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Outline

Background to the Development of Calculus (c.500-1350)

I The notions of zero and infinity
I Irrationals and iterative approximations
I Second order differences and interpolation in computation

of Rsines
I Summation of infinite geometric series
I Instantaneous velocity (tātkālika-gati)
I Surface area and volume of a sphere
I Summations and repeated summations (saṅkalita and

vārasaṅkalita)
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Outline

The Kerala School of Astronomy and the Development of
Calculus

I Kerala School: Mādhava (c. 1340-1420) and his
successors to Acyuta Pis.ārat.i (c. 1550-1621)

I Nı̄lakan. t.ha (c.1450-1550) on the irrationality of π
I Nı̄lakan. t.ha and the notion of the sum of infinite geometric

series
I Binomial series expansion
I Estimating the sum 1k + 2k + ...nk for large n
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Notions of Zero and Infinity

Background

I The concept of pūrn. a in the invocatory verse of Īśopanis.ad
is closely related to the notion of infinite.

:pUa:NRa:ma:dH :pUa:NRa:�a.ma:dM :pUa:Na.Ra:tpUa:NRa:mua:d:.cya:tea Á
:pUa:NRa:~ya :pUa:NRa:ma.a:d.a:ya :pUa:NRa:mea:va.a:va:�a.Za:Sya:tea Á Á
That (Brahman) is pūrn. a; this (universe) is pūrn. a; this
pūrn. a emanates from that pūrn. a. Even when pūrn. a is
drawn out of pūrn. a, what remains is pūrn. a.

I The concepts of lopa in Pān. ini, abhāva in Nyāya and śūnya
in Bauddha philosophy are closely related to the idea of
zero.

I Zero (́sūnya) is introduced as a symbol in Chandah. sūtra
(VIII.29) of Piṅgala (c.300BC)
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Notions of Zero and Infinity

The Brāhmasphut.asiddhānta (c.628) of Brahmagupta is the first
available text which discusses the mathematics of zero. The six
operations with zero (́sūnya-parikarma) are discussed in six
verses of the Chapter XVIII (Kut.t.akādhyāya), which also
discuss the six operations with positive and negative numbers
(dhanarn. a-s.ad. vidha).

Bhāskarācārya II while discussing the mathematics of zero in
his Bı̄jagan. ita, explains that the infinite magnitude, which
results when some number is divided by zero, is called khahara.
He also mentions the characteristic property of infinity that it
remains unaltered even if ”many” are added to or taken away
from it, in terms similar to what we saw in the invocatory verse
of Īśopanis.ad.

5



Notions of Zero and Infinity

Ka:h.=:ea Ba:vea:t,a Kea:na Ba:�+.(ãÉa .=:a:�a.ZaH Á Á
;�a.dõ Èåî ÁÁ*+M ;�a�a:&+t,a KMa Ka:&+tMa �a:yMa ..ca ZUa:nya:~ya va:g a va:d mea :pa:dM ..ca Á Á
. . . A:ya:ma:na:nta.ea 3/0 .=:a:�a.ZaH Ka:h.=H I+tyua:.cya:tea Á

A:�///////�a.sma:�/�a.nva:k+a.=H Ka:h:=e na .=:a:Za.a:va:�a.pa :pra:�a.va:�e :Sva:�a.pa ;
a.naHsxa:tea:Sua Á
ba:hu :Sva:�a.pa .~ya.a:�+.ya:sxa:�a.�:k+a:le Y:na:nteaY:.cyua:tea BUa:ta:ga:Nea:Sua ya:dõ :t,a Á Á
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Notions of Zero and Infinity

Bhāskarācārya, while discussing the mathematics of zero in L̄ılāvat̄ı, notes
that when further operations are contemplated, the quantity being multiplied
by zero should not be changed to zero, but kept as is; and that, when the
quantity which is multiplied by zero is also divided by zero, then it remains
unchanged.

He follows this up with an example and declares that this kind of calculation
has great relevance in astronomy.

ZUa:nyea gua:Na:ke .ja.a:tea KMa h.a.=;(ãÉea:tpua:na:~ta:d.a .=:a:�a.ZaH Á
A:�a.va:kx +.ta O;:va ¼ea:ya:~ta:TEa:va Kea:na.ea:
a.na:ta:(ãÉa yua:taH Á Á
KMa :pa.úãÁ*.a:yua:gBa:va:	a.ta ;�a.kM va:d Ka:~ya va:g a mUa:lM ;Ga:nMa ;Ga:na:pa:dM Ka:gua:Na.a:(ãÉa :pa.úãÁ*.a Á
Kea:na.ea.;dÄâx :ta.a d:Za ..ca kH Ka:gua:Na.ea ;
a.na.ja.a:DRa:yua:�+.�/�a.~:�a:�a.Ba:(ãÉa:gua:�a.Na:taH Ka:&+ta:�/�a.~:�a:Sa:�a.�H Á Á
. . . A:¼a.a:ta.ea .=:a:�a.ZaH ta:~ya gua:NaH 0 Á .sa.a:D a [ea:paH 1/2 Á gua:NaH 3 Á h.=H 0 Á dx :ZyMa 63 Á
ta:ta.ea va:[ya:ma.a:Nea:na ;�a.va:l;ea:ma:�a.va:	a.Da:na.a I+�:k+.mRa:Na.a va.a l+b.Da.ea .=:a:�a.ZaH 14 Á
A:~ya ga:�a.Na:ta:~ya g{a:h:ga:�a.Na:tea ma:h.a:nua:pa:ya.ea:gaH Á
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Notions of Zero and Infinity

What is the number which when multiplied by zero,
being added to half of itself multiplied by three and
divided by zero, amounts to sixty-three?

Bhāskara works out his example as follows:

0
[(

x +
x
2

) 3
0

]
= 63

(
3x
2

)
3 = 63

x = 14
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Notions of Zero and Infinity

Bhāskara, it seems, had not fully mastered this kind of
“calculation with infinitesimals” as is clear from some of the
examples he considers in Bı̄jagan. ita, while solving quadratic
equations by eliminating the middle term (ekavarn. a-madhyamā-
haran. a).

kH .~va.a:DRa:sa:�a.h:ta.ea .=:a:�a.ZaH Ka:gua:Na.ea va:	a.gRa:ta.ea yua:taH Á
.~va:pa:d.a:Bya.Ma Ka:Ba:�+.(ãÉa .ja.a:ta.aH :pa.úãÁ*.a:d:Za.ea:.cya:ta.a:m,a Á Á

[{
0(x +

(x
2

)}2
+ 2

{
0(x +

(x
2

)
)
}]

0
= 15.

Bhāskara in his Vāsanā just cancels out the zeroes and obtains
x = 2.
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Irrationals and Iterative Approximations
I Background

1. Śulva-sūtra approximation for square-root of 2.
2. Śulva-sūtra approximation for π.

I Systematic algorithms for finding the square-root and
cube-root of any number, based on the decimal place
value system, have been known at least from the time of
Āryabhat.ı̄ya of Āryabhat.a (c.499).

I Āryabhat.ı̄ya also gives the value

π ≈ 62832/20000 = 3.1416

and mentions that it is approximate (āsanna). This value
seems to have been obtained by the method of circumscri-
bing the circle successively by a square, octagon etc., by a
process of doubling, and cutting of corners which is
explained in Yuktibhās. ā and Kriyākramakar̄ı.
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Irrationals and Iterative Approximations
Śr̄ıdhara (c.850) in his Trísatikā has explained how the
Āryabhat.a method can be used to get better and better
approximations to the square-root of a non-square number.

.=:a:Zea.=;mUa:l+d:~ya.a:h:ta:~ya va:geRa:Na :ke +.na:
a..ca:n}å.a:h:ta.a Á
mUa:lM Zea:Sea:Na ;�a.va:na.a ;�a.va:Ba.jea:�ç Åu ;Na:va:gRa:mUa:le +na Á Á
Multiply the non-square number by some large square
number, take the square-root [of the product]
neglecting the remainder, and divide by the
square-root of the multiplier.

For instance if D is a non-square number, we can use

√
D =

[
√
(D.102n)]

10n

to calculate
√

D to any desired accuracy.
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Irrationals and Iterative Approximations
Nārāyan. a Pan.d. ita in his Gan. itakaumud̄ı has noted that the solutions
of the varga-prakr. ti equation X 2 − D Y 2 = 1 can be used to obtain
successive approximations to

√
D

mUa:lM g{a.a:hùÅ:aM ya:~ya ..ca ta:dÒU ;pa:[ea:pa.jea :pa:de ta.�a Á
.$yea:�M &+~va:pa:de :na ..ca .sa:mua.;dÄâ :=e ;t,a mUa:l+ma.a:sa:�a:m,a Á Á

[With the number] whose square-root is to be found as the
prakr. ti and unity as the ks.epa [ obtain the greater and
smaller] roots. The greater root divided by the lesser root is
an approximate value of the squre-root.

Nārāyan. a considers the example X 2 − 10 Y 2 = 1 and gives the
successive approximate values

√
10 ≈ 19

6
,

721
228

,
27379
8658

.

which are obtained from the solution x = 19, y = 6, by bhāvanā.
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Second-Order Differences and Interpolation in
Computation of Rsines

Computation of Rsine-table (accurate to minutes in a circle of
circumference 21,600 minutes), by the method of second-order
Rsine-differences, is outlined in the Āryabhat.ı̄ya (c.499).

The tabular Rsines are given by Bj = Rsin(jh), where h is usually
taken as an arc of 225’. Then the Rsine-differences are given by

4j = Bj+1 − Bj

The second-order differences satisfy the relation

4j+1 −4j = −Bj

[
(41 −42)

B1

]
Āryabhat.a makes use of the approximation 41 −42 ≈ 1′ to obtain

4j+1 −4j ≈
−Bj

B1

The Rsine table is then computed by taking the first tabular sine
B1 ≈ 225′
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Second-Order Differences and Interpolation

In his Khan. d. akhādyaka (c. 665), Brahmagupta has given the
second-order interpolation formula for finding arbitrary Rsine
values from the tabular Rsines.

ga:ta:Ba.ea:gya:Ka:Nq+k+a:nta.=;d:l+�a.va:k+.l+va:Da.a:t,a Za:tEa:nRa:va:�a.Ba.=:a:�ya.a Á
ta:dùÅ;au :	a.ta:d:lM yua:ta.ea:nMa Ba.ea:gya.a:dU :na.a:	a.Da:kM Ba.ea:gya:m,a Á Á
Multiply the residual arc after division by 900’ by the
half the difference of the tabular Rsine difference
passed over (gata-khan. d. a) and to be passed over
(bhogyakhan. d. a) and divide by 900’. The result is to be
added to or subtracted from half the sum of the same
tabular sine differences according as this [half-sum] is
less than or equal to the Rsine tabular difference to be
passed. What results is the true Rsine-difference to be
passed over.
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Second-Order Differences and Interpolation

If the arc for which the Rsine is to be obtained is jh + ε, then
Brahmagupta interpolation formula is

Rsin(jh + ε) = Bj +
( ε

h

)[(1
2

)
(4j +4j+1)−

( ε
h

) (4j −4j+1)

2

]
= Bj +

( ε
h

) (4j+1 +4j)

2
+
( ε

h

)2 (4j+1 −4j)

2

= Bj +
( ε

h

)
4j+1 +

( ε
h

)(( ε
h

)
− 1
) (4j+1 −4j)

2
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Summation of Infinite Geometric Series

I The geometric series 1 + 2 + . . . 2n is summed in Piṅgala’s
Chandah. -sūtra (c.300 BCE). Piṅgala also gave an
algorithm for evaluating a positive integral power of a
number in terms of an optimal number of squaring and
multiplication operations.

I Mahāv̄ırācārya (c.850), in his Gan. ita-sāra-saṅgraha, gives
the sum of a geometric series.

I Vı̄rasena (c. 816), in his Commentary Dhavalā on the
S. at.khan. d. āgama, has made use of the sum of the following
infinite geometric series in his evaluation of the volume of
the frustrum of a right circular cone:

1
4
+

(
1
4

)2

+ . . .

(
1
4

)n

+ . . . =
1
3
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Tātkālika-Gati: Instantaneous Velocity
In astronomy, in order to determine the true longitude of a planet, a
manda-phala which corresponds to the so called “equation of centre”
is added to the mean longitude. While the mean longitude itself varies
uniformly with time, the manda-phala, in the first approximation, is
proportional to the Rsine of the mean longitude. The velocity of the
planet therefore varies continuosly with time.

I An approximate formula for velocity (manda-gati) of a planet in
terms of Rsine-differences was given by Bhāskara I (c.630) and
he also commented on its limitation (Laghu-bhāskar̄ıya 2.14-15).

I The expression for the true velocity (sphut.a-manda-gati) in terms
of Rcosine (the derivative of Rsine) appears for the first time in
the Laghu-mānasa of Muñjāla (c. 932) and Mahā-siddhānta of
Āryabhat.a II (c. 950).

k+ea:	a.f:P+l:Èåî ÁÁ*+� .a Bua:	a.�+.gRa.$ya.a:Ba:�+a k+.l;a:�a.d:P+l+m,a Á Á
The kot.iphala multiplied by the [mean] daily motion and divided by the
radius gives the minutes of the correction [to the rate of the motion].
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Tātkālika-Gati: Instantaneous Velocity
In his Siddhānta-śiroman. i, Bhāskara II (c.1150) discusses the
notion of instantaneous velocity (tātkālika-gati) and contrasts it
with the so-called true daily rate of motion which is the
difference of the true longitudes on successive days. He
emphasises that the instantaneous velocity is especially
relevant in the case of Moon.

.sa:m�a.a:pa:	a.ta:Tya:nta:sa:m�a.a:pa:.ca.a:l+nMa ;�a.va:Da.ea:~tua ta:tk+a:l;ja:yEa:va yua.$ya:tea Á

.sua:dU .=;sa.úãÁ*.a.a:l+na:ma.a:dùÅ;a:ya.a ya:taH :pra:	a.ta:[a:NMa .sa.a na .sa:ma.a ma:h:tya:taH Á Á
In the case of the Moon, the ending moment of a tithi
which is about to end or the beginning time of a tithi
which is about to begin, are to be computed with the
instantaneous rate of motion at the given instant of
time. The beginning moment of a tithi which is far
away can be calculated with the earlier [daily] rate of
motion. All this is because the Moon’s rate of motion is
large and varies from moment to moment.
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Tātkālika-Gati: Instantaneous Velocity

In his commentary, Vāsanā, Bhāskara emphasises the above
point still further.

ta.a:tk+a:
a.l+k�+.a.a Bua:��+.a.a ..ca:ndÒ ;~ya ;�a.va:�a.Za:�M :pra:ya.ea.ja:na:m,a Á ta:d.a:h
‘.sa:m�a.a:pa:	a.ta:Tya:nta:sa:m�a.a:pa:.ca.a:l+na:m,a’ I+	a.ta Á ya:tk+a:
a.l+k+.(ãÉa:ndÒ ;~ta:sma.a:t,a
k+a:l;a:�ç Å ;ta.ea va.a ga:}ya.ea va.a ya:d.a:sa:�a:�///�a.~ta:Tya:nta:~ta:d.a ta.a:tk+a:
a.l+k�+.a.a ga:tya.a
;	a.ta:
a.Ta:sa.a:Da:nMa k+.t ua yua.$ya:tea Á ta:Ta.a .sa:�a.ma:pa:.ca.a:l+nMa ..ca Á ya:d.a tua
dU .=;ta.=;�///�a.~ta:Tya:nta.ea dU .=;.ca.a:l+nMa va.a ..ca:ndÒ ;~ya ta:d.a:dùÅ;a:ya.a .~TUa:l+ya.a k+.t ua
yua.$ya:tea Á .~TUa:l+k+a:l+tva.a:t,a Á ya:ta:(ãÉa:ndÒ ;ga:	a.ta:mRa:h:tva.a:t,a :pra:	a.ta:[a:Na:m,a .sa:ma.a na
Ba:va:	a.ta Á A:ta:~ta:d:TRa:ma:yMa ;�a.va:Zea:Sa.eaY:�a.Ba:�a.h:taH Á
In the case of the Moon, this instantaneous rate of motion is
especially useful. ...Because of its largeness, the rate of motion
of Moon is not the same every instant. Hence, in the case [of
Moon] the special [instantaneous] rate of motion is instructed.
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Velocity Correction Vanishes at the Maxima
Bhāskara II also notes the relation between maximum equation of
centre (correction to displacement) and the vanishing of velocity
correction, both of which happen when the mean planet is on the line
perpendicular to the line of apsides.

k+.[ya.a:ma:Dya:ga:	a.ta:yRa:g{ea:Ka.a:pra:	a.ta:vxa.�a:sMa:pa.a:tea Á
ma:DyEa:va ga:	a.taH .~å.pa:�.a :pa.=M :P+lM ta.�a Kea:f:~ya Á Á
Where the [North-South] line perpendicular to the
[East-West] line of apsides through the centre of the
concentric meets the eccentric, there the mean velocity
itself is true and the equation of centre is extremum.
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Velocity Correction Vanishes at the Maxima
In his Vāsanā, Bhāskara explains why the correction to the
velocity vanishes when the equation of centre is maximum.

k+.[ya.a:vxa.�a:ma:Dyea ya.a ;	a.ta:yRa:g{ea:Ka.a ta:~ya.aH :pra:	a.ta:vxa.�a:~ya ..ca yaH .sMa:pa.a:ta:~ta.�a ma:DyEa:va
ga:	a.taH .~å.pa:�.a Á ga:	a.ta:P+l;a:Ba.a:va.a:t,a Á ;�a.kM +..ca ta.�a g{a:h:~ya :pa.=;mMa :P+lM .~ya.a:t,a Á ya.�a
g{a:h:~ya :pa.=;mMa :P+lM ta.�Ea:va ga:	a.ta:P+l;a:Ba.a:vea:na Ba:�a.va:ta:v.ya:m,a Á ya:ta.eaY:dùÅ;a:ta:na.(õ;a:~ta:na-
g{a:h:ya.ea.=;nta.=M ga:	a.taH Á :P+l+ya.ea.=;nta.=M ga:	a.ta:P+l+m,a Á g{a:h:~ya ga:tea:va.Ra :P+l;a:Ba.a:va-
.~Ta.a:na:mea:va ;Da:na:NRa:sa:�//�a.nDaH Á
The mean rate of motion itself is exact at the points where the line
perpendicular [to the line of apsides], at the middle of the concentric
circle, meets the eccentric circle, because there is no correction to
the rate of motion [at those points]. Also because, there the equation
of centre is extreme. Wherever the equation of centre is maximum,
there the correction to the velocity should be absent. Because, the
rate is the difference between the longitudes today and tomorrow.
The correction to the velocity is the difference between the equations
of centre. The place where the correction to the velocity vanishes,
there is a change over from positive to the negative.
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Surface Area and Volume of a Sphere

I In Āryabhat.ı̄ya, the volume of a sphere is incorrectly
estimated as the product of the area of a great circle by its
square-root.

I Bhāskarācārya II (c.1150) has given the correct relation
between the diameter, the surface area and the volume of
a sphere in his L̄ılāvat̄ı.

vxa.�a:[ea.�ea :pa:�a=;	a.Da:gua:�a.Na:ta:v.ya.a:sa:pa.a:dH :P+lM ya:t,a
[ua:NNMa :vea:dE .�+.pa:�a= :pa:�a=;taH k+.ndu :k+.~yea:va .ja.a:l+m,a Á
ga.ea:l+~yEa:vMa ta:d:�a.pa ..ca :P+lM :pxa:�:jMa v.ya.a:sa:
a.naÈåî ÁÁ*+M
:Sa:�añÂ ÅÅå*.+.BRa:�M Ba:va:	a.ta ;
a.na:ya:tMa ga.ea:l+ga:BeRa ;Ga:na.a:K.ya:m,a Á Á
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Surface Area and Volume of a Sphere

In a circle, the circumference multiplied by one-fourth
the diameter is the area, which, multiplied by four, is
its surface area going around it like a net around a
ball. This [surface area] multiplied by the diameter and
divided by six is the volume of the sphere.

In his Vāsanā commentary on Siddhānta-śiroman. i, Bhāskara
has also presented justifications for these results.

The volume of the sphere is estimated by summing the
volumes of pyramids with apex at the centre.
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Surface Area of a Sphere

As regards the surface area of a sphere, Bhāskara’s justification is the
following:

A:Ta ba.a:l;a:va:ba.ea:Da.a:T a ga.ea:l+~ya.ea:pa:�a= d:ZRa:yea:t,a Á BUa:ga.ea:lM mxa:Nma:yMa d.a.�+.ma:yMa va.a kx +.tva.a tMa
..ca:kÒ +.k+.l;a:pa:�a=;	a.DMa (21600) :pra:k+.�pya ta:~ya ma:~ta:ke ;�a.ba:ndMu kx +.tva.a
ta:sma.a:�a.dõâ â :nd.eaga.eRa:l+Sa:NNa:va:	a.ta:Ba.a:gea:na Za.=;�a.dõ :d:~åò:a:sa:*ñÍËÉ ùÁ+;ae :na (225) ;Da:nUa.�+pea:NEa:va
vxa.�a:=e ;Ka.a:mua:tpa.a:d:yea:t,a Á :pua:na:~ta:sma.a:de :va ;�a.ba:nd.eaH .tea:nEa:va ;�a.dõ :gua:Na:sUa.�ea:Na.a:nya.Ma ;�a�a:gua:Nea:na.a:nya.a:mea:vMa
..ca:tua:�a.v a:Za:	a.ta:gua:NMa ya.a:va:�a:tua:�a.v a:Za:	a.ta:vRxa.�a.a:
a.na Ba:va:�//�a.nta Á O;:Sa.Ma vxa.�a.a:na.Ma Za.=;nea.�a:ba.a:h:vaH (225)
I+tya.a:d� .a:
a.na .$ya.a:Da.Ra:
a.na v.ya.a:sa.a:Da.Ra:
a.na .~yuaH Á .tea:Bya.eaY:nua:pa.a:ta.a:dõx .�a:pra:ma.a:Na.a:
a.na Á ta.�a
ta.a:va:d:ntya:vxa.�a:~ya ma.a:nMa ..ca:kÒ +.k+.l;aH (29600) Á ta:~ya v.ya.a:sa.a:D a ;�a�a.$ya.a 3438 Á
.$ya.a:Da.Ra:
a.na ..ca:kÒ +.k+.l;a:gua:Na.a:
a.na ;�a�a.$ya.a:Ba:�+a:
a.na vxa.�a:ma.a:na.a:
a.na .ja.a:ya:ntea Á dõ :ya.ea:dõR :ya.ea:vRxa.�a:ya.ea:mRa:Dya
O;;kE +.kM va:l+ya.a:k+a.=M [ea.�a:m,a Á ta.a:
a.na ..ca:tua:�a.v a:Za:	a.taH Á ba:hu .$ya.a:pa:[ea ba:hU :
a.na .~yuaH Á ta.�a
ma:h:d:Da.ea:vxa.�Ma BUa:�a.ma:mua:pa:�a=;ta:nMa l+Gua:mua:KMa Za.=;�a.dõ :d:~åò:a:�a.ma:tMa l+}bMa :pra:k+.�pya l+}ba:gua:NMa
ku +.mua:Ka:ya.ea:ga.a:DRa:�a.ma:tyea:vMa :pxa:Ta:k, :pxa:Ta:k, :P+l;a:
a.na Á .tea:Sa.Ma :P+l;a:na.Ma ya.ea:ga.ea ga.ea:l;a:DRa:pxa:�;P+l+m,a Á
ta:�a.�ë ;gua:NMa .sa:k+.l+ga.ea:l+pxa:�;P+l+m,a Á ta:dõùÅ;a.a:sa:pa:�a=;	a.Da:Ga.a:ta:tua:�ya:mea:va .~ya.a:t,a Á
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Surface Area of a Sphere

Here, Bhāskara is taking the circumference to be C = 21,600′ and
the corresponding radius to be R = 3,438′. As shown in the figure,
circles are drawn parallel to the equator, each separated in latitude by
225’. This divides the northern hemisphere into 24 strips, each of
which can be cut and spread across as a trapezium. If B1,B2, . . . ,B24
are the tabulated Rsines, then the area of the j th trapezium will be

Aj =

(
C
R

)
(Bj + Bj+1)

2
225.
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Surface Area of a Sphere

Therefore, the surface area S of the sphere is estimated to be

S = 2
(

C
R

)[
B1 + B2 + . . .B23 +

(
B24

2

)]
(225).

Now, Bhāskara states that the by substituting the values of the
tabulated Rsines the right hand side can be found to be 2CR. In
fact, according to Bhāskara’s Rsine table

[
B1 + B2 + . . .B23 +

(
B24

2

)]
(225) = 52514× (225)

= 11815650
≈ (3437.39)2.
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Surface Area of a Sphere

Taking this as R2 = (3438)2, Bhāskara obtains the surface area
of the sphere to be

S = 2
(

C
R

)
R2 = 2CR.

The grossness of the approximation used in deriving this result
is due to the fact that the quadrant of the circumference was
divided into 24 bits.

Bhāskara himself notes that we can consider dividing the
quadrant to many more (bahūni) arc-bits. This is indeed the
approach taken by Yuktibhās. ā, where the circumference of the
circle is divided in to a large number (n) of arc-bits. Yuktibhās. ā
also uses the relation between the Rsines and second-order
Rsine-differences to evaluate the sum of the areas of the
trapezia for large n.
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Saṅkalita and Vārasaṅkalita

Āryabhat.a gives the sum of the sequence of natural numbers

1 + 2 + . . .+ n =
n(n + 1)

2
He further gives the sums of squares and cubes of natural numbers

12 + 22 + 32 + . . .+ n2 =
n(n + 1)(2n + 1)

6
13 + 23 + 33 + . . .+ n3 = [1 + 2 + 3 + . . .+ n]2

=

[
n(n + 1)

2

]2

.

Āryabhat.a also gives the repeated sum (vārasaṅkalita) of the sum of
the sequence of natural numbers

1.2
2

+
2.3
2

+ . . .+
n(n + 1)

2
=

n(n + 1)(n + 2)
6

28



Nārāyan. a Pan.d. ita on Vārasaṅkalita (c.1350)
Āryabhat.a’s result for repeated summation was generalised to
arbitrary order by Nārāyan. a Pan.d. ita (c.1350):

Let
1 + 2 + 3 + . . .+ n =

n(n + 1)
2

= V (1)
n .

Then, Nārāyan. a’s result is

V (r)
n = V (r−1)

1 + V (r−1)
2 + . . .+ V (r−1)

n

=
[n(n + 1) . . . (n + r)]

[1.2. . . . (r + 1)]

n∑
m=1

[m(m + 1) . . . (m + r − 1)]
[1.2 . . . r ]

=
[n(n + 1) . . . (n + r)]

[1.2 . . . (r + 1)]

Nārāyan. a’s above result can be used to estimate the behaviour
of V (r)

n , as also the sums of powers of natural numbers
1r + 2r + . . . nr , for large n.
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The Kerala School of Astronomy (c.1350-1825)

Kerala traces its ancient mathematical traditions to Vararuci.
There are speculations that Āryabhat.a hailed from Kerala. In
the classical period, there were many great Astronomer-
Mathematicians in Kerala such as Haridatta (c.650-700),
Devācārya (c.700), Govindasvāmin (c.800), Śaṅkaranārāyan. a
(c.850) and Udayadivākara (c.1100).

However it was Mādhava of Saṅgamagrāma (near Ernakulam)
who pioneered a new School of Astronomy and Mathematics

Mādhava (c.1340-1425): Of his works, only Ven. vāroha,
Sphut.a-candrāpti, and a few tracts are available. Most of his
celebrated results, such as the infinite series and fast
convergent approximations for π, Rsine and Rcosine functions,
are available only through citations in later works.
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The Kerala School of Astronomy (c.1350-1825)

Parameśvara of Vat.asseri (c.1360-1455), a disciple of
Mādhava: His major works are Dr. ggan. ita, Golad̄ıpikā, and
commentaries on Sūryasiddhānta, Āryabhat.ı̄ya,
Mahābhāskar̄ıya, Laghubhāskar̄ıya, Laghumānasa and L̄ılāvat̄ı
and Siddhāntad̄ıpikā on Govindasvāmin’s commentary on
Mahābhāskar̄ıya.

Parameśvara is reputed to have carried out detailed
observations for over 50 years and come up with his Dr. ggan. ita
system.
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The Kerala School of Astronomy (c.1350-1825)

Nı̄lakan. t.ha Somayājı̄ of Tr.kkan. t.iyūr (c.1444-1555), student of
Dāmodara (son of Parameśvara): He is the most celebrated
member of the Kerala School after Mādhava. His major works
are Tantrasaṅgraha (c.1500), Āryabhat.ı̄yabhās.ya, Golasāra,
Candracchāyāgan. ita, Siddhāntadarpan. a, Jyotirmı̄mām. sā and
Grahasphut.ānayane Viks.epavāsanā.

In Tantrasaṅgraha, Nı̄lakan. t.ha presents a major revision of the
traditional planetary theory, which, for the first time in the
history of astronomy, gives a correct formulation of the equation
of centre and the motion in latitude of the interior planets. In his
later works he discusses the geometrical picture corresponding
to his modified planetary theory, according to which the five
planets, Mercury, Venus, Mars, Jupiter and Saturn go around
the mean Sun, which itself goes around the earth.
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The Kerala School of Astronomy (c.1350-1825)

Jyes. t.hadeva of Parakrod. a (c.1500-1610), student of
Dāmodara: His works are Yuktibhās. ā (c.1530) and Dr. kkaran. a.

Yuktibhās. ā, written in Malayalam prose, gives detailed proofs
(yukti) for all the results on infinite series and their
transformations discovered by Mādhava and also the
astronomical results and procedures outlined in
Tantrasaṅgraha. It has been hailed as the “First Textbook of
Calculus”.
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The Kerala School of Astronomy (c.1350-1825)

Citrabhānu (c.1475-1550), student of Nı̄lakan. t.ha: His works
are Karan. āmr. ta, Ekavim. śatipraśnottara.

Śaṅkara Vāriyar of Tr.kkut.aveli (c.1500-1560), student of
Citrabhānu: His works are Karan. asāra, commentaries
Kriyākramakar̄ı (c.1535) on L̄ılāvat̄ı, Yuktid̄ıpikā, Kriyākalāpa
(in Malayalam) and Laghuvivr. ti on Tantrasaṅgraha. The
commentaries Kriyākramakar̄ı and Yuktid̄ıpikā present most of
the proofs contained in Yuktibhās. ā in Sanskrit verses.

Acyuta Pis. ārat.i (c.1550-1621), student of Jyes.t.hadeva and
teacher of Nārāyan. a Bhat.t.ātiri: His works are Sphut.anirn. aya-
tantra, Karan. ottama, Rāśigola-sphut.an̄ıti, and a Malayalam
commentary on Ven. vāroha.
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The Kerala School of Astronomy (c.1350-1825)

The Kerala School continued to flourish till early nineteenth
century. Some of the later works are Karan. apaddhati (c.1700?)
of Putumana Somayājı̄ and Sadratnamālā of Śaṅkaravarman
(c.1774-1839).

Modern scholarship came to know of the work of the Kerala
School and the demonstrations contained in Yuktibhās. ā through
an article of Charles Whish in the Transactions of the Royal
Asiatic Society in 1835.

However, most of these works got published only in the later
part of 20th century.
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Nı̄lakan. t.ha on the Irrationality of π

One of the main motivations of the mathematical work of the
Kerala school is paridhi-vyāsa-sambandha, obtaining accurately
the relation between the circumference of a circle and its
diameter.

Āryabhat.a (c.499) had given the following approximate value
for π:

..ca:tua.=;	a.Da:kM Za:ta:ma:�:gua:NMa dõ .a:Sa:�a.�:~ta:Ta.a .sa:h:~åò:a.a:Na.a:m,a Á
A:yua:ta:dõ :ya:�a.va:Sk+.}Ba:~ya.a:sa:�a.ea vxa.�a:pa:�a=;Na.a:hH Á Á
One hundred plus four multiplied by eight and added
to sixty-two thousand: This is the approximate
measure of the circumference of a circle whose
diameter is twenty thousand.

Thus, according to Āryabhat.a, π ≈ 62832
20000 = 3.1416
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Nı̄lakan. t.ha on the Irrationality of π

Nı̄lakan. t.ha Somayaji in his Āryabhat.ı̄ya-bhās.ya, while
discussing square-roots, remarks that only an approximate
value of a karan. ı̄ can be known and, consequently, only an
approximate value is given for π, as the traditional methods for
its evaluation involve computation of square-roots:

O;:vMa kx +.ta.eaY:pya.a:sa:�a:mea:va mUa:lM .~ya.a:t,a Á na :pua:naH k+=;N�a.a:mUa:l+~ya
ta.�va:taH :pa:�a=;.cCe +dH k+.t ua Za:k�+.a I+tya:�a.Ba:pra.a:yaH Á...

va:[ya:	a.ta ..ca ‘‘A:yua:ta:dõ :ya:�a.va:Sk+.}Ba:~ya A.a:sa:�a.ea vxa.�a:pa:�a=;Na.a:hH’’
I+	a.ta Á ta.�a v.ya.a:sea:na :pa:�a=;	a.Da:¼a.a:nea A:nua:ma.a:na:pa.=;}å.pa.=:a .~ya.a:t,a Á
ta:tk+.mRa:Nya:�a.pa mUa:l� ;a:k+=;Na:~ya A:nta:Ba.Ra:va.a:de :va ta:~ya
A.a:sa:�a:tva:m,a Á ta:tsa:v a ta:d:va:sa:=e O;:va :pra:	a.ta:pa.a:d:
a.ya:Sya.a:maH Á
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Nı̄lakan. t.ha on the Irrationality of π

Later, Nı̄lakan. t.ha states that the ratio of the circumference to
the diameter of a circle cannot be expressed as the ratio of two
integers exactly.

ku +.taH :pua:naH va.a:~ta:v�a.Ma .sMa:K.ya.a:m,a o+tsxa.$ya A.a:sa:�Ea:va I+h.ea:�+a?
o+.cya:tea Á ta:~ya.aH va:�u +.ma:Zk�+.a:tva.a:t,a Á yea:na ma.a:nea:na m�a.a:ya:ma.a:na.ea
v.ya.a:saH ;
a.na.=;va:ya:vaH .~ya.a:t,a .tea:nEa:va m�a.a:ya:ma.a:naH :pa:�a=;	a.DaH :pua:naH
.sa.a:va:ya:va O;:va .~ya.a:t,a Á

. . . I+	a.ta O;:ke +.nEa:va m�a.a:ya:ma.a:na:ya.eaH o+Ba:ya.eaH ëÐÅëÁ*:+a:�a.pa na ;
a.na.=;va:ya:va:tvMa

.~ya.a:t,a Á ma:h.a:nta:m,a A:Dva.a:nMa ga:tva.a:�a.pa A:�pa.a:va:ya:va:tva:m,a O;:va
l+Bya:m,a Á ;
a.na.=;va:ya:tvMa tua ëÐÅëÁ*:+a:�a.pa na l+Bya:m,a I+	a.ta Ba.a:vaH Á
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Nı̄lakan. t.ha on the Irrationality of π

“Why then has an approximate value been mentioned here
instead of the actual value? This is the explanation. Because
the actual value cannot be expressed. Why? Given a certain
unit of measurement in which the diameter has no fractional
part, the same measure when applied to measure the
circumference will certainly have a fractional part.

...Thus when both are measured by the same unit they cannot
both be without fractional parts. Even if you go a long way (by
choosing smaller and smaller units of measure) a small
fractional part will remain. The import [of āsanna] is that there
will never be a situation where both are integral.”
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Nı̄lakan. t.ha on the Sum of Infinite Geometric Series

Vı̄rasena (c. 816), had made use of the sum of the following infinite
geometric series

1
4
+

(
1
4

)2

+ . . .

(
1
4

)n

+ . . . =
1
3

This is proved in the Āryabhat.ı̄ya-bhās.ya by Nı̄lakan. t.ha Somayāj̄ı, who
makes use of this series for deriving an approximate expression for a
small arc in terms of the corresponding chord in a circle. Nı̄lakan. t.ha
begins his discussion of the sum of the infinite geometric series by
posing the issue as follows:

..ca:tua.=M ;Za:pa.=;}å.pa.=:a:sa:mua:d.a:yaH kx +.t=+:ïîåéa.eaY:�a.pa �yMa:Ztva:mea:va.a:pa.a:dùÅ;a:tea Á
k+.TMa :pua:naH ta.a:va:de :va va:DRa:tea ta.a:va:dõ :DRa:tea ..ca?
“The entire series of powers of 1

4 adds up to just 1
3 . How is it

known that [the sum of the series] increases only up to that
[limiting value] and that it actually does increase up to that
[limiting value]?”
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Nı̄lakan. t.ha on the Sum of Infinite Geometric Series

Nı̄lakan. t.ha obtains the sequence of results

1
3

=
1
4
+

1
(4.3)

1
(4.3)

=
1

(4.4)
+

1
(4.4.3)

1
(4.4.3)

=
1

(4.4.4)
+

1
(4.4.4.3)

and so on, from which he derives the general result

1
3
−

[
1
4
+

(
1
4

)2

+ . . .+

(
1
4

)n
]
=

(
1
4

)n (1
3

)
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Nı̄lakan. t.ha on the Sum of Infinite Geometric Series
Nı̄lakan. t.ha then goes on to present the following crucial
argument to derive the sum of the infinite geometric series:
As we sum more terms, the difference between 1

3 and sum of
powers of 1

4 (as given by the right hand side of the above
equation), becomes extremely small, but never zero. Only when
we take all the terms of the infinite series together do we obtain
the equality

1
4
+

(
1
4

)2

+ . . .+

(
1
4

)n

+ . . . =
1
3

Incidentally, Nı̄lakan. t.ha uses the above series to prove the
following relation between the cāpa (arc), jyā (Rsine) and śara
(Rversine) for small arc:

Cāpa ≈
[(

4
3

)
Śara

2
+ Jyā2

] 1
2
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Binomial Series Expansion

In obtaining the accurate relation between circumference and
diameter, the binomial series expansion plays a crucial role.
The following derivation of the series is found in Yuktibhās. ā and
Kriyākramakar̄ı.

Given three positive numbers a,b, c, with b > c. we have the
identity

a
(c

b

)
= a− a

(b − c)
b

In the right hand side, we may replace b in the denominator by
c by making use of the identity

a
(b − c)

b
= a

(b − c)
c

−
(

a
(b − c)

c
× (b − c)

b

)
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Binomial Series Expansion

Substituting for (b−c)
b on the right and iterating we get

a
c
b
= a− a

(b − c)
c

+ a
[
(b − c)

c

]2

− . . .+ (−1)ma
[
(b − c)

c

]m

+ (−1)m+1a
[
(b − c)

c

]m (b − c)
b

Both Yuktibhās. ā and Kriyākramakar̄ı mention that logically
there is no termination of the iteration process, so that

a
c
b
= a− a

(b − c)
c

+ a
[
(b − c)

c

]2

− . . .+ (−1)ma
[
(b − c)

c

]m

+ (−1)m+1a
[
(b − c)

c

]m+1

+ . . .
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Binomal Series Expansion

It is also noted that one may stop after having obtained results
to the desired accuracy if the later terms can be shown get
smaller and smaller, and that this will happen only when
(b − c) < c (which is the condition for the convergence of the
binomial expansion).

O;:vMa mua:hu H :P+l;a:na:ya:nea kx +.teaY:�a.pa yua:	a.�+.taH ëÐÅëÁ*:+a:�a.pa na .sa:ma.a:	a.�aH Á
ta:Ta.a:�a.pa ya.a:va:d:pea:[Ma .sUa:[ma:ta.a:ma.a:pa.a:dùÅ;a :pa.a:(ãÉa.a:tya.a:nyua:pea:[ya
:P+l;a:na:ya:nMa .sa:ma.a:pa:n�a.a:ya:m,a Á I+h.ea.�a.=;P+l;a:na.Ma nyUa:na:tvMa tua
gua:Na:h.a.=:a:nta:=e gua:Na:k+a.=:a:�yUa:na O;:va .~ya.a:t,a Á

If we set
[
(b−c)

c

]
= x , then the above series takes the form

a
1 + x

= a− ax + ax2 − . . .+ (−1)maxm + . . .
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Sum of Integral Powers of Natural Numbers

The derivation of the Mādhava series for π also involves
estimating, for large n, the value of the sama-ghāta-saṅkalita

S(k)
n = 1k + 2k + . . . nk

We had noted earlier the formulae given by Āryabhat.a for
k = 1,2 and 3.

S(1)
n = 1 + 2 + . . . n =

n(n + 1)
2

S(2)
n = 12 + 22 + . . .+ n2 =

n(n + 1)(2n + 1)
6

S(3)
n = 13 + 23 + . . .+ n3 = [1 + 2 + . . .+ n]2 =

[
n(n + 1)

2

]2
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Sum of Integral Powers of Natural Numbers

Yuktibhās. ā and Kriyākramakar̄ı derive the following estimate for
the general sama-ghāta-saṅkalita:

S(k)
n = 1k + 2k + . . .+ nk ≈ nk+1

k + 1
for large n

They also give an estimate for the repeated summation
(vāra-saṅkalita)

V (1)
n = 1 + 2 + 3 + . . .+ n =

n(n + 1)
2

V (k)
n = V (k−1)

1 + V (k−1)
2 + . . .+ V (k−1)

n ≈ nk+1

(k + 1)!
for large n
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