=),
o
Example 0.19. Find the surface ar% sphere 22 + 4% 4 22 = a? cut of by 22 +y? = ax

Sol. We have z = /a2 — 22 — y2 anld the required surface area is

0z 8 2
=1 / / \/ 1 + Z 8—2) dx dy (where D is the projection of sphere in xy plane)
Yy

:4// ada:dy
faZ — x2 — 42

acosf

ardrdf

=/ (c2’ 49y’ =ax = r> =arcosf = r = acosb)
0= O/r va? —r?

% acos 6
= 4(1/ {— a? — 1”2} do
0 a

jus

- 4a2/2(1 _sinf)do = 4a2[f - 1}: 202 (1 — 2)
A 2

Example 0.20. Find the area of the part of the surface of the cylinder 22 4+ y? = a? which

is cut of by the cylinder z2 + 22 = a?.

2 2
Sol. The given cylinder is y = va? —x2. Then, \/1 + (%) +<37j> = 22 .. The



required surface area is (doubt in integration)
0z\2 [0z\?
5_4//1)\/1+ (52) +(a—y) dz dy

—Qa// 7dxdz cm!
bV

N
dz

—2a/a dz /

0o va*—a?Jo
a d

:8a/ 7$><\/a2—x2:8a2
0 Va

2 _ 2

1 Differential Equation.

d
f(:v,y,zf’)”:&y’:ﬁ
f(xay7yay 7yn):0

y" + xy’ + 2y = 0 order 2, degree 1

Example 1.1. From the relation y(z) = Ae® + Be™® + 22, find differential equation where
A, B are arbitrary constants.

Sol.

y(z) = Ae® + Be " + 22
=1/ () = Ae®” — Be ™™ + 2x

:>y”(x)Ae$+Be$+2:>(g<<%y?+2:> Yy —y=2—2"

It is the required differential equation.

Example 1.2. (Solution by Separatjon of Yariables) wz% +y =1 (Doubt from slide)

Sol. Given,
dx
2
hind -1
T dy +y
dx
2
b
=z & g
dy dj

=
1- x2
—dy dx
1
= —log.(1—y) = —;—i—logc

1-— 1
gyl
C x

1—y 1

= = ez

c
=(1-y) = ces
=y=1-— ce%
It is the required solution of the given differential equation.

Example 1.3. Solve the differential equation v1 — 22dy + /1 —y2dz = 0. Also find a
particular solution if y(z = 0) = 1.



Sol.

dy dx
4 —
Vi—y2  V1-—2a?
:>/ dy n dx .1
e — ————— =sin "¢
V1 — 2 V1— 22
=sin 'z +sin"ty=sin"le

= sin"H(zy/1 -2 +yv1—a2) =sin"'c

=zvV/1-y2+yV1—a2=c

Putting x = 0 in the above equation, we obtain

0-VI—T+1-VI-0=c=c=1
Thus,

/1 —y2 +yv1—2a? =1.

Exact 1st order ODE. If the differential equation Mdx + Ndy = 0 can be expressed as
the form du = 0 where u is a function of z and y without multiplying by any factor then the
equation is called to be an exact differential equation. In general, the solution is u(z,y) = c.

Mdﬂ:+Ndy:():>/du:0:>u(a:,y):c.

Example 1.4. zdy 4+ ydz =0 = d(zy) = 0= zy = c.

Example 1.5. 2% 0% — ( = (%)= 0. @

Example 1.6. “lyy%ydx =0=d(%)=0.

Example 1.7. &0 _ - g(sin % 0.
1—x2y?

Theorem 1.1. The necessary sufficient condition for the ODE to be exact is that 6]\; = %];[

Example 1.8. Verify whether the ODE a? — 2zy — y%dx — (2 + y)2dy = 0 is exact or not.

Sol. Comparing with Mdz+Ndy = 0, we get M (z,y) = a —21‘y y? and N(z, y) —(z+y)%
For exactness we need to show %]\; = %—]X. %—]\; = —22—2yand & ax = —2(z+y) = 8y = %—]X =

the given ODE is exact.
Example 1.9. Verify whether the ODE (y%e® + 22y)dz — 22dy = 0 is exact or not.

Sol. Comparing with Mdx + Ndy = 0, we get M (x,y) = y*e® + 22y and N(z,y) = —z>.

oM _ ON 8 BN oM ON
For exactness we need to show By = or oy = = 2ye® 4+ 2z and —2r = ay * 5y =

the given ODE is not exact.

Example 1.10. Verify whether the ODE (22 + 32 + 2x)dx + 2zdy = 0 is exact or not.

Sol. Comparing with Mdz+ Ndy = 0, we get M (z,y) = (2% +y +2:L‘) and N(l’ y) = 2y.
For exactness we need to show %—A; = %—]l. a—M = 2y and %N =0= 8y 75 N — the given

ODE is not exact.

Integrating factor. Sometimes to make Mdx + Ndy = 0 as exact ODE, we multiply it
by a function of x and y. This function is called integrating factor.

Rule 1. If Mx+ Ny # 0 and the equation is homogeneous, then m is an integrating
factor of Mdx + Ndy =0



Example 1.11. Solve (2%y — 2xy?) dz + (32%y — 2%)dy =0

Sol. Comparing with Mdz + Ndy = 0, we get M(x y) (a: y — 2zy?) and N(z,y) =
(3z%y — 2?). %—J‘y/[ = 22 — 4xy and %—JX = 6ay — 322 = 8y 7& = the given ODE is not
exact.

Now, Mx + Ny = 23y — 222y + 322y? — 23y = 2%y®> # 0. The integrating factor is
= . Multiplying the given ODE by the IF, then

Mx+Ny
d 2 3
—x—fdx—i-—dy— zdy:O
€T Y Y
de —xdy 2 3
e 295 y—fdx+fdy:O
Y

:d(%) — 2d(log z) + 3d(logy) = 0
ial(E - 210g1:+310gy> =0
Y

:E—2logac+3logy:c
Yy

Rule 2. If Mz — Ny # 0 and the equation can be written as f(z,y)ydz + F(z,y)xdy = 0,
then m is an IF of the equation M dx + N dy = 0.

(zy sin xy+cos zy) (zy sin xy—cos zy) o
Example 1.12. Solve p dx + ” dy=20
Sol. Given
(zysinzy + cos xy) I Yy — cosy) dy = 0
€T Yy
=y (zysinzy + cosz + x (zysinxy — cosxy) dy = 0 (1.1)

Comparing with Mdz —|— Ndy = 0, wonget M(z,y) = y(zrysinzy + coszy) and N(z,y) =
z (zysinzy — cosxy). M 7é 8N = the ODE is not exact.

Now, Mz—Ny = y (zysin zy+cos zy) r—x (zy sin zy—cos zy) y = 2zy cos xy. Multiplying

the equation (1.1) by le—Ny = Sayeoszys We obtain
1 d
tanzy (y dx + = dy) —|— de — Y — 0
Y
dx d
= tanzy d(zy) + — — R —
Z Yy
= log(sec(zy)) + logx — logy = log ¢
N sec(zy)z .
Yy

= cy = xsec(xy)

Rule 3. If + (%M - 8—N) is a function of z alone (say f(z)), then e/ /(@)= is an integrating

T
factor.

dy
Rule 4. If ﬁ <%—J¥ - %—A;) is a function of y alone (say ¢(y)), then e/ ?® 4 is an integrating

factor.

Example 1.13. Solve (22 + y? + 2z) dx + 2y dy = 0.

10



Sol.

oM ON oM , ON
2 2
M(z,y) =a”+y + 22, Nlw,y) =2y = 5= =2, 5o =0 = 57 5=

Now, f(z) = <%—J‘; - %—];7) = %(2'7; —0) = 1. Then, the required TF=e/(®) dz = ¢®.

Multiplying the given differential equation by e*, we get
(2 + % + 22)e% dx + 2ye®dy = 0
= (22 + yH) e dx + y?e” dx + 2ye®dy = 0
= d(2%e") + d(y*e*) = 0
= (2® +y*)e" =c
Example 1.14. Solve (3z%y* + 2xy) dz + (223y3 — 2?) dy = 0
Sol. Comparing with Mdx + Ndy = 0, we get M (z,y) = (3z%y* + 2xy) and N(x,y) =

(23333/3 2)
Here 2 By 75 . Now, ¢(y) = L (%—];[ — %—Aj) = G )(6:L"2y3 — 2z — 122%y3 — 2x) = —%.

1
) zy*+
The requ1red IF is ef oW dy — =Sy _ o—2logy _ y%

Multiplying the given differential equation by y%, we obtain

1 1
—2(3x2y4 + 2zy) dx + — (223y® — 2*)dy =0
Y Y
2
= 3%y du + 25 du + 2030dN A5 dy = 0
Y )
2zyd 2 d
= d(«*y?) + I =0
= d(z3y?) + @: 0
2
¢

:>x3y2+£ =
Y

Linear equations. Consider the following linear differential equation

dy
7 TPy = Q).

Here integrating factor is [F=e/p(@)dz , then the solution is given by

[ = [ Q@i ds+c

Example 1.15. Solve Y+ x%y = (x2+l)

Sol. Given P(x) = = ¢/ Pl)dz

(z) = m. Integrating factor, ¢(x)

¢( ) _ 6f T2+1 dx teog(x2+1) — (372 + 1)2.

Then,
dy 4x 1
2 2 2 2 2
1)°—= 1 = 1
(@41 ) gy = 0 )
dx
= 1
d(y(z* + 1)) = P
:>y(:v2 —i—l)2 = tan" ! 4¢

11



Second order differential equation. Let a(z)y” +b(z)y’+c(x)y = 0 be a second order
differential equation, where y(z) is the unknown, z is the independent variable, a, b, ¢ are the
functions of z. Let a(x),b(x), c(x) are all constants say «, 3,7, respectively and y = e™* be
an arbitrary solution, then am? 4+ fm + v = 0 becomes an auxillary equation.

Case 1. If the roots of the auxillary equations are distinct, then solution y(x) =
Clemlx + CQGmQ‘T.

Case 2. If the roots of the auxillary equations are repeated, then solution y(z) =
(C1 + Coz)e™*.

Case 3. If the roots of the auxillary equations are complex, then solution y(z) =
e (Cy cos fx + Cy sin fx), where m = « +if3.

Example 1.16. Solve the second order differential equation 4y” + 4y’ — 3y = 0.

Sol. Let y = €™ be the arbitrary solution, then the auxillary equation is

1 1
Am?> +4m—-3=0 = (m—g)(m+%):0:> m:? 5

The general solution is y(x) = Ches® + Che™ 37

Example 1.17. Solve the second order OD(@@/ + 144y = 0.
en

Sol.Let y = e™* be arbitrary solutio
144=0= (m—-12? =0 = m =
y(z) = (C1 + Cam)el?®.

he auxillary equation becomes m? — 24m +
The general solution of the given equation is

Example 1.18. Solve the second order ODE: vy + 8y + 25y = 0.

Sol. Let y = €™ be the arbi‘prary solution. The auxillary equation is m? + 8m + 25 = 0.
The roots are given by, m = =550 = —4£3i. The required solution is y(z) = e~4*(Cy cos 3z+
Cysin 3x).

Example 1.19. Solve the ODE: 2y — Ty + Ty — 2y =0

Sol. Let y = €™ be the arbitrary solution. The auxillary equation is 2m3—7m2+7m—2 =
0= (m—1)(m—-2)(m—-3) =0 = m = 1,2,5. The required general solution is
y(z) = Cre* + Che®® + Cae?.

Example 1.20. Solve the ODE: """ — ¢/ — 9¢y" — 11y — 4y = 0.

Sol. Let y = €™ be the arbitrary solution. The auxillary equation is m* — m3 — 9m? —
Ilm—-4=0= (m+1)3(m—-4) =0 = m = —1,-1,—1,4. The required general solution

is y(z) = (C1 + Coz + C3?)e " + Cye?.

Example 1.21. Solve the ODE: 3" + a'y = 0.

12



Let y = e"* be the arbitrary solution. The auxillary equation is m* +a* =0 = m =
a

f i% and m = f +1 z\[ The required general solution is y(z) = e v2(C} cos %1’ +

Cgsmf )—l—ef(Cgcos \/icc—i-Crrsm%x).

Bisection method. Let us consider the given equation f(x) = 0. If f(z) > 0 and
f(z) <0or f(z) <0and f(z) > 0. Either way f(a) - f(b) < 0 To find mid point z = %t
Check f(z1) > 0, [a,21] there exist a root in [z1,b]. zg = L4

Example 1.22. Find the positive root of the equation z3 — 9z + 1 = 0, correct up to two
decimal places.

Sol. Let f(z) =23 — 92+ 1, f(0) =1 >0 and f(1) = —7 < 0. There is a sign change in
[0, 1], so there exists a root between = = 0 to = 1, i.e, in [0,1]. Let z; = 051 = % Then,
f(3)=-337<0

n an b, Tn f(xn)
0 0 1 0.5 —3.37
1 0 0.5 0.25 —1.23
2 0 0.25 0.125 —0.123
3 0 0.125  0.06255 0.437
4 0.0625 0.125 0.09375 0.155

5 0.09375 0.125 0.1193755 0.016933
6 0.109375 0.125 0.11718 —0.053

The required root is 0.11.

Iterative method/Fixed Point argu et us take f(x) = 0=z = ¢(x). Let us
say our initial guess is xg. Then, we formulbt umerical scheme,
1% (o)
3 = ¢(z1)
x3 = ¢(x2)

Xnt1 = ¢(Tn)

Theorem 1.2. If ¢(z) is continious function on |a, b], which contains the root of f(x) = 0 and
if |¢'(x)] <1 Vx € (a,b), then for any choice of x¢ € [a,b], the sequance (xy,)n, determined
as Tpy1 = ¢(xy) VYn converges to the root of x = ¢(x).

Example 1.23. In order to find the root of 22 — 2 — 1 = 0 near = 1 which one of the

following scheme will be useful. i)z =23 —1  ii)o =25 dif)e = /2t

Sol. i) Given equation is 22 —z —1 =0 =z = 22 — 1 = ¢(z) = ¢'(z) = 322 Clearly
|¢'(x)] = 32%2 > 1 in nbd of 1. The scheme does not converge.

ii) Given equation is z = il = ¢(2) = ¢/(z) = —H - F = |¢(2)| < L+ H < L+ F =
3 > 3 > 1. The scheme does not converge.
m) Given equation is = /2 = ¢(z) = ¢/(z) = —502 /757 = ¢/ (z)| = )—m% n i S

1.1 1 .
2 W T < 1. The scheme will converge.

Example 1.24. Let f(z) =23 +2—-5=0

Sol. since f( ) = —3 and f(2) = 3. So there is a root [1,2]. =z = (5 — m)% = ¢(z) =
#/(@) =[5
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Newton-Raphson Method. Let ag be the approximate value of a root of f(z) = 0.
Let a be the exact root. Then, o = a9 + h, where h is very small.

fla)=0= flag+h)=0

h2
= f(ao) + hf'(a0) + o f"(a0) +--- =0
Since h is very small, we can neglect higher order of h.

= f(ao) + hf'(ao) =0
_ f(a)
f'(ao)

Therefore, « = ag + h = ag — J{,((C;%)) = p = Qp_1 — Jf,((aa’z:l)), n=12---.

=h=

Example 1.25. Find the root of 223 — 8z — 6 = 0 by Newton-Rapshon method.

Sol. f(z) =223—-8r—6. Now f(1) =2-3-6=-7<0. f(2)=2-22-3.2—-6=4> 0.
There exist a root in the interval [1,2]. Let zg = 2. Also f'(x) = 622 — 3. Now,

_ f(xo) 4
Tr1 = o — f/(w()) =2— i = 1.809524
_ flz1)
ro = T1 — f/(xl) = 1.784200
_ f@2)

783

T3 = X9 f! (332&
x
T4 =3 — %: Y783769
The required root is 1.783769 correct upto six decimal places.
Example 1.26. Find a positive root for 3z — cosz —1 = 0.

Sol. Let f(x) =3x —cosx — 1. f(0) = —-2<0and f(1) =3 —cosl—12>1>0. There
is a root in [0, 1]. let xg = 0.5, therefore the Newton-Raphson scheme is

. . flzn) 3z, cosxy, — 1
LT flxn) " 3 +sinx,
i 1
:>xn+1:xnsmxn+cosxn—|— Cn=0,1,2--.

3+ sinx,

System of linear equation.

a111 + a2 + a13z3 = by
a1x1 + a2 + a3w3 = by

. asz1x1 + azaro + azzr3 = by
Where, AT = b.

ailp aiz a3
a1 Qa2 a23
a31 asz2 as3

T=[r1 xy x3]f, b=][b by b]'
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1. Gauss-Seidal method. 2. Gauss- Jacobi method.

Gauss-Jacobi method.

a1x1 + b1z + cox3 = db
asx1 + baxo + cox3 = do
asxy + bsro + c3r3 = ds

Let us assume that, [a1] > [b1| + |e1], [b2] > |az| + |cal, |es| > |as] 4 [bs].

The Jacobi method will converge if in each equation of the given system, the absolute
value of the largest coefficient is greater than the sum of the absolute values of all the re-

maining coefficients. This is also called diagonally dominant.

The iteration scheme is given as follows,

=D = = (dy - b1y© — c12()
y(l) — i(dg — aoz(0) — 022(0)) 1st iteration

20 = Ly — aga® — by ©)

2D = Ly o)

ai

y(th = %(dg — agz™ — 022(”)) n + 1 th iteration
1) _ 1
Z(n+ ) = a(dg - agac(”) - b3
Gauss-seidal method. The iteration sc given as follows,

2V = 1 _Q:) Y e, 200
y V= Ly — ¢2(0) 1st iteration
(

2(n+1) _ é(dl — bry™ — clz(”))
y(nt+D) _ é(d2 — gzt — ¢y () n + 1 th iteration
L(n+1) — é(ds — agzMtD) — pagy(nt))

Example 1.27. Solve via Gauss-Jacobi and Gauss-Seidal methods:
10x — by —22=3

4 — 10y + 32z = —3
z+ 6y 4+ 10z = -3

10 -5 -2
Sol. The coefficient matrix is, | 4 —10 3
1 6 10
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For Gauss-Jacobi method,

20 = Lg 5 m g )

10
YD) Tl()(g a4z D) 4 g,y
1
(n+l) _ 2 (g _ p(n+l) _ g, (n)
z 10( 3—=z 6y'\"™)

Let us take, 2z =0, y(o) =0, 2© =0. Then,

e =03 yM=03 2M=-03

+® =034 ¢® =028 28 =_0.5051
2@ =034 ¢y =028 2% =-05053

<
%Q&
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