NPTEL- Probability and Distributions

MODULE 6

RANDOM VECTOR AND ITS JOINT DISTRIBUTION

LECTURE 27

Topics
6.2 TYPES OF RANDOM VARIABLES

Theorem 2.1

Let X = (Xl,...,Xp) be a p- dimensional (p = 2) random vector with distribution
function Fy(-). For a fixed positive integer k € {1, ...,p — 1}, let ¥ = (Xy,...,X;) and
Z = (Xp41, -, X,) sothat X = (Y, 2).

(i)

(i)

Proof.

(i)

Suppose that X is of discrete type with support Sy and p.m.f. fx (). ForX € R¥,
define R, = {g € RPF: (Xg) € S)_(} (note that, for each y € R“,R, is a
countable set. Then the random vector Y = (Xq, ..., X)) is of discrete type with
support Sy = {X € Rk: (X,g) € Sy ,for some z € ]Rp‘k} and joint p.m.f.
(called the marginal p.m.f. of Y)

£ (v) = ZEZRny(X'Z)' fyes

0, otherwise

Suppose that X is of absolutely continuous type with joint p.d.f. fx(-). Then the
random vector Y = (X1, ..., X)) is of absolutely continuous type with p.d.f. (called
the marginal p.d.f. of Y)

()= [ [ (e dmsan, y e

where z = (zy, ..., z, ).

Note that {X € Sy} = {(Y,Z) € Sx} S {Y € Sy}. Therefore

P(res)) =Pl esgd) =1
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ie., P({resy}) =1

Also Sy is countable and, for y € Sy,

P(fr=y})=rp ({Z =yjn{xes))  (sinceP({xeS})=1)

Note that, for y €Sy, R, # ¢, and for z € Ry,(y, g) € Sy . Therefore we have

fu (y.2) > 0¥y € 5y and z € R, . If follows that P({Y € 5,}) = 1,P ({r =y}) >0,
vy € Sy. Hence the assertion follows.

(i)  Note that, for y € R¥,

i= p—k
y1 Yk z1  Zp-k
= Jim f f - f J fx (s t)dtds
i=1,..p k —o —o0 —o0 —o0
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— _z..._zk...[_z.._zfx (ig)dgl ds,

V1

= f fc h(s)ds, (2:3)

o]

where s = (sq, ..., s¢), t = (t1, .o, tyg ), dt = dt,_ -+ dty, ds = dsy -+ ds; and

[ee]

h(s) = f fwfg(ié)dé' s € R,

Clearly h(s) =0, vs € R¥ and

0 0

_[O _[O h(s)dsy - ds; = R{ fi(s,t)deds = 1.

Now, using (2.3) and the above properties of h(-), it follows that Y is of absolutely
continuous type with p.d.f.

£0)=40) [ [ G yerm

Example 2.1

Let Z = (X,Y) be a bivariate random vector with p.m.f.

B B _ o fcy, if(x,y) €ER
fz(x,y) =P{X =xY =y}) = {0, otherwise ’

where R = {(s,t) € R%:s,t € {1,...,n},s < t},n (= 2) is fixed positive integer and c is
a fixed real constant.

(i) Find the value of constant c;
(i1) Find marginal p.m.f.sof X and Y;
(ii) Find P{X > Y}), P{X = Y} and P({X < Y}).

Solution.
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(i)

(i)

Clearly we must have ¢ > 0. Then the support of Zis S; = R = {(s,t) € R%:s,t €
{1, ...,n},s < t} and therefore

fg (x,y) =1
(x'Y)Esg
n Yy
= cZZy =1
y=1x=1
n
= cz:y2 =1
y=1
6

¢ =n(n+ D2n+1)°

By Theorem 2.1 (i) the support of X isSy = {x € R: (x,y) € Sy forsome y €
]R} = {1,2,...,n}, and the support of Yis Sy = {y € R: (x,y) € Sz for some x €
R} = {1,2,..,n}. For x € Sy, define R, = {y eR:(x,y) €Sz} . Then, by
Theorem 2.1, the marginal p.m.f. of X is

z fz(x,y), ifx € Sx

fX (X) = YER,

0, otherwise
For x € Sy, we have R, = {x,x + 1, ...,n}

z fz(x,y) = C}i{y _ [n(n2+ D —21)x].

YERy

Therefore the marginal p.m.f. X is

3[nn+1) — (x — Dx] . S
@ ={" nm+Den+1 ~ TXEX
0, otherwise

where Sy = {1, ..., n}.

Fory € Sy, define Ry = {x € R: (x,y) € S;} = {1,2,...,y}. Then, by Theorem
2.1, the marginal p.m.f. of Y is
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Z fg(x»)’): lfy S SY
fY(y) = xER; '
0, otherwise

For y € Sy, we have

Z fr(x,y) = czy:y = cy®.
x=1

"
xERy

Therefore the marginal p.m.f. of Y is
2
6y lfy € SY

fy (_’y) = {n(n+1)(2n+1) ’
0, otherwise

where Sy = {1, 2, ...,n}.

(iii) LetA ={(s,t):s>t}and B = {(s,t):s = t}. Then by Remark 2.1 (ix)
P({x >Y}=P{Z € A})

N ACE)

(x,y)ESZnA

=0 (since SzNA= qb).

P({x =1} =P{Z € B})

= ) f@y)

(x,y)ESZNB

n
y=1

3
2n+1°

Therefore
PxX<YH=1-PH{X=Y})-PH{Xx>Y})
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1_
2n+1

_2(n—-1)
T on+1 M

Example 2.2
Let X = (X1, X,, X3) be a discrete type random vector with p.m.f.

CX1X2X3, if (x11x21x3) € {1F 2} X {11 2; 3} X {11 3}
0, otherwise ’

fg(xl' X, X3) = {

where c is a real constant.

(i) Find the value of c;

(ii) Find the marginal p.m.f.s. of X;; of X;; of X3;
(iii) Find the marginal p.m.f. of Y = (X1, X3);
(iv) Find P({X; = X, = X3}).

Solution.
(i) Clearly we must have ¢ > 0. Then the support of X is Sy = {(xl,xz,x3):x1 €

{1,2},x, € {1,2,3},x3 € {1,3}}. Therefore

Z fx(x1,2203) = 1

EES&

=cC Z z z X1XpX3 = 1
X1€{1,2}XZ€{1,2,3}X3E{1,3}

(it) The supports of X;, X, and X3 are
Sx, = {x1 € R': (x1,x2,x3) € Sy for some (x,, x3) € R?} = {1,2},

Sx, = {x2 € R': (x1,x2,%3) € Sy for some (x1,x3) € R*} ={1,2,3}
and

Sxs = {x3 € R': (x1,%,,%3) € Sy for some (x;,x,) € R*} = {1,3},
respectively.

Dept. of Mathematics and Statistics Indian Institute of Technology, Kanpur 6



NPTEL- Probability and Distributions

For x; € Sy, , Ry, = {(x2,%3): (x1,%2,%3) € Sz} ={1,2,3} x {1,3}. Then, for
X1 € SX1

fx, (x1) = P({X; = 1 })

= Z fg (1, X2, x3)
(x2:x3)ERx1

= Z X1X2X3
x2€{1,2,3} x3€{1,3}

X1

3

Therefore the marginal p.m.f. of X; is

X1 .

—, ifx, €{1,2
fxl(x1)={3 162

0, otherwise

Similarly the p.m.f.s of X, and X3 are

X2

fxz (x2) = {E'

0, otherwise

ifx, € {1,2,3}

and
X3 .
=, ifx; € {1,3
fX3(x3):{4 3 { },
0, otherwise

respectively.

(iif)  The support of Y = (X1, X3) is
Sy = {1,¥2): O1,5,¥2) € Sy for some s € R}

={1,2} x{1,3}
={(1,1,(1,3),(2,1,(2,3)}

Fory = (71,¥2) € Sy, R, = {s € R: (31,5,y3) € Sz} = {1,2,3}. Therefore, for
y=1y2) €Sy,

rp)=(r=y)= ) ens

s€f{1,2,3}
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_ Yiy2
12’

and the marginal p.m.f. of Y = (Y3, Y,) is

Fr (v, v,) = {% if (y1,y2) €{(1,1),(1,3),(2,1),(2,3)}

0, otherwise

(|V) Let 4= {(xl,xZ,Xg) € Rg: X1 = Xp = X3} . Then SK NA= {(1, 1, 1)} and

therefore
P =X, = XD = > fulx)
KESKHA
=c
-1
2L
Example 2.3

Let X = (X1, X, X3) be arandom vector of absolutely continuous type with joint p.d.f.

c
f(x)_ﬁ, ifO<X3<X2<X1<1
K A) )
0, otherwise

where c is a real constant.

(1)  Find the value of constant c;

(i) Find the marginal p.d.f. of Y = (X5, X3);
(iii)  Find the marginal p.d.f. of X,;

(iv)  Find P({X; > 2X,}).

Solution.

(i) Clearly we have ¢ > 0. Also

f fr(x)dx =1

X1 X2

1
c
- =1
ﬁjj j X1, ngdXz dx1
00 0

Dept. of Mathematics and Statistics Indian Institute of Technology, Kanpur 8



NPTEL- Probability and Distributions

=>c=1

(if) The marginal p.d.f. of Y = (X,, X3) is

fz(}’p}’z) = ffg (x1,¥1,¥2) dx;

1
(1 _
:{fmdxl, ifo<y,<y; <1

V1
0, otherwise
—1In
B M o<y, <y <1
= yl .
0, otherwise

(iii) The marginal p.d.f. of X, is

\8

fx, (x2) = jfg (1, X2, x3) dx1 dx3
%2 1
:<J<J<de1dX3, 1f0<x2<1
0 X2
0, otherwise

—Inx,, if0<x, <1
0, otherwise

(|V) Let A = {(Xl,xZ,X3) € Rgl X1 > ZXZ} Then

P({X; >2X,}) = jw jw jw fie(x)Ia(x) dx

J J J EIA(JC) dx

x3 <xp <x1<1

0

i

1

NJAS

X2

1

—— dxzdx, d
[ [
0 0
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We conclude this section with the following remark. gy

Remark 2.2

(1) There are random vectors that are neither of discrete type nor of continuous type (and
hence also nor of absolutely continuous type). To see this let X = (X, X,) have the

joint distribution function

(1 xyx;

E+T,lf0£X1<1,0SX2<1

1 X1 .

E+?, 1f0SX1<1,X221
Fy, x,(x1,%2) = 1 1 x

E+7, 1fx121,0Sx2<1

1, if x121,x221

\0, otherwise

It is easy to verify that Fy, . () is a distribution function (i.e., it satisfies properties
(i)-(iv) of Theorem 1.3). The marginal distribution functions of X; and X, are

0, 1fx1 <0
. 1 X1 .
Fy,(x1) = xl;glooFXl'XZ (x1,%2) = > +7, ifo<x <1
1, ifx; =1
and
0, ifx, <0
. 1 X2 .
Fy,(x;) = )}113100 Fy, x,(x1,%2) = > + - if 0 <x, <1.
1, ifx, > 1

Clearly the set of discontinuity points of Fy, (= Fy,) is D = {0} and
1
D[R 00 = B (e )] = Y [Fr,(0) = B, e )] = 5 = 1.

x€D x€D

It follows that X; and X, are not of discrete type and therefore using Theorem 2.1
(i) it follows that (X;, X,) is not of discrete type.

Note that
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1
|Fx, x, (x1,%2) — Fy, x,(0,0)| = |FX1,X2 (x1,%2) =3

1
> ifx; <Oorx, <0
X1X2 .

if0 <x;<10<x, <1

)

2

- O; as (XDXZ) - (OI O)r

i.e., FXLXZ(') is not continuous at (0,0). Therefore (X;,X,) is also not of

continuous type.
(i) There are random vectors which are of continuous type but not of absolutely

continuous type. These random vectors are normally difficult to study.
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