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Background to the Development of Calculus (c.500-1350)
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The notions of zero and infinity
Irrationals and iterative approximations

Second order differences and interpolation in computation
of Rsines

Summation of infinite geometric series
Instantaneous velocity (tatkalika-gati)
Surface area and volume of a sphere

Summations and repeated summations (sarnkalita and
varasankalita)
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The Kerala School of Astronomy and the Development of
Calculus

>

Kerala School: Madhava (c. 1340-1420) and his
successors to Acyuta Pisarati (c. 1550-1621)

Nilakantha (c.1450-1550) on the irrationality of =

Nilakantha and the notion of the sum of infinite geometric
series

Binomial series expansion
Estimating the sum 1% + 2K 1 _.n¥ for large n



Notions of Zero and Infinity

Background

» The concept of parna in the invocatory verse of Isopanisad
is closely related to the notion of infinite.
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That (Brahman) is purna; this (universe) is purna; this
purna emanates from that parna. Even when parna is
drawn out of parna, what remains is purna.

» The concepts of lopa in Panini, abhava in Nyaya and sunya
in Bauddha philosophy are closely related to the idea of
zero.

» Zero (sunya) is introduced as a symbol in Chandahsutra
(VI1.29) of Pingala (c.300BC)



Notions of Zero and Infinity

The Brahmasphutasiddhanta (€.628) of Brahmagupta is the first
available text which discusses the mathematics of zero. The six
operations with zero (sunya-parikarma) are discussed in six
verses of the Chapter XVIII (Kuttakadhyaya), which also
discuss the six operations with positive and negative numbers
(dhanarna-sadvidha).

Bhaskaracarya Il while discussing the mathematics of zero in
his Bijaganita, explains that the infinite magnitude, which
results when some number is divided by zero, is called khahara.
He also mentions the characteristic property of infinity that it
remains unaltered even if ‘many” are added to or taken away
from it, in terms similar to what we saw in the invocatory verse
of ISopanisad.



Notions of Zero and Infinity

Gl HAq @ Hay T
f39 Preq @ @rd 79 9 = &t 3 A W T
CPEHA 3/0 T Wel: ST |

AAEFR: @l T TarEy gieesEy (447
TEAN TAGAYEHI ST SAT 0 Tge




Notions of Zero and Infinity

Bhaskaracarya, while discussing the mathematics of zero in Lilavati, notes
that when further operations are contemplated, the quantity being multiplied
by zero should not be changed to zero, but kept as is; and that, when the
quantity which is multiplied by zero is also divided by zero, then it remains
unchanged.

He follows this up with an example and declares that this kind of calculation
has great relevance in astronomy.
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Notions of Zero and Infinity

What is the number which when multiplied by zero,
being added to half of itself multiplied by three and
divided by zero, amounts to sixty-three?

Bhaskara works out his example as follows:

o{(xﬁz() g} — 63

3x
<2>3 = 63

x = 14



Notions of Zero and Infinity

Bhaskara, it seems, had not fully mastered this kind of
“calculation with infinitesimals” as is clear from some of the
examples he considers in Bijaganita, while solving quadratic
equations by eliminating the middle term (ekavarna-madhyama-
harana).
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{00+ ($))2 +2{0(x + ($))}]
0

Bhaskara in his Vasana just cancels out the zeroes and obtains
X =2.

=15.



Irrationals and lterative Approximations

» Background

1. bfulva-szztm approximation for square-root of 2.
2. Sulva-sutra approximation for .

» Systematic algorithms for finding the square-root and
cube-root of any number, based on the decimal place
value system, have been known at least from the time of
Aryabhatiya of Aryabhata (c.499).

» Aryabhatiya also gives the value
m ~ 62832/20000 = 3.1416

and mentions that it is approximate (asanna). This value
seems to have been obtained by the method of circumscri-
bing the circle successively by a square, octagon etc., by a
process of doubling, and cutting of corners which is
explained in Yuktibhasa and Kriyakramakari.
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Irrationals and lterative Approximations

Sridhara (c.850) in his Trisatika has explained how the
Aryabhata method can be used to get better and better
approximations to the square-root of a non-square number.
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Multiply the non-square number by some large square
number, take the square-root [of the product]
neglecting the remainder, and divide by the
square-root of the multiplier.

For instance if D is a non-square number, we can use
B [\ﬂDJOZ”)]
VD=

to calculate v/D to any desired accuracy.
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Irrationals and lterative Approximations

Narayana Pandita in his Ganitakeumudi has noted that the solutions
of the varga-prakrti equation X2 — D Y2 = 1 can be used to obtain
successive approximations to v'D
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[With the number] whose square-root is to be found as the
prakrti and unity as the ksepa [ obtain the greater and
smaller] roots. The greater root divided by the lesser root is
an approximate value of the squre-root.

Narayana considers the example X2 — 10 Y2 = 1 and gives the
successive approximate values

19 721 27379
Viow 6228 8658
which are obtained from the solution x = 19, y = 6, by bhavana.
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Second-Order Differences and Interpolation in
Computation of Rsines

Computation of Rsine-table (accurate to minutes in a circle of
circumference 21,600 minutes), by the method of second-order
Rsine-differences, is outlined in the Aryabhatiya (c.499).

The tabular Rsines are given by B; = Rsin(jh), where h is usually
taken as an arc of 225’. Then the Rsine-differences are given by

Aj=Bj1 - B
The second-order differences satisfy the relation

Ay — A
Ajpr —Aj=-B {( 151 2)}

Aryabhata makes use of the approximation Ay — A = 1/ to obtain

—B:
Aj+1 — Aj ~ ?1]

The Rsine table is then computed by taking the first tabular sine
B1 ~ 225’
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Second-Order Differences and Interpolation

In his Khandakhadyaka (C. 665), Brahmagupta has given the
second-order interpolation formula for finding arbitrary Rsine
values from the tabular Rsines.
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Multiply the residual arc after division by 900’ by the
half the difference of the tabular Rsine difference
passed over (gata-khanda) and to be passed over
(bhogyakhanda) and divide by 900°. The result is to be
added to or subtracted from half the sum of the same
tabular sine differences according as this [half-sum] is
less than or equal to the Rsine tabular difference to be

passed. What results is the true Rsine-difference to be
passed over.




Second-Order Differences and Interpolation

If the arc for which the Rsine is to be obtained is jh + ¢, then
Brahmagupta interpolation formula is

V() e e (5) L529)
) (A/+12+ 2j) ( % )2 (A/+12— Aj)

Do+ () ()= 25

Rsin(jh+¢) = B,+(%
NG
et
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Summation of Infinite Geometric Series

» The geometric series 1 +2 + ...2" is summed in Pingala’s
Chandah-sutra (¢.300 BCE). Pingala also gave an
algorithm for evaluating a positive integral power of a
number in terms of an optimal number of squaring and
multiplication operations.

» Mahaviracarya (.850), in his Ganita-sara-sarigraha, gives
the sum of a geometric series.

» Virasena (C. 816), in his Commentary Dhavala on the
Satkhandagama, has made use of the sum of the following
infinite geometric series in his evaluation of the volume of
the frustrum of a right circular cone:

11V, Nt
4+ ) I =3
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Tatkalika- Gati: Instantaneous Velocity

In astronomy, in order to determine the true longitude of a planet, a
manda-phala which corresponds to the so called “equation of centre”
is added to the mean longitude. While the mean longitude itself varies
uniformly with time, the manda-phala, in the first approximation, is
proportional to the Rsine of the mean longitude. The velocity of the
planet therefore varies continuosly with time.

» An approximate formula for velocity (manda-gati) of a planet in
terms of Rsine-differences was given by Bhaskara | (¢.630) and
he also commented on its limitation (Laghu-bhaskariya 2.14-15).

» The expression for the true velocity (sphuta-manda-gati) in terms
of Rcosine (the derivative of Rsine) appears for the first time in
the Laghu-manasa of Munjala (c. 932) and Maha-siddhanta of
Aryabhata Il (c. 950).

FlCFHE HFIARE FaTeweEH |

The kotiphala multiplied by the [mean] daily motion and divided by the
radius gives the minutes of the correction [to the rate of the motion].
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Tatkalika- Gati: Instantaneous Velocity

In his Siddhanta-Siromani, Bhaskara Il (c.1150) discusses the
notion of instantaneous velocity (tatkalika-gati) and contrasts it
with the so-called true daily rate of motion which is the
difference of the true longitudes on successive days. He
emphasises that the instantaneous velocity is especially
relevant in the case of Moon.

gafr=HTEe g aeresTa g |
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In the case of the Moon, the ending moment of a tithi
which is about to end or the beginning time of a tith:
which is about to begin, are to be computed with the
instantaneous rate of motion at the given instant of
time. The beginning moment of a tithi which is far
away can be calculated with the earlier [daily] rate of
motion. All this is because the Moon’s rate of motion is
large and varies from moment to moment.
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Tatkalika- Gati: Instantaneous Velocity

In his commentary, Vasana, Bhaskara emphasises the above
point still further.
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In the case of the Moon, this instantaneous rate of motion is
especially useful. ...Because of its largeness, the rate of motion
of Moon is not the same every instant. Hence, in the case [of
Moon] the special [instantaneous] rate of motion is instructed.
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Velocity Correction Vanishes at the Maxima
Bhaskara Il also notes the relation between maximum equation of
centre (correction to displacement) and the vanishing of velocity
correction, both of which happen when the mean planet is on the line
perpendicular to the line of apsides.

F ST AT NET g T |
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Where the [North-South] line perpendicular to the
[East-West] line of apsides through the centre of the

concentric meets the eccentric, there the mean velocity
itself is true and the equation of centre is extremum.

NG 4




Velocity Correction Vanishes at the Maxima

In his Vasana, Bhaskara explains why the correction to the
velocity vanishes when the equation of centre is maximum.
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The mean rate of motion itself is exact at the points where the line
perpendicular [to the line of apsides], at the middle of the concentric
circle, meets the eccentric circle, because there is no correction to
the rate of motion [at those points]. Also because, there the equation
of centre is extreme. Wherever the equation of centre is maximum,
there the correction to the velocity should be absent. Because, the
rate is the difference between the longitudes today and tomorrow.
The correction to the velocity is the difference between the equations
of centre. The place where the correction to the velocity vanishes,
there is a change over from positive to the negative.

4




Surface Area and Volume of a Sphere

» In Aryabhatiya, the volume of a sphere is incorrectly
estimated as the product of the area of a great circle by its
square-root.

» Bhaskaracarya Il (c.1150) has given the correct relation
between the diameter, the surface area and the volume of
a sphere in his Lilavati.
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Surface Area and Volume of a Sphere

In a circle, the circumference multiplied by one-fourth
the diameter is the area, which, multiplied by four, is
its surface area going around it like a net around a
ball. This [surface area] multiplied by the diameter and
divided by six is the volume of the sphere.

In his Vasana commentary on Siddhanta-siromani, Bhaskara
has also presented justifications for these results.

The volume of the sphere is estimated by summing the
volumes of pyramids with apex at the centre.



Surface Area of a Sphere

As regards the surface area of a sphere, Bhaskara’s justification is the
following:
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Surface Area of a Sphere

Here, Bhaskara is taking the circumference to be C = 21,600’ and
the corresponding radius to be R = 3,438’. As shown in the figure,
circles are drawn parallel to the equator, each separated in latitude by
225'. This divides the northern hemisphere into 24 strips, each of
which can be cut and spread across as a trapezium. If By, Bo, ..., Bog
are the tabulated Rsines, then the area of the j trapezium will be

_(C\ (B +B1)
A= <R> L 226,



Surface Area of a Sphere

Therefore, the surface area S of the sphere is estimated to be

S=2 (g) [81 +B+...Bs+ <82 >] (225).

Now, Bhaskara states that the by substituting the values of the
tabulated Rsines the right hand side can be found to be 2CR. In
fact, according to Bhaskara’s Rsine table

|:B1 + B>+ ... Bz + <52 ):| (225) = 52514 x (225)

= 11815650
(3437.39)2.



Surface Area of a Sphere

Taking this as R? = (3438)?, Bhaskara obtains the surface area
of the sphere to be

C\ 2
s-2(2) m-2cn
The grossness of the approximation used in deriving this result
is due to the fact that the quadrant of the circumference was
divided into 24 bits.

Bhaskara himself notes that we can consider dividing the
quadrant to many more (bahuni) arc-bits. This is indeed the
approach taken by Yuktibhasa, where the circumference of the
circle is divided in to a large number (n) of arc-bits. Yuktibhasa
also uses the relation between the Rsines and second-order
Rsine-differences to evaluate the sum of the areas of the
trapezia for large n.



Sankalita and Varasankalita

Aryabhata gives the sum of the sequence of natural numbers

n(n+1)
2
He further gives the sums of squares and cubes of natural numbers

1+2+...4+n=

n(n+1)(2n+1)

6
H+2+3+...+n?
n(n+1) 2
=l

124224324+ ...+

18428434 . +nf

Aryabhata also gives the repeated sum (varasarikalita) of the sum of
the sequence of natural numbers

12 23 +n(n+1):n(n+1)(n+2)

2+2+... > 6




Narayana Pandita on Varasarkalita (c.1350)

Aryabhata’s result for repeated summation was generalised to
arbitrary order by Narayana Pandita (c.1350):

Let ’
1+2+3+...+n:n(nz+): 1),
Then, Narayana’s result is
V,(7r) _ V1(r—1)+ V2(r—1)+“'+ V,(7r—1)
[n(n+1)...(n+r)]
[1.2....(r+1)]

2.1 T2 (re1)]

z”;[m(m+1[1)...(m+r—1)] [n(n+1)...(n+7r)]

Narayana’s above result can be used to estimate the behaviour

of V,(,r), as also the sums of powers of natural numbers
1"+ 2"+ ...n", for large n.
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The Kerala School of Astronomy (c.1350-1825)

Kerala traces its ancient mathematical traditions to Vararuci.
There are speculations that Aryabhata hailed from Kerala. In
the classical period, there were many great Astronomer-
Mathematicians in Kerala such as Haridatta (c.650-700),
Devacarya (¢.700), Govindasvamin (¢.800), Saiikaranarayana
(c.850) and Udayadivakara (c.1100).

However it was Madhava of Sangamagrama (near Ernakulam)
who pioneered a new School of Astronomy and Mathematics

Madhava (c.1340-1425): Of his works, only Venvaroha,
Sphuta-candrapti, and a few tracts are available. Most of his
celebrated results, such as the infinite series and fast
convergent approximations for 7, Rsine and Rcosine functions,
are available only through citations in later works.



The Kerala School of Astronomy (c.1350-1825)

Paramesvara of Vatasseri (¢.1360-1455), a disciple of
Madhava: His major works are Drgganita, Goladipika, and
commentaries on Suryasiddhanta, Aryabhatiya,
Mahabhaskariya, Laghubhaskariya, Laghumanasa and Lilavatt
and Siddhantadipika on Govindasvamin’s commentary on
Mahabhaskariya.

Paramesvara is reputed to have carried out detailed
observations for over 50 years and come up with his Drgganita
system.



The Kerala School of Astronomy (c.1350-1825)

Nilakantha Somayaiji of Trkkantiyur (c.1444-1555), student of
Damodara (son of Paramesvara): He is the most celebrated
member of the Kerala School after Madhava. His major works
are Tantrasarngraha (c.1500), Aryabhatiyabhasya, Golasara,
Candracchayaganita, Siddhantadarpana, Jyotirmimamsa and
Grahasphutanayane Viksepavasana.

In Tantrasangraha, Nilakantha presents a major revision of the
traditional planetary theory, which, for the first time in the
history of astronomy, gives a correct formulation of the equation
of centre and the motion in latitude of the interior planets. In his
later works he discusses the geometrical picture corresponding
to his modified planetary theory, according to which the five
planets, Mercury, Venus, Mars, Jupiter and Saturn go around
the mean Sun, which itself goes around the earth.



The Kerala School of Astronomy (c.1350-1825)

Jyesthadeva of Parakroda (c.1500-1610), student of
Damodara: His works are Yuktibhasa (¢.1530) and Drkkarana.

Yuktibhasa, written in Malayalam prose, gives detailed proofs
(yukti) for all the results on infinite series and their
transformations discovered by Madhava and also the
astronomical results and procedures outlined in
Tantrasangraha. It has been hailed as the “First Textbook of
Calculus”.



The Kerala School of Astronomy (c.1350-1825)

Citrabhanu (c.1475-1550), student of Nilakantha: His works
are Karanamrta, Ekavimsatiprasnottara.

Sankara Variyar of Trkkutaveli (c.1500-1560), student of
Citrabhanu: His works are Karanasara, commentaries
Kriyakramakari (c.1535) on Lilavati, Yuktidipika, Kriyakalapa
(in Malayalam) and Laghuvivrti on Tantrasangraha. The
commentaries Kriyakramakarz and Yuktidipika present most of
the proofs contained in Yuktibhasa in Sanskrit verses.

Acyuta Pisarati (c.1550-1621), student of Jyesthadeva and
teacher of Narayana Bhattatiri: His works are Sphutanirnaya-
tantra, Karanottama, Rasigola-sphutaniti, and a Malayalam
commentary on Venpvaroha.



The Kerala School of Astronomy (c.1350-1825)

The Kerala School continued to flourish till early nineteenth
century. Some of the later works are Karanapaddhati (c.17007?)
of Putumana Somayaiji and Sadratnamala of Sankaravarman
(c.1774-1839).

Modern scholarship came to know of the work of the Kerala
School and the demonstrations contained in Yuktibhasa through
an article of Charles Whish in the Transactions of the Royal
Asiatic Society in 1835.

However, most of these works got published only in the later
part of 20th century.



Nilakantha on the Irrationality of 7

One of the main motivations of the mathematical work of the
Kerala school is paridhi-vyasa-sambandha, obtaining accurately
the relation between the circumference of a circle and its
diameter.

Aryabhata (c.499) had given the following approximate value
for m:

JIIE ATHEION FIAEETIT TEH0MH |
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One hundred plus four multiplied by eight and added
to sixty-two thousand: This is the approximate
measure of the circumference of a circle whose
diameter is twenty thousand.

: A . 62832 _
Thus, according to Aryabhata, m ~ 35555 = 3.1416



Nilakantha on the Irrationality of 7

Nilakantha Somayaji in his Aryabhatiya-bhasya, while
discussing square-roots, remarks that only an approximate
value of a karanz can be known and, consequently, only an
approximate value is given for 7, as the traditional methods for
its evaluation involve computation of square-roots:
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Nilakantha on the Irrationality of 7

Later, Nilakantha states that the ratio of the circumference to
the diameter of a circle cannot be expressed as the ratio of two
integers exactly.
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Nilakantha on the Irrationality of 7

“Why then has an approximate value been mentioned here
instead of the actual value? This is the explanation. Because
the actual value cannot be expressed. Why? Given a certain
unit of measurement in which the diameter has no fractional
part, the same measure when applied to measure the
circumference will certainly have a fractional part.

...Thus when both are measured by the same unit they cannot
both be without fractional parts. Even if you go a long way (by
choosing smaller and smaller units of measure) a small
fractional part will remain. The import [of asannd] is that there
will never be a situation where both are integral.”



Nilakantha on the Sum of Infinite Geometric Series

Virasena (c. 816), had made use of the sum of the following infinite
geometric series

oY, N, 1

2 ) 2 =3
This is proved in the Aryabhatiya-bhasya by Nilakantha Somayaji, who
makes use of this series for deriving an approximate expression for a
small arc in terms of the corresponding chord in a circle. Nilakantha

begins his discussion of the sum of the infinite geometric series by
posing the issue as follows:

ﬂd{QIH{H{IHHGIq F@Sﬁ @ HATIR |
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“The entire series of powers of § adds up to just 3. How is it
known that [the sum of the series] increases only up to that

[limiting value] and that it actually does increase up to that
[limiting value]?”
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Nilakantha on the Sum of Infinite Geometric Series

Nilakantha obtains the sequence of results

11
3 7 47 @3
1 1
@3) ~ (44) (a4
1 1
443)  (444)  (4443)

and so on, from which he derives the general result
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Nilakantha on the Sum of Infinite Geometric Series

Nilakantha then goes on to present the following crucial
argument to derive the sum of the infinite geometric series:

As we sum more terms, the difference between % and sum of
powers of } (as given by the right hand side of the above
equation), becomes extremely small, but never zero. Only when
we take all the terms of the infinite series together do we obtain

the equality
1 1 2+ 1 n_|_ _1
+ oot 3

Incidentally, Nilakantha uses the above series to prove the
following relation between the capa (arc), jya (Rsine) and sara
(Rversine) for small arc:

1

Capa =~ [(g) Efamz + Jyaz] :
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Binomial Series Expansion

In obtaining the accurate relation between circumference and
diameter, the binomial series expansion plays a crucial role.
The following derivation of the series is found in Yuktibhasa and
Kriyakramakari.

Given three positive numbers a, b, ¢, with b > ¢. we have the
identity

o(5)-a- 5"

In the right hand side, we may replace b in the denominator by
¢ by making use of the identity

a(b—c) _a(b—c) B (a(b;C) " (b;c))

b c

AD



Binomial Series Expansion

(b c)

Substituting for on the right and iterating we get

aC_a—a(b;C) + a[(bgc)]z—...+(—1)’”a[(b_c)]m

c
4+ (~1)™1a [(b; C)}m (b; c)

Both Yuktibhasa and Kriyakramakary mention that logically
there is no termination of the iteration process, so that

N L N (L) R L1

- (—1)”’*‘3[(1720)]m+1 +...



Binomal Series Expansion

It is also noted that one may stop after having obtained results
to the desired accuracy if the later terms can be shown get
smaller and smaller, and that this will happen only when

(b — c) < c (which is the condition for the convergence of the
binomial expansion).
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If we set [@} = X, then the above series takes the form

a
14+ x

—a—ax+ax®— ... +(—1)Max™+ ...
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Sum of Integral Powers of Natural Numbers

The derivation of the Madhava series for 7 also involves
estimating, for large n, the value of the sama-ghata-sarikalita

S — 1k ok 1 pk

We had noted earlier the formulae given by Aryabhata for
k=1,2and3.

S,(,” = 1+2+...n:n(nz+1)
822) — 12+22++n2:n(n+1)(2n+1)
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SB = 1342 = +2+.. . +nf= [n(n;w)]
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Sum of Integral Powers of Natural Numbers

Yuktibhasa and Kriyakramakart derive the following estimate for
the general sama-ghata-sankalita:

K+1
k+1

S —qkp ok 4nfx for large n

They also give an estimate for the repeated summation
(vara-sankalita)

ViD= 1+2+3+...+n:n(n2+1)
K) _ k1) k) (k1) 1
Vol = VW, + V5 +...+V, ~ for large n

(k+1)!
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