NPTEL- Probability and Distributions

MODULE 3

FUNCTION OF A RANDOM VARIABLE AND ITS
DISTRIBUTION

LECTURE 15
Topics

3.4 PROPERTIES OF RANDOM VARIABLES HAVING
THE SAME DISTRIBUTION

3.5 PROBABILITY AND MOMENT INEQUALITIES

3.5.1 Markov Inequality
3.5.2 Chebyshev Inequality

3.4 PROPERTIES OF RANDOM VARIABLES HAVING
THE SAME DISTRIBUTION

We begin this section with the following definition.
Definition 4.1

Two random variables X and Y, defined on the same probability space (Q, F, P), are said
to have the same distribution (written as X < Y) if they have the same distribution
function, i.e., if Fy(x) = Fy(x),Vx € R.

Theorem 4.1

Q) Let X and Y be random variables of discrete type with p.m.f.s fy and fy

respectively. Then X < Y if, and only if, fyx(x) = fy (x),Vx € R;
(i) Let XandY be random variables having distribution functions that are
differentiable everywhere except, possibly, on some finite sets. Then both of

them are of absolutely continuous type. Moreover, X Ly if, and only if, there
exist versions of p.d.f.s fy and f, of X and Y, respectively, such that fy(x) =
fy(x),Vx € R.
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Proof.

0) Suppose that fy(x) = fy(x),Vx € R. Then, clearly, Fy(x) = Fy(x),,Vx € R,

and therefore X < Y. Conversely suppose that X < Y,ie, Fx(x) =F(x) =
G(x),say,Vx € R. Then
{fxeR: Fy(x) —Fy(x—)>0}={x€eR: Fy(x) — F(x—) >0}
={xeR:Gx)—G(x—-)>0}
= Sy = Sy = §, say.

Moreover,

B _(Gx)—G(x—), ifxesS
= = {5 otherwise

(i)  Suppose that fy(x) = fy(x),Vx € R, for some versions of p.d.f.s of fy and fy
of X and Y respectively. Then, clearly, Fy(x) = Fy(x),Vx € R and therefore

X < Y. Conversely suppose that X < Y, i.e., suppose that Fy(x) = Fy(x) =
G(x),say,Vx € R. By the hypothesis, G is differentiable everywhere except
possibly on a finite set C. Using Remark 4.2 (vii), Module 2, it follows that
both X and Y are of absolutely continuous type with a common (version of)
p.d.f.

_(G'(x), ifxegcC
9(x) = {O, otherwise
As a consequence of the above theorem we have the following corollary.
Theorem 4.2

Let X and Y be two random variables, of either discrete type or of absolutely continuous
type, with X < Y. Then,

(i)  for any Borel function h,E(h(X)) = E(h(Y)), provided the expectations are
finite;
(i) for any Borel function ¥, ¥(X) < Y(Y).

Proof.

Q) Since X < Y, we have Fy(x) = Fy(x) = G(x),say,Vx € R

Case I. X is of discrete type.

Since x & Y, using Theorem 4.1 (i), it follows that Sy = Sy = S, say, and fy(x) =
fyr(x) = g(x),say, Vx € R. Therefore,
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E(h(0) = ) h()fy ()

X€ES

= > RS

X€S
= E(h(V)).
Case 1. X is of absolutely continuous type.

For simplicity assume that G is differentiable everywhere except possibly on a
finite set C. Using Remark 4.2 (vii), Module 2, we may take

G'(x), ifxeC

feG = frn = {5 O X EC

Therefore,

E(h(X)) = f h (x) fy (x)dx

- f h (O fy () dx

= E(h(V)).

(i) Fix x € R . On taking

1, if <
h() = L) (Y(0) = {O, ifﬁg i .
in (i), we get
E (I nap () = E (I (w(N))
=>P{y(X) <a}) =P({y(Y) <a}), Va€eR
S Y0 =Y. m
Example 4.1

Q) Let X be a random variable with p.m.f.

n

fr(x) = {(Z) (%) , ifx € {0,1, ...,n}’

0, otherwise
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. . . . d
where n is a given positive integer. Let Y = n — X. Show thatY = X and hence
n

show that E(X) = -

(i) Let X be a random variable with p.d.f.

e_lxl
fr)=——, —o<x<wo,
and let Y = —X. Show that ¥ = X and hence show that EX*1) =0, ne
0,1, }.
Solution.

Q) Clearly E(X) is finite. Using Example 2.3 it follows that the p.m.f.of Y =n — X
IS given by

fr =PHAY =y})

_ (;l) (%)y ify € {0, 1,1}

0, otherwise
=fx(, VyeR,
ie,Y < X. Hence, using Theorem 4.2 (i),
EX)=E¥Y)= Em—X)=n—E(X)
= E(X) = 3
(i) Using Corollary 2.2, it can be shown that Y = —X is a random variable of

absolutely continuous type with p.d.f.

=yl

fr) = > =fx(y), —0o<y<w.

d . . .
It follows that Y = X. For or n € {0,1,2, ... }, it can be easily shown that E (| X|")is
finite for every r > —1. Therefore

E(x2n+1) — E(y2n+1) — _E(X2n+1)

=SEX"™N)=0.m
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Definition 4.2

A random variable X is said to have a symmetric distribution about a point u € Rif X —

d
p=u—X.m

Theorem 4.3

Let X be a random variable having p.d.f./p.m.f. fy and distribution function Fy. Let u € R.
Then

(i) the distribution of X is symmetric about u if, and only if, fy (u — x) = fy(u + x),
Vx € R;

(ii) the distribution of X is symmetric about p if, and only if, Fy (u + x) + Fy((x — x) =) =
1,vx € R (i.e.,ifand onlyif, PUX S p+x}) = PX = u—x}));

(iii) the distribution of X is symmetric about u if, and only if, the distribution of Y = X —
u is symmetric about 0;

(iv) if the distribution of X is symmetric about u, then Fy (u —) < % < Fy(w);

(v) if the distribution of X is symmetric about u and the expected value of X is finite, then
EX) =u,

(vi) if the distribution of X is symmetric about 0, then E(X?™*1) =0,m € {0,1,2,---},
provided the expectations exist.

Proof. For simplicity we will assume that if X is of absolutely continuous type then its
distribution function is differentiable everywhere expectations possibly on a finite set.

Q) LetY; =X —uandY, = u — X. Then the p.d.f.s/p.m.f.s of Y; and Y, are given by
fra@) =fi(u+y), yeR
and fr, @) =fx(u—y), yER,

respectively. Now, under the hypothesis,

distribution of X is symmetric about 4 < Y; < Y,
S fr)=fr®), VYER
& fy(u+y) =fx(u—y),vy € R

(i) Let Y; =X —puandY, = u— X so that the distribution functions of Y; and Y, are
given by Fy (x) = Fx(u+x), x €ER, and Fy,(x) =1 - FX((,u —X) —), x € R
Therefore, under the hypothesis,

v LY, o F, (x) = Fy(x), Vx€R
o Fy(u+x)+ FX((u —x) —) =1,Vx € R
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(iii)  Clearly,
o . : d
distribution of X is symmetricabouty @ X —u=u—-X=—-X — )

d
sSY=-Y.

(iv) Using (ii), we have
distribution of X is symmetric about u & Fy(u + x) + FX((y —X) —) =1, VxeR
=KW +EE-)=1
1
= Fy(u-) <5< K,
since Fy (u —) < Fx(w).
(v) Suppose that X — u = i — X and E(|X]) < . Then E(X — ) = E(u — X) (using
Theorem 4.2 (i)) and therefore E(X) = p.
(vi) Suppose that X < X . Then, using Theorem 4.2 (i),
EX*™*) = E((=X)*"*1),m € {0,1,2,--},
provided the expectations exist. Therefore,
E(x?m*t1) = E(-x?"*t)), me{0,1,2,-}
= EX*™*1) =0, me{0,1,2,}.m
Theorem 4.4

Let X and Y be random variables having m.g.f.s My and My respectively. Suppose that
there exists a positive real number b such that My(t) = My(t), Vt € (—b, b). Then

xLy,

Proof. We will provide the proof for the special case where X and Y are of discrete type
and Sy = Sy € {0,1,2,---}, as the proof for general X and Y is involved. We have

My (t) = My (t), Vt € (—b,b)

= Y etkp{X =k} =) e* PY =k}), vt € (=b,b)
2, ).

k=0

o]

= ) skPp({X =k} = skP{Y = k}),Vs € (e, eD).
2, 2.

k=0

We know that if two power series or polynomials match over an interval then they have
the same coefficients. It follows that P({X = k}) = P({Y = k}),k € {0,1,2,--- }, i.e,
X and Y have the same p.m.f.. Now the result follows using Theorem 4.1 (i). pg

Example 4.2

Let u € Rand o > 0 be real constants and let X, , be a random variable having p.d.f.
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1 _(x-w?
fr,, (x) = cx/ﬁe 202, —o<x<oo- (4.1)

(i) Show that fx,o isap.d.f;

(ii) Show that the probability distribution function of X, , is symmetric about x. Hence
find E(X, »);

(iii) Find the m.g.f. of X, ; and hence find the mean and variance of X, ;;

(iv) Let Y, ; = aX,, + b, where a # 0 and b are real constants. Using the m.g.f. of

X, s, show that the p.d.f. of Y, ; is

o) 1 _(y+@u+b))?
v, ,(V) = ——e 2a2¢2 , —o<y<omn,
- laloV2m

Solution.

(i) Clearly fy, ,(x) = 0, Vx € R. Also,

0 o0 1 (X_”)Z
x)dx = f e 202 dx
.f_wa”'”( ) —oOV2T

1 (> _2 X — U
=— e 2dz on making the transformation =z
) ( g > )

= [, say.

Clearly I = 0 and
IR IR
= e 2 e 2daz
21 J Y 2mJ o

1 (* *° _o%+%
=— f f e 2 dydz.
2n —oo0 v —00

On making the transformation y =rcosf,z=rsinf,r > 0,0 < 6 < 21 (S0
that the Jacobian of the transformation is r) we get

1 0 2T r2
12=—j J re 2d@dr
2rt )y Jy
o0 T’2
=f re 2dr
0

= f e ?dz
0
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=1.
Since I = 0, it follows that I = 1 and thus fy,  (x) isap.d.f.

(i) Clearly,

P

e 22, Vx € R.

fr,(u=—2) = fx, ,(u+x) =
oV2im

Using Theorem 4.3 (i) and (v) it follows that the distribution of X, , is symmetric
about  and E(X,,) = .

(i) ForteR

My, , (8) = E(e"¥wo)

o 1 _(x—w)?
et* e 202 dx
—00

oV2m
1 *® 22
=—| e+ e dz
V2T J o
aztz
e#t+T © _(z—ot)2
= f e 2 dt
V2T J o
o2¢2
= e#t+ 2,

since, by (i),

© o @-w)?
J e 202 dx = oV2m, Yu € Rando > 0.

Thus, for t € R,
ot?
¥x,, (O =In (My,, () =t +—

= E(X) = 1/)}((20 (0) = u and Var(X) = 1/))((26 (0) = 2.

(iv)  From the discussion following Definition 3.3 we have, for t € R,
My, ,(t) = Mayx, +5(1)
= et? My, ,(at)

aZUZtZ
2

e(a” +b)t+
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= MXau +b,lalo (t)

d
= Y,'u,a = Xau+b,|a|a-
Therefore the p.d.f. of Y, ; is given by

fy,w ) = fXa# +hjalo )

1 (e +b)? R
= —¢ 2a%0%  y € R
|laloV2m -

In the statistical literature, the probability distribution of the random variable X, , having a
p.d.f. fxpo (+), defined by (4.1), is called the normal distribution (or Gaussian distribution)

with mean u and variance o2 (denoted by Xio ~ N(u,0?)). Various properties of this
distribution are further discussed in Module 5.

Example 4.3
Let p € (0,1) and let X, be a random variable with p.m.f.
n
x n_x i e
fr, (@) = {(x) prg", ifx €40, 1,m) (4.2)
0, otherwise
where n is a given positive integerand g = 1 — p.

(i) Find the m.g.f. of X, and hence find the mean and variance of X,,,p € (0,1);
(ii) Let Y, =n—X,, p € (0,1). Using the m.g.f. of X,, show that the p.m.f. of ¥, is

n
(y> 7 (1-q"7?, ifye{0,1,-,n}

fi, () = {
0, otherwise

Solution.

Q) From the solution of Example 3.6 (iii), it is clear that the m.g.f. of X, is given
by

My, ()= (1-p+ peH)", teR.
Therefore, for t € R,

¥, (t) = In(My, () =nln(1 —p +pe'),t €R,

t
1) _ npe
x, (8) = T—p+pe ,t ER,
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(1—p+pe)e’ —pe?
(1—p +pet)?

P () = np tER

= E(X) = ¥ (0) =npand Var(X) = ¢57(0) = np(1 - p).

(i) For teR
My (6) = E(et"?)
= e My, (-t)
=e™(1—p+pe )"
=@+ @A -ple)"
=My, , (1),

ie., Y, 4 Xi—p, p € (0,1). Therefore the p.m.f. of Y,, is given by

fy, ) = fxi, )

n — .
— {<y) q;V(l - Q) Y, lfy € {0, 1,‘”,7’1}. -

0, otherwise

The probability distribution of the random variable X,,, having p.m.f. pr (+) defined by
(4.2), is called a binomial distribution with n trials and success probability p (denoted by
X, ~ Bin(n, p)). The binomial distribution and other related distributions are discussed in
more detail in Module 5.

3.5 PROBABILITY AND MOMENT INEQUALITIES

Let X be a random variable defined on a probability space (2,F,P), and let B € B; be a
Borel set. In many situation P({X € B}) cannot be explicitly evaluated and therefore some
estimate of this probability may be desired. For example if a random variable Z has the
p.d.f.

1 22
zZ)= —e 2,—0<z<owm,
then
o 1 22
P({Z> 2}) = fZ Ee_sz (51)

cannot be explicitly evaluated and, therefore, an estimate of this probability may be
desired. To estimate this probability one has to either resort to numerical integration or use
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some other estimation procedure. Inequalities are popular estimation procedures and they
play an important role in probability theory.

Theorem 5.1

Let X be a random variable and let g: [0,0) — R be a non-negative and non decreasing
function such that the expected value of g(X) is finite. Then, for any ¢ > 0 for which

g(c) >0,

E(g(IXI))_

PUIXI = ) <= o

Proof. We will provide the proof for the case when X is of absolutely continuous type.
The proof for the discrete case follows in the similar fashion with integral signs replaced
by summation signs.

Fix c > 0 suchthat g(c) > 0.Define A = R — (—c,c) sothat, for x € 4, |x| = c. Then

E(g(IXD) = f g(lxD) f (x)dx
> [ 0D LGfGx Gince g(x) = gxDI GV € R)

= g(C)f L) fx()dx  (since g(|xIs(x) = g();(x)Vx ER,as g T)

= g(O)P({X € A}
g)P{IX] = c})

= P{|X| =c}) SE(LD(D). -

g(c)

Corollary 5.1

Let X be a random variable.

3.5.1 Markov Inequality
Suppose that E(|X|") < o, for some r > 0. Then, forany ¢ > 0,
E(X]")
cr

P{IX[ =z} <

3.5.2 Chebyshev Inequality
Suppose that X has finite first two moments. If u = E(X) and 6 = Var(X) (¢ >
0). Then forany k > 0,

Dept. of Mathematics and Statistics Indian Institute of Technology, Kanpur 11



NPTEL- Probability and Distributions

2
PAIX -l 2 kD < 25

Proof.

Q) Fixc>0andr > 0and let g(x) = x",x = 0. Clearly g is a non-negative and
non decreasing function. Using Theorem 5.1, we get

E(XI")

CT

P{IX| =} =

(i) Using (i) on Y = |X — u], for r = 2, we get

E(IX — pl? 2
PAX-ulz iy s MDD T

Example: 5.1

Let us revisit the problem of estimating P({Z > 2}), defined by (5.1). Using Example 4.2
(iii), we haveu = E(Z) = 0 and o2 = Var(Z) = 1. Moreover, using Example 4.2 (ii),

7 £— 7. Consequently P({Z > 2}) = P({-Z > 2}) (= P({Z < —2})). .,

PAlzl >2h _ PAlz| 22D

P({z>2}) = > >

Now, using the Chebyshev inequality we have

2
P({z>2}) = P({IZIZZ 2) < E(Igl ) _ % = 0.125.

The exact value of P({Z > 2}), obtained using numerical integration, is 0.0228. g

The following example illustrates that bounds provided in Theorem 5.1 and Corollary 5.1
are tight, i.e., the upper bounds provided there in may be attained.

Example 5.2

Let X be a random variable with p.m.f.

(1 :

!5‘ ifx € {—1,1}
=13

fx (%) = ifx =0

0, otherwise
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Clearly E(X?) = %and, therefore, using the Markov inequality we have
1
P{|X| =1}) <EX?) = T
The exact probability is

PAIXI= 1) =P(X € (-11) =;. m

AN

Definition 5.1
A random variable X is said to be degenerate at a pointc € Rif P{X =c}) = 1. g

Suppose that a random variable X is degenerate at ¢ € R. Then clearly X is of discrete
type with support Sy = {c}, distribution function.

0, x<c
Fy(x) = {1 x=>c’
and p.m.f.
1, X=c
fx(x) = {O, otherwise’

Note that a random variable X is degenerate at a point ¢ € R if, and only if, E(X) = c and
Var(X) = 0.
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