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Theorem: E(Q)=Cr
Var(Q)=o°C

n B n.B
Proof: Q =V.—{ S | b}
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Thus substituting these expressions in E(Q,), we have

E(Qj)= re, —Z%[anij]

]

n2
=(i_ZkUJ Z h Zn-ﬂe
i B i | i(0)
=C;T;+ ), Cy T
i'=0)

Further, substituting E(Q;) in E(Q)=(E(Q),E(Q,)....E(Q,))", we get
E(Q)=Cer.

Next,

Var(Q,) Cov(Q,Q,) ... Cov(Q,,Q,)
Var(Q) = COV(:QZlQl) Var(sz) COV(?z'Qv)

Cov(Q,Q) Cov(Q,Q,) .. Var(Q)

Var(Q,) =VarlV, —Z% B]

~var(V,) +Z[%] Var(Bi)—ZZ%COV(\/j B).



Note that

Var(V,) =Var (ZZ yijmj =r,o’
Var(B;) =Var (ZZ yijmJ =ko?

Con, ) =Cor| S5 4y X5

_ 2
=n,c

Var(Q,) =ro* +Z( "j k.o —22( "J 2

n?
=ro’ —Z[k—“J o’

=C;0 .



Cov(Q;,Q,) = Cov{vj _Z% BV, _Z%Bi}

NNy,
‘_2 Cov(B,,B,)

—CoVV,.V,) - X -Cou(V; B) - Y- Cou(B, V,) + X

n n; ;M
= O—Z%COVNj ,B;) _Zk__JCOV(Bi V) + Z J_z - Var(B)

k

(A )r-R o pAe

Substituting the terms of

Var(Q,) =c¢,c” and Cov(Q,,Q) =¢;c? in Var(Q), we get

Var(Q) =Co”.

Hence proved.

[Note: We will prove this result using matrix approach later].



Covariance matrix of adjusted treatment totals

Consider
\ .
Z= (BJ with b+ Vv variable.

We can express

Q=V-N'K'B
1 -1 V
=[I -N'K ][B}
=l -N'K]z.
So
—1 Il
Cov(Q) =1 -N'K ]COV(Z)[(_N.K-1)}'
Now we find
Cov(Z)=[Var(V) Cov(V,B)J
Cov(B,V) Var(B)

Since B; and V; have n; observations in common and the observations are mutually independent, so

Cov(B;,V,) =n;o”
Var(B)) =k’
Var(V,)=r,c".



Thus

Cov(Z)=(E| E'JGZ

Cov(Q) =[I —N'K*]HfI I'”' o

=[R-N'K™N  N'-NT o*

=(R-N'K™N)o*

=Co”.

Next we show that Cov(B,Q)=0

Cov(B,Q)=Cov(B,V)-Cov(B,V - N'K™B)
=Cov(B,V)-Var(B)K'N
=No’ -KK'Ng?
=0.



Alternative approach to find/ prove E(Q)=Cr, D(Q)=Co”

Now we illustrate another approach to find the expectations, etc. in the set up of an incomplete block design. We have now
learnt three approaches- the classical approach based on summations, the approach based on matrix theory and this new
approach which is also based on the matrix theory. We can choose any of the approaches. The objective here is to let the
reader know these different approaches.
Rewrite the linear model

Yim =+ Bi+7,+&, 1=12,..,b; j=12,..,vyim=0,1,..,n;.
as

y=uE, +Dr+D,B+¢
where 7=(7,7,,...,7,) B=(B, L 0,)"

Since B; and V; have n; observations in common and the observations are mutually independent, so denote

D, :vxn matrix of treatment effect versus N, i.e., (i, j)" element of this matrix is given by

_{1 if j" observation comes from i" treatment
1

0 otherwise

D, :bxn matrix of treatment effect versus N, i.e., (i, )" element of this matrix is given by

{1 if j" observation comes from i" block
, =

0 otherwise.



Following results can be verified:

D,D, =R =diag(r,r,,...,1,),
D,D, = K =diag(k,,K,,....k,),
D,D,=N or D,D,=N"
DE, =(r,r,,...1,)'

D,E., =(k.k,,...k,)"

DllEvl = Enl = D‘z Ebl'

In earlier notations,
V=V, V) =Dy

B=(B,B,..B,) =D,y

Express Q interms of D, and D, as

Q=V-N'K™'B
:[Dl - DlDé(DzD‘z)_lDz:I y



E(Q) =[D,-D,D,(D,D,)"D, |E(Y)
= I:Dl - D1D£(D2D‘z)_1 Dz:l(ﬂEnl + D1IT+ Dzﬂ)

= I:DlEnl - D1DI2(D2D )_1 DZEnl]lu+ |:D1D1' - DlDlz(DzD‘z)_1 D2D1I:|T+[D1Dé - D1Dé(D2Dé)_1 Dlez]ﬂ

=[ (600 1) = N K (K k) |+ [ R=NK N 2 4[N N'K K |
Since
kl
11

N'K(K,,....k,)'= N"diag| —,—,..,— || .
(kyrooiky)’ g[h o J :

I(b

nll n21' nbl

=N" — n12 n22 an
1 niv nZv' 'nbv 1



Thus
N'—=N'K*K =(r1, .. rv)'— N 'K‘l(kl,...,kb) =0

and so

EQ)=[R-N'K'N|z
=Cr.

Next
Var(Q) =D,[I-D,(D,D,)"D, |Var(y)[ | -D,(D,D,) "D, | D;

=o°D,[1-D,(D,0,) "D, D,
- 5[ D,D, - D,D;(D,D;)"D,D; |
o [RoNKN]

=o?’C.

Note that [I -D,(D,D,)™ DZJ is an idempotent matrix.

Similarly, we can also express

P=B-NRV
= [Dz - D2D1IR_1D1]Y-
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