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Module 6: Implicit Runge-Kutta Methods

Lecture 16: Derivation of Implicit Runge-Kutta methods

The Lecture Contains:

This lecture introduces the general R-stage implicit Runge-Kutta methods and

derives such a method for the case with R=2.
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Module 6: Implicit Runge-Kutta Methods
Lecture 16: Derivation of Implicit Runge-Kutta methods

The general R-stage implicit Runge-Kutta method is defined by

Fn+1 - Fn = h @(tn’}rnl hj (6-1)
where

EI(LF’ hj = §=1 crkr

with
k,=f(t+ha,y+hXf b k) r=12 . .......,R (6.2)
and
a, =3 b_r=12 . ..., R (6.3)

The functions k, are no longer defined explicitly but by a set of K. implicit equations and thus making
the derivation of such methods tedious. We shall consider here only the two-stage method obtained
by setting R = 2 in (6.1)-(6.3). Let us also recall the expansion for ¢(t, ¥, k) which is given by

O (ty,h) =f+ 3 hF + éhz[ny +6)+ l4 h3[(3f,, + 3ffyy + £2)F + Gf, + H] + 0(h*) (6.4)
where, extending the notation of (3.18)

F=f, +ff,

G = f, +2ff  +7f

H = f,, + 3ff, +3F7f, + 3,
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Now from (6.2) with K. = 2, we have
K,=f(t+ha,v+b, hk; +b,,hk,), r =1,2.

Expanding K, by Taylor series about (£, ¥), we get

K, = f+h[af, + (b;K; + b K,)f ]

1
+ Ehz [EEFH + 2ar"[:]:'l."ll{l + hrZszfty + l|:]:'r'lI{l + hrZKE]ZFW]
(6.5)
1
+ Eh3 [a2f, + 3ai(b K, + b K )f, +3a,(b, K, + b K)o

3 4
+ (b, K, +b,K,)% ] +0(h*)
Since these two equations are implicit, we can no longer proceed by successive substitution as done in the case

of explicit Runge-Kutta methods earlier. Let us assume instead, that the solutions for K; and K, may be
expressed in the form

K, = A, +hB, +h*C, + h®D, + 0(h*) r=1,2 (6.6)
Substituting for k. by (6.6) in (6.5) we get

A, +hB, +h?C, +h®D, = f+ h[a,f, + {b,, (A; + hB; + h®C,) + b, (A, + hB, +

h2C,)},] + 2 [a2f, + 2a,(b,, (A, +hB,) + by (A, + hB,)}E, + (b, (A, +hB,) +

b, (Az + thj}sz] + %E[E'Efm + 333 [hrl‘q‘l + hrEAZ:]ftty + Ear(hrl‘q‘l + brzﬁzjzftyy +

(b Ay +b A ) ]+ 0(h*), r=1,2

|
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On equating powers of h we obtain
A =f
B, = arft + (briﬂi + hriﬂijfy
1 . 1 "
C,= [hriﬂl + hrEBE:]fy + Ea‘rftt + ar(brlﬂi + hrzﬂzj fty + E (bﬂﬂi + hrzﬂzj‘fyy
Dr = [brLcl + hr: Ci)fy + E'r(hrl H1 + hr: szfty + [:hrl‘q‘l + hr:‘q‘zj (hrlﬂl + hrEBEnyy
1 1 . 1 i
+ Eagfm + EE'F (b Ay + brzﬁ:]ftry + 3 a.(b,A, + brzﬁzj‘ftyy
1
+E(hrlﬁl +b,A) ir=1,2

This set of equations is seen to be explicit and can be solved by successive substitution. Making use of (6.3), we

obtain
A =f
B, =aF

cr = (brlal + hrzasz fy +%EIEG

D, = [byy(byyay +byya;) +byy(byya; +byy 32]]-ny: +a,(byqa, + brzaz:]F(fty + ffyy) +

1 pi i 1 (6.7)
;[briﬂi +hr232]Gf}, +EEEH r=1,2
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Using (6.6), the expansion for &(t, v, h) defined by (6.2) may be written as
¢(ty.h) = c;A; + c,A, + h(eyB; + ¢,B,) + h*(c,Cy +¢,C,) + h®(cy Dy + ¢,D,) + 0(h*)

where the coefficients A_,E_,C,,D_,r = 1,2 are given by (6.7). Comparing this with the expansion
(6.4) for ::br[t, V. h], we see that the two stage implicit Runge-Kutta method will have order one if

C,+C, =1 (6.8)
order two, if
c,+C,=1
&
1
Ciay + Cra; =3 (6.9)
and order three, if
C,+C, =1
1
Ciay +Cya; =7
Cy(byjay +byya;) + Cy(byya; +byay) = é (6.10)
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2 2 1

and order four, if

C,+C,=1
Ciay + Cha; = %
c1(b1131 + b1232:] + G, [b2131 + by, 32:] = é

2 2 _1
Cya1 + Cpaz =3

(":1]311 + czbn] [hnﬂi + huﬂ:j + [":1]312 + Czh::j [bnai + bzzazj =

Ba
-J-‘-lH

Cya,(byya; +byya,) + Chay(byyay + byya,y) = %

C,(bya? + by,a,) + Cy(byal + byal) = 1i

£

&

1
Ciaj + Cpal =1 (6.11)

Moreover, from (6.3) we must have
a; = by; +by,
a; = by + by,

In view of this last requirement, there are only six undetermined coefficients, namely
Cy,Corag,ag by by
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