NPTEL- Probability and Distributions

MODULE 1
PROBABILITY
LECTURE 2
Topics

1.2 AXIOMATIC APPROACH TO PROBABILITY AND
PROPERTIES OF PROBABILITY MEASURE

1.2.1 Inclusion-Exclusion Formula

In the following section we will discuss the modern approach to probability theory where
we will not be concerned with how probabilities are assigned to suitably chosen subsets
of 2. Rather we will define the concept of probability for certain types of subsets 2 using
a set of axioms that are consistent with properties (i)-(iii) of classical (or relative
frequency) method. We will also study various properties of probability measures.

1.2 AXIOMATIC APPROACH TO PROBABILITY AND
PROPERTIES OF PROBABILITY MEASURE

We begin this section with the following definitions.
Definition 2.1

(i) A set whose elements are themselves set is called a class of sets. A class of sets
will be usually denoted by script letters A,B,C,.... For example A =
{13.{1,3% {2,563}

(ii) Let C be a class of sets. A function u:C — R is called a set function. In other
words, a real-valued function whose domain is a class of sets is called a set
function. g

As stated above, in many situations, it may not be possible to assign probabilities to all
subsets of the sample space £ such that properties (i)-(iii) of classical (or relative
frequency) method are satisfied. Therefore one begins with assigning probabilities to
members of an appropriately chosen class C of subsets of 2 (e.g., if 2 = R, then C may
be class of all open intervals in R; if 2 is a countable set, then C may be class of all
singletons {w}, w € 7). We call the members of C as basic sets. Starting from the basic
sets in C assignment of probabilities is extended, in an intuitively justified manner, to as
many subsets of 2 as possible keeping in mind that properties (i)-(iii) of classical (or
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relative frequency) method are not violated. Let us denote by F the class of sets for
which the probability assignments can be finally done. We call the class F as event space
and elements of F are called events. It will be reasonable to assume that F satisfies the
following properties: (i) RE€F, ((IAeF=A"=N—-A€F, and (ii)4; €EF,i=
1,2,..= UjZ; 4; € F. This leads to introduction of the following definition.

Definition 2.2

A sigma-field (o-field) of subsets of 2 is a class F of subsets of 0 satisfying the
following properties:

(i) NEF;
(i) AeF=>A=0—-A€eF (closed under complements);
(i) A, €F,i=1,2,..= UL A4; €F (closed under countably infinite unions). gy

Remark 2.1

(i)  We expect the event space to be a o-field;
(i)  Suppose that F is a o-field of subsets of 2. Then,
(a) ¢ € F(since ¢ = 2°)
(b)  EyE, ..€F =N E; € F(sinceNi E; = (UiZ1 Ef)°);
(0 EFEF=E—F=ENF°eFandEAF € (E—-F)U(F—-E)€EFT;
(d) Ei,E;, ..,E, € F,for somen € N,= UL, E; € F and Nj_, E; € F (take
Eny1=Enyp=--=¢ so that UL, E; = UL E; oF Epyg =Eppp =
«-=0sothat N\, E; = N1 E; );
(e)  although the power set of 2 (P(2)) is a o-field of subsets of 2,in
general, a o-field may not contain all subsets of 2. g

Example 2.1

Q) F = {¢, 2} is a sigma field, called the trivial sigma-field;

(i)  Suppose that A € 2. Then F = {4, A, ¢, 2} is a o-field of subsets of Q. It is
the smallest sigma-field containing the set 4;

(iii)  Arbitrary intersection of o-fields is a o-field (see Problem 3 (i));

(iv)  Let C be a class of subsets of 2 and let {F, : « € A} be the collection of all o-
fields that contain C. Then

Tzﬂ}"a

a€eN
is a o-field and it is the smallest o-field that contains class C (called the o-

field generated by C and is denoted by a(C)) (see Problem 3 (iii));
(V) Let 2 = R and let ;J be the class of all open intervals in R. Then B; = a(J) is
called the Borel o-field on R. The Borel o-field in R* (denoted by B,,) is the
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o-field generated by class of all open rectangles in R¥. A set B € B, is called
a Borel set in R¥; here R¥ = {(x1,..,x3):—0<x; <o, i =1,..,k}
denotes the k-dimensional Euclidean space;

(vi) B contains all singletons and hence all countable subsets of

B (@ =07 (oLt D) m

Let C be an appropriately chosen class of basic subsets of 2 for which the probabilities
can be assigned to begin with (e.g., if 2 = R then C may be class of all open intervals in
R; if 2 is a countable set then € may be class of all singletons {w}, w € 2). It turns out (a
topic for an advanced course in probability theory) that, for an appropriately chosen class
C of basic sets, the assignment of probabilities that is consistent with properties (i)-(iii) of
classical (or relative frequency) method can be extended in an unique manner from C to
0(C), the smallest o-field containing the class C. Therefore, generally the domain F of a
probability measure is taken to be o(C), the o-field generated by the class C of basic
subsets of 2. We have stated before that we will not care about how assignment of
probabilities to various members of event space F (a o-field of subsets of 2) is done.
Rather we will be interested in properties of probability measure defined on event space
F.

Let 2 be a sample space associated with a random experiment and let F be the event
space (a o-field of subsets of £2). Recall that members of F are called events. Now we
provide a mathematical definition of probability based on a set of axioms.

Definition 2.3

(i) Let F be a o-field of subsets of 2. A probability function (or a probability
measure) is a set function P, defined on F, satisfying the following three axioms:

(@ P(E) =0, VE € F; (Axiom 1: Non — negativity);
(b) If E{, E,, ... is a countably infinite collection of mutually exclusive events
(ie, E;€F, i=1,2,..,E,NE =¢,i #j)then

P (U El-) = z P(E;); (Axiom 2: Countably infinite additive)
i=1 1=1
oprPW)=1 (Axiom 3: Probability of the sample space is 1).

(ii) The triplet (2, F, P) is called a probability space. gy
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Remark 2.2

(i) Note that if E, E5, ... is a countably infinite collection of sets in a o-field F then
U{L; E; € F and, therefore, P(U;Z; E;) is well defined;

(i) In any probability space (2, F, P) we have P(2) = 1 (or P(¢) = 0; see Theorem
2.1 (i) proved later) but if P(A) = 1 (or P(A) = 0), for some A € F, then it does
not mean that A = 2 (or A = ¢) (see Problem 14 (ii)).

(iii) In general not all subsets of 2 are events, i.e., not all subsets of 2 are elements of
F.

(iv) When 2 is countable it is possible to assign probabilities to all subsets of 2 using
Axiom 2 provided we can assign probabilities to singleton subsets {x} of 2. To
illustrate this let 2 = {wy, w5, ... } (or 2 = {w;, ..., w, }, forsomen € N) and let
Plw}) =p;, i=1,2,..,50that 0 <p, <1, i =1,2,.. (see Theorem 2.1 (iii)
below) and Y72, p; =X P{w;}) = P(UjZ{w;}) = P(2) = 1. Then, for any

A C 0,
PA= ) n

i:w;€EA
Thus in this case we may take F = P(2), the power set of Q. It is worth
mentioning here that if 2 is countable and € = {{w}: w € 2} (class of all
singleton subsets of 2) is the class of basic sets for which the assignment of the
probabilities can be done, to begin with, then o(C) = P(£2) (see Problem 5 (ii)).
(v) Due to some inconsistency problems, assignment of probabilities for all subsets of
{2 is not possible when 2 is continuum (e.g., if £2 contains an interval). gy

Theorem 2.1

Let (12, F, P) be a probability space. Then

() P(p)=0;
(i) E€eFi=12..n, and ENE =¢, i #j=>PULE) =X P(E)
(finite additivity);

(iii) VE €F,0<P(E)<1landP(E°)=1-P(E);

(v) E,E,eFandE, €E,= P(E,—E;)=P(E,)—P(E;)and P(E;) < P(E,)
(monotonicity of probability measures);

(v) E,E,€F=P(E,UE,) =P(E)+ P(E,) — P(E; NE,).

Proof.

Q) Let E;y =Qand E; = ¢, i =2,3,.... Then P(E;) =1, (Axiom 3), E; €F, i =
1,2,.., By =VUiL E;and E; N E; = ¢, i # j. Therefore,
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= Z P(E) (using Axiom 2)

(i)LetE;=¢, i=n+1, n+2,... ThenE, €F, i=12,...E,NE =¢,i #jand
P(E;)) =0, i=n+1,n+ 2,.... Therefore,

(00

i=1

= z P(E;)  (using Axiom 2)

(iii) LetE € F.ThenQ =EUE°andE NE® = ¢. Therefore

1=P(2)
= P(EUE")
= P(E) + P(E°) (using (ii))
= P(E)<1landP(E°)=1-P(E) (since P(E°) €[0,1])
=>0<P(E)<1land P(E°) =1-P(E).
(|V) Let El' EZ EF and Iet El c Ez . Then E2 - El € T, EZ = E1 V) (Ez - El) and
E;n(E; — Ey) = ¢.
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Figure 2.1

Therefore,
P(E;) = P(E; U (E; — Ey))
= P(E;) + P(E; — Ey) (using (ii))
= P(E, — E;) = P(E;) — P(Ey).
As P(E, — E;) = 0, it follows that P(E;) < P(E;).

(V) Let Eli EzeT Then EZ_El E:F, Eln(Ez—E1)=¢and E1UE2=E1U
(E; — Ey).

M €—

~
|
m
-

Figure 2.2

Therefore,
P(E,UE,) = P(Ey U (E; — Ey))
= P(E,) + P(E, — Ey) (using (ii)) (2.1)

Also (E; N E;) N (E, — Ey) = ¢ and E; = (E; N E;) U (E; — Ey). Therefore,
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Elréz \Elz-El
Figure 2.3
P(E;) = P((E; N Ey) U (E;, — Ey))
= P(E; NE,) + P(E, — Ey) (using (ii))
= P(E, — Ey) = P(E;) — P(E; N E,) - (2.2)
Using (2.1) and (2.2), we get

P(Ey UE;) = P(E;) + P(E;) —P(E;NE;). m

1.2.1 Inclusion-Exclusion Formula

Theorem 2.2
Let (2, F, P) be a probability space and let Ey, E5, ..., E, € F (n € N,n > 2). Then

n n
P(U El-) = ZS"'" ,
1 k=1

i=
where S;,, = Yiq P(E;) and, for k € {2,3, ...,n},
Skn = (—1)F1 Z P(E;, NE,N-NE;).
1<ig<<ip<n

Proof. We will use the principle of mathematical induction. Using Theorem 2.1 (v), we
have

P(E; UE;) = P(E;) + P(E;) — P(E; N Ey)
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=S12+ S22

where Sy, = P(E;) + P(E;) and S, , = —P(E; N E3). Thus the result is true for n = 2.
Now suppose that the result is true for n € {2, 3, ..., m} for some positive integer m (>
2. Then

_p (U El-) +P(E, ;) — P
=P (U Ei> +P(Epy1) — P (L) (E; N Em+1)>
i=1

i=1

m
J El-) NEn, 1 (using the result forn = 2)
1

m m
= Z Sim + P(Epy1) — P (U(Ei N Em+1)> (using the result forn = m) (2.3)
i=1 i=1

LetF; =E;NE,41,i=1,....m. Then

P <O(El- N Em+1)> =P <CJ Fl-)

i=1 i=1
m

= z Ty m (again using the result forn = m), (2.4)
k=1

where

m m
Ty = Z P(F) = Z P(E;NE, +1)and,fork € {2,3,---,m},
i=1 i=1

Tk,m = (_1)k_1 Z P(Fil nFiz n '“nFi )

1<<ip<-<ip<m

= (—1Dk1 z P(E;, NE;, N-NE; NEp1).

1<i1<ip<-<ip<m
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Using (2.4) in (2.3), we get
P(U:n=-|1-1 Ei) = (Sl,m + P(Em-i-l)) + (SZ,m - Tl,m) + et (Sm,m - Tm—l,m) - Tm,m .

Note that Sl,m + P(Em+1) = Sl,m+1; Sk,m - Tk—l,m = Sk,m+1r k=23, ..,m, and
Tnm = —Sm+1m+1- 1 herefore,

m+1 m+1 m+1
p (U Ei) =Sim+1 + Z Skm+1 = z Skm+1-m
k=2 k=1

i=1

Remark 2.3

Q) Let E4,E,, ... € F. Then

P(E; UE, UE3) = P(E)) + P(E;) + P(E3) —(P(E; N E;) + P(E; N E3) + P(E; N E3)) +P(E; N E; N E3)
N R R )
S13 S23 $33

= D13 — P23 T P33
where py 3 = S13, P23 = —Sz3and p33 = S33.
In general,
P(UL1 E) = P1y — P2n + D3+ (1) Py,
where

Sin, ifiisodd |
pin_{ . i=1,2,..n.

=S, ifiiseven’
(i)  Wehave
1>P(E;UE,) =P(E;)+ P(E;,) —P(E;NE,)
= P(E;NE,) > P(E;) + P(E,) — 1.

The above inequality is known as Bonferroni’s inequality. g
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