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Outline

» Development of Bijaganita or Avyaktaganita (Algebra) and
Bhaskara’s treatise on it.

» Understanding of negative quantities.

» Development of algebraic notation.

» The Vargaprakrti equation X2 — D Y? = K, and
Brahmagupta’s bhavana process

» The Cakravala method of solution of Jayadeva and
Bhaskara.

» Bhaskara’s examples X% —61Y2 =1, X? —67Y? =1
» The equation X2 — DY? = —1.

» Solution of general quadratic indeterminate equations
» Bhaskara’s solution of a biquadratic equation.



Development of Biyjaganita

>

The notion of a variable quantity, yavat-tavat (as many as),
goes back to Sulvasiatras. The Katyayana-Sulvasitra deals
with the problem of constructing a square whose area is
n-times that of a given square

Aryabhatiya (c.499) uses the term gulika for the unknown.
There, we also find the solution of linear and quadratic
equations as well as the kuttaka process for the solution of
linear indeterminate equations.

Bhaskara | (c.629) uses the notion of yavat-tavat in his
commentary of Aryabhatiya.

Brahmagupta has given a detailed exposition of Bijaganita
in the Chapter XVIIl, Kuttakadhyaya, of his
Brahmasphutasiddhanta (c.628). This work has been
commented upon by Prthidakasvami (¢.860).

Sripati deals with avyakta-ganita in Chapter XIV of his
Siddhantasekhara (c.1050)
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Development of Biyjaganita

» Bhaskaracarya Il has written the most detailed available
treatise on Bijaganita (1150), where he states that he has
only compiled and abridged from the treatises of Sridhara
(c.750) and Padmanabha, which are not available to us.

» Bijaganita has about 100 verses giving various rules and
about 110 verses givng various examples. Bhaskara has
written his own commentary Vasana, which gives details of
solutions of the various examples.

» Bijaganita has also been commented upon by Staryadasa
(c.1540) and Krsna Daivajna (c.1600). The commentary
Bijapallava or Bijanavankura of Krsna provides detailed
proofs (upapattis) of various results presented in
Bijaganita.

» Narayana Pandita (c.1350) has also composed a treatise,
Bijaganitavatamsa, of which only the first few chapters are
available.



Bijaganita of Bhaskaracarya Il (c.1150)

The following are the topics dealt with in the Bijaganita of
Bhaskaracarya:

» Six operations with positive and negative numbers
(dhanarna-sadvidha)
Arithmetic of zero (kha-sadvidha)
Six operations with unknowns (avyakta-sadvidha)
Arithmetic of surds (karani-sadvidha)
Linear indeterminate equations (kuttaka)
Second order indeterminate equation x2 — D y? = 1
(vargaprakrti)
» The cyclic method (cakravala)

v
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Bijaganita of Bhaskaracarya

v

Equations with single unknown (ekavarna-samikarana)

Elimination of middle term in quadratic equations
(madhyamaharana)

v

v

Equations with several unknowns (anekavarna-samikarana)

Elimination of middle term in equations with several
unknowns (anekavarna-madhyamaharana)

» Equations with products of unknowns (bhavita)

v

According to Bhaskaracarya, the topics dealt with in the first few
chapters, upto cakravala, are said to be “bijopayogi” —useful for
the consideration of equations that are to follow.



Invocation to Avyakta-Ganita

Bijaganita or avyakta-ganita, is computation with seeds, or
computation with unmanifest or unknown quantities, which are
usually denoted by varnas, colours or symbols.

The following invocatory verse of Bijaganita of Bhaskaracarya has
been interpreted in three different ways by Krsna Daivajiia:

ITEF THAR(T JEUUBT Teqeqo g |

TF FoA qeFASTHAT AT IO T J=< |

TEeTEH ST AU F 1. S YT | SIEare STehroraar
UgH | 57 TRRF=ET JeraaslH | ToraHeasHa |

Meaning I: | salute that avyakta (prakrti or primordial nature), which
the philosophers of the Sarikhya School declare to be the producer of
buddhi (the intellectual principle mahat), while it is being directed by
the immanent Purusa (the Being). It is the sole bija (seed or the
cause) of all that is manifest.




Invocation to Avyakta-Ganita

Meaning lI: | salute that Isa (the ruling power, Brahman), which
the Sankhyas (those who have realised the Self) declare to be
the producer of buddhi (tattvajriana or true knowledge of
reality), which arises in a distinguished person (who has
accomplished the four-fold sadhanas of viveka, etc.). It is the
sole bija (seed or the cause) of all that is manifest.

Meaning lll: | salute that avyakta-ganita (computations with
unmanifest or indeterminate quantities), which the Sarkhyas
(who are proficient in numbers) declare to be the producer of
buddhi (mathematical knowledge), which arises in a
distinguished person (proficient in mathematics). It is the sole
bija (seed or the cause) of all vyakta-ganita (computations with
manifest quantities, such as arithmetic, geometry etc.)



Krsna on the Notion of Negative Quantities

The verse of Bijaganita

WA WHUEAN & &9 Jfoehad |

gives the rule of signs that, in subtraction, a negative quantity
becomes positive and vice versa.

Krsna Daivajna, in his commentary explains how negativity is
to be understood in different contexts. He then goes on to show
that this physical interpretation of negativity can be used to
demonstrate the rule of signs in algebra in different situations.



Krsna on the Notion of Negative Quantities
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Krsna on the Notion of Negative Quantities

“Negativity (rnatva) here is of three types: Spatial, temporal and
that pertaining to objects. In each case, [negativity] is indeed
the vaiparitya or the oppositeness. As has been clearly stated
by the Acarya in Lilavati in the example ‘The bhujas are ten and
seventeen etc.” The negative base intercept (abadha) is to be
understood to be in the opposite direction. There, the other
direction in the same line is called the opposite direction
(viparita dik); just as west is the opposite of east... Further,
between two stations, if one way of traversing is considered
positive, then the other is negative...

In the same way past and future time intervals will be mutually
negative of each other... Similarly, when one possesses the
said objects they would be called his dhana (wealth). The
opposite would be the case when another owns the same
objects..”

44



Bhaskara’s Example of Negative Intercept

The example discussed by Bhaskara in Lilavatis has to do with
the calculation of the base-intercepts (abadhas) in a triangle.
There, Bhaskara explains that if the calculation leads to a
negative intercept, it should be interpreted as going in the
opposite direction. This happens when the foot of the altitude
falls outside the base.

TV HST PRt a7 e 7|
FTY qQ FFH T MO NS ST T J U

“In a triangle, which has sides 10, 17 and 9, tell me
quickly, Oh mathematician, the base intercepts and
the area.”

4 N



Bhaskara’s Example of Negative Intercept

In his Vasana, Bhaskara gives the solution of this problem as
follows

mﬁn@rmﬁwwﬁmm 29|
FAT HET T | TR mq:hmﬁmm‘

FURTATS SaT TRvaadredraent: | aor ST A &,
QY1

Here, using the rule, “The sum of the sides...”, we get
(the difference of the intercepts to be) 21. We cannot
subtract this from the base (9). Hence, the base has to
be subtracted from this (difference) only and the half
of the result is the intercept which is negative, and it is
to be understood to be in the opposite direction. Thus
the intercepts are (-6, 15).

4 N



Bhaskara’s Example of Negative Intercept

10 7
6 9

In a triangle with sides a, b, and base c, let the base intercepts be
c1, Co. Now (¢ + ¢2) = cand (b? — &) = (c2 — ¢2). Therefore,

(P& (b - @)
CZ_C1_(C1+02)_ c

Thus, in our problem,

2 2
C1+CZ:9 and Cgfc1:w:21

Hence ¢ =15and ¢y = _(2127—9) -6

4 A



Algebraic Notation

In the Aryabhatiyabhasya of Bhaskara | (c.629) we find
references to the algebraic notation used in Indian
mathematics. Various features of the notation are more clearly
known from the Bakhshali manuscript (c. 700).

The system of algebraic notation is explained and fully
exemplified in the Bijaganita of Bhaskara Il (c.1150), together
with his own auto-commentary Vasana.

In Vasana on verse 3 of Bijaganita, Bhaskara says:
I EUUTHEE ARTERIUITH UMY St |
L
SRR R R ES EIEEAE e

Here (in algebra), the initial letters of both the known
and unknown quantities should be written as their
signs. Similarly those (quantities) which are negative,
they have (to be shown with) a dot over them.

4



Algebraic Notation

>

The symbols used for unknown numbers are the initial syllables
ya of yavat-tavat (as much as), ka of kalaka (black), nz of nilaka
(blue), p7 of pita (yellow) etc.

The product of two unknowns is denoted by the initial syllable
bha of bhavita (product) placed after them. The powers are
denoted by the initial letters va of varga (square), gha of ghana
(cube); vava stands for vargavarga, the fourth power. Sometimes
the initial syllable gha of ghata (product) stands for the sum of
powers.

A coefficient is placed next to the symbol. The constant term is
denoted by the initial symbol ru of rapa (form).

A dot is placed above the negative integers.
The two sides of an equation are placed one below the other.
Thus the equation x* — 2x? — 400x = 9999, is written as:
qad ¢ 449 * I  ¥oo* ¥ o
qaqd o Jd o T o ¥ 138%8%%

Pl a)



Vargaprakrt:

In the Kuttakadhyaya of his Brahmasphutasiddhanta (c.628),
Brahmagupta considered the problem of solving for integral values of
X, Y, the equation

X2 -DY2=K
given a non-square integer D > 0, and an integer K.
X is called the jyestha-mala, Y is called the kanistha-miala
D is the prakrti, K is the ksepa

One motivation for this problem is that of finding rational
approximations to square-root of D. If X, Y are integers such that
X2 — D Y?2 =1, then,

X 1 1
_(Z < _
’\FD (Y)’ = 2Xy  2v2
1 __ 577

The Sulva-sitra approximation V2 ~ 1+ 1 + 55 — =l = 37 is an
example, as (577)% — 2(408)2 = 1.

4=



Brahmagupta’s Bhavana
H\?’; R - -] -] l
JATRIEHT IOTEFIT: TET=AE Far=<aH |
IFIIF TIH FaT: SUadqed: |
TATIIFEd T e EU |
If X2 — D Y2 =K, and X2 — D Y2 =K, then
(X1X2 £ DY1Y2)? — D(X1Y2 + X2Y1)? = K{K;

In particular, given X2 — D Y2 = K, we get the rational solution

=2 o] -

K K

Also, if one solution of the equation X? — D Y2 = 1 is found, an
infinite number of solutions can be found, via

(X,Y) = (X?+ D Y2 2XY)

40



Use of Bhavana when K = —1, +£2, +4
The bhavana principle can be used to obtain a solution of equation
X2 - Dy? =1,
if we have a solution of the equation

x2 - Dy? =K, for K= —-1,42 +4.

K=-1:x = x2+Dy? y=2xy.
2 2
K=+2:x = w,y:mm.

K=—dix = (6+2) |30+ 104 +3) -1,
xy1 (¢ + 1) +3)
2 _
K=4:x = (X‘22),y:%, if x1 is even,
x (xf - 3) y7Y1(X12*1)
2 P 2

, if xq is odd.

-4 N



Brahmagupta’s Examples
T R s
T FA I FAATHAGOF: |

To solve, x> — D y2 =1, for D = 92,83
102 -92.12=8

Doing the bhavana of the above with itself,

1922 — 92202 = 64 [10%4+92.12 =192 and 2.10.1 = 20]

Dividing both sides by 64, we get 242 — 92. (3)* = 1

Doing the bhavana of the above with itself,

11512 — 92,1202 = 1 [242 +92.(8)* = 1151 and 2.24. (§) = 120}
Similarly, 9% -83.12=-2

Doing the bhavana of the above with itself,

1642 — 83.182 = 4 and hence, 822 —83.92 = 1

NN



Cakravala : The Cycle Method

The first known reference to Cakravala or the Cyclic Method
occurs in a work of Udayadivakara (c.1073), who cites the
following verses of Acarya Jayadeva:

FEISUB A el S9Haar: &
FEFR T FA FRagur e farem
qacgd: e A3 WA T
TFEIaale: TR Sat: &d: |
TEaTaTF FedR FABHGE |
TSABUR TETHT Gof HI-BIEH |

faEETR v T e G aH |
T WA TS 3 FEeEeE




Cakravala : The Cycle Method

FA FRR TRAA: FOHFA: T&4: |
THEETAY R[OS Jhfda- |
T&T: SN WEHaTeTT o |
T, TSLBI &TUTare F B aaH |
Tl &I g g TG T=Ta T |
fearseURT A S48 Y OIS |
FHaTae]ad YOUTHE GOl T |

S TFaTe Lol STEYTHI FNTt=T |




Cakravala according to Jayadeva

Given Xj, Y;, K; such that X2 — D Y? = K;
First find P;, ¢ as follows:
(I) Use kuttaka process to solve

(YiPiys + Xi)

K = Yir4

for integral P; ¢, Yi,1

(I) Of the solutions of the above, choose P; ; such that

(P4 — D)

has the least value
Ki



Cakravala according to Jayadeva

Then set

(P.2 - D) Y, Py + X
Kiy1 = 7I+1K_ Yii1 :—( I I?, )
] 1

Xit1 = PipYipr — K Y

These satisfy X2, — D Y2, = Kjy

lterate the process till Ki, 1 = +1,+£2 or +4, and then solve the
equation using bhavana is necessary.

Jayadeva’s verses do not reveal how condition Il is to be
interpreted.



Cakravala according to Bhaskara (c.1150)

In his Bijaganita, Bhaskaracarya gives the following description of
cakravala:

FEGUBYTAT HGATATHISTR |
Fredl FEAT UM T TRITTHA |
MO FF ST AT AT

T SURT & ST AT |
UG U8 £ aa SABEaS |
T TIIRATEFAGHE ST |
CHER GIEER CEREC R G

TG ATHARAT TTAURHIET |

Bhaskara has given the Condition Il in the precise form:

(i) Choose P;_ 4 such that |(Pi2+1 — D)| has the least value

e Y =~




Cakravala according to Bhaskara

In 1930, Krishnaswami Ayyangar showed that the cakravala
procedure always leads to a solution of the vargaprakrti
equation with K = 1. He also showed that condition (1) is
equivalent to the simpler condition

(I') P; + P;, 4 is divisible by K;

Thus, we use the cakravala algorithm in the following form:
Tosolve X2—-DY2=1:SetX;=1,Y=0,Ky =1, P, =0.
Given X, Y;, K; such that X2 — D Y? = K;

First find P;. 1 > 0 so as to satisfy:

(I")P; + Pj, ¢ is divisible by K;

(IN)|PZ_, — D[ is minimum.



Cakravala according to Bhaskara

Then set
(PZ4 — D) (YiPii1 + X))
K — i+1 i+1 — 4.V, V.
i+1 4K1 Yipr = IKi| =aiYi+eYiq
XiPi+ DY,
Xip1 = (X I+|1K-| ) _ Piy1Yir1—sign (Ki)Kip1 Yi = aiXi+eiXi_
These satisfy X2, — D Y2, = Kjy

lterate till K;, 1 = +1,+2 or +4, and then use bhavana if
necessary.

(Pi-Py.1)

Note: We also need a; = R and ¢; = 2= P

~ Ip- Pz\

with eg = 1



Bhaskara’s Examples

wqmﬁvﬁwyﬁmﬁww%w&mam%wn
G AR FlOTFI-a-g @adae Jae ard qdr aarad |
feararerewr =rw:

Teeded ¢ & 3 |

Fgrf ;W 9 AT 3 & ¢

&R g4 i SN 3,91 SEEQNT gRa S ST
HERI ¥, o | U 89 | W S 92 SAET SR FU 920
5% AR ST AT 8° | AT TNATR TTEATES F ¥ 5 3%

gEadEd: AT WeuUEETggaaaniaT =
F 5 L& e
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Bhaskara’s Example: X2 — 61 Y2 =1

i Pi Ki aj | i Xi Yi
00| 1] 8] 1 1 0
11 8| 3| 5] -1 8| 1
2| 714 4|1 39| 5
3| 9|-5/-3|-1]164 ]| 21

Tofind Py: 0+7,0+8, 0+9 ... divisible by 1. Of them 82 closest
to61. Hence P =8, K; =3

Tofind P,: 8+4,8+7,8+10 ... divisible by 3. Of them 72
closestto 61. Hence P =7, K = —4

After the second step, we have: 39?2 — 61.5%2 = —4

Now, since have reached K = —4, we use bhavana principle to get
X =(392+2)[(}) (892 +1)(392 +3) — 1] = 1,766, 319,049

Y = (1) (39.5)(392 + 1)(39% + 3) = 226,153,980

17663190492 — 61.2261539802 = 1

I'aTe)



Bhaskara’s Example: X2 — 61 Y2 =1

i | Pi| K aj | & X Y;
0| 0| 1| 8] 1 1 0
118 3| 5]|-1 8 1
2| 74| 41 39 5
3| 9|5 3|-1 164 21
41 6| 5| 3| 1 453 58
5| 9| 4| 41 1,523 195
6| 7|-3| 5] 1 5,639 722
71 8|-1]16 ] -1 29,718 3,805
8| 8|-3| 5]-1 469,849 60,158
9| 7| 4| 4] 1 2,319,627 296,985

10 9| 5| 3|1 9,747,957 1,248,098
1] 6|-5| 3| 1 26,924,344 3,447,309
121 94| 41 90,520,989 | 11,590,025
13| 7| 3| 5| 1 335,159,612 | 42,912,791
141 8| 1|16 | -1 | 1,766,319,049 | 226,153,980

NN



Bhaskara’s Example: X2 —-67 Y2 =1
Y

P Kija | ] X i
0| O 18] 1 1 0
11 8|-3|5] 1 8 1
2|1 7 6| 2| 1 41 5
3| 5|71 2] 1 90 | 11
4 91|-2| 9|-1)|221| 27

TofindP;: 0+7,0+8, 0+9...divisible by 1. Of them 82 closest to
67. Hence P; =8, K; = -3

TofindP,: 8+4, 847, 8+10... divisible by 3. Of them 72 closest to
67. Hence P, =7, K, =6

Tofind P3: 7+5, 7+11, 7+ 17... divisible by 6. Of them 52 closest
to 67. Hence P3 =5, Kz = -7

TofindP4: 5+2,5+9, 5+16... divisible by 7. Of them 92 closest to
67. Hence P, =9, Ky = -2

Now, since have reached 221? — 67.27% = —2, we do bhavana to get

488422 — 67.5967%2 = 1



Bhaskara’s Example: X? — 67 Y2 = 1

i | P Ki| a| ¢ X Yi
0| 0] 1] 8 1 0
1 8]-3| 5] 1 8 1
2| 7, 6| 2|1 41 5
3| 5|-7| 2|1 90 11
4, 9|-2| 9|1 221 27
5| 9|-7| 2|-1| 1,899 232
6| 5| 6| 2| 1] 3577 437
71 71-3|] 5| 1| 9,053]| 1,106
8| 8| 1|16 | 1 |48,842 | 5,967




The Equation X? — D Y? = —1

Bhaskara states that the equation X? — D Y2 = —1 cannot be
solved unless D is a sum of two squares.

TU fESTEE aoEnT or T I
Taking D = m? + n® Bhaskara gives two rational solutions
n 1 m 1
(X, Y)= <, > and (X, Y) = (, >
m m n’n

From these, it is sometimes possible to get integral solutions by
ingenious use of bhavana and cakravala, as Bhaskara shows in
the case of X? — 13Y? = —1. He obtains X = 18, Y = 5.



The Equation X2 — D Y2 = —1

While considering the equation X? — 8 Y2 = —1, Bhaskara
merely gives the rational solutions X =1, Y = }.

Here, the commentator Krsna Daivajna seems to imply that in
this case also we can obtain integral solutions by bhavana and
cakravala.

WRaEhraToy AT e |

This is incorrect as it can be shown that X2 — 8Y2 = —1 has no
integral solutions.




General Quadratic Indeterminate Equations

Bhaskara has shown how the solution of vargaprakrti equation
with K = 1 can be used in determining solutions of general
quadratic indeterminate equations.

We illustrate the method with a couple of examples.

F1 Tffgon e wig: qHfEw: |
&4l STEd AT a3y TH |

I AIAAFRAGIET a9 uly: qART: 19 & 4@ Q|
Uy a7 i R TR r:

Q Hld ol

a9 &
o o &[d Ql

o
T o IJq



General Quadratic Indeterminate Equations

JT GHAS ST qar

T & AR, FT 2

UM Wl WA TY yfad qea TIARTHEHGH

N Y

I e #19 & € 9| FUFA J6 & 2 34 Y,
qT P 20 A 8% | TUT YIHILHIRA, I & € ¢ TH
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General Quadratic Indeterminate Equations

Here the two sides are 6.x% + 2.x +0.y2 and 0.x2 + 0.x 4 1.y2

Equating and clearing the sides, the equation is

6x2 +2x = y?
Multiplying both sides by 6 and adding 1, we get

(6x+1)2 -6y =1
The solutions of the above equation are, for instance,
y = 2,20 and correspondingly 6x + 1 = 5,49 and so on.

In this way we get the integral solutions x = 8, y = 20.



General Quadratic Indeterminate Equations

PreTiegeRaen T FU T ek
Teq BA[Ur Ffra=aTe Hagg |

Say what is the number of terms of a sequence (in
AP) whose first term is 3 the common difference is 2;
but whose sum multiplied by three is equal to the sum
of a different number of terms (of the same AP).

Let x and y be the number of terms. Then

3(x2+2x)=y?+2y
Multiplying both sides by 3 and adding 9,

(Bx+32=22=3y°+6y+9



General Quadratic Indeterminate Equations

Again multiplying by 3 and subtracting 18

322 —18 = 12 = (3y + 3)?
We find that a solutionis z=9 and t = 15.

Other solutions can be found by doing bhavana with solutions
(2, 1)of 2 —322 =1.

Thus we get z=33 and t = 57.

Hencewe getx =2,y =4 and x = 10,y = 18, and so on.



Bhaskara’s Solution of a Biquadratic

Bhaskara Il has given an example of the method of solution of a
biguadratic equation of the special form

x*+px®+gx+r=0

which involves adding ax® — gx + b to both sides, choosing a and b
such that both sides are perfect squares.

This can be done in general, but it could involve solving a cubic
equation for a. In his example, Bhaskara seems to have guessed the
values of a, b.

Bhaskara’s example is in the madhyamaharana section of Bijaganita:

1 ViAo T g |

gRAT A= s S Haq |

9 a8 T T I atiRar af
x* —2(x® —200x) = 10000 — 1

AN



Bhaskara’s Solution of a Biquadratic

The way Bhaskara solves this equation is given in his Vasana
commentary:

I T a1 ¢ fgareqoon: Qoo | TfEEIEA Sa: a9 9
waoommwﬁﬁ mawzoonaﬂ*—rrcrtrm?
TfSreTas BT ST Ar99 ¢ a9 0 A1 goos | Y
TG TH gfd TEE F S g8l

qdaqd 2 dqid Q* I goo* ¥ o
qdd o Q9 o I o % 13%8%%



Bhaskara’s Solution of a Biquadratic

YRAEITE {hes Fraawq:arl T Wi 0o &
W qEf @ a=avere goaAfs g9 w7 e
ST g |

¢ TedEaTEagaqed AUqA €9 F W g5

qq9 ¢ 4T o % ? |
gqd o g 2 ¥ oo |

TEr: GHEO JNaged aaaa-H=g 99 |
gedle AT JTH)

AN



Bhaskara’s Solution of a Biquadratic

Bhaskara first obtains the two sides of the equation in the form
x* —2x2 — 400x = 9999

He then remarks that if we add 400x + 1 to the left side we get a
complete square, but the same thing added to the right hand side will
not produce one, and hence proceeding in this way we cannot
accomplish anything.

Hence, says Bhaskara, here one has to apply one’s intellect.
If we add 4x2 + 400x + 1 to both sides, we get the roots
x?4+1=2x+100
This can be solved in the usual way to obtain
x =11

Bhaskara remarks that this is how the intelligent should attempt such
problems.

Krishnaswami Ayyangar has noted that Bhaskara’s is indeed the
earliest attempt at the solution of agon-trivial biquadratic equation.
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