NPTEL- Probability and Distributions

MODULE 6

RANDOM VECTOR AND ITS JOINT DISTRIBUTION
LECTURE 26

Topics

6.2 TYPES OF RANDOM VARIABLES

Now we state the following theorem without providing its proof. This theorem states that
properties (i) - (iv) described in Theorem 1.2 characterize distribution functions.

Theorem 1.3

Let G: RP — R be a function such that

(1) lim G(xl,...,xp) =1;

X;—00

i=1,..p
(i) for each fixed i€{1,..,p} and each fixed (xy,..,%_1,%;41,..,%,) €
RP~L, lim G (g, o) Xi—1, Y, Xig 1y e Xp) = 0
y—>—00
(iii) G(xl, ...,xp) is right continuous in each argument when other arguments are kept
fixed;
(iv) for each rectangle (a, b] € RP

Zp:(—nk Z G(z) = 0.

2€ Ay ((@b])

Then there exists a probability space (2, F,P) and a random vector X = (Xl,...,Xp)
defined on (2, F,P) such that G is the distribution function of X (i.e., Fy(x) = G(x),
V£ € RP)-

Remark 1.5

() As in the one dimensional case it can be shown that the probability measure Py (),
induced by a random vector X, is completely determined by its distribution function
Fx(-). Thus, to study the induced probability measure Py (-), it is enough to study
the distribution function Fy.
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(i) The properties (i)-(iv) given in Theorem 1.3 are key properties of a distribution
function. Let a = (a;,ay,..,a,)andb = (a; + h, by, ..., b,), where h >0 . If
G:RP — R is any function which satisfies properties (ii) and (iv) of Theorem 1.3,

then
Z (=1 Z G(z)=0 (using property (iv))
= ZE Ak ((E'QD
:1m(1ﬁ§1 Z: G(z)=0
i=2,..,p k=0 ze Ay, ((ab])
=G (a1 + h, by, ...,bp) -G (al,bz, ., b ) >0, (using property (ii))

i.e., G(-) is non-decreasing in each argument when other arguments are kept fixed.It
follows that if G:RP — R is a distribution function then the property that it is non-
decreasing in each argument (when other arguments are kept fixed) is not one of its key
characteristics and it is a consequence of properties (ii)-(iv) given in Theorem 1.3.

Example 1.3
Consider the function G: R? — R defined by

xy?, if0<x<1,0<y<1

x, if0<x<1 y=>1
Gx,y) =1{y? ifx=>1 0<y<1

P, ifx>1, y >1

0, otherwise

(1)  Show that G is a distribution function of some two-dimensional random vector, say
X,Y).
(i) Find marginal distribution functions of X and Y.

Solution. (i) Note that, for x =1, y > 1, G(x,y) = 1. Therefore limx-wo G(x,y) =
y—)OO
1.Also, forx < 0ory <0, G(x,y) = 0. Therefore, for each fixed x € R, lim G(x,y) =
y—>—00
0 and, for each fixed y € R, lim G(x,y) = 0.
X——00

Note that, G(x,y) =0,Vx € R if y <0, (1.8)
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0, if x<0
Glx,y) ={xy? if0<x<1, ifye[01) (1.9)
y2, ifx>1
and
0, ifx<O
G(x,y)=14x, if 0<x <1, ifye][l ). (1.10)
1, ifx>1

From (1.8) - (1.10) it is evident that, for each fixed value of y € R, G(x, y) is a continuous
(and hence right continuous) function of x. Similarly, for each fixed value of x €
R, G(x, y) is a continuous function of y.

From (1.8) - (1.10) it is also clear that, for each fixed value of y € R, G(x,y) is a non-
decreasing function of x € R. Similarly, for each fixed value of x € R, G(x,y) is a non-
decreasing function of y € R.

Now let
—00 < al < bl < o, —0o < aZ < bZ < @, Q= (aliaZ)lQ = (blin) and (Q;Q] =
(ay,by] X (az, bz] . Then

A= i(—l)k > G

=0 z€y; ((ab])
= G(by,by) — G(by,az) — G(ay, by) + G(ay, az).

The following cases arise:
Casel.a; <0
In this case

A = G(by,by) — G(by,ay) =0,
since, for a fixed b; € R, G(by,y) is a non-decreasing function of y;
Casell.a; <0

A = G(by,by) — G(ay, by) =0,
since, for a fixed b, € R, G(x, b,) is a non-decreasing function of x;
Caselll. 0<a;<1,0<a,<1,0<h; <1,0<bh, <1

A = b,b% — ba3 — a;b? + a,a?
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= (b1 — a) (b7 — a3) = 0;
CaseIV.0<a; <1, 0<ay<1, 0<h <1, by>1
A= by —ba%—a; +a,a}
= (by —ay))(1 —a3) = 0;
CaseV.0<a;<1,0<a,;,<1,b121,0<Dh, <1
A = b3 — a5 — a,b% + a,a3
= (1—a)(h3 —a3) 20;
CaseVI.L0<a;<1,0<a,<1, b =1, b,2>21
A=1-a3—a, + a;a3
=(1-apd-aj3) 20;
CaseVIl.0<a;<1,a,21,0<b; <1, by =21

A=b1—b1—a1+a1=0;
CaseVIILO<a; <1, ay>1, by=1,b,>1

A:1—1—Q1+a1:0;
C&SE'X.alzl,OSa2<1, b121,OSb2<1

A=Db3—a%—b?+ai=0;
CaseX.alzl, 0£a2<1, b121, szl

A=1-a35—-1+ a5 =0;
CaSEXI.alzl, a221, b121, szl

A=1-1-1+1=0.
Combining Case I- Case XI it follows that

2
Z(—l)k Z G(z1,7;) =0, ¥ (ab] € R
k=0 Z €Ay ((E'Q])

Now using Theorem 1.3 it follows that G(x;, x,) is a distribution function of some two-
dimensional random vector (X,Y) € R2.

(i1) Using Lemma 1.2, we have
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0, if x<O0
Fy(x) = lim G(x,y) = ix, if0<x<1.
yoe 1, ifx>1

Also using Lemma 1.2 and Remark 1.3 we have

0, ify <0
Fy(y) = lim G(x,y) =4y% if0<y<1l.g
X—00
1, ifx>1
Example 1.4
Let G: R?> — R be defined by
x, if0<x<1 y=>1
2 .
_Jys ifx=1, 0<sy<1
6(x) 1, ifx=1 y=1
0, otherwise

Show that G is not a distribution function of any random vector (X,Y).

Solution. Note that G (x, y) is non-decreasing in each argument when the other argument is
kept fixed. Let a; €[0,1), a; €[0,1), by €[1,0), b, € [1,0)a}+a; >1,a=
(ay,az), b = (by,bz) and (g, b] = (a1, b1] X (az, bz]. Then

2
YEDE Y Gz = Glbyby) — G(bi, @)~ 6(ar,by) + 6(a1,a,)
k=0

LAY ((2’2])
=1-a%-a, <0.

Thus G is not a distribution function of any random vector. g

6.2 TYPES OF RANDOM VECTORS

Let (02, F, P) be a probability space and let X = (Xl, ...,Xp):.Q — RP be a random vector
with distribution function Fy (x;, ..., x, ).

Definition 2.1

0] X is said to a random vector of discrete type if there exists a non-empty countable
set Sy SRP such that P({X=x})>0, vxeSy and P({X €Sy} =
Yresy P({X =x}) =1. The set Sy is called the support of the discrete type
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(i)

(iii)

random vector X (or simply the support of the probability distribution of X) and the
function

fx(x) =P({X = x}), xeRP,

which is such that fy(x) > 0, Vx € Sy, fy(x) =0, Vx € S§ (see Remark 2.1 (i)
later) and Yy es, f&(ﬁ) =1, is called the joint probability mass function (p.m.f.) of
X.

X is said to be a random vector of continuous type if Fy(x) is continuous at every
x € RP;

X is said to be a random vector of absolutely continuous type if there exists a non-
negative function fy: R? — R such that

Fz(&) = f fx (X) dy, x= (1, o Xy) ERP,

(—0x]

where (=90, x]= (=o0,x;] X =+ X (=0, %, |,y = (y1, ..., %) and dy = dy; - d,.

The function fx (), which is non-negative and is such that

ffi(xl,...,xp)dg = }}llggo FK(yl,...,yp) =1,
RP i=1,p

is called the joint probability density function (p.d.f.) of X . The set S£={§e
RP: fy (x) > 0} is called a support of the p.d.f. fy. m

Remark 2.1

(i)

(i)

If X is of discrete type with support Sy then P({X € Sx}) = 1and, therefore,
P({X € S¢}) = 0. In particular fy(x) = P({X = x}) = 0, Vx € S§.

Let X be a random vector of discrete type with support Sy and p.m.f. fx (-). Then we
know that Sy is countable, fy(x) =0, Vx € R?,fy(x) >0, Vx €Sy and
Yresy fx(x) = 1. As in the one-dimensional case (p = 1) it can be shown that if
g:RP - R is any function such that g(x) >0, vx € R?, g(x) > 0,vx € D and
Yrep g9(x) = 1, for some non-empty countable set D € R, then g(-) is a joint
p.m.f. of a random vector of discrete type.
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(iif) Let X be a random vector of absolutely continuous type with joint and p.d.f. fx ().
Then fy(x) = 0, Vx € RP and

| a@dz=1,
RP

where x = (x4, ...,x,) and dx = dx; --dx,. Conversely if h:RP > R is any
function such that h(x) > 0, vx € R?, and

fh@Mz=L

RP
then it can be shown that k() is a joint p.d.f. of some random vector of absolutely
continuous type.

(iv) Let(a b] < RPand let ¥:(a b] > R be a non-negative function. Let D = D; x
-+ X D,,, where each D;,i = 1,...,p, is countable. Then, provided the integral (or
sum)

f ¥(x) dx OFZ‘P@

(ab] x&D

is finite, we know that the order in which (section wise) integral (or sum) is carried
out is immaterial. In particular if h: R?P = R is a joint p.d.f. (or joint p.m.f.), then

bgy bgy
Jh(z)dxl---dxp= j J h(g)dxﬂl---bx
(EJE' aﬁp aﬁl
or( Yh@) = > > ()
X€D XﬁleDﬁl xg EDﬁp

(v) Let X be a p-dimensional random vector with distribution function Fy. For a =

(al, ...,ap) € RP, define a,, = (a]L - 11—1, ey Oy —%),n =1,2,... Then

{x=a}=x"({a})
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II
/\
I 38

39

2,
~—

= lim P (5‘1((9n,9]))

n—-oo

p

= lim Y (—1* z 5% (gn)

n—-oo

k=0 Zn €Ak p ((Qn'ﬁ])

(vi) Let X be a p-dimensional random vector with distribution function Fy that is
continuous at a € RP. Let a,, n=1,2... be as defined in (v) above. Then, for

Zy € Ay ((gn,g]),n =1,2,.. (so that, asn —» o, z, — g),F& (z_n) - FX(@

asn — oo. Therefore

P({z=g})=mZ<—nk > ()

Zn €Ak p ((E a]
[4
= > () @
k=0

= (1 - 1" Fy(a)
= 0.

It follows that if the distribution functions Fy of a p-dimensional random vector X

is continuous at a € RP then

P({x=a})=0.

(vii) Let X be a p-dimensional random vector of continuous type so that its distribution
function Fy (+) is continuous at every x € RP. Then, by (vi),
P({X=a})=0,vaeR?.
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Consequently, for any countable set S € R?,

r(xesh=r({| Jx=9

aes

=D P({x=a))

aes
= 0.

(viii) Suppose that X is a p-dimensional random vector of absolutely continuous type
with p.d.f. Fx(-). Then it can be shown that its distribution function

X

X1 p

IS continuous at every x € RP. Thus a random vector of absolutely continuous type
is also continuous. Moreover if X is of absolutely continuous type then

P({)_( = 2}) = 0,Va € R? and P({)_( € S}) =0,
for any countable set S.

(ix) Let X be a p-dimensional random vector of discrete type with joint p.m.f. fy () and
support Sy. Then, forany A € B,,

P({xea}) =P({xeAnS})  (sinceP({X €S})=1)
=P U {x=x

Z P({X=x}) (AnSy c Syis countable)

1614(15&

= ) K@

&EAHS&

Z f ()l (x).

&ES&
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Let X be a p-dimensional random vector of absolutely continuous type with joint
p.d.f. fy(-)andleta, b € R?, a; < b;,i =1,...,p. Then, using the idea of the proof

of Lemma 1.3, it can be shown that

(x)

f fy(x)dx = jl }p fx (x)dx, - dx;
| ap  ap

(ab

Z1

=iem > fme@mwml
k=0 —0

z€0ip ((@b]) ==

=i<—1)k ). B®

Z€Akp ((EJQ])
=P{a; <X, <b,i=1,..,p})
= P({X € (a,b]}).

It follows that

P({Xe(ab]}) = P{a; <X, <h,i=1,..,p}

b by
= f “‘ffg(&)dxp‘“dxl
ai ap

= f_f f&(ﬁ)l((g&])(ﬁ)dxp'“dxl

—0

= f fx(x) 1((@])(&)‘1&-
RP B
In general, for any set A € B, if can be shown that
Pxea) = [ @) h(x)dz
RP
Consequently if A comprises of a countable number of curves then
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P({x € 4)) = f fi(x) La(x)dx = 0.

In particular P({X; = X;}) = 0, Vi # j.

(xi) Let X be a p-dimensional random vector of discrete type with joint distribution
function Fy (), joint p.m.f. fy () and support Sy. Then, using (ix),

Fx(x) = P({X € (=, x]})

= Y fi), xew 2.1)

x€((—= x])nSx

Also, using (v),

p
@ =P(E=x)=lm YD Y K) @2
k=0 QEAk,p(@n’ 1])

1 1
where x,, = (x1 — = e Xp —;),n =1,2,..

Using (2.1) and (2.2) we conclude that the joint distribution function of a discrete
type random vector is determined by its joint p.m.f. and vice-versa. Thus to study
the probability measure Py(-) induced by a discrete type random vector X it is

enough to study its p.m.f. (also see Remark 1.5 (i)).

(xii) If X is a random vector of absolutely continuous type then its joint p.d.f. is not
unique and there are different versions of joint p.d.f. . In fact if the values of the
joint p.d.f. fx(-) of a random vector X of absolutely continuous type are changed at
a countable number of curves with other non-negative values then the resulting
function is again a p.d.f. of X.

(xiii) As in the one-dimensional case it can be shown that if X is a p-dimensional random
vector with distribution function Fy () such that

aP

mFK(xl, ...,xp),

exists everywhere except (possibly) on a set C comprising of countable number of
curves and

Dept. of Mathematics and Statistics Indian Institute of Technology, Kanpur 11



NPTEL- Probability and Distributions

oP
R m&(xl’ vy Xp) Iee(x)dx = 1.

Then X is of absolutely continuous type with a p.d.f.

aP .
fX(&) = axl axp F&(xli ---'xp)' 1f£ & C’
) Ay ifxec

here a,, x € C, are arbitrary non-negative constants.
(xiv) Let X be a p-dimensional random vector of absolutely continuous type with joint

distribution function Fy (-) and joint p.d.f. fx(-). Then

X

X1 p

Clearly the joint distribution function of an absolutely continuous type random
vector X is determined by its joint p.d.f. fx(-). Thus to study the probability

measure Py(-) induced by an absolutely continuous type random vector X it is
enough to study its joint p.d.f. fx(-).

Using Remark 1.2 (ii) and using (v) above it follows that if fg(&), x € R?, is the p.m.f. (a
p.d.f) of p -dimensional random vector X = (Xl, ...,Xp) then, for any permutation
(B1, .-, By) of (1, ..., p) with inverse permutation (y;,...,¥,) the joint p.m.f. (joint p.d.f.)

of (Xﬁl’ ,X’Bp) is fXﬁl""‘Xﬁp (Xl, ...,xp) = le,...,Xp (xyl, ...,xyp) y X € RP, [
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