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Intrablock analysis of PBIBD with two associates

Consider a PBIBD under two associates scheme. The parameters of this scheme are

b, v, r, k, 4, A4, N, N, Piy, Payy Pis P4, P and p5. The linear model involving block and treatment effects is

yij =,U+ﬂ| +Tj aF &g I =1;2;---1b; j=1121"'lvl

ij?
where u is the general mean effect;
S is the fixed additive it" block effect satisfying z B =0;
. s the fixed additive jih treatment effect satisfying Y.z, =0 and

]
j=1
&im Is the i.i.d. random error with &, ~ N(0,0'z)-

The PBIBD is a binary, proper and equireplicate design. So in this case, the values of the parameters become

n; =0orl, ki=k forall i=12,..,b and r,=r forall j=12,...,v . There can be two types of null hypothesis which can
be considered — one for the equality of treatment effects and another for the equality of block effects. We are considering
here the intrablock analysis, so we consider the null hypothesis related to the treatment effects only. As done earlier in the

case of BIBD, the block effects can be considered under the interblock analysis of PBIBD and the recovery of interblock

information.

The null hypothesis of interest is
H,:7, =7, =...= 7, against alternative hypothesis
H,: atleastone pairof 7; is different.

The null hypothesis related to the block effects is of not much practical relevance and can be treated similarly.



This was illustrated earlier in the case of BIBD. In order to obtain the least squares estimates of , §, and 7; , we minimize
the sum of squares due to residuals
b v
2
ZZ(yij —u—p _Tj)
i=1 j=1

with respectto x4, 8, and z;. This results in the three normal equations, which can be unified using the matrix notations. The

set of reduced normal equations in matrix notation after eliminating the block effects are expressed as

Q=Cr
where
C=R-N'K™N,
Q=V-N'K™'B,
R=rl,
K =Kkl,.
Then the diagonal elements of C are obtained as
0 2
n:
N (k-1 .
— i=1 — —
Cy=r-— T K (j=L12,...,v),

the off-diagonal elements of C are obtained as

1 if treatment j and j' are the first associates
Cj ==+ 2 TNy =
ki

if treatment j and j' are the second associates (j # j'=12,...,V)

7~—|,\?° = |



and the j" value in Q is

1
Q; =V, —E[Sum of block totals in which j" treatment occurs]

= %{r(k 2 EDNDY nijnij.rj}.

D
Next, we attempt to simplify the expression of Q;.
Let S, be the sum of all treatments which are the first associates of j'" treatment and S;, be the sum of all treatments which

are the second associates of j treatment. Then
Vv
T,+S,+S, =D 1;
j=1
Thus the equation in Qj using this relationship for j=1,2,..,v becomes
kQ; =[r(k—1)z; —(4S;, +4S;,) |
=r(k -1z, —Aisjl—z{zq -7 —sjl}
j=1
=[rk-D+ 4]z, +(4,-4)S; -4 7,
j=1

\"
Imposing the side condition ZTJ =0, we have
j=1

kQ, =[r(k -1z, +4, |7, + (4, - 4)S,;,
= a;zz'j +b1*28j11 j =12,..V

where a:2 =r(k _1)"']'2 and afz :22 _’11'



These equations are used to obtain the adjusted treatment sum of squares.

Let Q;; denote the adjusted sum of Q;'Sover the set of those treatment,s which are the first associate of ji treatment. We
note that when we add the terms Sjl for all j, thenjoccurs n; times in the sum, every first associate of j occurs plll times
\

in the sum and every second associate of j occurs P, times in the sum with pf + p% =n,. Thenusing K = kl, and Zri =0,
j=1

we have
kQ,, =k Z Q, = Sum of Q;'s which are the first associates of treatment
jeSj
=[r(k=0)+24,]S;+ (4 - )| nr; + pyS;, + P, |
= r(k=1)+ 4, + (4, — 4)(p}; — P |S;+ (A, — 4) Pyt
= b;ZSjl T a;zz'j
where

Ay, = (4= 4) Py,
by, = r(k=1)+4, + (4, - 4)(Py, — P7y).
Now we have following two equations in kQ, and kQ;; :
ij = a:zz'j +b1*2311
kQ;, = a;zrj + b;ZSjl.
Now solving these two equations, the estimate of fj is obtained as

A~ k[bngj _bl*szl]
T = P

~ T R (j=12,...,v).
] a12b12_a22b12




We see that
ZQJ =Z Q=0
j=1 j=1

SO

\
ZTJ =0.
j=1

Thus f,— is a solution of reduced normal equation.

The analysis of variance can be carried out by obtaining the unadjusted block sum of squares as

b B-2 GZ

SSBlock i~
(unadj) !
= k bk
the adjusted sum of squares due to treatment as

\'
SS reat(adi) = ZTjQJ
j=1

where G = Zblzv: Yii-
=1 j

The sum of squares due to error as

SS = T —58

Error(t) Total Block (unadj) Treat (adj)

where
b v

Total Z z yl?

i=1 j=1



Atestfor H,:7, =7, =...=17, isthen based on the statistic

SSTreat(adj) /(V _1)
J(bk—b—v+1)’

F =
Tr SS

Error (unadj)

If F > F . 1imvpa then Hy isrejected.

The intrablock analysis of variance for testing the significance of treatment effects is given in the following table:

Source Sum of Degrees of Mean squares F
squares freedom
Between SSTreat adi) = df =v-1 _ SSTreat(adj) MSTreat
(adj) Treat MSTreat =———=
treatments v [ MSE
(adjusted) JZ;. 7,Q
Between SSgiock (unadi)
blocks b Bz GZ de|OCk = b _1
(unadjusted) = k bk
Intrablock SSermor(y) deT = MSE = %
error (Bysubstraction)| bk —b—v+1 ET
TOta| SSTOtaI = dfT — bk _1
b v ) GZ
; ; Yij bk




Note that in the intrablock analysis of PBIBD analysis, at the step where we obtained SJ.1 and eliminated sz to obtain the

following equation
\
kQ, =[r(k-1)+ A, ]z, + (4 - 4)S, - 4.7,
j=1
another possibility is to eliminate S instead of S,,. If we eliminate sz instead of S, (as we approached), then the
solution has less work involved in the summing of Q;, if n,<n,.
If n,>n,, then eliminating S; will involve less work in obtaining in obtaining Q;, where Q;, denotes the adjusted sum
of Q i 'S is over the set of those treatments which are the second associate of j" treatment. When we do so, the following

estimate of the treatment effect is obtained :

g kl:blej _bl*le2:|

J * * * *
a11b21 - a-21bn

where

oy, =r(k-1)+4

by =44

8, = (4= 4,) Py,

by = r(k=1)+ 4, + (4 = 4,)(P%, — Pa)-

The analysis of variance is then based on fj and can be carried out similarly.



The variance of the elementary contrasts of estimates of treatments (in case of n, <n,)

bgz (ij - ij') _bl*z (ij1 - ij'l)

i-\] _i:]‘ = * * * *
a12b22 - a22b12
is
2k (b, +b’ . .
M if treatment J and |' are the first associates
~ ~ a12b22 - azzb12
Var(z; -7;)=

kb, . :
by, — if treatment j and j' are the second associates.

a12b22 - a22b12

We observe that the variance of fj —fj. depends on the nature of j and j' in the sense that whether they are the first or
second associates. So design is not (variance) balanced. But variance of any elementary contrast are equal under a given

order of association, viz., first or second. That is why the design is said to be partially balanced in this sense.
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