Objectives_template

Module 7: Multistep Methods
Lecture 21: The local error of the formulas based on integration

The Lecture Contains:

B Adams-Bashforth & Adams-Moulton Methods
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Lecture 21: The local error of the formulas based on integration

Adams-Bashforth & Adams-Moulton Methods

We have seen that the exact solution of the differential equation v' = f (t, ¥} satisfies the identity
+K
yt+K -y = [ f(ty) dt

for any two points t and t + K in the interval [a,b]. In the methods discussed earlier, we tried to
replace the function f[:t,}F [tj} which is unknown, by an interpolating polynomial having the values
f =1f(t,, v,) on a set of points t,. The Newton backward difference formula was used to find
such an interpolating polynomial. We assume here that the interpolating points and f(t,v) has a

continuous (g + 1) the derivative. Using the notations that t, = ty + ph.f, = f[:tp, }’p} and
g+l = waf _ g4
VILf = VaE —Vaf

where V is the backward difference operator with ve fp = fpj we have the interpolating polynomial,

for the unknown function f(t, ¥}, with the remainder term as

(t=tp) (t—tp-4)

-t
f)=f+ — Vi +

p 2!
?zﬂfp+ . (t— ) (t—tp—g) o (t— tp_gs)
h- q!
ve fp+ (t—t,) (t— tpy) o (E— tog) e (5)
ha (q+1)!
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(q+1)

£ (%) is the (g + ljth derivative of f evaluated at some point in an interval containing t,
f,—gand t . On setting S = % we have

£(t) = (—DS) - (—15) Vi, + - (—1)° (_z) vef, + (—1)3* patt (q:_S:[) _qu+1}(§)

or

f(t) = Z (—1)™ (_HSJ VT E, + (—1)%* hatt (qjl-sl) pla+1) (x)

The interpolating points corresponding to t + K and t in the Adams-Bashforth formula are t,.4 and

t,and integrating ' (t) between these limits, we have

ri g Tpta

o st)= | m () rmrtegme | Comnen () 0
tp m=0 tp

=h X3, va V7¥' (1) + RE® (7.24)
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where y,_ = % J:;F*'-(—ljm [_ni) dt
and

T g —5 (g+2)
AE _ _473yg¥l 1,071 p+2 o Sl
RZ = (~1)77h7 (q R 1) vig™ at

The Adams-Bashforth formula is obtained by neglecting the term R‘; £ in (7.24) and is given as
— a
..Vp—l - ..vp - h Emzﬂ- 1|"rm ?m fp

we now make use of the following two facts about R =

-5 . L .
a. ( ) is of constant sign in the interval t, =t = t,., and
q+ 1

b. 3?,1‘;,_"' is a continuous function of t. We are thus in a position to apply the second mean value

theorem of the integral calculus with the result that

(a+D) -5
AE _ +1 +1 (g+2) gy
R® = (—1)97* h ¥iz,) J;:J' (q_ 1] dt

where £, is one of the values of £ corresponding to values of t in [tp,tp_l}, th—g = &, = tost

By the definition of ¥5+1, this may be written as

R‘;E = hq_: }TIE:Q_._::J 1|'r|:_|—1 (725)
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This is the desired expression for the remainder in the Adams-Bashforth formula.

In a completely analogous manner, we find for the Adams-Moulton formula

:"F[tp} - }F[tp—i}

tF q tF
m [~3 m ., " N -5 o
N f Z (-1 [ m) VY [tt:'}'dt T f[_qu 1 et (q_1J }Figq} dt
Tpos m=0 tes
=h X7, v VO Yf(tp} - R‘; . (7.26)

where

. 1 ; —3
= iz om ()
and

tp #1 pa+t [ TS ) (e
R*;H = J“t:_:(—qu 1 pa+t (q_lJ v; Ldt

The Adams-Moulton formula is obtained by neglecting the remainder term R‘; *in (7.26). Again, we use

the following two facts about R‘; M,

-5 . o .
a. ( :LJ is of constant sign in the interval t,_; =t = t, and
q+

b. y,'e‘g,_"' is a continuous function of t.

Thus applying second mean value theorem of integral calculus, we have

.

fag+2 pt. _S
AM _— 9%l ¢ qnyg¥1 TS
RAM = pavt (—p)ettyfd Lp_;(q— )t

for some  satisfying t,_5 < £ t,. By definition of ¥ .4, we have

AM _ 1g+2 . la+t2) .
R;™ = h® Yie  Tge1 (7.27)
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