Analysis of Variance and

Design of Experiments-I|
MODULE Vi

LECTURE - 28

SPLIT-PLOT AND STRIP-PLOT
DESIGNS

Dr. Shalabh
Department of Mathematics & Statistics
Indian Institute of Technology Kanpur



Treatment contrasts: Main effect

The usefulness of having covariate in the model provides more accurate and more precise estimates of treatment
contrasts. Now adjust for the covariate to remove biases attributable to differences among experimental units. Now reduce

the bias by adjusting treatment means and contrasts.
Consider the whole-plot part of the design. Consider the model given in equation (2) which is as follows:

yhij =Ht ﬁWYooo +1, + ﬂw (Yhoo - Yooo) W+ ﬁw (Yoio - Yooo) + IBW (Yhio - Yhoo - Yoio + Yooo) + 8(1)hi + Sj
+f° (Xooj = Xoo0) + (WX S); + B (Xoi = Xoio = XKoo T Xooo) + B (Xoij = Rhio = Xoij + Xoio) + & (2 (2)

= /'l* + rr: + Wl* +ﬂw(7hio - Yhoo - Yoio + Yooo) + g(l)hi + S’jc + (W>< S)TJ + /BS (Xhij - Yhio - Yoij + Yoio) + g(z)hij’

where
H*= prt B R,
L=+ 5" (Koo = Xono)
Wi* =W, + B (Yoio - Yooo)
S; =5+ B° (X — Xoo)

(WXS)]k = (Wxs)ij +ﬂs (Yoij _Yoio _Yooj +X )

000



The unbiased estimates of 4 and W, are obtained from this model as follows:
Voio = :[l + Wi

and

Zci Yoio = 2_CGiW,
i i

with Zci =0. But the unbiased estimates of contrasts of the form Zciwi are needed instead of these contrasts. Using

i i
the definitions implied in equation (2), the unbiased estimates are given as
Voio = /:\l + ﬁwiooo + \i\\ll + ﬁw (Yoio - 7000)

and

Zci Voio = Zciwi + zci’gwyoioo'

Since X; 'S are the observed constants, so

~

~ A _ s
,Ll+Wi = yoio _ﬂ Xoio

and
DCW =2 ¢V~ Zci,éwxoio-

These are the required contrasts as the adjusted main effect contrasts.



Further,

2 (Zciioio)2 (0'22+SO'12)

Var{zi:civ”vi}: ZCT'+ 0 5

E[MSEQ)* |=0; +s0f and MSE(L)* has (r —1)(t—1)—1 degrees of freedom.
Comparisons among the split-plot treatment levels are similar. Then
Vooj = /}*"‘g;
and
chyooj =2 c,$;.
J J

The unbiased estimates of the contrasts of the form chsj are needed. Using the definitions in equation (2), the

unbiased estimates are given by :

Vooj = :[l + ﬂwyooo + §j + ﬂs (Yooj - Yooo)

chyooj :ch§j +ch,6A’SYOOj.
] J J

. A A — — _ 2w A & _ iv AS—
These expressions can be re-expressed as 1+, = Vo5 = (B:Xo0 = Xo00) = B %00 @nd ;stj - Zj:cjyooj ‘Zj:Cjﬂ Xooj

Also ‘
CZ (chxoon

Var| Ycs [=| YLy Nt 7 (52

[Z} ; E(2) i

and

E [MSE(2)3:| =0, and MSE(2)* has (r —1)t(s-1) -1 degrees of freedom.



Interaction contrasts

Interaction contrasts are of the form Zcijyoij with Zcij =0. The standard errors of such contrasts depend on the nature
ij ij

of the contrasts.

Consider the contrasts among split-plot levels for a fixed whole-plot level. These are of the form E C;i Yoij with E c; =0
- :
with a specific i value. Then ’

E |:zcij70ijj| = Zcij (S: +(wWx S);)
j i
= zcij (S: +(wx S)ij + ﬂs)(xoij — Xoio0))-
j
The adjusted contrast is

2.6 G5+ (Wxs);) = 2.CiYoi — B oy = Foro)

and its variance is

2 1 (Yoij _Yoio)z 2
ZCU |:——T)XSXS:|O'Z.

r

J

Next consider the contrasts among whole-plot treatment levels, either at the same split-plot treatment level or at the

different split-plot treatment levels. These contrasts take the general form ZZC"— Y,ij» where ZZcij =0. Then
i j i

= chij (VVI +ﬂw(70io _7000)+Sj +(Wxs)ij +ﬂs (Yoij _Yoio))'
o

E {chij Yoii } = zzcij (\Ni* +S; +(Wx 5);)



The adjusted contrast is

chu(w +5; +(W><S)“) chu(you ﬂ (Xom Xooo) ﬂ (Xou ono))

and has variance
X

(O-l +O—2) ( oi0 ooo) 2 (Xoij __oio)2
R { )T T E@,, }

There is no “nice” estimate of this variance. A moderate simplification is obtained by splitting this in two cases. Consider
first the whole-plot contrasts at one split-plot level. This implies that the C; 's are zero forall J # j' and the general

adjusted contrast then becomes

ZCij.(Wi + §j. +(Wxs);) = zcij, (yoij' s (Xoij' - X, ))
i i
and its variance becomes

(O-l +O—2) ( oij X0|o) (0'1 +O'2) ZC'J (XO'J 0|o) ,
ZZ IJI: 2W:| ZZ ij E(2) o,.

XsXs XsXs

An unbiased estimate of this variance is given by

S— 1 (Xou 0|o) a %) 1 a
ZZ u{ E(2),, }MSE(Z) +Zcij.(§)MSE(1) :

Sr

It is difficult to find its exact degrees of freedom. The Scatterwaite’s formula is used to approximate the degrees of freedom
which is used for the test of hypothesis and confidence interval estimation.
For the more general case, the unbiased estimate of the variance is given by

2 S— 1 S 1(Xo|o 7000)2 (Xou 0|o) 0|o X000 A
ZZ { EM,x, " E(2) }MSE(Z) +ZZC"[ SEQD), }MSE(D'

S ‘. sr

The exact degree of freedom are difficult to obtain. The approximate degrees of freedom can be obtained using

Scatterthwaite’s approximation.



Analysis of covariance with one whole-plot covariate in RBD

We consider illustrate the analysis of covariance for the split-plot experiment with whole-plots in an RBD and one covariate

associated with the whole-plots.

Developing the model

We begin with the model
Yoj = L+ W+ Xy + @) +5; +(Wxs); +£(2);, h=L..ri=1..t and j=1..5,

where h=12,...,r;i=12,....tandj=12,...,s, and the covariate is X,; . Assume that both the whole-and split-plot treatments

are fixed effects, implying that W, =%, =(wxs),; = (wxs),, =0. The X,;'s are observed constants. The £(1),; and £(2);
are identically and independently normally distributed each with mean 0 and variances o} and o; respectively. Moreover
they are mutually independent.

Rewrite the model to isolate the covariate’s contribution to bias and variance. Using
Xhio = 700 + (Yho - Yoo) + (Yoi - Yoo) + (Xhi - Yho - Yoi + Yoo)’

the model is rewritten as

Vi =t BXo + 1+ B(X, — X)W+ B(Xy — X0 ) + B(Xy — Ko = X5 +X50) + Q) +5; +(Wx s); +£(2)y;
=4+ AW+ B(X X, — X, +X ) +e@), + S; +(Wxs); +&(2)y;
where
MW=+ B,
rh* = +ﬂ(7ho _Yoo)’

W, =W, +ﬁ(70i _700



Thetermsin 4 ,r,and W represent the contributions to bias from the experimental units via the covariate, and

B(X; — X, — X, +X) represents the contribution to the variance. The analysis of covariance provides adjustments to

remove all of these.

Computations in the analysis of covariance

Once the model is constructed, the next step is to construct the compact analysis of covariance table as follows:

Analysis of covariance table for the split-plot with only a whole-plot covariate

Source y —variable Covariate

Mean M, M,, M,
Blocks B, By B,,

w W, W,, W,
Error(1) EQ,, EQ, EQ,,
S S,

W xS WS,

Error(2) E(2),,
Total T, Ty T,




There are no covariance adjustments in the split-plot stratum. In the whole-plot stratum, we have

s E@Q),
p= EQ,

(o} +507)
Var(ﬂ) Q.

1 _E@),
MSE (1)* =
? [(r—l)(t—l)—l][ " Fo, ]

MSW 2 :L[\N W, +E@), T . E(l)iy}

t-nl ¥ W_+EQ, EQ),

Contrasts

Since there is only a whole-plot covariate, so only the whole-plot treatment contrasts are adjusted. Consider the contrast

Zciyoio = Zciwi +Iézci (X5 —%50)

with " ¢, =0. Rewrite this as

Zciwi = zciyoio _B\Zciyoio'

This contrast has variance 2
1 (zciioij
Tt

E),

2 2
O, + SOo. )
— " g 2 !

The estimate of (o> +sc;’) with (r —1)(t —1) —1 degrees of freedom is given by MSE(1)*.
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