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MODULE 6 

RANDOM VECTOR AND ITS JOINT DISTRIBUTION 

LECTURE 33 

Topics  

6.10.2 Transformation Of  Variables Technique 

 

6.10.2 Transformation Of  Variables Technique 

The following theorem, whose proof is similar to that of Theorem 2.1, Module 3, deals 

with joint probability distribution of functions of a discrete type random vector 𝑋.     

Theorem 10.2.1 

Let 𝑋 =  𝑋1, … , 𝑋𝑝  be a discrete type random vector with support 𝑆𝑋  and p.m.f. 𝑓𝑋 ∙ . 

Let 𝑔𝑖 : ℝ
𝑘 → ℝ, 𝑖 = 1, … , 𝑘 be 𝑘 Borel functions and let 𝑌𝑖 = 𝑔𝑖 𝑋 , 𝑖 = 1,… , 𝑘. Define, 

for 𝑦 =  𝑦1, … , 𝑦𝑘 ∈ ℝ𝑘 ,     𝐴𝑦 =  𝑥 =  𝑥1, … , 𝑥𝑝  ∈  𝑆𝑋 :    𝑔1 𝑥 ≤ 𝑦1, … , 𝑔𝑘 𝑥 ≤

𝑦𝑘 and 𝐵𝑦 =  𝑥 ∈ 𝑆𝑋 : 𝑔1 𝑥 = 𝑦1, … , 𝑔𝑘 𝑥 = 𝑦𝑘 .Then the random vector 𝑌 =

 𝑌1, … , 𝑌𝑘  is of discrete type with distribution function 

𝐹𝑌  𝑦 =  𝑓𝑋 𝑥 

𝑥∈𝐴𝑦

,   𝑦 ∈ ℝ𝑘  

and the p.m.f. 

𝑓𝑌  𝑦 =  𝑓𝑋 𝑥 

𝑥∈𝐵𝑦

,   𝑦 ∈ ℝ𝑘 .  ▄ 

 

We will denote the Cartesian product of sets 𝐴1 , … , 𝐴𝑚  by  𝐴𝑖
𝑚
𝑖=1 =   𝑥1, … , 𝑥𝑚  : 𝑥𝑖 ∈

𝐴𝑖 , 𝑖 = 1, … ,𝑚 . 

Example 10.2.1 

Let 𝑋1, … , 𝑋𝑝  be independent random variables with 𝑋𝑖  ~ Bin 𝑛𝑖 , 𝜃 , where 𝑛𝑖 ∈ ℕ, 𝑖 =

1, … , 𝑝 and 𝜃 ∈  0, 1 . Without using the m.g.f. of 𝑌 =  𝑋𝑖
𝑝
𝑖=1 , find the p.m.f. of  𝑌. 
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Solution. For finding the probability distribution of 𝑌 using the uniqueness of m.g.f. see 

Example 7.2. The joint p.m.f. of 𝑋 =  𝑋1, … , 𝑋𝑝  is given by 

                               𝑓𝑋 𝑥 =  𝑓𝑋𝑖

𝑝

𝑖=1

 𝑥𝑖  

                  =  
  

𝑛𝑖
𝑥𝑖
 𝜃𝑥𝑖 1 − 𝜃 𝑛𝑖−𝑥𝑖 ,   if 𝑥 ∈  0, 1, … , 𝑛𝑖 

𝑝

𝑖=1

𝑝

𝑖=1

0,                                               otherwise                    

  

                                   =  
   

𝑛𝑖
𝑥𝑖
 

𝑝

𝑖=1

 𝜃 𝑥𝑖
𝑝
𝑖=1  1 − 𝜃 𝑛− 𝑥𝑖

𝑝
𝑖=1 ,   if 𝑥 ∈  0, 1, … , 𝑛𝑖 ,

𝑝

𝑖=1

0,                                                                otherwise                     

  

where 𝑛 =  𝑛𝑖
𝑝
𝑖=1 . By Theorem 10.2.1, we have  

𝑓𝑌 𝑦 =  𝑓𝑋 𝑥 

𝑥∈𝐵𝑦

,   𝑦 ∈ ℝ, 

where, for 𝑦 ∈ ℝ, 𝐵𝑦 =  𝑥 ∈ 𝑆𝑋 : 𝑥1 + ⋯+  𝑥𝑝 = 𝑦 . Clearly, for 𝑦 ∉  0, 1,⋯ , 𝑛 , 𝐵𝑦 =

𝜙 and therefore 𝑓𝑌 𝑦 = 0. Also, for 𝑦 ∈  0, 1, … , 𝑛 , 

                                              𝑓𝑌 𝑦 =  ⋯

𝑛1

𝑥1=0
𝑥1+⋯

 𝑓𝑋 𝑥 

𝑛𝑝

𝑥𝑝=0

+𝑥𝑝=𝑦

 

                                                =  ⋯

𝑛1

𝑥1=0
𝑥1+⋯

    
𝑛𝑖
𝑥𝑖
 

𝑝

𝑖=1

 

𝑛𝑝

𝑥𝑝=0

+𝑥𝑝=𝑦

𝜃 𝑥𝑖
𝑝
𝑖=1  1 − 𝜃 𝑛− 𝑥𝑖

𝑝
𝑖=1  

                                      =

 

 
 
 ⋯

𝑛1

𝑥1=0
𝑥1+⋯

    
𝑛𝑖
𝑥𝑖
 

𝑝

𝑖=1

 

𝑛𝑝

𝑥𝑝=0

+𝑥𝑝=𝑦  

 
 
𝜃𝑦 1 − 𝜃 𝑛−𝑦  

           =  
𝑛
𝑦 𝜃

𝑦 1 − 𝜃 𝑛−𝑦 .                      

Therefore  
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𝑓𝑌 𝑦 =  
 
𝑛
𝑦 𝜃

𝑦 1 − 𝜃 𝑛−𝑦 ,   if 𝑦 ∈  0, 1, … , 𝑛 

0,                                  otherwise             
,  

i.e. 𝑌 ~ Bin 𝑛, 𝜃 .▄  

Example 10.2.2 

Let 𝑋1, … , 𝑋𝑝  be independent random variables such that 𝑋𝑖  ~ P 𝜆𝑖 , 𝑖 = 1, … , 𝑝, where 

𝜆𝑖 > 0, 𝑖 = 1,… , 𝑝.  Without using the m.g.f. of 𝑌 =  𝑋𝑖
𝑝
𝑖=1 , find the probability 

distribution of 𝑌. 

Solution. For derivation of probability distribution of 𝑌 using the uniqueness of m.g.f. 

see Example 7.4. We have 𝑆𝑋 =  0, 1, …  𝑝 . The joint p.m.f. of 𝑋 =  𝑋1, … , 𝑋𝑝  is 

                                           𝑓𝑋 𝑥 =  𝑓𝑋𝑖

𝑝

𝑖=1

 𝑥𝑖  

                                                       =  
𝑒− 𝜆𝑖

𝑝
𝑖=1   

𝜆𝑖
𝑥𝑖

𝑥𝑖!

𝑝

𝑖=1

 ,   if  𝑥 =  𝑥1, … , 𝑥𝑝 ∈  0, 1, …  𝑝

0,                                      otherwise

.  

Using Theorem 10.2.1, we have  

𝑓𝑌 𝑦 =  𝑓𝑋(𝑥)

𝑥∈𝐵𝑦

,   𝑦 ∈ ℝ, 

where, for 𝑦 ∈ ℝ, 𝐵𝑦 =  𝑥 ∈ 𝑆𝑋 : 𝑥1 + ⋯+ 𝑥𝑝 = 𝑦 .  

For 𝑦 ∉  0, 1, …  , 𝐵𝑦 = 𝜙 and therefore 𝑓𝑌 𝑦 = 0. 

For 𝑦 ∈  0, 1, …  ,  

𝑓𝑌 𝑦 =  ⋯

∞

𝑥1=0
𝑥1+⋯

 𝑒− 𝜆𝑖
𝑝
𝑖=1

∞

𝑥𝑝=0

+𝑥𝑝=𝑦

  
𝜆𝑖

𝑥𝑖

𝑥𝑖 !

𝑝

𝑖=1

  

                                          =
𝑒− 𝜆𝑖

𝑝
𝑖=1

𝑦!
 ⋯

∞

𝑥1=0
𝑥1+⋯

 
(𝑥1 + ⋯+ 𝑥𝑝)!

𝑥1! ⋯𝑥𝑝 !

∞

𝑥𝑝=0

+𝑥𝑝=𝑦

𝜆1
𝑥1 ⋯𝜆𝑝

𝑥𝑝  
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                =
𝑒− 𝜆𝑖

𝑝
𝑖=1  𝜆1 + ⋯+ 𝜆𝑝 

𝑦

𝑦!
.                    

Therefore,  

𝑓𝑌 𝑦 =  
𝑒− 𝜆𝑖

𝑝
𝑖=1   𝜆𝑖

𝑝
𝑖=1  

𝑦

𝑦!
,   if 𝑦 ∈  0, 1, 2, …  

0,                                     otherwise            

 , 

i. e. , 𝑌 ~ P   𝜆𝑖

𝑝

𝑖=1

 .▄ 

Example 10.2.3 

Let 𝑋1, … , 𝑋𝑝  be independent random variables such that 𝑋𝑖  ~ 𝑁𝐵 𝑟𝑖 , 𝜃 , 𝜃 ∈  0, 1 , 𝑟𝑖 ∈

 1, 2, …  , 𝑖 = 1,… , 𝑝.  Without using the m.g.f. of 𝑌 =  𝑋𝑖
𝑝
𝑖=1  show that 

𝑌 ~ 𝑁𝐵  𝑟𝑖 , 𝜃
𝑝
𝑖=1  . 

Solution. For a solution utilizing the uniqueness of m.g.f. refer to Example 7.3.One can 

also provide a solution based on methods used in solving problems 10.2.1 and 10.2.2 by 

using the identity   

 ⋯

∞

𝑘1=1
𝑘1+⋯

  
𝑟1 + 𝑘1 − 1

𝑟1
 

∞

𝑘𝑝=1

+𝑘𝑝=𝑦

⋯ 
𝑟𝑝 + 𝑘𝑝 − 1

𝑟𝑝
 =   𝑟𝑖 + 𝑦 − 1

𝑝

𝑖=1
𝑦

 ,   𝑦 ∈  0, 1, 2, …  .▄ 

 

Example 10.2.4 

Let 𝑋1 and 𝑋2  be independent and identically distributed random variables with 

𝑋1 ~ NB 1, 𝑝 , where 𝑝 ∈  0, 1 . Find the distribution function of 𝑌 = 𝑋1 + 𝑋2. Hence 

find the p.m.f. of 𝑌 (also see Examples 7.3 and 10.2.3). 

Solution. Since 𝑋1 and 𝑋2 have the common support 𝑆 =  0, 1, 2, …  , we have 𝐹𝑌 𝑦 =

0, if 𝑦 < 0. Moreover, for 𝑦 ∈  𝑘, 𝑘 + 1 , 𝑘 ∈  0, 1, 2, …   

𝐹𝑌 𝑦 = 𝑃  𝑋1 + 𝑋2 ≤ 𝑦   

            = 𝑃  𝑋1 + 𝑋2 ≤ 𝑘   
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                                =  𝑃

∞

𝑗=0

  𝑋1 + 𝑋2 ≤ 𝑘, 𝑋2 = 𝑗   

                            =  𝑃

∞

𝑗=0

  𝑋1 ≤ 𝑘 − 𝑗, 𝑋2 = 𝑗   

                                    =  𝑃

∞

𝑗=0

  𝑋1 ≤ 𝑘 − 𝑗  𝑃  𝑋2 = 𝑗  . 

We have 𝑃  𝑋1 ≤ 𝑙  = 0, if 𝑙 ∈  −1, −2,…   and, for 𝑙 ∈  0, 1, 2, …   

                                            𝑃  𝑋1 ≤ 𝑙  =  𝑃

𝑙

𝑗=0

  𝑋1 = 𝑗   

 =   1 − 𝑝 𝑗𝑝

𝑙

𝑗=0

 

     = 1 −  1 − 𝑝 𝑙+1. 

It follows that, for 𝑦 ∈ [𝑘, 𝑘 + 1), 𝑘 ∈  0, 1, 2, …   

                                                       𝐹𝑌 𝑦 =  𝑃  𝑋1 ≤ 𝑘 − 𝑗  

𝑘

𝑗=0

𝑃  𝑋2 = 𝑗   

                                      =   1 −  1 − 𝑝 𝑘−𝑗+1 

𝑘

𝑗=0

𝑝 1 − 𝑝 𝑗  

                                                = 1 −  1 − 𝑝 𝑘+1 –  𝑘 + 1 𝑝 1 − 𝑝 𝑘+1. 

Consequently 

𝐹𝑌 𝑦  =   
0,                                                                      if 𝑦 < 0  

1 −  1 − 𝑝 𝑘+1 –  𝑘 + 1 𝑝 1 − 𝑝 𝑘+1, if 𝑘 ≤ 𝑦 < 𝑘 + 1, 𝑘 ∈  0, 1, …  
.  

Clearly 𝑌  is a discrete type random variable with support 𝑆𝑌 =  0, 1, 2, …   and for 

𝑘 ∈ 𝑆𝑌 , 

                                             𝑃  𝑌 = 𝑘  = 𝐹𝑌 𝑘 − 𝐹𝑌 𝑘 −  

              =  𝐹𝑌 𝑘 − 𝐹𝑌 𝑘 − 1  
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               =  𝑘 + 1 𝑝2  1 − 𝑝 𝑘 . 

Therefore the p.m.f of 𝑌 is given by 

𝑓𝑌 𝑦 =  
 𝑦 + 1 𝑝2  1 − 𝑝 𝑦 ,   if 𝑦 ∈  0, 1, 2, …  

0,                                     otherwise
 .▄ 

 

Example 10.2.5 

Let 𝑋1 and 𝑋2  be independent and identically distributed random variables with common 

p.m.f. 

𝑓 𝑥 =  
𝜃 1 − 𝜃 𝑥−1,    if 𝑥 ∈  1, 2, …  
0,                        otherwise

,  

where 𝜃 ∈  0, 1 . Let 𝑌1 = min 𝑋1, 𝑋2  and 𝑌2 = max 𝑋1, 𝑋2 − min 𝑋1, 𝑋2 . 

(i) Find the marginal p.m.f. of 𝑌1  without finding the joint p.m.f. of 𝑌 =  𝑌1, 𝑌2 ; 

(ii) Find the marginal p.m.f. of 𝑌2 without finding the joint p.m.f. of 𝑌 =  𝑌1, 𝑌2 ; 

(iii) Find the joint p.m.f. of 𝑌 =  𝑌1, 𝑌2 ; 

(iv) Are 𝑌1 and 𝑌2 independent? 

(v) Using (iii) find the marginal p.m.f.s of 𝑌1 and 𝑌2. 

Solution. The joint p.m.f of 𝑋 =  𝑋1, 𝑋2  is given by  

𝑓𝑋 𝑥1, 𝑥2 = 𝑓 𝑥1 𝑓 𝑥2 =  
𝜃2  1 − 𝜃 𝑥1  +𝑥2−2 ,   if  𝑥1, 𝑥2 ∈ ℕ × ℕ
0,                                    otherwise

,  

where ℕ =  1, 2, …  . Clearly 𝑆𝑋 = ℕ × ℕ.  

(i) By Theorem 10.2.1 

𝑓𝑌1
 𝑦 =  𝑓𝑋

𝑥∈𝐵𝑦

 𝑥1, 𝑥2 ,   𝑦 ∈ ℝ, 

where, for 𝑦 ∈ ℝ , 𝐵𝑦 = {(𝑥1, 𝑥2) ∈ 𝑆𝑋 :  min 𝑥1, 𝑥2 = 𝑦}.  Clearly, for 𝑦 ∉

 1, 2, …  = ℕ, 𝐵𝑦 = 𝜙 and therefore 𝑓𝑌1
 𝑦 = 0. 

For 𝑦 ∈  1, 2, …   

      𝐵𝑦 =   𝑥1, 𝑥2 ∈ 𝑆𝑋 :  𝑥1 = 𝑥2 = 𝑦 ∪   𝑥1, 𝑥2 ∈ 𝑆𝑋 : 𝑥2 = 𝑦, 𝑥1 ∈  𝑦 + 1, 𝑦 + 2, …    

                                                   ∪   𝑥1, 𝑥2 ∈ 𝑆𝑋 : 𝑥1 = 𝑦, 𝑥2 ∈  𝑦 + 1, 𝑦 + 2,…    
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         = 𝐵1,𝑦 ∪ 𝐵2,𝑦 ∪ 𝐵3,𝑦 , say. 

Clearly, for 𝑦 ∈  1, 2, …  , 𝐵1,𝑦 , 𝐵2,𝑦  and 𝐵3,𝑦 , are pairwise disjoint sets. Therefore, for 

𝑦 ∈ ℕ, 

                 𝑓𝑌1
 𝑦 =  𝑓𝑋 𝑥1, 𝑥2 

𝑥∈𝐵1,𝑦

+   𝑓𝑋 𝑥1, 𝑥2 +  𝑓𝑋 𝑥1, 𝑥2 

𝑥∈𝐵3,𝑦𝑥∈𝐵2,𝑦

 

                             = 𝜃2  1 − 𝜃 2𝑦−2 +  𝜃2 1 − 𝜃 𝑥1+𝑦−2

∞

𝑥1=𝑦+1

+  𝜃2 1 − 𝜃 𝑥2+𝑦−2

∞

𝑥2=𝑦+1

 

                             = 𝜃2  1 − 𝜃 2𝑦−2  + 2𝜃2   1 − 𝜃 𝑥+𝑦−2

∞

𝑥=𝑦+1

 

                             = 𝜃2  1 − 𝜃 2𝑦−2  +  2𝜃 1 − 𝜃 2𝑦−1 

 = 𝜃 2 − 𝜃  1 − 𝜃 2𝑦−2.                                                               

Therefore, 

𝑓𝑌1
 𝑦 =  

𝜃 2 − 𝜃  1 − 𝜃 2𝑦−2,    if 𝑦 ∈  1, 2, …  

0,                                         otherwise 
.  

(ii) We have  

𝑓𝑌2
 𝑦 =  𝑓𝑋

𝑥∈𝐵𝑦

 𝑥1, 𝑥2 ,   𝑦 ∈ ℝ,      

where, for  𝑦 ∈ ℝ, 

𝐵𝑦 =   𝑥1, 𝑥2 ∈ 𝑆𝑋 : max 𝑥1, 𝑥2 − min 𝑥1, 𝑥2  = 𝑦 . 

Clearly, for 𝑦 ∉  0, 1, 2, …  , 𝐵𝑦 = 𝜙, and therefore  𝑓𝑌2
 𝑦 = 0. 

For  𝑦 = 0, 𝐵𝑦 =   𝑥1, 𝑥2 ∈ 𝑆𝑋 : 𝑥1 = 𝑥2  =   𝑥, 𝑥 : 𝑥 ∈  1, 2, …   , and therefore 

𝑓𝑌2
 𝑦  =  𝜃2  1 − 𝜃 2𝑥−2

∞

𝑥=1

 

 =
𝜃

2 − 𝜃
 .            

For 𝑦 ∈  1, 2, …  , 
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𝐵𝑦 =   𝑥1, 𝑥2 ∈ 𝑆𝑋 : max 𝑥1, 𝑥2 − min 𝑥1, 𝑥2 = 𝑦  

                     =   𝑥, 𝑥 + 𝑦 : 𝑥 ∈  1, 2, …   ∪   𝑥 + 𝑦, 𝑥 : 𝑥 ∈  1, 2, …    

                                       = 𝐵1,𝑦 ∪ 𝐵2,𝑦 , say. 

Since 𝐵1,𝑦 ∩ 𝐵2,𝑦 = 𝜙, 𝑦 ∈  1, 2, …  ,  we have for 𝑦 ∈  1, 2, …  , 

                           𝑓𝑌2
 𝑦 =  𝑓𝑋 𝑥1, 𝑥2 +  𝑓𝑋 𝑥1, 𝑥2 

𝑥∈𝐵2,𝑦𝑥∈𝐵1,𝑦

 

      =  𝜃2  1 − 𝜃 2𝑥+𝑦−2 +

∞

𝑥=1

 𝜃2  1 − 𝜃 2𝑥+𝑦−2 

∞

𝑥=1

 

                                        =
2𝜃 1 − 𝜃 𝑦

2 − 𝜃
 .                                             

Therefore 

𝑓𝑌2
 𝑦  =

 
 
 

 
 

𝜃

2 − 𝜃
,                if 𝑦 = 0 

2𝜃 1 − 𝜃 𝑦

2 − 𝜃
,     if 𝑦 ∈  1, 2, …   .

0,                         otherwise

  

(iii) We have, for 𝑦 =  𝑦1, 𝑦2 ∈ ℝ2 , 

𝑓𝑌(𝑦1, 𝑦2) = 𝑃   min X1, 𝑋2 = 𝑦1, max X1, 𝑋2 − min X1, 𝑋2 =  𝑦2    

= 𝑃  min X1, 𝑋2 = 𝑦1, max X1, 𝑋2 = 𝑦1 + 𝑦2   

                                    =  𝑓𝑋 𝑥1, 𝑥2 

𝑥∈𝐵𝑦

,                                          

where, for 𝑦 =  𝑦1 , 𝑦2 ∈ ℝ2 , 

     𝐵𝑦 =   𝑥1, 𝑥2 ∈ 𝑆𝑋 : min 𝑥1, 𝑥2 = 𝑦1 , max 𝑥1, 𝑥2 = 𝑦1 + 𝑦2 . 

Note that, for 𝑦 =  𝑦1, 𝑦2 ∉ ℕ ×  0, 1, 2, …  , 𝐵𝑦 = 𝜙 and therefore 

𝑓𝑌 𝑦1, 𝑦2 = 0. 

For 𝑦 =  𝑦1, 𝑦2 ∈ ℕ ×  0 ,  𝐵𝑦 =   𝑦1, 𝑦1    and therefore 
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𝑓𝑌 𝑦1, 𝑦2 = 𝜃2  1 − 𝜃 2𝑦1−2. 

Also, for 𝑦 =  𝑦1, 𝑦2 ∈ ℕ × ℕ,𝐵𝑦 =   𝑦1, 𝑦1 + 𝑦2 ,  𝑦1 + 𝑦2, 𝑦1   and therefore 

𝑓𝑌 𝑦1, 𝑦2 = 2𝜃2  1 − 𝜃 2𝑦1+𝑦2−2. 

It follows that           

𝑓𝑌 𝑦1, 𝑦2 =   
𝜃2 1 − 𝜃 2𝑦1−2,                if  𝑦1, 𝑦2 ∈ ℕ ×  0 

2𝜃2  1 − 𝜃 2𝑦1+𝑦2−2,       if  𝑦1, 𝑦2 ∈ ℕ × ℕ
0,                                           otherwise

.  

(iv)  By (i)−(iii) we have 

𝑓𝑌 𝑦1, 𝑦2 = 𝑓𝑌1
 𝑦1 𝑓𝑌2

 𝑦2 , ∀𝑦 =  𝑦1, 𝑦2 ∈ ℝ2 . 

Consequently 𝑌1 and 𝑌2 are independent random variables.  

(v)  From (iii) we have 𝑆𝑌 = ℕ ×  0, 1, 2, …  .  Therefore 

𝑆𝑌1
=  𝑦1 ∈ ℝ:  𝑦1, 𝑦2 ∈ 𝑆𝑌  for some 𝑦2 ∈ ℝ = ℕ 

and 

𝑆𝑌2
=  𝑦2 ∈ ℝ:  𝑦1, 𝑦2 ∈ 𝑆𝑌  for some 𝑦1 ∈ ℝ =  0, 1, 2, …  . 

Also 

𝑓𝑌1
 𝑦1 =  

 𝑓𝑌 𝑦1, 𝑦2 

𝑦2∈𝑅𝑦1

,    if 𝑦1 ∈ 𝑆𝑌1

0,                                 otherwise

,  

where, for 𝑦1 ∈ 𝑆𝑌1
, 𝑅𝑦1

=  𝑦2 ∈ ℝ:  𝑦1, 𝑦2 ∈ 𝑆𝑌 =  0, 1, 2, …  . 

Thus, for 𝑦1 ∈ 𝑆𝑌1
=  1, 2, …  ,      

                                                      𝑓𝑌1
 𝑦1 =  𝑓𝑌 𝑦1, 𝑦2 

𝑦2∈𝑅𝑦1

 

     =  𝑓𝑌 𝑦1, 𝑦2 

∞

𝑦2=0
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                                                             = 𝜃2  1 − 𝜃 2𝑦1−2 +  2𝜃2

∞

𝑦2=1

 1 − 𝜃 2𝑦1+𝑦2 −2 

                         = 𝜃 2 − 𝜃  1 − 𝜃 2𝑦1−2. 

Therefore 

𝑓𝑌1
 𝑦1 =  

𝜃 2 − 𝜃  1 − 𝜃 2𝑦1−2,   if 𝑦1 ∈  1, 2, …  

0,                                           otheriwse
.  

Similarly, 

𝑓𝑌2
 𝑦2 =  

 𝑓𝑌 𝑦1, 𝑦2 

𝑦1∈𝑅𝑦2 

,   if 𝑦2 ∈ 𝑆𝑌2

0,                                 otherwise

,  

where, for 𝑦2 ∈ 𝑆𝑌2
, 𝑅𝑦2

=  𝑦1 ∈ ℝ:  𝑦1, 𝑦2 ∈ 𝑆𝑌 =  1, 2, …  . Therefore, for 

𝑦2 = 0 

𝑓𝑌2
 𝑦2 =  𝜃2

∞

𝑦1=1

 1 − 𝜃 2𝑦1−2 

=
𝜃

2 − 𝜃
 ,            

and, for 𝑦2 ∈  1, 2, …   

𝑓𝑌2
 𝑦2  =  2𝜃2

∞

𝑦1=1

 1 − 𝜃 2𝑦1+𝑦2−2 

   =
2𝜃 1 − 𝜃 𝑦2

2 − 𝜃
 .         

It follows that 

𝑓𝑌2
 𝑦2 =

 
 
 

 
 

𝜃

2 − 𝜃
,                 if 𝑦2 = 0  

2𝜃 1 − 𝜃 𝑦2

2 − 𝜃
,    if 𝑦2 ∈  1, 2, …    

0,                          otherwise

 .▄ 
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Example10.2.6 

Let 𝑋 =  𝑋1, 𝑋2, 𝑋3  be a discrete type random vector with p.m.f. 

 

𝑓𝑋 𝑥1, 𝑥2, 𝑥3 =

 
 
 

 
 

2

9
,    if  𝑥1, 𝑥2 , 𝑥3 ∈   1, 1, 0 ,  1, 0, 1 ,  0, 1, 1  

1

3
,    if  𝑥1, 𝑥2 , 𝑥3 =  1, 1, 1 

0,    otherwise 

.  

Define 𝑌1 = 𝑋1 + 𝑋2 and 𝑌2 = 𝑋2 + 𝑋3. 

(i) Find the marginal p.m.f. of 𝑌1  without finding the joint p.m.f. of 𝑌 =  𝑌1, 𝑌2 ; 

(ii) Find the marginal p.m.f. of 𝑌2  without finding the joint p.m.f. of 𝑌 =  𝑌1, 𝑌2 ; 

(iii) Find the joint p.m.f. of 𝑌 =  𝑌1, 𝑌2 ; 

(iv) Are 𝑌1  and 𝑌2 independent? 

(v) Using (iii) find the marginal p.m.f.s of 𝑌1  and 𝑌2. 

Solution.  

(i) We have  

                           𝑃  𝑌1 = 𝑦  = 𝑃  𝑋1 + 𝑋2 = 𝑦  = 0, if 𝑦 ∉  1,2 , 

                          𝑃  𝑌1 = 1  = 𝑃  𝑋1 + 𝑋2 = 1   

                                                 =  𝑃  (𝑋1, 𝑋2, 𝑋3) ∈   1, 0, 1 ,  0, 1, 1     

                                                 = 𝑃   𝑋1, 𝑋2, 𝑋3 =  1, 0, 1   + 𝑃   𝑋1, 𝑋2, 𝑋3 =  0, 1, 1    

                                                  =     
4

9
 

and 

                      𝑃  𝑌1 = 2  = 𝑃  𝑋1 + 𝑋2 = 2   

                                     = 𝑃   𝑋1, 𝑋2, 𝑋3 =  1,1,0   + 𝑃   𝑋1, 𝑋2, 𝑋3 =  1,1,1    

                                            =
5

9
 . 

Therefore, 
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𝑓𝑌1
 𝑦 =

 
 
 

 
 

4

9
, if 𝑦 = 1

5

9
, if 𝑦 = 2

0,   otherwise

 . 

 

(ii) By symmetry 

𝑓𝑌2
 𝑦 =

 
 
 

 
 

4

9
,    if 𝑦 = 1 

5

9
,    if 𝑦 = 2 

0,    otherwise

.  

(iii) The joint p.m.f. of 𝑌 =  𝑌1, 𝑌2  is 

 𝑓𝑌 𝑦1, 𝑦2 = 𝑃  𝑋1 + 𝑋2 = 𝑦1, 𝑋1 + 𝑋3 = 𝑦2   

                                                                   = 0,      if    𝑦1, 𝑦2 ∉   1, 1 ,  1, 2 ,  2, 1 ,  2, 2  ,      

                   𝑓𝑌 1, 1 = 𝑃  𝑋1 + 𝑋2 = 1, 𝑋2 + 𝑋3 = 1   

                                                                   = 𝑃   𝑋1, 𝑋2, 𝑋3 = (1, 0, 1)    

                                                                   =
2

9
 , 

                                                   𝑓𝑌 1, 2 = 𝑃  𝑋1 + 𝑋2 = 1, 𝑋2 + 𝑋3 = 2   

                                                                   = 𝑃   𝑋1, 𝑋2, 𝑋3 = (0, 1, 1)    

                                                                   =
2

9
 , 

                                                   𝑓𝑌 2, 1 = 𝑃  𝑋1 + 𝑋2 = 2, 𝑋2 + 𝑋3 = 1   

                                                                   = 𝑃   𝑋1, 𝑋2, 𝑋3 = (1, 1, 0)    

                                                                   =
2

9
 

and 

                                                   𝑓𝑌 2, 2 = 𝑃  𝑋1 + 𝑋2 = 2, 𝑋2 + 𝑋3 = 2   
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                             =  𝑃   𝑋1, 𝑋2, 𝑋3 = (1, 1, 1)   

                                                                  =
1

3
 . 

Therefore        

𝑓𝑌 𝑦1, 𝑦2 =

 
 
 

 
 

2

9
, if  𝑦1, 𝑦2 ∈   1, 1 ,  1, 2 ,  2, 1  

1

3
, if  𝑦1, 𝑦2 =  2, 2 

0,        otherwise

 . 

(iv) Since 

            𝑃  𝑌1 = 1, 𝑌2 = 1  =
2

9
 

                                                 ≠ 𝑃  𝑌1 = 1  𝑃  𝑌2 = 1   

                                                 =   
16

81
,                          

𝑌1 and 𝑌2 are not independent. 

(v) Using (iii) we have 𝑆𝑌 =   1, 1 ,  1, 2 ,  2, 1 ,  2, 2  . Therefore 

𝑆𝑌1
=  𝑦1 ∈ ℝ:  𝑦1, 𝑦2 ∈ 𝑆𝑌  for some 𝑦2 ∈ ℝ =  1, 2  

and 

𝑆𝑌2
=  𝑦2 ∈ ℝ:  𝑦1, 𝑦2 ∈ 𝑆𝑌  for some 𝑦1 ∈ ℝ =  1, 2 . 

Also 

𝑓𝑌1
 𝑦1 =  

 𝑓𝑌 𝑦1,𝑦2 ,        if 𝑦1 ∈ 𝑆𝑌1

𝑦2 ∈𝑅𝑦1 

0,                                   otherwise

,  

where, for 𝑦1 ∈ 𝑆𝑌1
 , 𝑅𝑦1 

=  𝑦2 ∈ ℝ:  𝑦1, 𝑦2 ∈ 𝑆𝑌 =  1, 2 . 

Consequently, for 𝑦1 ∈ 𝑆𝑌1
=  1, 2 , 

𝑓𝑌1
 𝑦1 =  𝑓𝑌 𝑦1, 𝑦2 

𝑦2 ∈𝑅𝑦1 

=   𝑓𝑌 𝑦1, 𝑦2 

2

𝑦2=1

, 
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𝑓𝑌1
 1 = 𝑓𝑌 1, 1 + 𝑓𝑌 1, 2 =

4

9
 

and   

 

𝑓𝑌1
 2 = 𝑓𝑌 2, 1 + 𝑓𝑌 2, 2 =

5

9
 . 

Therefore 

𝑓𝑌1
 𝑦1 =

 
 
 

 
 

4

9
,   if 𝑦1 = 1 

5

9
,   if 𝑦1 = 2

0,   otherwise 

 . 

By symmetry 

𝑓𝑌2
 𝑦 = 𝑓𝑌1

 𝑦 , ∀𝑦 ∈ ℝ.  ▄ 

 

Example 10.2.7 

Let 𝑋 =  𝑋1, 𝑋2  be a discrete type random vector with p.m.f. given by 

 

 

 

 

 

Find the p.m.f. of 𝑌 =  𝑋1 − 2𝑋2 . 

 

 

 

 

 

 𝑓𝑋1 ,𝑋2
 𝑥1, 𝑥2  

𝑥1 

𝑥2 

−1 1 

 

0 

1

4
 

1

2
 

 

2 

1

16
 

3

16
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Solution.   We have  

 

 

Therefore the p.m.f. of 𝑌 =  𝑋1 − 2𝑋2   is given by  

𝑓𝑌 𝑦 =

 
  
 

  
 

3

4
,      if 𝑦 = 1 

3

16
,   if 𝑦 = 3

1

16
,   if 𝑦 = 5 

 0,     otherwise

 .  ▄ 

 

 

 

 

 𝑥1, 𝑥2  𝑓𝑋1 ,𝑋2
 𝑥1, 𝑥2  𝑦 =  𝑥1 − 2𝑥2  

 −1, 0  

 1, 0  

 −1, 2  

 1, 2  

 

 

 

1

4
 

1

2
 

1

16
 

3

16
 

1 

 

1 

  

5 

 

3 


