NPTEL- Probability and Distributions

MODULE 3

FUNCTION OF A RANDOM VARIABLE AND ITS
DISTRIBUTION

LECTURE 13
Topics

3.3 EXPECTATION AND MOMENTS OF A RANDOM
VARIABLE

3.3 EXPECTATION AND MOMENTS OF A RANDOM
VARIABLE

Suppose that X is a discrete type random variable defined on a probability space
(02, F, P) associated with a random experiment. Let Sy and fy denote, respectively, the
support and the p.m.f. of X. Suppose that the random experiment is repeated a large
number of times. Let f, (x), x € Sy, denote the frequency of the event {X = x} in the first
n repetitions of the random experiment. Then, according to the relative frequency
approach to the probability,

PU(X = x}) = liiroloﬁlr(lx),x €s,.

Note that Y5,

variable X in the first n repetitions of the random experiment. Therefore, in line with
axiomatic approach to probability, one may define the mean value (or expected value) of
random variable X as

xf’;(x) represents the mean observed value (or expected value) of random

P00 =l

X€ESy

_ Z -~ fa ()
= xlim
n—oo n

X€ESy

= ) xP( =)

X€ESy
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= ) Xk,

X€ESy

provided the involved limits exist and the interchange of signs of summation and limit is
admissible. A similar discussion can be provided for defining the expected value of an
absolutely continuous type random variable, having p.d.f. fy, as

o]

E(X) = fxfx(x)dx,

provided the integral is defined. gy
The above discussion leads to the following definitions.
Definition 3.1

Q) Let X be a discrete type random variable with p.m.f. fy and support Sy. We
say that the expected value of X (denoted by E (X)) is finite and equals

EGO = ) xfy(®),

X€ESy

provided z |x] fx(x) < o0.

X€ESy
(i) Let X be an absolutely continuous type random variable with p.d.f. fy. We say
that the expected value of X (denoted by E (X)) is finite and equals

E(X) = fxfx(x)dx,

—0o0

provided j |x] fy (x)dx < oo. g

The following observations to above definitions are immediate.

Remark 3.1
Q) Since
D @[ ) A@I= ) K@
XESy XESy XESy
and
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o]

J. x fy (x)dx

—00

< f 1% fy (Ol dx = f %] fy (O dx,

it follows that if the expected value of a random variable X is finite then
|E(X)| < oo.

(i) If X is a random variable of discrete type with finite support Sy, then

Dl fi () <

XESX
Consequently the expected value of X is finite.

(ili)  Support that X is a random variable of absolutely continuous type with p.d.f.
fx and support Sy S [—a, a], for some a € (0,). Then

f |x| fx(x)dx = f |x| fx(x)dx < a ffx(x) dx =a < .

Consequently the expected value of X is finite. gy
Example 3.1
Let X be a random variable with p.m.f.
n* .
o= () xe .25
0, otherwise
Show that the expected value of X is finite and find its value.

Solution. We have Sy = {1,2,3,--- } and

0

> 1l £ () = i21= D ansay.
n=1

X€ESy n=1
Clearly a, = - > 0,n = 1,2, and

a n+1 1
ntl _ —>E<1,asn—>oo.

a, 2n

By the ratio test,
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o]

D@ =) e <

X€ESy n=1

and therefore the expected value of X is finite.

Moreover,
j ..
E(X) = Z X fy(x) = Z— =lim S,
2] n—oo
XESy j=1
where
n .
_ ]
Su=) 5
j=1
S n
n_ J
ST L
j=1
n+1 |
_\N/-1
B 2 20
j=2

= E(X) =limy,_.S, =2 m

Example 3.2
Let X be a random variable with p.m.f.

3

fx (%) = {mw2x2’
0, otherwise

ifxe{+1,+2,£3,---}
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Show that the expected value of X is not finite.
Solution. We have Sy = {+1,+2,+3,---} and
6 1
—— N Z .
Zs x| f () = Zl -
Thus the expected value of X is not finite. gy
Example 3.3

Let X be random variable with p.d.f.
= x|

2

,—0 < x < o0.

fx(x) =
Show that the expected value of X is finite and find its value.
Solution. We have

e_lxl

jolxlfx(X)dx = flxl 5 dx

E(X) = fox(x)dx

Example 3.4

Let X be random variable with p.d.f.
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1 1
fxG) =g e <x <

Show that the expected value of X is not finite. (The above p.d.f. is called the p.d.f. of the
Cauchy distribution).

Solution. We have

o0

( 1 1 2 1
[y == [l dx =2 [ fodx =
e o 0

Therefore the expected value of X is not finite. g
Theorem 3.1

Let X be a random variable of absolutely continuous or discrete type with finite expected
value. Then

() ECO=["PHx>cde—[° PX <t)dt;

(i) EX) = [, P({Xx > t})dt, provided P({X = 0}) = 1;

(i) EX) =37, P({X =n}) — ¥*_, P({X < —n}), provided P({X €
{0,£1,+2,-)D=1;

(iv) EX) =Y, P({X >n}), provided P({X € {0,1,2,}) = 1.

Proof. (i)

Case I. X is of absolutely continuous type

00

E(X) = fxfx(x)dx

—0
0 ©

= ffo(x)dx+ffo(x)dx

—o0 0

=— fffX(x)dtdx+fffX(x)dtdx-
00

—00 X

On changing the order of integration in the two integrals above, we get

E(X) =- f ffx(x)dxdt+fO oofx(x)dxdt

—0 — 0
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0 0
- fp({x <) dt+ f P(X > 1)) dt.
—0 0

Case Il. X is of discrete type

We will illustrate the idea of the proof by considering a special case where Sy =
{xl,xZ,“'}, —o0 < X1 < X < e < X; <0< Xit1 < Xit2 < .- <o and limn_>oo Xy, = O,
Under the above situation

fP {X > thdt = 7“ P(X>t)dt+ i fl P{{X >t} dt
0 0 j=itl g,
= xjH P({X = x4 Ddt + i fl P({X = x,1}) dt
0 J=i+1x;

= x; 1 P{X = x4 + z (xj+1 - xj)P({X 2 xj+1})

j=it+1
o0

=x 1 P{X = x4} + Z % P({X 2 x.1)) — Z x5 P({X = %41})

j=it+1 j=it+1
o0

= 5P 25D+ ) 5P =5) = Y 5P((X =2 x54))

j=it2 j=it1
= % [PUX 2 210 = PAX 2 x02D]+ ) 3 [P((X 2 1))
j=it2

~P((X 2 5.11))

[ee]

= > xP((x=x)):

j=i+1
Also,
0 X1 i—1 %+t 0
P{X <tddt= | P{X <t}dt+ P{X <thHdt+ | P{X <t} dt
J J 2] I
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i—1%j+1 0
=0+ P({x <x}de+ | PAX < x D dt
2] vz

i—1
= z(xm %) P({X <x}) —xPX < x})
=1

i—1 i—1
=D g P(X <5 - ) 5 P((X < x}) —mPAX <D
j=1 j=1

i i—

_ ij P({X < x_1}) —ij P(IX = x}) —xPUX < x:])

j=2

i

=) 5 P((x=x))

j=1
Therefore,
© 0 0
f P({X > t}dt — fP ({X < t)Hdt = ij P({x =x}) =EX).
0 —o0 j=1

(ii) Suppose that P({X = 0}) = 1. Then P({X < t}) = 0,Vt = 0, and therefore

0 0 0
E(X) = j P (X > t})dt — jp (X < ))dt = j P (X > t})dt.
0 —0 0

(iii) Suppose that P({X € {0,+1,+2,---}). Then, for m € Z (the set of integers) and
m—1<t < m,we have

PXx>t)=P{X=mDandP{X <t) =P(X<m-—1})-

Therefore,
fP({X> thdt = Z fP({X> t} dt
0 n=1ln-1
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0

f P ({X < t})dt

—00

PUX <t}dt

I
[1s
R_:L

S
I
—_
Ll
3=
=

P{X <—n})dt

I
NgE

S
Il
Ju
|

S

Il
]

)
o~
S
N

|

s
(S
had

S
Il
-

and the assertion follows on using (i).

(iv) Suppose that P({X €{0,1,2,-+-3}}) =1. Then P{X < —n}) =0,vn € {1,2,}
and the result follows from (iii).

Theorem 3.2

Q) Let X be a random variable of discrete type with support Sy and p.m.f. fy. Let
h: R — R be a Borel function and let T = h(X). Then

E() = ) h() fi (o),
X€ESy
provided it is finite.
(i) Let X be a random variable of absolutely continuous type with p.d.f. fy. Let
h: R — R be a Borel function and let T = h(X). Then

E(T) = f h(x) fy (x)dx,
provided it is finite.

Proof.

0] By Theorem 2.1, T = h(X) is a random variable of discrete type with support
Sr ={h(x):x € Sy} and p.m.f.
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P{X =x}), iftesS;
Hr@e) =P =) =14 ,

0, otherwise
where A, = {x € Sy:h(x) = t},t € Sr, so that {A;: t € S} forms a partition
of Sy (4; N A, = ¢,if s # t,and U,es, A, = Sx). Therefore,
ED) = ) tP(T = 1)

teSt

DD RICEED

teSt  \x€A;

IR CEED)

tEST XEA;

- Z z h(x) P({X = x}) (sinceforx € 4;,t = h(x))
teEST XEA,

= z h(x) P({X = x}) (since A, NA, = ¢,ifs #t)
x€Utesy At

= h(x)P({X = x}) (since A, =Sy)
xZS:X tLSJT ’

= > hG) fi (o).
X€ESy

(i)  Define A, = {x € Sy:h(x) > t},t =0, and B; = {x € Sy: h(x) <s},5s < 0.
For simplicity we assume that, for every t > 0ands < 0, A; and B, are
intervals. Then, using Theorem 3.1 (i),

00

E(T) = fo P{T > t}dt — f_:P({T < s}ds
ijx(x)dth—_Llfx(x)dxds
h(x)
JJ fx(x)dtdx—J fo(x)dsdx
By h{x)

on interchanging the order of integration in the above two integrals and using
the following two observations: (a) t € (0,0),x €A, @ x € Ay, and t €

(0,h(x)); (b) s € (—»,0),x € B; & x € By and s € (h(x),0). Therefore,
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E(T) = f h (O fi (x)dx + f h () () dx
Ao Bo

f h () fi (0)dx
Sx

f h () f ()dx,

SinCEAO NBy=¢ and Sy =AyUByU {X € Sy: h(X) = 0} |
Remark 3.2

Recall that probability density function of absolutely continuous type random variable is
not unique. However the distribution function of any random variable is unique. Theorem
3.1 (i) implies that the expected value

0

0 0
EX) = jxfx(x)dx = j (1 - Fx())de —j Fy(t —)dt,
0

—0
—00

of an absolutely continuous type random variable is unique (i.e., it does not depend on the
version of p.d.f. used) although the probability density function fy may not be unique. gy
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