NPTEL-Probability and Distributions

MODULE 6

RANDOM VECTOR AND ITS JOINT DISTRIBUTION

LECTURE 36

Topics

6.11 DISTRIBUTIONS BASED ON SAMPLING FROM A
NORMAL DISTRIBUTION

6.11 DISTRIBUTIONS BASED ON SAMPLING FROM A
NORMAL DISTRIBUTION

First we will introduce two new probability distributions, called the Student t-distribution
and the Snedecor F -distribution, which arise as probability distributions of various
statistics based on a random sample from normal distribution.

Definition 11.1

(i) For a given positive integer m, a random variable X is said to have the Student t-
distribution with m degrees of freedom (written as X ~ t,,,) if the p.d.f. of X is given

by

fx () F(mTH) ! <x<
xX) = ™ —7, —wo<x <o
T NmRr ) ey
2 (1+7)
(i) The Student t-distribution with 1 degree of freedom is also called the standard Cauchy

distribution.
(iii)  For positive integers n; and n,, a random variable X is said to have the Snedecor F
distribution with (nq,n,) degrees of freedom (written as X ~ F, ) if the p.d.f. of X

is given by

ni
11
n 2
( : )
np

()
B (nz_f, %) (1+ ﬂx)% 0.2 (%)

na

fx(x) =
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NPTEL-Probability and Distributions

Remark 11.1

The following observations are obvious:
(i) IfX~t,, then X i—X(since fx(x) = fy(—x),vx € R), i.e., the distribution of
X ~ t,, I1s symmetric about 0;
(i)  The p.d.f. of X ~ t; is given by
1 1

fr) = T ) Tyz'
Which is the p.d.f. of Cauchy distribution (see Example 3.4, Module 3). By Example
3.4, Module 3, if the random variable X has the Cauchy distribution (i.e., if X ~t;)

then E(X) is not finite;

—o <y <o,

n1X

(i) If X~F, , thenY = 1@ ~Be(%,22), the beta distribution with shape
ny
Tll le - eg.
parameter (7,7) (see, Definition 3.2, Module 5);

(iv) Let Z; and Z, be independent and identically distributed N (0,1) random variables and
let Z=2Z,/Z,. Then, by Example 10.2.12 (ii), the distribution of Z is Cauchy

(i.e.,Z ~ tl)'-

The following theorem provides representations of the Student t and the Snedecor F
random variables in terms of normal and chi-squared random variables.

Theorem 11.1

() Let Z~N(0,1) and Y ~y2 (wherem€ {1,2,..}) be independent random
variables. Then

Z
T =" ~t,.

Y
m
(ii)  For positive integers n; and n, , let X; ~ x~ and X, ~ x4, be independent random
variables. Then

_ X/
Xp/ny T

U

(iif)  Let m and r be positive integers and let X ~t,,. Then E(X") is not finite if r €
{fmm+1,..}.Forre{1,2,...,m—1}andm=>r+1
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(O, if r is odd

m—r)

E(X") = imET‘! I'( >
2 ()T

, ifriseven °

(iv) IfX~t,, then
uw=EX)=0, forme{23,..}

m
U, = Var(X) = — form € {3,4,...}
B, = coefficient of skewness = 0, form € {4,5, ...}

3(m-2)
m—4

and y1 = Kurtosis = ,form € {5,6, ... }.

(v)  Letng,n, and r be positive integers and let X ~ F, ... Then, forn, € {1,2,...,2r}
and r > nZ—Z,E(Xr) is not finite. For n, € {2r + 1,2r + 2, ...}

(vi) IfX~E, ., then

n
iz, ifn, €{3,4,..}

= E(X) =
251 X) -

2n3(ny +n, — 2)
ny(ny —2)%2(ny — 4)’

U, = Var(X) = ifn, € {5,6,...}

B1 = coefficient of skewness = ifn, € {7,8,...}

n2—6 nl(n1+n2—2)'

2020 + 1y — 2)] 2(ny — 4)

and

12[(n, — 2)?(ny — 4) + ny(ny + n, — 2)(5n, — 22)]
ni(n, —6)(ny; —8)(ny +ny —2)

y1 = kurtosis = + 3,ifn, € {9,10, ... }.

Proof.
(i) The joint p.d.f. of (Y,Z) is given by

1 G+z2) m

—— 7_1’ if f , 00
Fr20.0) = i) = | Fm s YT T E0xR

0, otherwise
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Clearly Sy z = {(v,2) € R%: fy ;(,2) > 0} = (0,0) X R. Consider the transformation

Y
m

ﬁ = (hlr hZ):SY,Z — R? defined by hl(y,Z) z\jé and hz(y,Z) = \/: . Then T =

P
m

h(Y,Z2) = iy LetU =h,(Y,Z2) = \/% Clearly the transformation h = (hy, hy): Sy ; —

I

R? is one-to-one with inverse transformation h™! = (hy!, h31), where for (t,u) €
E(SY,Z)I
hil(t,u) = mu? and hy1(t,u) = tu.

The Jacobian determinant is

[OhT!  OhT|
_| ot ou | _ 10 2mu| _ 2
J=\ongt ant =], TP =zt
dt du

Also
h(Syz) = {(t,w) € R%: (h{ (6, w), h31(t, W) € Sy 7}
= {(t,un) € R%:mu? € (0,©),u > 0,tu € R}
={(t,u) e R*:t € R,u > 0}
=R x (0,0)
= A, say.
Therefore the joint p.d.f. of (T, U) is given by
Fru(tw) = fir, (R (&), by (6 0) s, ) (6 1)
= fy ,(mu?, tw)|—2mu? |1, (¢, u)

mm/Z _(m+t2)u2
——————uMe” z , if(t,u) € R x (0,0)
=z r(3) |

0, otherwise

Consequently the p.d.f. of T is given by

(D) = j fru(tw)du
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Vi r (5) (1+5) 7

) s
S (@) e
(1+3)

2

which is the p.d.f. of Student’s t-distribution with m degrees of freedom.
(i)  The joint p.d.f. of X = (X1, X3) is given by

fxl,xz (x1,%7) = fX1 (xl)sz (x2)

1 _Gatxp) ny_g mg_y
= e 2 X712 X2 1(0'00)2 (xl,xz).

M2 N ny
2 r(3)r(3)
We have Sy, x, = {(x1,x;) € R?: fy, x, (x1,x2) > 0} = (0,0)2. Consider the one-to-one
transformation h = (hq, hy): Sx, x, = R? given by

( ) - 22 ( ) - -
hy(xq,x and h,(xq,x —.
1AL, A2 1| Xy 2\A1 A2 5

oy andV=h2(X1,X2)=:—z. Then the inverse of
na

transformation  h = (hy, hy): Sx, x, = Rish™ = (hi', h;"), where for (u,v) €
E(SXI’XZ)’

Define U = h(Xy,X;) =

hil(u,v) = nquv and h;1(u,v) = n,v.

The Jacobian determinant is

oh7lohyt
_ au 617 _ mv nu .
J= \anztonzt| = lo nz| = Mmzb:
Ju O0v

Also,

h(Sx,x,) = {(w,v) € R?: (R (u,v), h3' (u,v)) € Sy, x,}
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= {(u,v) € R>: nquv > 0,n,v > 0}
= (0,0)?,
and therefore, the joint p.d.f. of (U, V) is given by

fuy @, v) = fi, x,(h' @ v), k' w ) (s, ) W 0)

= fx, x, Muv, nyv) [Ny nyv|l g 2 (u, v)

n17n27 n_1_1 nitny 1 _(na+niu)v
2 v 2 e 2 w2 (u,v).

The p.d.f. of U is given by

frw) = f £ (u, V).

Clearly fy(u) =0, ifu <0.Foru>0

ni  n2
nTn 2 ny_ @© ni+np (np+nqu)v
fu) = n1+n21 nz U’ 1f vz e 2 dv
——= 1 2
= = 0
2T (H)r(3)
Ly
nitnz\n ni 2
remE @)
r(R)r(z mEg 0 O SUS
2 2 (1+n—1u) ?
na
Therefore
X1/ny

@iii)  Fixme{1,2,..}.By(i)

X

where Z ~ N(0,1) and Y ~ y2 are independent random variables. Thus, for m €
{1,2,..}andr > 0,

E(X") = m2E (ZrY_E) =m2E(Z")E (Y_E), (since Y and Z are independent)
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provided the expectations are finite. We have, from the proof of Theorem 4.2 (iii),
Module 5,

0, ifris odd

r!
E(Z") ={— , ifris even:

22 (2)!
2
Moreover, forr € {1, 2, ...},
T 1 . m-r
E(Y_f) = —f y 2 e_%dy,

2T (3)s

which is finite if, and only if, m > r (see Section 2, Module 5). Also, form > r

) ()

E (Y"l) 22
2 = =
ERONETD

Thus E(X™) is finiteifr € {1,2,....,m—1}.Forre {1,2,..,m—1}andm>r +1

(0, if r is odd
z m—r
E(xr) — mar! T > ) ]
—————, ifriseven
2 (5)'r(3)
(iv) Using (iii), we have
wm=EX)=0, ifme{23,..}
' m
=u, = E(X%) = if m € {3,4, ...
”2 .uz ( ) m_zl urm {3l ] }

ps =3 = E(X3) =0, ifme{4,5,..}

and
’ 3 2 .
ne =y =EXY = m , ifm € {5,6,...}.
Consequently
B = “—33 =0, ifme{4,5,..}
Ho?

and
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pae 3(m—2)
= —-——-—— f E en Ju
Nn= E= a0 {5,6,...}
(v) Using (i), we have
X
Xiﬂ_ll
ny X,

where X; ~ )(,%1 and X2~)(,212 are independent random variables. Fix r € {1,2,...}.
Then

Nno\" no\"
E(X") = (n—j) E(XTX;") = (n—j) E(X)E(X;™), (X, and X, are independent)

provided the expectations are finite. Since X; ~ )(,211, E(X7) is finite forany r > 0
and

1 ¢ n x
EX]) = ﬁf x71+r_1 e 2dx
)

2
i)
=2r(%+r—1)(%+r—2)---%

=(m+2r-D))(m +2(r—2))~mny

_ 1_[(711 +2(-1), re{1,2,..}.
i=1

Since X, ~X7212, E(X;7) is finite if, and only if, n, > 2r. For n, > 2r

SC) "oy -2

It follows that, for n, € {1,2,...,2r} and r > =2, E(X") is not finite. For n, € {2r +
1,2r +2,..}

ran - G T](525)
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(vi)  Follows on using (v) after some tedious calculations. g
Corollary 11.1

Let X,...,X,(n>2) be a random sample from N(u,o?) distribution, where u €
(—o,0) and ¢ > 0. Let X = %22;1)(1- and §? = anlZ?ﬂ(Xi — X)? denote the sample
mean and the sample variance respectively. Then

Vn(X — p)

~ —1-
o n

2
Proof. By Theorem 10.3.1,X ~ N(u ) and &5 1) ~ x2_, are independent random
Vn(X— u) (n—1)s? 2
g 0’

variables. This in turn implies that ~ Xn-1 are

~N(0,1) and
independent random variables. Now by virtue of Theorem 11.1 (i)

V(X —u)

g

(n-1)S2 /02
n—1

Vn(X — p)
T ~ tn_l. .

~ tn—lr

Corollary 11.2

Let Xq,..,X,,(m>=2) be a random sample from N(u;,of) distribution and let
Yy, ...,Y,,(n > 2) be a random sample from N(u,,o#) distribution, where —co < p; <
wando; > 0,i =1,2. Further suppose that X = (Xy,...,X,) andY = (Y3, ...,Y,) are
independent. Let S? —mi m . (X; —X)? and 5% =n% " (Y; —Y)%be the sample
variances based on random sample X = (X3, ..., X,,) and (Y4, ..., Y;,) , respectively;
hereX—— X andY——Z 1 Y; are the sample means based on two random
samples. Then
a7 St

25z F—1n-1-
01 92

Proof. By virtue of Theorem 10.3.1 (iii) we have
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(m-1st dm—1w§~2 ,
2 m-—1 2 Xn—-1
01 0;

o2
Also the independence of X andY implies that (mg#(a function of X alone) and
1

_1ye2
=2 (a function of Y alone) are independent. Now use of Theorem 11.1 (i) yields
2

st/at
522/0_22 m—-1n-1

. 022 Si
.e., O_—lzg ~Im—1n-1- W
Remark 11.2
(i) Suppose that X ~ t,,. Then, by Theorem 11.1 (i),
d Z

)

=

where Z ~ N(0,1) and Y ~ x2 are independent random variables. Therefore

2 4 Z?
T Y/m

Since Z ~ N(0,1), by Theorem 4.1 (i), Module 5, Z% ~y2. It follows that Z2 ~ y? and
Y ~ x2 are independent random variables. Consequently

5 122/1
T Y/m

1m-

Thus if X ~ t,,, then X? ~ Fy .
(ii) Suppose that X ~ F,_ .. Then, by Theorem 11.1 (ii),

d X1/ny
Xo/ny’

where X; ~)(§1 and X, ~ )(,%2 are independent random variables. Then

14 X3/n
X Xi/ng’
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where X, ~)(,§2 and X; ~X,2,1 are independent random variables. Now again using
Theorem 11.1 (ii) it follows that

lgxz/nz P
X _Xl/n1 iz’

. 1
Thus if X ~ Fnllnz,then} ~F,n-m

Note that if X ~ t,, then, by Remark 11.1 (i), the distribution of X is symmetric about 0
and, by Theorem 11.1 (iv), its kurtosis is

B 3(m—2)

—) > 3, providedm > 4.

1

Thus a t-distribution with m (> 4) degrees of freedom is symmetric and leptokurtic (i.e.,
it has shaper peak and longer fatter tails). Note that the kurtosis v; decreases as m
increases and v; — 3, as m — . This suggests that, for large degrees of freedom,
Student’s t -distribution behaves like N(0,1) distribution. A rigorous proof of this
observation will be provided in the next module.

0.40

0.35
0.30
0.25

~0.20

X
0.15 |
0.10 |-

0.05 ¢}

0.00

Figure 11.1 : Plot of p.d.f.sof X ~ ¢t,,

Suppose that X ~t,, and, for a fixed « € (0, 1), let t,, , be the (1 — a)-th quantile of X,
ie.,
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Fx(tme) =P({X S tme}) =1—a.

Then

FX(_tm,a) =1- FX(tm,a) =a (sinceX 4 X).

'tm,.; O t'n‘-;

Figure 11.2 : (1 — @)-th quantile of X ~ t,, (P({X < tpne})=1-a)

Now suppose that X ~ E,
quantile of X, i.e.,

and, for a fixed a € (0,1), let f;,, ,, o be the (1 — a)-th

1,12

FX(fnan.a) = P({X = fn1ln2,a}) =l-a

Since}( ~E,,», and P({X > 0}) = 1, it follows that

P 1> ! =1
({Y_fnl,nz,a}>_ e

1 1 o
~p(fgsr—f)-e-1-a-0

1

= fnz,nl,l—a = 7 .
niny,a

i'e" ﬁll,nz,a X fnz,nl,l—a = 1.
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0.8
] T n.n.) = (10,10)

0.7 _:(n..n:]_i-(io 4]/ R

{n.,n.} = (4,10}

Figurell.3: Plots of p.d.fsof X~ F, ..

fx
e —
-

Figure 11.4: (1 — a)-th quantile of X~F, . (P({X < foimga) =1— a))

Example 11.1

Let Z3, ..., Z, be independent and identically distributed N(0,1) random variables and let
ai, ..., ay, by, ..., b, be real numbers such that ¥* ; a? > 0, Y™, b? > 0,and X", a;b; =
0. Show that:

Dept. of Mathematics and Statistics Indian institute of Technology, Kanpur 13
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. yn _p2 Y a;Z;
i Y — i=17i , &i=17i2i
® ! ieial [y bizil

tl;

n 2 n
i=1bj i=1@iZ;

2
(“) YZ = ?:1 aiz . (Z?:1bi2i> ~ Fl,l;

2
(“I) Yo = Z?:lbi _Z?:laizi
3 n 2 nopo7
i=1af Xi=1biZi

~t1.

Solution. Let Tl = er-l:l aiZi and Tz = 2?:1 biZi .For C1,C € ]R,
n

ClTl + C2T2 = Z(Clai + Czbi) Zi'
i=1

Since Z4, ..., Z, are independent, by Example 7.1,

n
ClTl + C2T2 ~N (O,Z(Clai + CZbi)2> '
i=1

Now wusing Theorem 9.1 (v) it follows that T = (Ty,T,) ~N,(0,0,
noa?, ¥, b?,0) (since E(Ty) = 0 = E(Ty), Var(Ty) = Y™, a?, Var (T) = Y™, b? and
Cov(Ty,T,) = ¥’y a;b; =0 ). Since correlation between T;andT, is 0 and T =
(Ty,T,) ~ N»(0,0, ¥, a?,¥" ,b?,0), it follows that T, ~N(0,¥",a?) and

T, ~ N(0,¥™, b?) are independent (see Theorem 9.1).
Thus

. YhiaZ 4s, = T, _ZimbiZi
e Y a2 e T . 2
i=1% =11 \/2?21 b; \/Z?ﬂ b,

51

are independent and identically distributed N (0, 1) random variables. This implies that
S1~N(0,1) (S ~y?)and S, ~N(0,1) (§¢ ~ x?) are independent random variables.
Consequently

S
Y, = _12 ~t; (see Theorem 11.1 (i))
S3
SZ/1
Y, = ?ﬁl ~F;; (seeTheorem 11.1 (ii))
and
S, y y
Y; = 5~ t;. (see Example 10.2.12 (ii)and Remark 11.1 (ii))
2

Dept. of Mathematics and Statistics Indian institute of Technology, Kanpur 14



NPTEL-Probability and Distributions

Table 11.1: (1 — @)-th quantiles of X ~ t,, (P({X < tna}) =1-a)

a

m .25 1 .05 .025 01 .005 .001
1 1.000 3.078 6.314 12.71 31.82 63.66 318.3
2 0.816 1.886 2.920 4.303 6.965 9.925 22.33
3 0.765 1.638 2.353 3.182 4.541 5.841 10.21
4 0.741 1.533 2.132 2.776 3.747 4.604 7.173
5 0.727 1.476 2.015 2.571 3.365 4.032 5.893
6 0.718 1.440 1.943 2.447 3.143 3.707 5.208
7 0.711 1.415 1.895 2.365 2.998 3.499 4.785
8 0.706 1.397 1.860 2.306 2.896 3.355 4501
9 0.703 1.383 1.833 2.262 2.821 3.250 4.297
10 0.700 1.372 1.812 2.228 2.764 3.169 4.144
11 0.697 1.363 1.796 2.201 2.718 3.106 4.025
12 0.695 1.356 1.782 2.179 2.681 3.055 3.930
13 0.694 1.350 1.771 2.160 2.650 3.012 3.852
14 0.692 1.345 1.761 2.145 2.624 2977 3.787
15 0.691 1.341 1.753 2.131 2.602 2.947 3.733
26 0.690 1.337 1.746 2.120 2.583 2.921 3.686
17 0.689 1.333 1.740 2.110 2.567 2.898 3.646
18 0.688 1.330 1.734 2.101 2.552 2.878 3.610
19 0.688 1.328 1.729 2.093 2.539 2.861 3.579
20 0.687 1.325 1.725 2.086 2.528 2.845 3.552
21 0.686 1.323 1.721 2.080 2.518 2.831 3.527
22 0.686 1.321 1.717 2.074 2.508 2.819 3.505
23 0.685 1.319 1.714 2.069 2.500 2.807 3.485
24 0.685 1.318 1.711 2.064 2.492 2.797 3.467
25 0.684 1.316 1.708 2.060 2.485 2.787 3.450
26 0.684 1.315 1.706 2.056 2.479 2.779 3.435
27 0.684 1.314 1.703 2.052 2.473 2.771 3.421
28 0.683 1.313 1.701 2.048 2.467 2.763 3.408
29 0.683 1.311 1.699 2.045 2.462 2.756 3.396
30 0.683 1.310 1.697 2.042 2.457 2.750 3.385
35 0.682 1.306 1.690 2.030 2.438 2.724 3.340
40 0.681 1.303 1.684 2.021 2.423 2.704 3.307
50 0.679 1.299 1.676 2.009 2.403 2.678 3.261
100 0.677 1.290 1.660 1.984 2.364 2.626 3.174
0 0.674 1.282 1.645 1.960 2.326 2.576 3.090
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Table11.2: (1 — a)-th quantilesof X ~F, ., (P({X < fu,mya}) =1—a), @ =0.10

Y
n, 1 2 3 4 5 6 7 8 9
1 39.86 | 49.5 | 5359 | 53.83 | 57.24 | 58.2 | 5891 | 59.44 | 59.86
2 8.53 9.00 9.16 9.24 9.29 9.33 9.35 9.37 9.38
3 5.54 5.46 5.39 5.34 5.31 5.28 5.27 5.25 5.24
4 4.54 4.32 4.19 411 4.05 4.01 3.98 3.95 3.94
) 4.06 3.78 3.62 3.52 3.45 3.40 3.37 3.34 3.32
6 3.78 3.46 3.29 3.18 3.11 3.05 3.01 2.98 2.96
7 3.59 3.26 3.07 2.96 2.88 2.83 2.78 2.75 2.72
8 3.46 3.11 2.92 2.81 2.73 2.67 2.62 2.59 2.56
9 3.36 3.01 281 2.69 2.61 2.55 2.51 2.47 244
10 3.29 2.92 2.73 2.61 2.52 2.46 2.41 2.38 2.35
11 3.23 2.86 2.66 2.54 245 2.39 2.34 2.3 2.27
12 3.18 2.81 2.61 2.48 2.39 2.33 2.28 2.24 2.21
13 3.14 2.76 2.56 243 2.35 2.28 2.23 2.20 2.16
14 3.10 2.73 2.52 2.39 231 2.24 2.19 2.15 212
15 3.07 2.70 2.49 2.36 2.27 221 2.16 2.12 2.09
16 3.05 2.67 2.46 2.33 2.24 2.18 2.13 2.09 2.06
17 3.03 2.64 2.44 231 2.22 2.15 2.10 2.06 2.03
18 3.01 2.62 2.42 2.29 2.20 2.13 2.08 2.04 2.00
19 2.99 2.61 2.40 2.27 2.18 211 2.06 2.02 1.98
20 2.97 2.59 2.38 2.25 2.16 2.09 2.04 2.00 1.96
21 2.96 2.57 2.36 2.23 2.14 2.08 2.02 1.98 1.95
22 2.95 2.56 2.35 2.22 2.13 2.06 2.01 1.97 1.93
23 2.94 2.55 2.34 221 211 2.05 1.99 1.95 1.92
24 2.93 2.54 2.33 2.19 2.10 2.04 1.98 1.94 1.91
25 2.92 2.53 2.32 2.18 2.09 2.02 1.97 1.93 1.89
26 291 2.52 2.31 2.17 2.08 2.01 1.96 1.92 1.88
27 2.90 251 2.30 2.17 2.07 2.00 1.95 1.91 1.87
28 2.89 2.50 2.29 2.16 2.06 2.00 1.94 1.90 1.87
29 2.89 2.50 2.28 2.15 2.06 1.99 1.93 1.89 1.86
30 2.88 2.49 2.28 2.14 2.05 1.98 1.93 1.88 1.85
40 2.84 244 2.23 2.09 2.00 1.93 1.87 1.83 1.79
60 2.79 2.39 2.18 2.04 1.95 1.87 1.82 1.77 1.74
120 2.75 2.35 2.13 1.99 1.90 1.82 1.77 1.72 1.68
o0 2.71 2.30 2.08 1.94 1.85 1.77 1.72 1.67 1.63
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NPTEL-Probability and Distributions

Table11.2: (1 — a)-th quantiles of X ~ F, ,, (P({X < fy,n,a}) =1—a), a =10.10

n

n, 10 12 15 20 24 30 40 60 120 o0
1 |160.19|60.71 | 61.22 | 61.74 62 |62.26 6293 |62.79 | 63.06 | 63.33
2 9.39 | 941 | 9.42 9.44 | 945 | 9.46 | 9.47 | 9.47 9.48 9.49
3 523 | 5.22 | 5.20 5.18 | 5.80 | 5.17 | 5.16 | 5.15 5.14 5.13
4 3.92 | 490 | 3.87 3.84 | 383 | 3.82 | 3.80 | 3.79 3.78 3.76
5 3.30 | 3.27 | 3.24 3.21 | 319 | 3.17 | 3.16 | 3.14 3.12 3.10
6 294 | 390 | 2.87 284 | 282 | 280 | 2.78 | 2.76 2.74 2.72
7 2.70 | 3.67 | 2.63 259 | 258 | 256 | 254 | 251 2.49 2.47
8 254 | 350 | 2.46 242 | 240 | 238 | 2.36 | 2.34 2.32 2.29
9 242 | 3.38 | 2.34 230 | 228 | 225 | 223 | 2.21 2.18 2.16
10 | 232 | 228 | 2.24 220 | 218 | 216 | 213 | 211 2.08 2.06
11 | 225 | 221 | 2.17 212 | 210 | 208 | 205 | 2.03 2.00 1.97
12 | 219 | 215 | 2.10 206 | 204 | 201 | 1.99 | 1.96 1.93 1.90
13 | 240 | 210 | 2.05 201 | 198 | 1.96 | 1.93 | 1.90 1.88 1.85
14 | 210 | 205 | 2.01 196 | 194 | 191 | 1.89 | 1.86 1.83 1.80
15 | 206 | 202 | 1.97 192 | 190 | 1.87 | 1.85 | 1.82 1.79 1.76
16 | 203 | 1.99 | 1.94 189 | 187 | 1.84 | 1.81 | 1.78 1.75 1.72
17 | 200 | 196 | 1.91 186 | 1.84 | 1.81 | 1.78 | 1.75 1.72 1.69
18 | 1.98 | 1.93 | 1.89 184 | 181 | 1.78 | 1.75 | 1.72 1.69 1.66
19 | 196 | 191 | 1.86 181 | 1.79 | 1.76 | 1.73 | 1.70 1.67 1.63
20 | 194 | 1.89 | 1.84 1.79 | 1.77 | 1.74 | 1.71 | 1.68 1.64 1.61
21 | 192 | 1.87 | 1.83 1.78 | 1.75 | 1.72 | 1.69 | 1.66 1.62 1.59
22 | 190 | 1.86 | 1.81 1.76 | 1.73 | 1.70 | 1.67 | 1.64 1.60 1.57
23 | 1.89 | 1.84 | 1.80 1.74 | 1.72 | 169 | 1.66 | 1.62 1.59 1.55
24 | 188 | 1.83 | 1.78 1.73 | 1.70 | 1.67 | 1.64 | 1.61 1.57 1.53
25 | 187 | 1.82 | 1.77 1.72 | 1.69 | 166 | 1.63 | 1.59 1.56 1.52
26 | 1.86 | 1.81 | 1.76 1.71 | 1.80 | 165 | 1.61 | 1.58 1.54 1.50
27 | 185 | 1.80 | 1.75 1.70 | 1.67 | 1.64 | 1.60 | 1.57 1.53 1.49
28 | 184 | 1.79 | 1.74 169 | 166 | 1.63 | 1.59 | 1.56 1.52 1.48
29 | 183 | 1.78 | 1.73 168 | 1.65 | 1.62 | 1.58 | 1.55 151 1.47
30 | 1.82 | 1.77 | 1.72 167 | 164 | 161 | 157 | 1.54 1.50 1.46
40 | 1.76 | 1.71 | 1.66 161 | 157 | 154 | 151 | 1.47 1.42 1.38
60 | 1.71 | 1.66 | 1.60 154 | 151 | 148 | 1.44 | 1.40 1.35 129
120 | 1.65 | 1.60 | 1.55 148 | 145 | 141 | 1.37 | 1.32 1.26 1.19
o0 1.60 | 1.55 | 1.49 142 | 138 | 1.34 | 1.30 | 1.24 1.17 1.00
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NPTEL-Probability and Distributions

Table11.2: (1 — a)-th quantilesof X ~ F, ., (P({X < f,n,a}) =1—a), a =0.05

LS
n, 1 2 3 4 5 6 7 8 9
1 161.4 | 1995 | 215.7 | 224.6 | 230.2 | 234.0 | 236.8 | 238.9 | 9405
2 1851 | 19.00 | 19.16 | 19.25 19.3 19.33 | 19.35 | 19.37 | 19.38
3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81
4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00
5 6.61 5.79 541 5.19 5.05 4.95 4.88 4.82 4.77
6 5.99 5.14 476 4.53 4.39 4.28 421 4.15 410
7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68
8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39
9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18
10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02
11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90
12 4.75 3.89 3.49 3.26 3.11 3.00 291 2.85 2.80
13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2.77 2.71
14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65
15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59
16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54
17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49
18 441 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46
19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42
20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39
21 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37
22 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34
23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 2.32
24 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.30
25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28
26 4.23 3.37 2.98 2.74 2.59 2.47 2.39 2.32 2.27
27 4.21 3.35 2.96 2.73 2.57 2.46 2.37 2.31 2.25
28 4.20 3.34 2.95 2.71 2.56 2.45 2.36 2.29 2.24
29 4.18 3.33 2.93 2.70 2.55 2.43 2.35 2.28 2.22
30 4.17 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21
40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12
60 4.00 3.15 2.76 2.53 2.37 2.25 2.17 2.10 2.04
120 3.92 3.07 2.68 2.45 2.29 2.17 2.09 2.02 1.96
o0 3.84 3.00 2.60 2.37 2.21 2.10 2.01 1.94 1.88
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NPTEL-Probability and Distributions

Tablel1.2: (1 — a)-th quantiles of X~ F, ., (P({X < fy,n,@}) =1—a), @ =0.05

LS
n, 10 12 15 20 24 30 40 60 120 0
1 2419 | 243.9 | 2459 | 248.0 | 249.1 | 250.1 | 251.1 | 252.2 | 253.3 | 254.3
2 194 | 19.41 | 19.43 | 19.45 | 19.45 | 19.46 | 19.47 | 19.48 | 19.49 | 195
3 8.79 8.74 | 8.70 8.66 8.64 | 8.62 8.59 8.57 8.55 | 8.53
4 5.96 5.91 5.86 5.80 5.77 5.75 5.72 5.69 5.66 | 5.63
5 474 | 468 | 4.62 4.56 453 | 450 | 446 | 443 | 440 | 4.36
6 4.06 4.00 3.94 3.87 3.84 | 381 3.77 3.74 | 3.70 | 3.67
7 3.64 | 3.57 351 | 344 | 341 3.38 3.34 | 3.30 3.27 | 3.23
8 3.35 3.28 3.22 3.15 3.12 3.08 3.04 | 3.01 297 | 2.93
9 3.14 | 3.07 3.01 2.94 2.90 2.86 2.83 2.79 275 | 2.71
10 2.98 2.91 2.85 2.77 2.74 2.70 2.66 2.62 258 | 254
11 2.85 2.79 2.72 2.65 2.61 2.57 2.53 2.49 2.45 | 2.40
12 2.75 2.69 2.62 2.54 2.51 2.47 2.43 2.38 2.34 | 2.30
13 2.67 2.60 2.53 2.46 2.42 2.38 2.34 2.30 225 | 2.21
14 2.60 2.53 2.46 2.39 2.35 2.31 2.27 2.22 2.18 | 2.13
15 2.54 2.48 2.40 2.33 2.29 2.25 2.20 2.16 2.11 | 2.07
16 2.49 2.42 2.35 2.28 2.24 2.19 2.15 2.11 2.06 | 2.01
17 2.45 2.38 2.31 2.23 2.19 2.15 2.10 2.06 2.01 | 1.96
18 2.41 2.64 | 2.27 2.19 2.15 2.11 2.06 2.02 197 | 1.92
19 2.38 2.31 2.23 2.16 2.11 2.07 2.03 1.98 193 | 1.88
20 2.35 2.28 2.20 2.12 2.08 2.04 1.99 1.95 190 | 1.84
21 2.32 2.25 2.18 2.10 2.05 2.01 1.96 1.92 187 | 181
22 2.30 2.23 2.15 2.07 2.03 1.98 1.94 1.89 184 | 1.78
23 2.27 2.20 2.13 2.05 2.01 1.96 1.91 1.86 181 | 1.76
24 2.25 2.18 2.11 2.03 1.98 1.94 1.89 1.84 1.79 | 1.73
25 2.24 2.16 2.09 2.01 1.96 1.92 1.87 1.82 1.77 | 1.71
26 2.22 2.15 2.07 1.99 1.95 1.90 1.85 1.80 1.75 | 1.69
27 2.20 2.13 2.06 1.97 1.93 1.88 1.84 1.79 1.73 | 1.67
28 2.19 2.12 2.04 1.96 1.91 1.87 1.82 1.77 1.71 1.65
29 2.18 2.10 2.03 1.94 1.90 1.85 181 1.75 1.70 | 1.64
30 2.16 2.09 2.01 1.3 1.89 1.84 1.79 1.74 1.68 162
40 2.08 2.00 1.92 1.84 1.79 1.74 1.69 1.64 158 | 151
60 1.99 1.92 1.84 1.75 1.70 1.65 1.59 1.53 1.47 1.39
120 | 1.91 1.83 1.75 1.66 1.10 1.55 1.50 1.43 135 | 1.25
) 1.83 1.75 1.67 1.57 1.52 1.46 1.39 1.32 122 | 1.00
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NPTEL-Probability and Distributions

Table 11.2: (1 — a)-th quantiles of X ~F, ., (P{X <fu,nye}) =1— @), a =0.10

n, 1 2 3 4 5 6 7 8 9
1 4052 | 4999.5 | 5403 | 5625 | 5764 | 5859 | 5928 | 5982 | 6022
2 98.50 | 99.00 | 99.17 | 99.25 | 99.30 | 99.33 | 99.36 | 99.37 | 99.39
3 34.12 | 30.82 | 29.46 | 28.71 | 2824 | 2791 | 27.67 | 27.49 | 27.35
4 21.20 | 18.00 | 16.69 | 1598 | 15,52 | 15.21 | 14.98 | 14.80 | 14.66
5 16.26 | 13.27 | 12.06 | 11.39 | 10.97 | 10.67 | 10.46 | 10.29 | 10.16
6 13.75 | 10.92 9.78 9.15 8.75 8.47 8.26 8.10 7.98
7 12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72
8 11.26 | 8.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91
9 10.56 | 8.02 6.99 6.42 6.06 5.80 5.61 5.47 5.35
10 10.04 7.56 6.55 5.99 5.64 5.39 5.2 5.06 4.94
11 9.65 7.21 6.22 5.67 5.32 5.07 4.89 4.74 4.63
12 9.33 6.93 5.95 541 5.06 4.82 4.64 4.50 4.39
13 9.07 6.70 5.74 5.21 4.86 4.62 4.44 4.30 4.14
14 8.86 6.51 5.56 5.04 4.69 4.46 4.28 4.14 4.03
15 8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3.89
16 8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78
17 8.40 6.11 5.18 4.67 4.34 4.10 3.93 3.79 3.68
18 8.29 6.01 5.09 4.58 4.25 4.01 3.84 3.71 3.60
19 8.18 5.93 5.01 4.50 4.17 3.94 3.77 3.63 3.52
20 8.10 5.85 4.94 4.43 4.10 3.87 3.70 3.56 3.46
21 8.02 5.78 4.87 4.37 4.04 3.81 3.64 3.51 3.40
22 7.95 5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35
23 7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30
24 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26
25 1.77 5.57 4.68 4.18 3.85 3.63 3.46 3.32 3.22
26 7.72 5.53 4.64 4.14 3.82 3.59 3.42 3.29 3.18
27 7.68 5.49 4.60 4.11 3.78 3.56 3.39 3.26 3.15
28 7.64 5.45 4.57 4.07 3.75 3.53 3.36 3.23 3.12
29 7.60 5.42 4.54 4.4 3.73 3.50 3.33 3.20 3.09
30 7.56 5.39 451 4.02 3.70 3.47 3.30 3.17 3.07
40 7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.89
60 7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 2.72
120 6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56
0 6.63 4.61 3.78 3.32 3.02 2.80 2.64 2.51 241
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NPTEL-Probability and Distributions

Table 11.2: (1 — a)-th quantiles of X ~ F,

1’n2

(PH{X <fo,npa}) =1—a), a=0.01

n

n, 10 12 15 20 24 30 40 60 120 0

1 6056 | 6106 | 6157 | 6209 | 6235 | 6261 | 6287 | 6313 | 6339 | 6366
2 99.40 | 99.42 | 99.43 | 99.45 | 99.46 | 99.47 | 99.47 | 99.48 | 99.49 | 99.50
3 27.23 | 27.05 | 26.87 | 26.69 | 26.60 | 26.50 | 26.41 | 26.32 | 26.22 | 26.13
4 1455 | 14.37 | 14.20 | 14.02 | 13.93 | 13.84 | 13.75 | 13.65 | 13.56 | 13.46
5 1005 | 9.89 | 9.72 | 955 | 947 | 938 | 929 | 920 | 9.11 | 9.02
6 787 | 772 | 756 | 740 | 731 | 723 | 7.14 | 7.06 | 6.97 | 6.88
7 6.62 | 6.47 | 631 | 6.16 | 6.07 | 599 | 591 | 582 | 574 | 5.65
8 581 | 567 | 552 | 536 | 528 | 520 | 512 | 5.03 | 495 | 4.86
9 526 | 511 | 496 | 481 | 473 | 465 | 457 | 448 | 440 | 4.31
10 485 | 471 | 456 | 441 | 433 | 425 | 417 | 408 | 400 | 3.91
11 454 | 440 | 425 | 410 | 402 | 394 | 386 | 3.78 | 3.69 | 3.60
12 430 | 416 | 401 | 3.86 | 3.78 | 3.70 | 3.62 | 354 | 345 | 3.36
13 410 | 396 | 382 | 366 | 359 | 351 | 343 | 3.34 | 3.25 | 3.17
14 394 | 380 | 366 | 351 | 3.43 | 335 | 3.27 | 3.18 | 3.09 | 3.00
15 380 | 367 | 352 | 337 | 329 | 321 | 3.13 | 3.05 | 296 | 2.87
16 369 | 355 | 341 | 3.26 | 3.18 | 3.10 | 3.02 | 293 | 284 | 2.75
17 359 | 346 | 331 | 3.16 | 3.08 | 3.00 | 292 | 283 | 275 | 2.65
18 351 | 337 | 323 | 3.08 | 3.00 | 292 | 284 | 275 | 266 | 257
19 343 | 330 | 315 | 3.00 | 292 | 284 | 276 | 267 | 258 | 2.49
20 337 | 323 | 309 | 294 | 286 | 278 | 269 | 261 | 252 | 242
21 331 | 317 | 303 | 2.88 | 280 | 272 | 264 | 255 | 246 | 2.36
22 326 | 312 | 298 | 283 | 275 | 267 | 258 | 250 | 240 | 231
23 321 | 307 | 293 | 278 | 270 | 262 | 254 | 245 | 235 | 2.26
24 3.17 | 3.03 | 289 | 274 | 266 | 258 | 249 | 240 | 231 | 221
25 313 | 299 | 285 | 270 | 262 | 254 | 245 | 236 | 227 | 217
26 309 | 296 | 281 | 266 | 258 | 250 | 242 | 233 | 223 | 2.13
27 306 | 293 | 278 | 263 | 255 | 247 | 238 | 229 | 220 | 2.10
28 303 | 290 | 275 | 260 | 252 | 244 | 235 | 226 | 217 | 2.06
29 300 | 287 | 273 | 257 | 249 | 241 | 233 | 223 | 214 | 2.03
30 298 | 284 | 270 | 255 | 247 | 239 | 230 | 221 | 211 | 201
40 280 | 266 | 252 | 237 | 229 | 220 | 211 | 202 | 192 | 1.80
60 263 | 250 | 235 | 220 | 212 | 203 | 194 | 184 | 1.73 | 1.60
120 | 247 | 234 | 219 | 203 | 195 | 186 | 1.76 | 166 | 153 | 1.38
00 232 | 218 | 204 | 188 | 1.79 | 1.70 | 159 | 147 | 1.32 | 1.00
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