NPTEL- Probability and Distributions

MODULE 6

RANDOM VECTOR AND ITS JOINT DISTRIBUTION

LECTURE 32

Topics

6.10 DISTRIBUTION OF FUNCTION OF RANDOM
VECTORS

6.10.1 Distribution Function Technique

6.10.1.1 Marginal Distirbution of Order Statistics of a Random Sample Of
Absolutely Continuous type Random Variables

6.10 DISTRIBUTION OF FUNCTION OF RANDOM
VECTORS

Let X = (Xl,...,Xp) be a random vector of either discrete type or of absolutely
continuous type and let fy(-) denote the p.m.f./p.d.f. of X. Let g:R? —» R be a Borel
function. As the following example illustrates, in many situations, it may be of interest to
find the probability distribution of g(X).

Example 10.1

Consider a company that manufactures electric bulbs. The lifetimes of electric bulbs
manufactured by the company are random. Past experience with testing on electric bulbs
manufactured by the company suggests that the lifetime of a randomly chosen electric
bulb manufactured by the company can be described by a random variable X having the
p.d.f.

1 =
fixlo) ={g€ > x>0 55,
0, otherwise

However the value of & (> 0) is not evident from the past experience and therefore 6 is
unknown. One way to obtain information about unknown 6 is to do testing independently
and under identical conditions, on a number (say n) of electric bulbs manufactured by the
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company. Let X; denote the lifetime of the i-th bulb, i =1,...,n. We call X, ..., X,
(which are independent and identically distributed random variables from the distribution
fx(-16),6 > 0) the random sample from distribution f; (- |8),6 > 0. Clearly the joint
p.d.f. of X = (X3, ..., X,,) is given by

n 1 _Zaxs .
fg(ﬁw) _ ani (x16) = { gn® o, ifx>0,i=1..,n
i=1

0, otherwise

Since E(X) = 0, a natural estimator of 6 is the sample mean X =% * 1 X;.To study
theoretical properties of the estimator X we need probability distribution of X. g

Definition 10.1

(i) A function of one or more random variables that does not depend on any unknown
parameter is called a statistic.

(i) Let X4, ..., X,, be a collection of independent random variables each having the same
p.m.f./p.d.f. f(or distribution function F). We then call X, ..., X,, a random sample
(of size n) from a distribution having p.m.f./p.d.f £ (or distribution function F). In
other words a random sample is a collection of independent and identically
distributed random variables.

Remark 10.1

(i) Let X~ Ny(uy,piz,02,0%,p),—0 <y <oo,0;,i=1,2,—-1<p<1. Then the
random variable Y; = X; + X, is a statistic but the random variable Y, = % is not
1

a statistic unless y; and g; are known parameters.

(ii) Although a statistic does not depend upon any unknown parameters, the distribution
of a statistic may very well depend upon unknown parameters. For example, in (i)
above, Y; ~ N(u; + uy, 0 + 0% + 2po,0,).

(iii) If X4, ..., X,, is a random sample from a distribution having p.m.f./p.d..f. f(-), then the
jointp.m.f./p.d.f.of X = (X, ...,X,) is

f&(xll "'lxn) = l_Iin (xl)
i=1

= [reo, x= o m) ewe.
i=1

(iv) Let X4, ..., X,, be a random sample from a distribution. Some of the commonly used
statistics are
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n
_ 1
(a) Sample Mean X = ﬁz X;;
i=1

n

ZXl-Z — nX?

i=1

,n=2;

(b) Sample Variance S? = ! zn:(x—)?)z— 1
ample variance _n—l_l i _n—l
1=

(c) r — thOrder Statistics X,., = r — th smallest of (X3, ..., X,,),r =1,2,...,n;
(d) Sample Range R = X,,., — X1.,, ;
Xn+1_, if n is odd
T.Tl

(e) Median M = X%m + Xn ).

2 n

, ifniseven
n

Theorem 10.1

Let X1, ..., X,, be a random sample from a distribution having p.m.f./p.d.f. f(-). Then, for
any permutation (fy, ..., 8,) of (1, ..., n),

X X) = (Xg, o X ).

Proof. Let (84, ..., 8,,) be a permutation of (1,...,n) and let (y4,...,¥,) be the inverse
permutation of (84, ..., 8,). Then, for x = (x4, ..., x,,) € R",

fXﬂl“"‘Xﬁn (xll ...,xn) = le,---an (xyl, ...,xyn)

- ﬁfxi (xVi)
i=1

=] [re
i=1

= le,...,Xn (xlﬂ L] xn)-

It follows that

frg g, (£) = fryx, (), VX ER"

> (Xg, o X ) S Ky, s X))o
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Examplel0.2
Let X3, ..., X,, be arandom sample from a given distribution.

() If X, is of absolutely continuous type then show that P({X; < X, < - <X, }) =
1 .
P ({Xﬁ1 < Xﬁz < < X,;n}) == for any permutation (B4, ..., 8,) of (1, ...,n);
(ii) If X; is of absolutely continuous type then show that P({X; = X,.,}) = %,i =1,..,n,
where, for r € {1, ..., n}, X,..,, = r-th smallest of {X;, ..., X, };

(iii) Show that
E( X; >_1 =12
X+ X+t X,) et T e

provided the expectations are finite;

n
t
E(Xl le = t) =—,i = 1,...,71.
i=1 n

Solution. Let S,, denote the set of all permutations of (1, ...,n). Using Theorem 10.1 we
have

(iv) Show that

Ky, Xa) = (Xg s Xp ), VB = (Bt B) € S,

= E(Y(Xy, ..., X)) = E (‘P (Xﬂl, ...,Xﬁn)>,vg €S, (10.1)
Q) On taking

1 ifx; <x; <+ <x
Y(xq,..., X ={ ’ . n
(1 n) 0, otherwise

We conclude that
P({X, < Xy << X,})=P ({Xﬂ1 <X, < <X }),vBES, (102

Since P({X; = X;}) = 0 for i # j (as (X;, X;) is of absolutely continuous type; see
Remark 2.1 (x)), we have

Z P({xs, <X, << 1) =1

BES,

=S P{Xy <Xy < <X,}) = P({X,;1 <X, << Xﬁn}) = . (using (10.2))

Dept. of Mathematics and Statistics Indian Institute of Technology, Kanpur 4



NPTEL- Probability and Distributions

(i) Fixi € {1, 2, ...,n}. On taking
) = {1, if x, = r — th smallest of {x4, ..., x,, }

(1 n 0, otherwise

)

in (10.1) and noting that, for any permutation g = (B4, ..., B,,) € S, r-th smallest of
{Xﬁf ""Xﬁn} = r-th smallest of {X1, ..., X,,} = X,..,,we have

P(X; = X)) = P ({Xp, = X)) VB €S,
= P({X; = Xen}) = P(Xy = XD = 1,m

But

n
ZP({XL = Xr:n}) =1
i=1
and therefore

1
P({Xl = Xr:n}) = P({Xl = Xr:n}) = E

(iii)  On taking
X1
Y(xq, ., x,) =—, x € R",
(1 n) x1+.”+xn A

in (10.1) we get, for all B = (B1,-rBn) €Sy,

() - (e
X+ -+ X, Xo + - +Xg

n
E L smcez X
X+ + X, £ Bi

E( %1 ) E( X ) =1 10.3
SE(————|=E(—————),i=1,..,n :
X;+ -+ X, X+t X, )" " (10.3)

But

n

> (i) £ (Y

i=1
_ E<X1 + "'+Xn>
S\ 4+ X,
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=1

Therefore, from (10.3), we get

Frtn) = i) = =1
X+t X)) T\t X)) n T

(iv) For fixed t

n n
d
X1 Z.ijt =X‘31 ZXszt VﬁESn
j=1 j=1
n n
Xj=t , VE’ESn sincer,-szﬁj

j=1 j=1 j=1

7

n
d
= X, ZX,- =t |=X,
=1

n n
= E Xlsz=t =E| Xp, ij:t VB ES,
=1 j=1

n n
=>FE|X; ij=t =E| X; ZXj=t ,i=1,..,n. (10.4)
j=1 j=1
But
n n n n
ZE X; ZXj=t =F ZX]- ZXj=t =t.
i=1 j=1 i=1 j=1

Now using (10.4) we get

n n
t .
E Xlszzt =E| x, Zijt =—, i=1l..nm
j=1 j=1

In the following subsections we will discuss various techniques to find the distribution of
functions of random variables.

6.10.1 Distribution Function Technique

Let X = (Xy,..,X,) be a random vector and let g: R” — R be a Borel function. The
distribution of ¥ = g(X;,...,X,) can be determined by computing the distribution
function
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FF) =P{g(X1, ... Xp) < y}),—o <y <.

6.10.1.1  Marginal Distribution of Order Statistics of a Random Sample of Absolutely
Continuous Type Random Variables

Example 10.1.1

Let X4, ..., X,, be a random sample of absolutely continuous type random variables, each
having the distribution function F(-) and p.d.f. f(-). Suppose that F is differential

everywhere except (possibly) on a countable set C, so that f(x) = %F (x),vx € C and
f fO)Ice(x)dx = 1.

Then the joint distribution function of X = (X, ..., X;,) is

n
Fy (%1, e, xp) = HF(xl-), x € R™.
i=1

We have
o
F&(&) = F(x;)

1
n X

] ] reas
11
X1 Xn n

= [ [ ] Jreeode-de
—0 —0 =1
X1 Xn

= [~ | m@de, e,

It follows that X is of absolutely continuous type with joint p.d.f. fx (). Therefore, for
i+,
P({X: = X%}) = 0.

Define
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X,., =r —thsmallestof {X{,...,X,}, r=1,...,n,
so that
P({X1m < Xgip < <Xpp}) =1
First let us derive the distribution of X,..,,,r = 1,---,n. Note that, for x € R,
X, <x & atleastrof {X;,...,X,,} are < x.

Therefore
Fy,. . (x) = P{{X;n < x})

= P({atleastr of X4, ..., X,, are < x})

n
= ZP ({i of X4, ..., X, are < x}), x € R.

L=r

Fix x € R, and consider a sequence of n trials where at the i-th trial we observe X; and
consider the trial having resulted in a success if X; < x and it having resulted in a failure
ifX; >x,i=1,..,n. Since Xy, ..., X,, are independent and the probability of success in
the i-th trial is P({X; < x}) = F(x) (same for all the trials), the above sequence of trials
may be considered as a sequence of independent Bernoulli trials with probability of
success in each trial as F(x). Therefore

P({iof Xy, ...,X,, < x}) = P({i successes in n trials})
- (’l‘) (F) (1-F@®)",

and consequently

n

Fy, (x) = Z (N (F@) (1-F@)"", xeRr

i=r
Recall that for s € {0, 1, ...,n} and p € (0, 1) (see Theorem 3.1, Module 5)

n

p
Y O T ERLE

j=s

Therefore,
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F(x)

1

F = t"1(1-t)"7"dt, x €R.
Xr:n(x) B(‘r,n—r+1)[ ( ) X

0

Let
firn ) = g POV L= F@I"7f(), x€R, - (101.D)
so that
2 By () = fi (), VX € CF,
T Xrm rn
and

| frn@lcc@dr = | fr,, @iy

j-_wB(r,n—r+ 1)

[FCOI" 1 = FCOI" ™ f(x) I¢e (x)dx

1
" B(r,n—r+1)

1
f 11— )" Tdt
0

=1

Using Remark 4.2 (vii), Module 2, it follows that the random variable X,., is of
absolutely continuous type with p.d.f. given by (10.1.1). A simple heuristic argument for
expression (10.1.1) is as follows. Interpret fy _ (x)Ax as the probability that X,.., lies in
an infinitesimal interval [x, x + Ax]. Realizing that the probability of more than one X;s
falling in the infinitesimal interval [x,x + Ax] may be negligible, fy _ (x)Ax may be
interpreted as probability that one of the X;s falls in the infinitesimal interval [x, x +
Ax], (r — 1)X;s fall in the interval (—oo,x] and (n —r)X;s fall in the interval (x +
Ax,©) = (x,). Since Xy, ..., X,, are independent and the probabilities of an observation
falling in intervals [x,x + Ax], (—,x]and (x, ) are f(x)Ax, F(x) and 1 — F(x)
respectively, fy (x)Ax is given by the multinomial probability

n!
Ur-DI(n—r)!

fr,. (0)Ax = FOA) (F) ' (1-F@)"
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ie.,

ftr () = [FOOI 1= F)]" " f(x),—0 < x < o

n!
r—D!'(n—r)!
Now we will derive the joint distribution of (X,.,, X,.,), Where r and s are fixed positive
integers satisfying 1 <r <s <n.For —o <x <y < o,

FXr:n:Xs:n (x' y)
== P({XTTL S x;Xs:n S y})

= P({atleast r of {Xy, ..., X,,} are < x and at least s of X3, ..., X,, are < y})

n n
= Z Z P({i of {Xq, ..., X, } arein (—oo, x] and j of {X;, ..., X, } are in (x, y]}).
i=0 j=0
r<isn
s<i+j<n

Since X4, ..., X,, are independent and probabilities of an observation falling in intervals
(—o0,x], (x,y] and (y, o) are F(x),F(y) — F(x)and 1 — F(y) respectively,  using
property of multinomial distribution, we have, forr <i<n,s<i+j<nand — o<
x<y<ow

P({iof {Xq, ..., X, }arein (—oo,x] and j of {Xy, ..., X,,} are in (x, y]})

n! . ) i
= l.!j!(n_i_j)![F(x)]l[F(y)—F(x)]’ [1-FO)I"™7 -

Therefore, for —o < x <y < oo,

n n |
P kon (0 Y) = Z z il (ni. i— ) [FCOV[F(y) = F()V[1 - F()]"
rggn j=0 I 1)
s<i+j<n
n n—i l | | B
=Z_ Z . i!j!(n—i—j)![F(x)] [Fiy) - Fx)V[1-F)] J
i=r j=max (0,s—i)
s—=1 n—i ! | | B
- ;j;i il jln—i—))! [FOI'[Fy) —F()V[1—-FWy)|*
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n n—i

Z Z il j! (n — D! [FOOVFF(y) —FX)V[1-F)]*

i=s j=

n-—i

=Zl )IFGI! {Z (") Fe) - FGoY [1—F(y>]n-i-f}

=s—i

+ Z (Tll) [F(x)] { (n]— i) [F(y) = F(x)V[1 - F(y)]n—i—j}
i=s =0
j( JIFGOIL = F)I™ {]Z ("J— i) (F (1y)_; gg))f (1 ~ F(ly)_ ; (F;C()X)>n—i—j}

* z ( ) [FO)I1 — Fx)™™

F(y)-F(x)
1-F(x)

( \
| |

:Z()[F(x) [1- F(x)nl{ f B(S_ln_sﬂ)ts i_l(l—t)"_sdt}
)

i=r L 0

F(x)

1
+ B(s,n—s+ 1) f tS71 (1 —t)"5dt. (using Theorem 3.1, Module 5)
0

Thus, for —oc<x<y<owo,x ¢ C,y¢&C

s—1
Bt ) = 3 () FFCOV 1 - GO

i=r

(n—10)! F(y) - F\ ™
(s—i—l)!(n—s)!( 1—-F(x) )

y [1 _FO») - F(x)ln_s [ f»

1-F(x) 1-F(x)]
(1 F |
’(‘ : 1)'(2]))5)' o )Z JIFCOTF() = FG)P !
n! 1 .
"G Do) (1-FO) o)

s—1 s—i—1
s — 1 F(x) F(x)
X;( F(y)l l F(y)l
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! s— n—s
=G 1)7!1(71 Y FO)  (1-F»)" &)
F(x)
1 F(y)
X —— | YA —-t)5 T dt
B(r,s —1) bf

2
= er:ans:n (x’ y) = axay FXr:n’Xs:n

n!
T r-Dis-r-D'(n—s

lF(X)lH ll p(x)r-f-l fx)

5 FO) " (1-FO))" " FO)

“[F») CFO)| F®

! r— S—r—
DG i @) PO —Fe) T
X[1=FDMI"*ff W), —o<x<y<wm X,y € C“.

Also, for —o<y<x <ow,x,y€C’, and1 <r<s<n
K <y} {Xpin < x}
and therefore

FXr:n'Xs:n (.X, y) = FXr:n (.X)

2

= 23y Bt @) =0 —m<x<y<m  xyece.

Let
n! - s—r— _ n-s
DG D e PN T FO) — F@IT T L= FOI T F O 0),
frs(x,y) = f—o<x<y<w
0, otherwise
(10.1.2)
so that
2
_ 2 _ _
Ty Fonten (6) = a0 )V (0y) € P = (C X €) = D (say),
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Clearly D¢ is countable. It is easy to verify that

f_i f_iﬁ'S(x' y) dxdy = _I: f_o;fr,s(x' ) Ip(x,y) dxdy = 1.

Using Remark 2.1 (xiii), it follows that the random vector (X...,,, X;.,,) is of absolutely
continuous type with joint p.d.f. given by (10.1.2). One can give the following heuristic
argument for the expression (10.1.2). For —o < x < y < o,

f.s(x, y)AxAy = probability that (r — 1) X;s fall in (—o,x], one X; falls in (x,x +
Ax],(s —r—1) X;s fall in (x+ Ax,y] (= (x,¥]), one X; falls in (y,y +Ay] and
(n—s)X;s fall in (y+ Ay, ») (z (y,oo)) . Using the property of multinomial
distribution, we have

frs (X, y)AxAy

n!

= TG S D= PO T AT TFG) — FCOF T (ay) 1 = Fo)l

ie.,

n!
r—D!(s—r—1D!'(n—-ys)

fris(%7) = FCOT T FO) = FGOP™!

X[A=FOI" ff (), —o<x<y<x g
Example 10.1.2

Let Xj,..,X, be a random sample from a discrete distribution having support S,
distribution function F(-) and p.m.f. f(-). Define X;., = min{Xq,...,X,} and X,., =
max{X, ..., X, }. Find the p.m.f.s of X;.,, and X,,.,,.

Solution. For x € R, the distribution function of X;.,, is
Fy, (x) = P({X1,, < x})
=1- P({Xln > X})
=1-P{X;>x,i=1,..,n})
—1- l_[P“Xi > x})
i=1
=1-| [u-Feor

i=1
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=1-[1-F()]"™
Note that
Dy, = {x € R: Fy, () is discontinuous at x}
= {x € R: F(*) is discontinuous at x}
=S.
Thus X;., is a discrete type random variable with support S and p.m.f.

FXl:n (x) - FX1:n (x _)' lfx E S
0, otherwise

frrn @ = |

_ {[1 —Fx-)]"-[1-F®)]", ifxeSs
o, otherwise’

Also the distribution function of X,,.,, is given by
Fx1, () = P({Xy:n < x})

=P(X, <xi=1.,n})

=1 AP({Xi < x})
i=1
L
= F(x)
i=1

=[F(x)]",x € R.

Since Fy,_ (-)is continuous at x if, and only if, F(-) is continuous at x, the random
variable X,,., is of discrete type with support S and p.m.f.

FXn:n (X) - FXn:n (X _), ifx€esS
0, otherwise

o (00 = {

_ {[F(x)]” —[F(x )], ifx€S
- [ ]

0, otherwise’

Example 10.1.3

Let X;, X, be a random sample from U(0,1) distribution. Find the distribution function of
Y = X; + X,. Hence find the p.d.f. of Y.
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Solution. The joint p.d.f. of (X1, X>) is given by

le,Xz (x1,%2) = le (x1)fxz (x2)

_{1, if0<x <1,0<x <1
~ |0, otherwise '

Therefore the distribution function of Y is given by

Fr(x) = P({X; + X; < x})

= f ffxl,xz (21, %2) T(—oox) (X1 + x2)dx1dx;
11
= f f dxldxz
0 0
x1+x2=x
(O, ifx <O
1
Exxxx, ifo<x<1
= 1 .
Ll—z(z—x)x(z—x),ifl <x<?2
1, ifx > 2

/%
2
%
\ O0<x<1
x P X
29,
2
0 XN\ 1 *
N X+ X, = X
0, ifx <0
x2
7, 1f0§x<1
:>Fy(x):<4x_x2_2 .
> , ifl<x<?2
\1, ifx =2
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Clearly Fy (+) is differentiable everywhere except on a finite set C < {0, 1, 2}. Let

X, fo<x<1
g(x) ={2—x,if 1<x<2,
0, otherwise

so that

d
aFy(X) =gx),VxeR-C

and

j;ig(x)dx =1.

It follows that Y is of absolutely continuous type with a p.d.f.
X, if0<x<1
g(x) ={2—x,if 1<x<2.m
0, otherwise
Example 10.1.4

Let X;, X, be a random sample from a distribution having p.d.f.

2x, if0<x<1
fl) = {O, otherwise

Find the distribution function of Y = X; + X,. Hence find the p.d.f. of Y.

Solution. The joint p.d.f. of (X, X;) is given by

le,Xz (x1,%2) = le (xl)sz (x2)

_{4‘X1X2, 1f0<X1 <1,0<X2 <1

0, otherwise

The distribution function of Y is given by

1 1

Fy(x) = P({Xl +X2 < x}) = f f4xledxlde.
0 0
x1+xp <x

Clearly, for x < 0, Fy(x) = 0 and, for x > 2, Fy(x) = 1.

Foro<x<1
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x X—X1
4

X
Fy(X) = f f 4X1dedeX1 = ?
0 0

A
1
AN
\{X O<x<1
X - X 24t
o>t _
X X\ 1 2
N
Fori<x<?2
x—1 1 1 x—x1
Fy(X) = f f‘l'xlededxl + f f 4x1x2dx2dx1
0 0 x=1 0
4x —3)— (x+3)(x — 1)3
o1y D GHDE D
6
N\ X2
N
\
F'\\ 1<x<2
2 77/7}+_
: ///4/\"“1%
s N
v AN
o[ % x1 % 1 N
N
Therefore,
(0, ifx <0
X
5’ if0<x<1
Fy(x) = { .
4x —3)—(x+3)(x—-1)3
(x—1)2+( ) (6 X ),if1Sx<2
\1, ifx>2

Clearly Fy (+) is differentiable everywhere except on a finite set C < {0, 1, 2}. Let
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2
I§x3, ifo<x<1
= 2 ’
9() 20— D +5 (1= G+ D - D?),if 1 <x <2
kO, otherwise
so that
dF()— (x),vxeR-C
P y(x) = gx),Vvx
and

f_oog(x)dx =1.

It follows that Y is of absolutely continuous type with a p.d.f.

(2 3 i

|§ ifo<x<1
9@ = 42(x—1)+ (1—(x+2)(x—1))1f1<x<2-

LO, otherwise

Example 10.1.5

Let X;,X,, X5 be a random sample and let X; ~ N(0, 1). Find the distribution function of
Y = X? + X7 + X2. Hence find the p.d.f. of Y.

Solution. The joint p.d.f. of X = (X, X, X3) is

fX(xpxz»xa) = nfx (x;)

Tl

1 1lr 2,2, 2
— 3e 2(x1+x2+x3)’ _w<xi<w'i:1'2’3_

(2m)2

N|~N

ﬁ\

Therefore the distribution function of Y = X? + X7 + X2 is

o 9] e8] [o9]

1
K@) = J f J , ) _5(x%+x%+x§)dx1dedx3.
—0 —wo —oo 21)2

x%+x%+ x3<y
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NPTEL- Probability and Distributions

On making the spherical coordinates transformation

X1 = rsin 8 sin 0,,
X, = rsinf; cos 6,
X3 =1cosf,

so that r>0,0<6; <m0<60, <2m and the Jacobian of the transformation is
J =1r%sin6;, wegetfory >0

vy

T

1 2

F,(y) = . ff e~ 2 r’sinf;d6,d0,dr
(2m)2y 5 o

VY
/2 2
= —j e 2 ridr
T
0

2m

Therefore

0, ify<o0
FO) = - jeth dt, ify>0 -
\22TC) 5

Clearly Fy (-) is the distribution function of xZ distribution having the p.d.f.

0, otherwise
Thus Y ~ x3 (also see Example 7.6 (ii)). mg

In many situations finding distribution function

Fr() =P({g(X1,...X,) <)), —0o <y <o,

of random variable Y = g(Xl, ...,Xp) may be difficult or quite tedious. For example,
consider a random sample Xy, ..., X,, (n = 4) from N (0, 1) distribution and suppose that
the distribution function of Y = Y™, X2 is desired. Clearly, for y > 0
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NPTEL- Probability and Distributions

On making the spherical coordinates transformation
X, =rsinf;sinf,---sinb,_,sinb,_;

X, =7rsinf; sinf, ---sinf,_, cosB,,_4
X3 =7rsinf; sinf, ---sinf,_3 cosB,,_,

X,_1 = rsin6; cos O,
X, =r1cosb,

So that r> O,Z?leiz =7r2,0<6,<mi=1,..,n—2,0<0,; <2r and the
Jacobian of transformation is ] = r*~! sin®~2 8, sin® 3 @, ---sin 6,,_,, we get for y > 0

vy

21

T s

jjj @ )n/ e Zrn Lsin®=2 0, sin® 3, ---sin6,_, db,_,dB,_, -+ dOdr.
T 2

0 00

Fy(y) =

—

0

Clearly evaluating the above integral may be tedious. This points towards desirability, if
possible, of other methods of determining the distributions of functions of random
variable. We will see that other techniques are available and, in a given situation, often
one technique is more elegant than the others.
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