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Introduction

Bhasakaracarya: Perhaps the most well known name among the
ancient Indian astronomer-mathematicians. Designated as
Bhaskara-Il to differentiate him from his earlier namesake, who
lived in the seventh century CE (Bhaskara-I).

According to his own statement in his Goladhyaya, was born in
saka 1036 or 1114 CE. He also adds that he came from
Vijjalavida near the Sahyadri mountain. — Bijapur? S.B. Dixit —
Bhaskara’s original home was Patan in (Khandes) — Inscription
lists his grandfather, father, son and grandson: Manoratha,
Mahesvara, Laksmidhara, Cangadeva respectively.

Bhaskara’s Lilavats :A standard work of Indian Mathematics: Pat?
or Patiganita: elementary mathematics covering arithmetic,
algebra, geometry and mensuration. Still used as a textbook in
Sanskrit institutions in India. Composed around 1150 CE.



Commentaries and other works

Many commentaries: Paramesvara (about 1430), Ganesa
(Buddhivilasini) (1545), Suryadasa, Munisvara (about 1635), and
Ramakrsna (1687). According to R. C. Gupta, a well known
historian of Indian mathematics, the best traditional commentary
is Kriyakramakart (C. 1534) of Sankara Variyar and
Mahisamangala Narayana (who compiled this after the demise of
Sarikara). Number of commentaries and versions in regional
languages, Kannada, Telugu, etc., Three Persian translations
are known: Abul-Fayd Faydi (1587 CE). My lectures based on
Colebrook’s translation (1817) reprinted along with the original
Sanskrit text and commentaries with notes by H. C. Baner;i.
Others works of Bhaskara: Bijaganita (Algebra), one of the most
important treatises on Indian algebra. Siddhantasiromani:
comprising Grahaganita and Goladhyaya also very popular.
Other work Karanakutuhala (epoch 1183 CE).



Operations of arithmatic

Lilavatr . Rules and Examples in about 270 Verses.
Chapter 1 on weights and measures, money denominations.
Numeration upto 10%4.
Eight operations of arithmetic.
i) Addition and subtraction
i) Multiplication
a) ar...an x B. Multiply a, by A, a,_1 by A etc. and add (taking
into account place values).
b) A(b+c)=Ab+Ac.
c) AxB =Ax x % where x is a factor of B.
d) ab=a(b+cFc)=a(b+c)Fac.
iii Division: Remove common factors.



Squaring , Square roots etc.

Verses 18-19. Squaring
i)

(a1 +---an)> = a2+2ap(ar+---+an_1)
+a2_, +2an_1(a1 + - +an_z)
+ P
+a3 + 2aya;
+a?.

i) (a+b)?=a?+ 2ab + b2
i) a® = (a+Db)(a—b) + b2
Verses 21-22: Square root and example.

Verses 23-26: Cube and example.
Verse 27-28: Cube root: Standard Indian method.



Multipulation with fractions

. .ac _adcb . ,
Fractions: b'd " bd’ db for addition, subtraction etc.,

Verse 32-33:
a, c .o %
b d " bd....
a, c a €rma c a gra ,c a ¢
b+dxb+f<b+dxb> + h[b+dxb+f( )] -
_a(d+c)e+f)g+h)...
B bdfh ...
Division of fractions.
b_ad
< bc



Operations with zero
Verses 44-45 :

A @ SOTH JIET @ @ATGTAr i |

TET: T @IV @ QIO Eay quradti 88 1
T U0 ST @ EOET Tt Tl |
AEFT 7T TTETUT GATTY Ja: 8y |

“In addition, zero makes the sum equal to the additive.
In involution and (evolution) the result is zero. A definite
quantity , divided by zero, is the submultiple of nought.
The product of zero is nought: but it must be retained
as a multiple of zero, if any operations impend. Zero
having become a multiplier, should nought afterwards
become a divisor, the definite quantity must be
understood to be unchanged. So likewise any quantity,
to which zero is added, or from which it is subtracted,
(is unaltered).



Operations with zero

a . : . .
at+0=a, 0= Kha-hara: a fraction with zero for its denominator.

(In Bijaganita. Ganesa: Infinity).
ax0=0

But it must retained as a multiple of zero, if further operations,
impend. “Zero having become a multiplier, should nought
afterwards become a divisor, the definite quantity must be
understood to be unchanged”.

ax—=a’ (But 8 is indeterminate )

ol o



Inversion method

Inversion method to find the solution of a problem in Verse 47-48 :
O @ @HO FAE g9 TAWEG N 8o |
I WATIFT T FaTe &l g |
FEAAF I ([AoH ATLEmaal g1

“To investigate a quantity, one being given, make the divisor a
multiplicator; and the multiplier, a divisor; the square, a root; and
the root, a square; turn the negative into positive and the positive
into negative. If a quantity is to be increased or diminished by its
own proportional part, let the (lower) denominator, being the
increased or diminished by its numerator, becomes the (corrected)
denominator, and the numerator remain uncharged*; and then
proceed with the other operations of inversion, as before directed.”

(* If we have 1 + % -2 :)— b in the inversion, it will be m )




Inversion method: Example
Example in Verse 49 :

gfergfefafaa: EeoFwa: gafa:
e faafera: w@eyforar & fgugraran)
TG ST g T IWASATT g4 Fre a

U@r%@r%mﬁﬂw
ara faarafwaran g

“Pretty girl, with tremulous eyes, if thou know the
correct method of inversion, tell me the number, which
multiplied by three and added to three quarters of the
product, and divided by seven, and reduced by
subtraction of half a third part of the quotient and then
multiplied into itself, and having fiftytwo subtracted from
the product and the square root of the remainder
extracted, and eight added and the sum divided by ten
yields two (2).”




Inversion method: Example

1lg | 524 (1—%)

1 3
10 7(1——)><3><x =2

4

wIN
BN

Answer:

1
x:\/(2><10—8)2+52><g><;><§:28.



Rule of false position

Verse 50:

IRAFTATIATQENS: OO garSar UEar gar ar |
ZETEd GEH- Ha UfAHaq WFAdEsd |l Yol

“Any number assumed at pleasure is treated as specified in
the particular question, being multiplied and divided, raised
or diminished by fractions; then the given quantity, being
multiplied by the assumed and divided by that (which has
been found) yields th number sought. This is called the
process of supposition.”

Let some operations be done on the number x, represent it as A. Let it
yield A(x) =y. Take any x’ and do the same operations. Let it yield y’,
A(x’) =y’. Then

X/

)

X =Yy x



Rule of false position

Example in Verse 51.

T WEETIE S9HE: gHf: |
Uﬁwmﬁﬁimﬁﬁﬂﬁﬁmmﬁuwn

" What is that number, which multiplied by 5 and having the third
part of the product subtracted and the remainder divided by ten,
and one-third, a half and a quarter of the original quantity added,
gives two less than seventy?”

I I

Solution: Multiplier 5. Subtractive % of itself. Divisor 10. Additive
the quantity.

Wl
NI
FNII'N

Given68:y.Takex’:3;5><3:15,(1—%)15:10;%><10:1;
1 1, 17 .., , 17
1+3(3+2+4) 4,Th|5|sy.So,y_4.
!
X =y xS 68 x 2 =48,
y @

One gets x = 48, whatever value one chooses for x’. y’ will be
correspondingly different.



Sankramana

Rule of concurrence or ‘Sankramana’.
Verse 55:

T SO gar s
T T q;‘mrr@'ﬁﬂ-cr N9yl

“The sum with the difference added or subtracted,
being halved, gives the two quantities. This is termed
Concurrence.”.

Ifx +y =k and x —y =1 where k and | are given quantities.

NII—‘

(k+|)andy:%(k—l)

x2 —y

X—y

2
Verse 57. If x —y and x? — y? are given, find x +y =

Then x and y are found by Sarnkramana.




Rational Squares

Verse 59 and 60: Examples of generation of rational squares:
Consider the pairs

a)
_ 1 1,100 2
X1 = %(8n —1),xp = E{Zn (8n- —1)}°+1,
b)
1

= — = 1

X1 2N + N, X2 )
c)

X1 = 8n* +1,x, = 8n°.

For all these pairs, x? + x7 — 1 are squares.



Solution of Quadratic equations
Next, Bhaskara gives the solution of a quadratic equation .
Verse 62-63: Suppose we have

X+tayx=>b
2

_a,/ 2 _ (2. ./ 2

Then\/__qE2+ b+ (a/2)?2 and x = F5+ b+ (a/2)?) .

(At least here, only one root is being talked about)

Similarly, given: x + ¢

3% + a,/Xx = b, we obtain

b

= =
a *q
Then proceed as before to find v/x and then x.



Quadratic equations: Example

An example in Verse 67.
U FUEUT ARURETOT FgT O gy
qeET= e T gorgqfae AT

o wgfAfafafy g wbe FHF
Fremre faw: o 1 GRICECE Tl ws |

“The Son of Prtha, irritated in fight, shot a quiver of
arrows to slay Karna. With half his arrows he parried
those of his antagonist; with four times the square root
of the quiver-full, he killed his horses; with six arrows,
he slew Salya; with three he demolished the umbrella,
standard and bow; and with one, he cut off the head of
the foe. How many were the arrows which Arjuna let
fly?”




Solution of Quadratic equations

Let x denote the number of arrows.

%+4\/>?+6+3+1:x

%x—4\/_—10:o

X —8yX—-20=0
VX =10;x = 100.

(Here v/x = —2is also a solution. But in the problem /x has to
be +ve.)

Rule of 3,5, 7,9, ...



Investigation of mixtures

Rule in Verse 90.

I FTOfOreT: TRTeAT: TRTeTeh o oo [gaTe |
warnaEy fafasfaan: sgaeost= g [

“The arguments taken into their respective times one
divided by the fruit taken into the elapsed times; the

several quotients, divided by their sum, and multiplied
by the mixed quantity, and the parts as severally lent.”



Mixtures

Let x,y,z be the portions lent at r{, r,, r3 percent per month and
let | = common interest in ty, ty, t3 months respectively.

Letx +y + z = a, a given quantity. Then,

X><r1><t1_y><r2><t2_z><r3><t3_I
100 N 100 N 100 -

1100x1 100x1 100 x 1

XYz . : .
rg Xty r, Xty r3 x t3
100x1 a
X= 7 xt “100x1 100x1 100x1

rA xty ro Xty r3 Xt
Here: Argument 100, Time: 1, fruit: r, elapsed time : t;.

Similar expressions for y and z.



Mixtures: Example

Example in Verse 91.:

Iq TPF AFITEFE I

gusferfaniore fAsmad RERE

ATHY THIYIEY JeaHTH

gueTasty i v a8 QUSHRATHI 39 |

“The sum of six less than a hundred niskas being lent in
three proportion at interest of 5, 3, and 4 percent, an
equal interest was obtained on three portions in 7, 10

and 5 months respectively. Tell mathematician, the
amount of each portion.”




Solutions
Herea=94,r, =5, =3,r3=4,t = 7,1, = 10,t3 = 5..
Now rit; = 35, rot, = 30, rstz = 20..

100 100 100 (6+7+105) .\ 235
35 30 20 210 21
10 x 94 100 21
x(portion 1) = T =— x 94 = 24,
215 35 235
@ x 94 100 21
y(portion 2) = T =30 X238 x 94 = 28,
21
10 x 94 100 21
z(portion 3) = =— = — x —— x 94 =42,
22315 20 © 235
Common interest = | = 724 x5x7 _ 840 82
- 100 100 5

He considers the filling of a cistern from n fountains : Same as in
Ganitasarasangraha



Another kind of problem involving mixtures

Let there be a mixture of n items. Let the relative proportion of
type i in the Mixture = ;.

‘. Relative proportion =3, : 52 : - - Sn.

(Fraction of type i in the mixture = 3/ =

ZB. 2=

Let the price of type i be x; per measure (volume or weight).

Let the total amount of the mixture = A (volume or weight).

A Xibi

= Mixed Sum = X,
2.5

. Total price = Z(A/Bi,)xi —



Formal solution

As the amount of item i in the mixture is A5/, and x; is the price per

measure.
_ X6
Yo Xifi
. GiX Portion x Mixed sum
. Amount (Measure) of type i = f/A = ZIX'B' =~ Sum of quotients
1M1
(as B =5 _B5)

XiBi x X (Price of i) x Portion x Mixed Sum

Price of it ft = = i
rice offtem oftype | = =275 Sum of quotients




Mixed quantities: Example

Example in Verse 98.
FUE T T goa® U6 e
THEE_g<-T T U6 FEATEHT 9

FETAT TITST: TAGH (AR & e ar
Hﬁiwaﬁ%’mwﬁ%r&wﬁﬁmﬁn% I

“If a pala of best camphor may be had for two nisk’s
(=32 drammas) and a pala of sandalwood for the eighth
part of a dramma and half a pala of alae wood also for
eighth of a dramma, good merchant, give me the value
for one niska (=16 drammas) in the proportions of 1, 16,
and 8, for | wish to prepare a perfume.”




Solution

1) (2 (3)
Here proportion: Camphor: Sandalwood: Alaewood =1:16:8
Prices: 32 11 :
(x1) (x2) (%3)

inﬁi:32x1+%x16+%x8:36.

Total price = Mixed amount = 16 drammas = X =16.

Quotient, q = Mixedsum X 16 4
9= Sum of quotients ~ >.x 3% 36 9’
. : ﬁl : ﬁix
Amounts of item i = —, Price = x =X x Amount.
Z |ﬂ| ﬁl I Exi/Bi I
. Amount of Camphor:lxg, Sandalwood = 16><g = %, Alaewood = 8><g = %
. . . 4 128 1 .64 8 1 g 8
Prlces.Camphor.32><9 5 , Sandal: 8X 9 =9 Alaewood: = 4x 9 9

Merchants, trading. Alligation: Mixture of gold of different quantities.



Section six on combinations

Verse 130-132.

T T g AT HIGAT: Jofaeq: |

UT: AU U O A T 2301

YHTg=ATRHET: H: 8 qTUNO SYaH |

F g G- TN SH Afgare | 2321
QUEHT T fareqe|

T THHAY qEle fawpaaT 232 |

“Let the figures of one upwards, differing by one, put in the
inverse order, be divided by the same (arithmetical
sequence) in direct order; and let the subsequent be
multiplied by the preceding, and the next following by the
foregoing (result). The several results are the changes, ones,
twos, threes, etc. This is termed a general rule.”




Combinations

It serves in prosody, for those versed therein, to find the
variations of metre; in the arts (as in architecture) to
compute the changes upon apertures (of a building);
and (in music) the scheme of musical permutations; in
medicine, the combinations of different savours. For
fear of prolixity, this is not (fully) set forth.”

nn-(n—1) nn—-1)n-2)(n—r)...(n—r+1) n!
1 1.2 v 1-2-3---r ~rli(n—r)!

Outofn: 1 atatime: 2 atatime: 3atatime, ..., r atatime.



Combinations: Example

Example in Verse 134.

TwfgRaEAREe gt & gt e
@Wwﬁﬁ%mﬂmﬁﬂﬁw
gwgwllqgam Irgwngwl*aw&lum?ﬁz rEaisEy

TS TEUE #iT a8 S Afamea: |

“In a pleasant, spacious and elegant edifice with eight doors,
constructed by a skillful architect, as a palace for the lord of
the land, tell me combinations of doors taken one, two, three,
etc. Say, mathematician, how many are the combinations in
one composition, with ingredients of six different tastes
sweet, pungent, astringent, sour, salt and bitter, taking them
by ones, twos, threes etc.”

87654321

12345678



Example contd.

No. of ways: 1 atatime = & =8, 2 atatime = 821 = 28, 3 ata time

__ 8X7x6 __ : _ 8xX7x6x5 __ .
= T55%3 = 56, 4atatime = 3757222 = 70. 5 at atime

B/x0x0xd — 56,6 atatime — {5813, — 28, 7 ata time
__ 8X7X6x5%x4x3x2 __ i _ B8X7x6x5x4x3x2x1 __
T Ix2x3x4x5x6x7 T 8’ 8 atatime = Ix2x3x4x5x6X7x8 8

Total no. of variations = 28 — 1 = 255.
Combinations of 6 different tastes:

654321
123456

No. of different types of compositions: 6, 15, 20, 15, 6, 1. Total
=26_1=63.

Chapter 5. Progressions.

Standard results on 3_r, 12, 3" {H) 573 etc., Arithmetic and
Geometric Progressions.



Number of verses with a fixed number of syllables

Verse 130-131:
UTRT&R( AT Uravwe 94 fgaor|

WH@TWWI
WIS VT AT T —ATATImT 230, 939
I

“The number of syllables in a verse being taken for the
period, and the increase twofold, the produce of
multiplication and squaring (as above directed) will be
the number of (variations) of like verses. Its square and
square’s square, less their respective roots, will be (the
variations of) alternately similar and of dissimilar
verses.”

This rule refers specifically to the example in Verse 132.



Example

Example 132.

THTHTHY AT ﬁwvrrqwm|
AT 4T & TE AT FAHI 280 |

“Tell me directly the number (of varieties) of like,
alternating-like, and dissimilar Verses respectively in
the metre named anustup.”

X X X X X X X x 8Syllables
X X X X X X X X 8
4 caranas
: X X X X X X X X 8
X X X X X X X X 8 Total 32 Syllables.

» Variations of like Verses. (All the caranas are alike.)
— 28 — 256.



Example

» Alternatively, alike caranas. To find the number of these, we
find the number of varieties of the syllables in two caranas
= 216 = 65536. If we place each one of these under itself,
we get all the cases included in “alternatively like”. But of
these, the number of cases of “all like” are also included.
Therefore number of cases of “only alternatively like”
=216 _ 28 — 65536 — 256 = 65280.

» Total no. of variations = 2%2. Subtracting the case of “all
like” and “alternatively like”, Number of dissimilar Verses
=232 _ 216 Note that the “dissimilar” only means it
excludes “all like” and “alternatively like” and does not mean
that all the caranas are dissimilar. For instance, it includes
cases in which “first two caranas are alike, as also last two,
etc.”



Plane Figures
Chapter 6 is on this topic.
As expected, begins by considering Right Triangles.

Diagonal Upright

side A right triangle

Concentrates on Rational triangles. One type is described in
Verse 139.

FB HSITSTATR TOHfaTq 58 FoadagaaraH|

FIC: TYF YEIUT{SAT FUIT Haq FIHI T I |




A Rational right triangle

“A side is put. From this multiplied by twice some assumed
number, and divided by one less than the square of the assumed
number, the upright is obtained. This, being set apatrt, is
multiplied by the arbitrary number, and the side as put is
subtracted; the remainder will be the hypotenuse. Such a
triangle is termed right-angled.”

2an
a(n?+1) n2—1
(GEE)
a
. . . 2an . . .
It is stated that side = a, upright = 77 yields a right triangle
_a(n®+1)

Xn—a=

ith hypot =
with hypotenuse = —5— v




Explanation by Sturyadasa in his commentary

Consider two triangles. The first triangle has side = n? — 1, upright = 2n and
diagonal n? 4 1. Correct as (n? + 1)? = (n® — 1)? + (2n)?. Let the second
triangle be similar to the above, with side = a.

2a
? nz—1

n?+1 m

(a) (b)
Similar right triangles

a
nz -1

The upright of the second triangle = X 2n.

Now, hypotenuse of the first triangle

= upright xn —side =2nxn—(n* —1) =n? + 1.
Then, hypotenuse of the second triangle

2an a(n® +1)

= Upright x n—side:nz_1 U]
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