NPTEL- Probability and Distributions

MODULE 5

SOME SPECIAL ABSOLUTELY CONTINUOUS
DISTRIBUTIONS

LECTURE 23
Topics
5.3 BETADISTRIBUTION

5.3 BETADISTRIBUTION

We will first provide the definition of the beta function.
Definition 3.1

The function B: (0,0) x (0,%) — (0, ), defined by,

1
B(x,y) = f t*1(1 —t)Y ldt
0

is called the beta function. gy

Clearly the integral
1

f t*1(1 —t)Y ldt

0

converges forx = 1andy = 1. For x € (0,1) or y € (0,1) the integral

1

j t*1(1—-t)r lat

0

will converge if, and only if, both the integrals

: |
j t*1(1—t)r ldat andj t*1(1—-t)Y ldt
0 1
2

converge.
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Since, for0 < x < 1,

i@ —-)rt
lim — =1, Vy €R
t—0 tx 1

and the integral

1

2
f t*~1dt
0

converges, it follows that the integral

1

2
f t*1(1 —t)Y ldt
0

converges for (x,y) € (0,1) X R.
Similarly, for0 <y < 1,

. tx_l(l _ t)y—l
tl—I}} (1—-1¢t)r1

=1 VxeR

and the integral

1
f (1—t)Y"1dt
1
2
converges. Consequently the integral

1
f t*1(1 —t)Y ldt
1
3
converges for (x,y) € Rx (0,1).

From the above discussion it follows that the integral

1

j t* 11 —t)r lat

0

convergesif x >0 andy > 0.
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Using the above arguments it can also be seen that the integral

1

f t*1(1—-t)r lat

0
divergesif x <0 ory < 0.

Thus the beta function B: (0, ) X (0,%) — (0, ) is well defined. For x > 0 and y > 0,
consider

o]

r(x)I'(y) = f e Ss* lds fe_t tY~1dt
0 0

Il
oY—

j e~ () gx—1¢y-14d¢ dt.
0

Let us make the transformation s = uv and t = (1 — u)v in the above integral. Then
the Jacobian of the transformation is

ds Js
_|lou ov
J = Jt ot
Ju 0Jv
v u
T l=v 1-u
= .
Also,
0<s<wand 0<t<wo= 0<u<1andv>0.
Therefore,

1 «©
rry) = ffe—”(uv)x—l(m —u)v)y_llvldv du
00

1 00
= f {f e_”v“y_ldv} u (1 —u)? ldu
o Wo
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1
=T(x+y) fux‘l(l —u)’ tdu
0

=T'(x+y)B(x,y)

Fry)

=PEY) = T,y T

1
f t*1(1—-t)Yldt, x>0,y >0.
0

Note that B(x,y) = B(y,x),V(x,y) € (0,%) X (0, ).

Definition 3.2

Let X be a random variable of absolutely continuous type and let a > 0 and b > 0 be
real constants. The random variable X is said to follow the beta distribution with shape
parameter (a, b) (written as X~Be(a, b)) if its probability density function is given by

Xa_l(l _ x)b—l
frx(x) = B(a,b)

0, otherwise

, if0<x<1

Clearly fy(x) =0, Vx € Rand

Offx(x)dx =B b)fo x*7 11— x)P"ldx = 1.
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(a, b)=(1,5)

(a, b)= (5,1)
\

(a, b)=(3,6) (a, b)=(6, 3)

(a, b)=(0.5,0.5)

(a, b)=(1,1)

Figure 3.1. Plots of p.d.f.s of Be(a, b) distributions

Note that Be(1, 1) distribution is nothing but U (0, 1) distribution.

Suppose that X ~ Be(a, b) distribution, for some positive constants a and b. Then, for
r>-—a

1
1
™ — ra.a—1 _ b—1
E(X") = B(a,b)jxx (1—x)"""dx
0
1 ' 1 b—1
— a+r— _ -
B(a,b)fox (1—x)"""dx
B(a+r1,b I'la+r)I'(a+b
e ,|E(X") = (atr )= (a+r)l(a ), r> —a.
B(a,b) I'@T'(a+b+r)
Therefore,
. a
Mean = u; = E(X) = PN
, a(a+1)
H2=E(X2)=

(a+b)(a+b+1)

ab
Variance = pp = E(X*) — (E(X))* = (a+b)2(a+b+1)’

\3 . C \3 2(b —a)ab
M3=E((X_.U1) )=M3—3H1H2+2(M1) =(a+b)3(a+b+1)(a+b+2)’
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uy=E ((X — ui)4) = g — s + 6(uy) iy — 3(uy)"

B 3ab(2(b — a)? + ab)
" (a+b)(a+b+1D(a+b+2)(a+b+3)

Coefficient of sk 8 us 2(b—a) |la+b+1
oefficient of skewness = B = — = )
,u% a+b+2 ab
2

Kurtosis = g 3(a+b+1D[2(b—a)* +ab(a+b+2)]
arosis =y = 2= ab(a+b+2)(a+b+3)

and

The m.g.f. of X ~ Be(a, b) is given by

My (t) = E(e™)

1
1
— tx ,.a—1 _ b—1
_B(a,b)je X471 —x)’Hdx
0

1 ¢ x)
a—1 1— b—1
B(a.b) i x4 (1 —x)""Hdx

00

, 1

t/ .
— a+j—1 _ b—1
Z]'—!B(a,b)fx (1—-x)""dx
j=0 0
_ ith(a+j,b)

€R
71B(a,b) LeR

—~T(a+b)(a+))t

i e. M = —
b€ x(6) LT@T@+b+pjt’
]:

teR

Fora=b=a(>0),sayand x € (0,1)

1

te 11 —t)e 1de
B(a, a)f ( )
0

P({X =x}) =
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1
1

Bla.d) 1! Yl (1= y) Ny

X

=P({X >1-x))
=P{1-X < x}).
It follows that
PX<x)=P({1—-X<x}),VxeR

Therefore

La

X~Be(a,b)=>xi1—)((:»)(—E '

N| =

Thus if X~Be (a, @), for some a > 0, then the distribution of X is symmetric about %

i)
4.0

a=10

35 =

3.0
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20
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a=1
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X

Figure 3.2. Plots of p.d.f.s of Be(a, a) distributions

In the following theorem we establish a relationship between the beta and the binomial
probabilities.

Theorem 3.1

Let X ~ Be(m, n), for some positive integers m and n. Then, for x € (0, 1),
P({X <x}) = P{Y =2 m}),

where Y ~ Bin(m + n — 1, x). Equivalently
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m+n—1

1 7 fn—1\ |
ftm—1(1—t)n—1dt= Z (m " )x’(l—x)m+”‘1‘], x € (0,1).
B(m,n) j

0

j=m
Proof. Fix x € (0, 1) and define

Ly = P({X < x})

1 X
= tm (1 — )" ldt
B(m,n)bf
(m+n—-1)! xm_ .
= D= D ft 1(1 —t)r1de.

0

On integrating by parts we get

m+n—-1 [(e" - n-1[ -
Im'n:(m—l)!(n—l)![{ m }0+ Oft (1-1) 2dt]
(m+n-—1)!
m!(n—2)!

X

J tm(1—t)"2dt

0

_(m+n—1)! -

BT T A

m+n-—1 1
=( " )xm(l—x)" + Lntin-1

m+n-—1 m+n—1
= (" )=t (M ) = 0"

m+4n—2

m+n—1\ . .
= Z ( ] )x] (1 - x)m+n—1—] + Im+n—1,1

j=m

m+4n—2

X
m+n—1\ . . (m+n-—1)!
= J(1 — m+n—1—j + ftm+n—2dt
Z ( j )x( *) m+n—2)0!
j=m 0

m+n—1

_ Z <m+;l—1>xj(1_x)m+n—1—j_-

j=m
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Example 3.1

Time (in hours) to finish a job follows beta distribution with mean 1/3 hours and
variance 2/63 hours. Find the probability that the job will be finished in 30 minutes.

Solution. Let X denote the time to finish the job. Then X ~ Be(a, b), for some a > 0 and
b > 0. We have
ab 2

a 1
Mean = E(X) = —— = = and Variance = Var(X) = _2
ean =E(X) = o7 = g and Varlance=Var(X) = o T h v - 63

=a=2 andb = 4, i.e.,X ~ Be(2,4),

and therefore the required probability is

1

r(fr<g) - g -

1

2
=20 f(x —3x? + 3x3 — xY)dx
0

13
T 16 W
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