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Generally, we are not interested merely in the interblock analysis of variance but we want to utilize the information from

interblock analysis along with the intrablock information to improve upon the statistical inferences.

After obtaining the interblock estimate of treatment effects, the next question that arises is how to use this information for
an improved estimation of treatment effects and use it further for the testing of significance of treatment effects. Such an

estimate will be based on the use of more information, so it is expected to provide better statistical inferences.

We now have two different estimates of the treatment effect as

= based on intrablock analysis 7=C Q and
GE,

= based on interblock analysis 7=(N'N)™"N'B - oK

Let us consider the estimation of linear contrast of treatment effects L = |'z. Since the intrablock and interblock estimates
of 7 are based on Gauss-Markov model and least squares principle, so the best estimate of L based on intrablock
estimation is L =1 'T

=1'CQ

and the best estimate of L based on interblock estimation is
L =I't
=I'l(N'N)"'N 'B——GEVl
bk
=I'(N'N)*N'B (since I'E, =0 being contrast.)



The variances of L; and L, are
Var(L,) =c?l'C’l
and
Var(L,) =cZlI'(N'N)™I,
respectively. The covariance between Q (from intrablock) and B (from interblock) is
Cov(Q, B) =Cov(V —N'K'B*,B)
=Cov(V,B)-Cov(N 'K 'B*,B)
=N 'af —N 'K‘lKo-f
= 0.

Note that B* denotes the block total based on intrablock analysis and B denotes the block totals based on interblock
analysis . We are using two notations B and B* just to indicate that the two block totals are different. The reader should

not misunderstand that it follows from the result of Cov(Q, B) =0 in case of intrablock analysis.

Thus
Cov(L,, L,) =0

irrespective of the values of |.

The question now arises that given the two estimators 7 and 7 of 7, how to combine them and obtain a minimum

variance unbiased estimator of 7. Itis illustrated with following example:



| Example |

Let ¢ and @, be any two unbiased estimators of a parameter ¢ withVar(¢,) =o. and Var(p,)=c2. Consider a linear

combination ¢ =69, +6,¢, with weights 6, and 6,. In order that @ is an unbiased estimator of §,, we need

E(p)=0
or 91E((51)+92E(§52)=¢
or Oep+0,p=9¢

or 6,+6,=1
Somodify ¢ as A2+0® \whichis the weighted mean of @, and ¢,
0, +0,

Further, if ¢ and ¢, are independent, then Var(p) = 67} +6.c?;
Now we find 6, and 6, such that Var(¢) is minimum such that €, +6, =1.

oVar ()

1

=0= 20,067 -2(1-0)5’ =0

or 6o/ -0,6;=0
6, _o,

or —Lt=-2
0, o

or weight «¢ ——.
variance
Alternatively, the Lagrangian function approach can be used to obtain such result as follows. The Lagrangian function with 4~

as Lagrangian multiplier is given by ¢ =Var(@)—1*(6,+6,-1).
9 _o 99 o¢

Solving and —— =0 also gives the same result that — =—=..
601 89 oA™ 6?2 (o}

NN

[



We note that a pooled estimator of 7 in the form of weighted arithmetic mean of uncorrelated L, and L, is the
minimum variance unbiased estimator of 7 when the weights € and 8, of L, and L, , respectively are chosen such that

6 _Var(L)
6, Var(L,)'

i.e., the chosen weights are reciprocal to the variance of respective estimators, irrespective of the values of |. So consider

the weighted average of L, and L, with weights 6, and 6,, respectively as

6+ 0,
3 I'(91f+925)
6 +0,
with
' =1'Cllo’
92‘1 =I'(N 'N)‘llo-f.

The linear contrastof 7*is L*=|'r*

and its variance is

012Var(L1)+6?22Var(L2)|,|
(6,+6,)°

Il

(6,+6,)

because the weights of estimators are chosen to be inversely proportional to the variance of the respective estimators.

Var(L*) =

(since Cov(L,, L,)=0)



We note that * can be obtained provided 6, and 6, are known. But 6, and 6, are known only when o* and o} are
known. So 7* can be obtained if o and o, are known. In case, if o° and o are unknown, then their estimates
can be used.

A question arises how to obtain such estimators?

One such approach to obtain the estimates of o’ and 0'2 is based on utilizing the results from intrablock and interblock
analysis both and is as follows:

From intrablock analysis, we have

E(SSError(t)) = (n ~b-v +1)O-21

so an unbiased estimator of ¢° is
~2 SS Error(t)
o =——.
n-b-v+1
An unbiased estimator of 0'2 is obtained by using the following results based on the intrablock analysis:
v V_2 G2
_ j
SSTreat(unadj) - Z_ T
b B.Z GZ
SSBIock i~ Z_I__
(unadj) ’

\
SSTreat(adj) = ZQ ili
-1

b v , G2
SSTotaI = ZZ Yi ——

i1 j-L n



where

SSTotal = SSTreat(adj) + SSBlock(unadj) + SSError(t)

= SSieatunadi) T SSsiockadj) T SSerror ()

Hence

SSBlock(adj) = SSTreat(adj) + SSBlock(unadj) - SSTreat(unadj)'

Under the interblock analysis model
E[SSBIock(adj)] = E[SSTreat(adj)] + E[SSBIock(unadj)] - E[SSTreat(unadj)]

which is obtained as follows:

E[SSBIock(adj)] =(b —1)02 +(n —V)O';
or
b-1

m SSError(t):| = (n _V)O';.

E I:SSBIock(adj) -

Thus an unbiased estimator of 0'/23 is

., 1

b-1
Op= —VI:SSBIock(adj) -

n-b-v+1

n— SSError(t) :l *



Now the estimates of weights ¢, and 6, can be obtained by replacing ¢ and o} by 6° and &3, respectively. Then
the estimate of 7* can be obtained by replacing 6 and 6, by their estimates and can be used in place of 7*. It may be
noted that the exact distribution of associated sum of squares due to treatments is difficult to find when o and 0,2;

are replaced by &2 and 65, respectively in 7* Some approximate results are possible which we will present while
dealing with the balanced incomplete block design . An increase in the precision using interblock analysis as compared to

intrablock analysis is measured by

1/variance of pooled estimate

1/ variance of intrablock estimate

In the interblock analysis, the block effects are treated as random variable which is appropriate if the blocks can be
regarded as a random sample from a large population of blocks. The best estimate of the treatment effect from the
intrablock analysis is further improved by utilizing the information on block totals. Since the treatments in different blocks
are not all the same, so the difference between block totals is expected to provide some information about the differences
between the treatments. So the interblock estimates are obtained and pooled with intrablock estimates to obtain the
combined estimate of 7. The procedure of obtaining the interblock estimates and then obtaining the pooled estimates is

called the recovery of interblock information.
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