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MODULE 3

FUNCTION OF A RANDOM VARIABLE AND ITS
DISTRIBUTION

LECTURE 12
Topics
3.1 FUNCTION OF A RANDOM VARIABLE

3.2PROBABILITY DISTRIBUTION OF A FUNCTION OF
A RANDOM VARIABLE

3.1 FUNCTION OF A RANDOM VARIABLE

Let (12, F, P) be a probability space and let X be random variable defined on (2, F, P).
Further let h: R — R be a given function and let Z: 2 — Rbe a function of random
variable X, defined by Z(w) = h(X(w)),w € 2. In many situations it may be of interest
to study the probabilistic properties of Z, which is a function of random variable X. Since
the variable Z takes values in R, to study the probabilistic properties of Z, it is necessary
that Z~1(B) € F,VB € By, i.e., Z is a random variable. Throughout, for a positive integer
k, R* will denote the k-dimensional Euclidean space and B, will denote the Borel sigma-
field in R¥.

Definition 1.1

Let k and m be positive integers. A function h: R¥ — R™ is said to be a Borel function if
h"'(B) € B,,VBEB,.m
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The following lemma will be useful in deriving conditions on the function h: R = R so
that Z: 2 - R, defined by Z(w) = h(X(w)), w € £, is a random variable. Recall that, for
a function W: D; —» D, and 4 € D,, ¥ 1(4) = {w € D;: ¥(w) € 4}.

Lemmal.l

Let X:2 >R and h:R—- R be given functions. Define Z:2 - R by Z(w) =
h(X(w)),w € 2. Then, forany B € R,

Z71(B) =x"Y(h1(B)).
Proof. Fix B € R. Note that A1 (B) = {x € R: h(x) € B}. Clearly

h(X(w)) € B © X(w) € h71(B).

Therefore,
Z7Y(B) = {w € 2: Z(w) € B}
= {w € 2: h(X(w)) € B}
={w € 2: X(w) € A7(B)}
=X"Yh1(B) m
Theorem 1.1

Let X be a random variable defined on a probability space (2, F,P) and let h: R - R be
a Borel function. Then the function Z: 2 — R, defined by Z(w) = h(X(a))),a) €N, isa
random variable.

Proof. Fix B € B;. Since h is a Borel function, we have h~1(B) € B,. Now using the
fact that X is a random variable it follows that

Z'B)=Xx"Yr1(B)) eF.
This proves the result. g
Remark 1.1

Q) Let h: R — R be a continuous function. According to a standard result in
calculus inverse image of any open interval (a, b), — < a < b < oo, under
continuous function A is a countable union of disjoint open intervals. Since B;
contains all open intervals and is closed under countable unions it follows that
h~1((a, b)) € B;, whenever —o<a<b <. Now on employing the
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arguments similar to the one used in proving Theorem 1.1, Module 2 (also see
Theorem 1.2, Module 2) we conclude that »~(B) € B;,VB € B;. It follows
that any continuous function h: R — R is a Borel function and thus, in view of
Theorem 1.1, any continuous function of a random variable is a random
variable. In particular if X is a random variable then X2, |X|, max(X,0),sin X
and cos X are random variables.

(i) Let h: R — R be a strictly monotone function. Then, for —o < a < b < o,
h~(a,b) is a countable union of intervals and therefore h~1(a, b) € By, i.e.,
h is a Borel function. It follows that if X is a random variable and if i: R - R
is strictly monotone then h(X) is a random variable. gy

A random variable X takes values in various Borel sets according to some probability law
called the probability distribution of random variable X . Clearly the probability
distribution of a random variable of absolutely continuous/discrete type is described by
its distribution function (d.f.) and/or by its probability density function/probability mass
function (p.d.f/p.m.f.). For a given Borel function h: R — R, in the following section, we
will derive probability distribution of h(X) using the probability distribution of random
variable X. gg

3.2PROBABILITY DISTRIBUTION OF A FUNCTION OF A
RANDOM VARIABLE

In our future discussions when we refer to a random variable, unless otherwise stated, it
will be either of discrete type or of absolutely continuous type. The probability
distribution of a discrete type random variable will be referred to as a discrete
(probability) distribution and the probability distribution of a random variable of
absolutely continuous type will be referred to as an absolutely continuous (probability)
distribution.

The following theorem deals with discrete probability distributions.

Theorem 2.1

Let X be a random variable of discrete type with support Sy and p.m.f. fi(:). Let
h:R - R be a Borel function and let Z: 2 — R be defined by Z(w) = h(X(w)),w € Q.
Then Z is a random variable of discrete type with support S, = {h(x):x € Sy} and p.m.f.
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fx(x), ifzes
ﬁ@=;f ’

0, otherwise

B {P({X €A}, ifz€Sy,
o, otherwise’
where A, = {x € Sy: h(x) = z}.

Proof. Since h is a Borel function, using Theorem 1.1, it follows that Z is a random
variable. Also X is of discrete implies that Sy is countable which further implies that S,
is countable. Fix z, € S, so that z, = h(x,) for some x, € Sy.
Then
{X=x}={w e :X(w) =xy} S {a) € N: h(X(a))) = h(xo)}

= {h(X) = h(x0)}

=1{Z = zy},
and
{XeSy}={weN:X(w)eSy}<c{weh(X(w))eS;}
= {h(X) € S5}
Therefore,

PH{Z = zs}) = P{X € xo}) > 0, (since x, € Sy),
and P({Z € S;}) = P({X € Sy}) = 1.

It follows that S, is countable, P({Z = z}) > 0,vz€ S, and P({Z € S;}) = 1,i.e.,, Z is
a discrete type random variable with support S.
Moreover, for z € S5,

P({Z =2}) = P({w € 2: h(X (w)) = 2})
= ) Px=x)

X€EA,

= ) K@

X€EA,

= P(IX € 4,}).
Hence the result follows. g

The following corollary is an immediate consequence of the above theorem.
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Corollary 2.1

Under the notation and assumptions of Theorem 2.1, suppose that h: R — R is one-one
with inverse function h=1: D — R, where D = {h(x):x € R}. Then Z is a discrete type
random variable with support S, = {h(x): x € Sy} and p.m.f.

£,(2) = {fx(h 1(2)), ifz€ S,

0, otherwise

- {P({X =h7'(2)), ifz€S;

0, otherwise
Example 2.1
Let X be a random variable with p.m.f.
f;, if x € {~2,-1,0,1}
fX(xh{%, if x €{2,3)
0, otherwise

Show that Z = X? is a random variable. Find its p.m.f. and distribution function.

Solution. Since h(x) = x%,x € R, is a continuous function and X is a random variable,
using Remark 1.1 (i) it follows that Z = h(X) = X? is a random variable. Clearly
Sy ={-2,—-1,0,1,2,3}and S; = {0,1,4,9}. Moreover,

P(Z=0) = P(X: = 0) = P(X = 0] = 5,

PUZ=1) = PN =1) = PK € [-11) =5 +2 =7
PUZ=4) = P(X: = 4) = PX € (-22) =5 + 1y =2
and P{Z=9)=P({x*=9)=P({xe{- 33}})_0+%=%-

Therefore the p.m.f. of Z is
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ifz=20

-

ifz=1

-

)

f2(2) = ifz=4

ifz=9

-

R

f
e

otherwise
and the distribution function of Z is

, ifz<O0

if0<z<1

Fz(z) =<{=, ifl<z<4 'm

if4<z<9
\1, if z=>9

Example 2.2

Let X be a random variable with p.m.f.

x|

fio(x) = {ﬁ, ifxe{+1,+2,-,+£50}
X -_ .
0, otherwise

Show that Z = |X| is a random variable. Find its p.m.f., and distribution function.

Solution. As h(x) = |x|,x € R, is a continuous function and X is a random variable,
using Remark 1.1 (i), Z = |X| is a random variable. We have Sy = {+ 1,+2,---,+50}
and S, = {1, 2,---,50}. Moreover, for z € S,

IR

P{Z=2z)=P{IX|=2) =P({X € {-22}}) = 5550 T 2550 - 1275

Therefore the p.m.f. of Z is

z
f,(z) = 1275 ifze{1,2,---,50}

0, otherwise

and the distribution function of Z is
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(0, ifz<1

—_, f1<z<?2

£y (z) = | 1275

’ i+ 1) ifi<z<i+1,i=273 49.-
2550; =z l Il_ ]
\1, ifz> 50

Example 2.3

Let X be a random variable with p.m.f.

)

fi(x) = {(Z) p*(1—-p)" ™, ifx €{0,1,-,n}

0, otherwise

where n is a positive integer and p € (0,1). Show thatY = n — X is a random variable.
Find its p.m.f. and distribution function.

Solution. Note that Sy =Sy ={0,1,---,n} and h(x) =n —x,x € R, is a continuous
function. Therefore Y = n — X is a random variable. For y € Sy

PAY =y) =P =n—yD =, )p" 7 (1= p)* = () (1 = p)?p" .

Thus the p.m.f. of Y is

)

n .
fr) = {(y) 1-p)p"7, ify€e{0,1,--,n}
0, otherwise

and the distribution function of Y is

p", ifo<y<1
i
= n i
Fy () <Z (j)a-pip7, ifisy<i+li=12-n-1"®
j=0
\1, ify=n

The following theorem deals with probability distribution of absolutely continuous type
random variables.
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Theorem 2.2

Let X be a random variable of absolutely continuous type with p.d.f. fy(-) and support
Sx. Let §;,83,+, Sk, be open intervals in R such that §; N S; = ¢, if i # j and uk.s =
Sy. Let h: R —» R be a Borel function such that, on each S;(i =1, ...,k),h:S; > R is
strictly monotone and continuously differentiable with inverse function h;1(-). Let
h(S;) = {h(x):x € S;} so that h(S;)(j = 1,...,k) is an open interval in R. Then the
random variable T = h(X) is of absolutely continuous type with p.d.f.

k
@ = f (7 O) A O] sy .
j=1

Proof. We will provide an outline of the proof which may not be rigorous. Let Fr(-) be
the distribution function of T. For t € Rand A > 0,

Fr(t+A)—Fr(t) P{t<h(X)<t+A})
A B A

k

_ZP({t<h(X)St+A,XESj})
- A

j=1

Fix j € {1, ..., k}. First suppose that h; (-) is strictly decreasing on S;. Note that {X €
S} = {h(X) € h(S;)} and h(S;) is an open interval. Thus, for ¢ belonging to the exterior
of h(s;) and sufficiently small A >0, we have P({t <h(X) <t+AX€S}) =0.
Also, for t € h(S;) and sufficiently small A > 0,

P{t<hX) <t+AXeS})=P{n'(t+A) <X <h 1D}
Thus, for all t € R, we have

P({lt<n) <t+axes)) PARTE+A) <X <h (O}l ®)

A A
hit(o)
== f fr(@dz| I s,
hit(t+4)

& —fx (hj_1 (t)) (% hj_l(t)> I (s (®. (2.1)

Similarly if h; is strictly increasing on S; then, for all t € R, we have
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P({lt<n) <t+axes)) PERT® <X <h(t+MPys)®)

A A
hit(t+A)
= — f fx(z2)dz Ih(sj)(t)
hH(E)
2 e (7 @) (£ 170 ) O 22)

Note that if h is strictly decreasing (increasing) on S; then ;—thj‘l(t) < (>)0onS;. Now
on combining (2.1) and (2.2) we get, for all t € R,

P hX)<t+AXES d
({t<h(0) LMK DEFNO) 5 O] sy,

k

Similarly one can show that, for all t € R,

k
F A) —F d
lim r(t+ z rlt) _ fo (hj_l(t)) |Ehj_1(t)|1h(5j)(t)- (2.3)
]:

ATO

It follows that the distribution function of T is differentiable everywhere on R except
possibly at a finite number of points (on boundaries of intervals h(S;), -+, h(S;) of S;).
Now the result follows from Remark 4.2 (vii) of Module 2 and using (2.3). g

The following corollary to the above theorem is immediate.
Corollary 2.2

Let X be a random variable of absolutely continuous type with p.d.f. fy(:) and support
Sy. Suppose that Sy is a finite union of disjoint open intervals in R and let h: R - R be a
Borel function such that h is differentiable and strictly monotone on Sy (i.e., either
h'(x) < 0,Vx € Sy or h'(x) > 0,Vx € Sy). Let Sy = {h(x):x € Sy}. Then T = h(X) is a
random variable of absolutely continuous type with p.d.f.

d
fr(t) = {fX(h_l(t)) |E h‘l(t)|, ift € Sy

0, otherwise
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It may be worth mentioning here that, in view of Remark 4.2 (vii) of Module 2, Theorem
2.2 and Corollary 2.2 can be applied even in situations where the function his
differentiable everywhere on Sy except possibly at a finite number of points.

Example 2.4
Let X be random variable with p.d.f.

X ifx>0
) otherwise’

@ =1

and let T = X2

Q) Show that T is a random variable of absolutely continuous type;

(i) Find the distribution function of T and hence find its p.d.f.;

(i) Find the p.d.f. of T directly (i.e., without finding the distribution function of
T).

Solution. (i) and (iii). Clearly T = X2 is a random variable (being a continuous function
of random variable X). We have Sy = S; = (0,). Also h(x) = x2,x € Sy, is strictly
increasing on Sy with inverse function h='(x) = v/x,x € Sy. Using Corollary 2.1 it
follows that T = X2 is a random variable of absolutely continuous type with p.d.f.

d
o) = {fx(ﬁ) £ WD)ife> 0

0, otherwise
e_‘/? 'f 0
fe w0
0, otherwise

(ii) We have F;(t) = P({X? < t}),t € R. Clearly, fort < 0, F(t) = 0. For t > 0,

Fr(t) = P({—Vt <X <+t})

NG

=f&mm
Ve

VE

= f e *dx

0

=1-e v,
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Therefore the distribution function of T is

0 ift<o

F tz{’ .
r(® 1—eVE ift>0

Clearly Fr is differentiable everywhere except at t = 0. Therefore, using Remark 4.2
(vii) of Module 2, we conclude that the random variable T is of absolutely continuous
type with p.d.f. fr(t) = Fr(t),ift #0. At t =0 we may assign any arbitrary non-
negative value to f(0). Thus a p.d.f. of T is
eVt
fT(t) — 2_\/?, ift >0
0, otherwise

Example 2.5

Let X be a random variable with p.d.f.

|x|

7, f—1<x<1
ifl<x<2 -

otherwise

fx(x) =

X
5;
0,

and let T = X2

Q) Show that T is a random variable of absolutely continuous type;

(i) Find the distribution function of T and hence find its p.d.f;

(iii)  Find the p.d.f. of T directly (i.e., without finding the distribution function of
T).

Solution. (i) and (iii). Clearly T = X2 is a random variable (being a continuous function
of random variable X). We have Sy = (—1,0) U (0,2) =S5, US,, say. Also h(x) =
x%,x € Sy , is strictly decreasing in S; = (—1,0) with inverse function h71(t) =
—/t; h(x) = x?,x € Sy, is strictly increasing in S, = (0,2), with inverse function
h;1(t) = Vt; h(Sy) = (0,1) and h(S,) = (0,4). Using Theorem 2.2 it follows that
T = X? is a random variable of absolutely continuous type with p.d.f.

d ¢ d t
Fr® = fi(=V8) |5 (VO 1 + £ (VD) |3 (VO |12

(1.
E, ifo0<t<1

1 .
-, ifl<t<4
.

0, otherwise
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(i) We have Frp(t) = P({X?<t}),teR. Since P({X € (-1,2)}) =1, we have
P{T € (0,4)}) = 1.

Therefore, fort <0, Fr(t) = P{T <t})=0and, fort >4, F;(t) = P{T <t}) = 1.
For t € [0,4), we have
Fr(t) = P({-Vt <X <t})
\/—

. ftfx(x) dx

-Vt
[Vt

|x| .

7dx, ifo0<t<1
U

—\/t
1 vt
| x| x .
—dx+ | =dx, if1<t<4
2 3
\ 1 1

Therefore, the distribution function of T is
(O, ift<O
t
|§, ifo<t<1
Fr(0) = { t+2 '
|—, if1<t<4
6
\1,  ife>4

Clearly Fr is differentiable everywhere except at points 0,1 and 4. Using Remark 4.2
(vii) of Module 2 it follows that the random variable T is of absolutely continuous type

with a p.d.f.

(1.
E, ifo<t<1
fr(t) = Jl
6,
0, otherwise

fl<t<s4 ®

Note that a Borel function of a discrete type random variable is a random variable of
discrete type (see Theorem 1.1). Theorem 2.2 provides sufficient conditions under which
a Borel function of an absolutely continuous type random variable is of absolutely
continuous type. The following example illustrates that, in general, a Borel function of an
absolutely continuous type random variable may not be of absolutely continuous type.
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Example 2.6
Let X be a random variable of absolutely continuous type with p.d.f.

(e, ifx>0
fx () = {0, sotherwise’

and let T = [x], where, for x € R, [x] denotes the largest integer not exceeding x. Show
that T is a random variable of discrete type and find its p.m.f.

Solution. For a € R, we have
T71((—x,a]) = (o, [a] + 1) € B;.

It follows that T is a random variable. Also Sy = (0,). Since P({X € Sx}) =1, we
have P(T € {0,1,2,---}) = 1. Also, fori € {0,1, 2, ... }.

P{T=i})=P{i<X<i+1)}
i+1

= f fx (0)dx

i+1

= f e *dx

i
=(1—eDe™

> 0.

Consequently the random variable T is of discrete type with support S = {0, 1, 2, ... } and
p.m.f.

(1—-e Vet iftef{0,1,2,..}

fr@®=PAT =1) = {0, otherwise ‘.
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