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Vallikara-kuttakara

(In the text, the term kuttikara having the same meaning as
kuttakara is used in most places).

It is the same as Aryabhata’s procedure. First we discuss the
solutions of a single indeterminate equation

Bx + b = Ay,

where A, B and b are given integers. To find integral solutions
X,y for this linear indeterminate equation (one equation for two
unknowns).



Kuttaka
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Kuttaka

“Divide the (given) group-number by the (given) divisor; discard the
first quotient; then put down one below the other (various) quotients
obtained by the successive division (of the various resulting divisions
by the various resulting remainders; again), put down below this the
optionally chosen number, with which the least remainder in the odd
position of order (in the above mentioned process of successive
division) is to be multiplied; and (then put down) below (this again) this
product increased or decreased (as the case may be by the given
known number) and then divided (by the last divisor in the above
mentioned process of successive division. Thus the Vallika or
creeper-like chain of figures is obtained. In this) the sum is obtained by
adding (the lowermost number in the chain) to the product obtained by
the multiplying the number above it with the number (immediately)
above (this upper number; this process of addition, being in the same
way continued till the whole chain is exhausted,) this sum, is to be
divided by the (originally) given divisor. (The remainder in this last
division becomes the multiplier(x) with which the originally given
group-number is to be multiplied for the purpose of arriving at the
guantity which is to be divided or distributed in the manner indicated in
the problem).”



Mutual Division

To solve Bx + b = Ay
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Kuttaka continued

Here it is stopped at the n'" remainder rs which is least (normally
taken to be 1). (In the above n = 5). Discard the first quotient gy .
Now we should choose a nhumber p, such that prs & b is divisible
by r4. Here, '+ is chosen , when n is odd, while '—' is chosen
when n is even. The number p is written below the column
starting with g, g3 below that, ... and ending with g,. Below this

the quotient prs +b

= Q. Then the penultimate number is

4
multiplied by the number above it to which the last number is
added. Now discard the last entry Q in the column. Continue
this process till we arrive at the last two top entries. The topmost

Ty is divided by A. The remainder is the least integral value of x
L . Bx +Db
satisfying the equationy = A
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Example

Example: Solve 63x + 7 = 23y.
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Example

We have to chose a number p such that when multiplied by the
last remainder 1 and added to 7, it is divisible by the last divisor

1. We can take p = 1.

Vallz and further procedure:

1

ORLrh_EDN

1 1 1 51
2 2 38 38

1 13 13
12 12
1



Example

51 =23 x 2+ 5. So remainder is 5.

_ 63x5+7 322

23 3 14

X =5;y

These are the lowest possible values for x,y. The general
solutions are: x =5+ 23t,y = 14 + 63t, where t is an arbitrary
integer.



Rationale

Rationale:
Bx +b :
e y(an integer) = qix + p1,
where
(B—-Aqy)x +b
P1= A .

Now B — Aq; = rq, the first remainder.

«_ ApL—Db
1



Rationale

Now
A =(pry + 2.
r —b
. X = QgP1 + P2, Where pp = Zpil .
ripo +b
Py = 1P2 '
Iz
Using
r1 =raQs +rs,
P1 = dsp2 + P3;,
where
r +b
p3 — %7
2
or 0
r —_
Dy — 2P3 .

r3



Rationale

Using

where

or

Using

2 =304 + Iy,

P2 = daPs + Pa,
r —b
Ps = faPs = B )
r3
r +b
D3 — 3P4 .
I4

'3 = r4(Qs +Is,

P3 = dsP4 4+ P5s = gsP + Ps.



Rationale

If we stop at the fifth remainder rs, we call ps = p.

_Ispa+b  rsp+Db
M4 N M4 '

Here we are choosing p = p4 such that rsp + b is divisible by r4.
Thus,

X = QzP1+ P2,
P1 = Qsp2 +Pps,
P2 = QaP3 + Pa,
Ps = QspPs + Ps,

rsp+b

where we chose p = p4 such that .
4

=ps=Qisan
integer.



Vallz for the Problem

We construct the Valli as:
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Solutions

So we have obtained x = gyp1 + p2 through this Vallz. It has
Bx +Db

been constructed such that =Yy = (1X + p1 is an integer.
Let the remainder of x when divided by A be xg, that is,
X = Xg + tA where t is integer. Then it is clear that Bxg + b is also

divisible by A and xg is the lowest solution. That is what is being

. . : B
said. Lowest value of y, yg is of course given by Xci: b.

Clearly if Xg, Yo are the lowest solutions, xo + tA,yo + tB are
solutions for arbitrary t.




Simultaneous Indeterminate Equations

The second part of Mahavira’s procedure for kuttaka is for the
problem: Find x such that Bl”bl, BZ’;\jbz, B3’;\jb3 are integers.
(Obviously we can go on.)

Solution:

First solve B1x + by = A1y;. Let the lowest value of x be s;. Let
the lowest value of 22522 be the integer be s,. When both are to
be satisfied, dA; + s; = kA, + s, where d, k are some integers.

Ad + (S]_ — Sz)
2

. S — Sy = kA, — dAq, that is =k




Simultaneous Indeterminate Equations

This is an indeterminate equation where the values of d and k
are unknown. We find the lowest positive integral value of d.

i B
Then dA; + s; is the lowest value of x such that Bixthy Vi,
1
B b H - .
ZXTJFZ =Y> (Y1, Y2 integers) are both satisfied.
2

Let the least value of d be t;. Let the next value of x which will
satisfy both the equations be t,. Now t; + nA; = t5,
t; + mA, = t, where m, n are integers.

. Aq m

AT



Two Indeterminate Equations

Thus A; = mp, A, = np where p is the highest common factor
between A; and A,.

A A
R — )
p p
A{A
cot lpz:tz.

So the next higher value of x satisfying the two equations is
obtained by adding the least common multiple of A; and A, to
the lower value.



Three Indeterminate Equations

Suppose we want to find x, such that it satisfies all the three equations.
Let this be v (Lowest value of x satisfying B3X+b3 = integer is x = s3).

Then
AlAz)

A1A
V=t + 172 Xr =ty +Ir, (I_

and v =s3 +CAz3 =ty +1r.
where r is an integer.
L= w. This is solved for c. Then v = s3 + cAs is the
least value of x satisfying all the equations.

The solution of two linear indeterminate equations, B1x + b; = A1y,

Box + by, = Azy, is spelt forth in detail in GSS, that is solving the two

equations, finding the lowest values of x namely s; and s;, and solving

Ard + (s1 —s2)
Ar

Then x = A;d + s; = kA + s, satisfies both the equations.

=k, an integer for d.



Example

Example involving one equation
Verse 1203:

FETCOHRIS FUTFAUIA a1 fie: |
THIMIIE] & AT wHoT & I

“In the forest 37 heaps of wood apples were seen by
the travelers. After 17 fruits were removed (therefrom
the remainder) was equally divided among 79 persons

(so as to leave no remainders). What is the share
obtained by each?” [Try this as an exercise].

Here the equation to be solved is :

37x — 17
79 Y



Example

Example involving two equations
Verse 1213:

FUTHRIAYET I T T8 Heh SEf: TR wlderd )
T FARIEEfr T [Ag: W=IEe MU H FudEiE

“When, after seeing a group of mangoes in the forest and removing
7 fruits (therefrom), it was divided equally among 8 of the travelers;
and when again after removing 3 (fruits) that (same) heap it was
divided (equally) among 13 of them; it left no remainder in both the
cases. O mathematician, tell me the numerical measure of this
single group”. [Try this as an exercise].

Here the equations to be solved are :

X—=7 andX_B*
3 =Y 13 =Yo.




Example Involving many Equations

Example involving many equations
Verse 1273:

8T TG Uy TRt TarEeas T
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“The travelers saw on the way certain (equal) heaps of
jambu fruits. Of them, 2 (heaps) were equally divided
among 9 ascetics and left 3 (fruits) as remainder. Again
3 (heaps) were (similarly) divided among 11 persons,
and the remainder was 5 fruits; then again 5 of those
heaps were similarly divided among 7 and there were 4
more fruits (left out) of them.




Example Involving many Equations

O you mathematician who know the meaning of the
kuttakara process of distribution, tell me after thinking
out well, the numerical measure of a heap (here).” [Try
this as an exercise].

Here the equations to be solved are :

2x+3 _ 3x+45

oX +4

y» and .

Y3.




Other Indeterminate Equations: Problem of Gems

Apart from the above type of indeterminate equations, there are
several other interesting ones that Mahavira discusses for which
interesting solutions are found.

Example: Let my, my, ..., my be the numbers of n kinds of gems
owned by n different persons. Let x1, Xo, ... be the value of a
single gem in each variety. Let each of them give g gems each
to others. What is the value of each gem, if the wealth of all the
persons become equal after the exchange.

After the exchange i person will have m; — (n; — 1)g gems of
the i!" kind and g gems each of other kinds. The net worth of the
each person is the same.



Problem of Gems

X1[m1—(n1—l)g]—|—ng—|—x3g+. - +Xng = X19+X2[m2—(n—l)g]—|—x3g—|—- =

oXa[my —ngl+ X+ X2 4+ ]g =Xe[m —ngl + X1+ X2+ ]g=---
- Xa[my —ng] = X[m; —ng] = - -

General integer solution would be x; = for a suitable M.

i
In fact Mahavira choses M = (m; — ng)(mz — ng) - - - (M, — ng).
So that

Xi = (m; —ng)---(my —ng) — product excluding (m; — ng).



Example

Example in Verses 165 & 166:

TIHE THAGN: ST &9 ARl garae |
TFTRNATETLITE gf T aTad Il 98y |

SRRl SR THE M I FF: FE: |
TP FP AT fehiaar 318 I 965 |

“The first man has 16 azure-blue gems, the second has
10 emeralds, and third has 8 diamonds. Each among
them gives to each of the others 2 gems of the kind
owned by himself; and then all three men come to be
possessed of equal wealth. Of what nature are the
prices of those azure-blue gems, emeralds and
diamonds?”




Solutions

Here 1: Azure-blue, 2: Emerald, 3, Diamond. n=3.
m; =16,m, = 10,m3 =8.g = 2,ng = 6.

m; —ng =10, my —ng =4, mz—ng = 2.

X =4 x2=8X,=10x 2 =20,x3 = 10 x 4 = 40.



Suvarna Kuttikara: “Alligation”

Suvarna Kuttikara: Gold of various purities. To find the purity of
a mixture and so on.

If weights W; of varna V; are mixed and if there is no loss in
weight (that is total weight of the mixture = > w;), the varna of
the mixture =V, where

(Z Wi )V = ZWiVi

Ly WY
V= Wi




Vicitra- Kuttikara: Truthful and Untruthful Statements

There are n men. A lady likes m of them. To each of them she
makes a statement: “| like you only”. (These are considered as n
statements to each man: one explicit and others are implicit).
So, total number of statements = n2. How many statements are
truthful and how many are untruthful?

The answer is given in the following verse:



Truthful and Untruthful Statements

Verse 216:

TEET: JREIOT TGO Haf=y e |
QeI e Hafey Ja=tT il 298 |

“The number of men, multiplied by the number of those
liked (among them) as increased by 1, and (then)
diminished by twice the number of men liked, give rise
to the number of untruthful statements. This, subtracted
from the square of the (total) number of men, becomes
the (number of) statements that are truthful.”



Truthful and Untruthful Statements

Total number of statements = n2. Of them m are liked. When
each of the m number of persons is told, “You alone are liked",
the number of untruthful statements in each case is m — 1.
Therefore total number of untruthful statements to m persons
=m(m—1).

When again, the same statement is made to each of the n — m
persons, the untruthful statements is m + 1. Therefore, total
number of untruthful statements to n — m persons
=(n—-m)(m+1).

.. Total number of untruthful statements
=(n-m)(m+1)+m(m—-1)=n(m+1)—2m
But, Total number of statements = n2.

. Total number of truthful statements = n? — [n(m + 1) — 2n]



Example

Verse 217:

“There are 5 men. Among them three are in fact liked
by an woman. She says (separately) to each (of them “|
like you (above).” How many (of her statements, explicit
as well as implicit) are true ones ? "

n=5m=3

Total no. of untruthful statements =5x4—-2x3 =14
Total no. of statements = 25

.. Total number of truthful statements = 11.
Combination of r out of n objects



Combinations
Verse 218.

TR AN : FHEGHET: |

B YOGHAYT AdeESS AT TRl 29¢ |

“Beginning with one and increasing by one, let the numbers
going upto the given number of things be written down in
regular order and in the inverse order (respectively) in an
upper and lower (horizontal) row. (If) the product (of one,
two, three, or more of the numbers in the upper row) taken
from right to left (be) divided by the (corresponding) product
(of one, two, three, or more of the numbers in the lower row)
also taken from right to left, (the quantity required in each
such case of combination) is (obtained as) the result.”

It says that combination of r out of n objects

_n(n—l)---(n—r+1): n!

1.2...r (n—=r)ir!




An Interesting Solution of a set of Indeterminate
Equations

An interesting solution of a set of indeterminate equations.

Problem: “Suppose there are n merchants with each having
some money already. They find a purse. The i person says if |
procure a fraction a; of the amount in the purse, the net amount
with me would be m times the sum of the amount that other
merchants have. What is the amount that each of the merchant
has and what is the amount in the purse ? ”



Solution of the Purse Problem

Solution: Let x; be the amount that the merchant i has. Let the
amount in the purse be P.

oo Pag +xg =m(Xa + -+ Xn),

Pay + X2 = M(Xg + -+ Xn),

These are n equations for the (n + 1) unknown quantities
X1, X2, -+ Xn, P. So the solution is indeterminate. Note that if
(X1, -+ ,Xn) is a solution, (aXq, - - - , axn, aP) is also a solution.



Solution of the problem
So only the ratios of the quantities can be found, or in other

words, we can choose an overall constant arbitrarily. Let a; be
reduced to a common denominator, that is,

a = %, where L is the L.C.M of the denominator.
Multiplying the equations by L,

Pb; +x;L =mL(x2 + - -+ ,Xp) etc.,

Pbp + XpL = mL(X1 + - -+ ,Xp_1)
SoP(br 4 +bp)+L(Xs+ -+ X)) = (n—1)mL(Xg + - - + Xp)
s P(by e bn) = [(0 = 1)m — 2L+ o]



Solution of the problem

Choose (X1 + -+ +Xn) = (m+1)(by + --- + by).
S P=L[(h—=1)m—-1](m+1)
Now Pb; +x;L =mL(X2 + - -+ + Xp)
oo Pby 4+ (m 4 1)Lxg = mL(Xg + - -+ Xn)

co(m+1)Lxg mL(X1 4 - -+ + Xn) — Pby

mL(X1 + -+ +Xn) — [(n — 1)m — 1](m + 1)bsL
m(m + 1)L(by +--- +bn) — [(n — 1)m — 1](m + 1)Lby



Solution of the Problem

oxy=m(by+---+by) —by{(n—1)m -1}

In general
X =m(by +---+bn) —bi{(n—-1)m -1}

and P=L[(n—1)m—-1](m+1)

Here L= E = L.C.M of the Denominators in a;.

This is precisely the solution that is described in Verse 238.



Mahavira's Statement of the Purse Problem
Verse 238:

IR F IO IOTaT: |
EETn: FHafa B qdafeermaee drawa)

"The sum of (all the specified) fractions (in the problem) - the
denominator being ignored - is multiplied by the (specified
common) mutiple number. From this product, the products
obtained by multiplying ( each of the above mentioned )
fractional part (as reduced to a commmon denominator,
which is the ignored), by the product of the number of cases
of persons minus one and the specified multiple number, this
last product being diminished bhy one, are (severally)
subtracted. The resulting remainders constitute the several
values of the moneys on hand. The value of the money in
the purse is obtained by carrying out operations as before,
and then dividing by any particular specified fractional part
(mentioned in the problem).




Example

Example in Verse 239-240:

I UPF T GEATE T |

Ve A FIBETTHATHEHSIHHNTHTEGT N 233 |
TEFEIA g By Baqer 7 e

TUF @ H WY A% g 9 EaEH N ago ||

“Five merchants saw a purse of money. They said one
after another that by obtaining %, 3, 3, %, and 75
(respectively) of the contents of the purse, they would
each become with what he had on hand three times as
wealthy as all the remaining others with what they had
on hand together. O mathematician, (you) tell me
quickly what moneys they had on hand (respectively),

and what the value of the money in the purse was.”



Solutions
Here

1 1 1 1 1
773.3 - §7a3 - §7a4— g,a5 - E LCM —2520— L

b; = 420,b, = 360, bz = 280, by = 315, bs = 252
m = 3. nN—1m-1=4x3-1=11
b; + by + bz + by + bs = 1627.

ay = =, =
1= g &=

Hence,

X; = 3x 1627 —11b; = 4881 — 4620 = 261,

X» = 3x1627 —11b, — 4881 — 3960 = 921,

X3 = 3x 1627 —11bs — 4881 — 3080 = 1801,
X, = 3x1627—11b, — 4881 — 3465 — 14186,
Xs = 3x1627 —11bs — 4881 — 2772 = 2109.

PurseP = L[(n—1)m—1](m+ 1) = 2520 x 44.



Arrangement of Arrows

A problem on the arrangement of arrows in quivers in the
following manner:

Figure: 28



Arrows

No. of arrows in the central circle = 1,
No. of arrows in the first neighborhood = 6,

No. of arrows in the second neighborhood = 12,

No. of arrows in the p" neighborhood = 6p.

6p(p +1)

Total = 14+6+2x6+--+px6 = 1+6[1+2+--+p] = 1+ >



Arrows Problem: Mahavira's Statement

If the number of arrows in the outermost periphery = 6p = n,

3n /n (n+3)2+3
Total number of arrows =1+ 5 (6 1) =1

This is what is stated in verse 288:

IR G aRTaHq e e |
Wﬁwwwwﬁm

“Add three to the number of arrows forming the
circumferential layer; then square this (resulting sum)
and add again three ( to this square quantity). If this be
further divided by 12, the quotient becomes the number
of arrows to be found in the bundle. ”



Arithmetic Progression

Verse 290 gives the sum of an Arithmetic Progression, A.P

Result: Same as the one in Aryabhatiya and
Brahmasphutasiddhanta.

S:a+(a+b)+---+[a+(n—1)b]:n[a+@].

Also ainterms of S, n, b; b interms of S, a, n.
a®+(a+b)®*+ - +@a+(n-1)b)?

= HMJrab}(n—l)Jraz] n.

-1
follows from 1+2+---+(n—1):%;12+22+(n—1)2

_(n=1)n(2n -1)
(-t




Sum of Cubes

Verse 301.
n?(n + 1)?

]_3_|_23_|_..._|_n3: 2

Verse 303.
a®+(a+b)®+.---+[a+(n—1)b®=Sala—b|+S?b,
where

S:a+(a+b)+---+[a+(n—1)b]:n[a+7(n_l)b]

2

[Try this as an exercise.]

The first result: Same as the one in Aryabhatiya and
Brahmasphutasiddhanta.



A.P. with each Term is Sum of an A.P

Verse 305 — 3053:
Series:1+---+a,1+---+a+b,---,14---;a+(n—1)b.

Each term is sum of series in A.P. Then Sum S is given to be

= HMJrngab}(n—l)Jra(aJrl) g

[Try this as an exercise.]



Sum of Sums

Verse 3073:

r(r+1)
2

n
LetS; =1+---+n,Sp =) ,.S3=n?%,S,=n°.

r=1

[%.7 — n]

S1+S,+S3+S4= 3

(n+1)



Geometric Progression with Additions /Subractions

Verse 314:

Tuifafoaiegd Ruefawaagon S
SHFAUAT FAURT AR T TSI

“The sum of the series in (pure) geometrical
progression (with the first given term, common ratio,
and the given number of terms, is writen down in two
positions); one (of these sums so written down) is
divided by the (given) first term. From the (resulting)
quotient, the (given) number of terms is subtracted.
The (resulting) remainder is (then) multiplied by the
(given) quantity which is to be added to or to be
subtracted (from the terms in the proposed series).




Geometric Progression with Additions /Subractions

The quantity (so arrived at) is (then) divided by the
common ratio as diminished by one .(The sum of the
series in pure geometrical progression written down

in ) the other (position) has to be diminished by the
(last) resulting quotient quantity , if the given quantity is
to be subtracted (from the term in the series). If,
however it is to be added , (then the sum of the series
in geometrical progression written down in the other
position) has to be increased by the resulting quotient
(already referred to. The result in either case gives the
required sum of the series).”

Consider the series a, ar £ m, (ar £ m)r £m, [(ar £ m)r £ mjr £ m. Itis
stated that
S
G-nm
Sum =+-28—~—
(r—1)

whereS=a+ar+---+ar

+S,

n—1



Proof

Proof:
Sum = a+ar+---far"?
+m4+mr £ .-+ mr"2
+m-.-+mr"3
+m
n__ n-1 __ n-2 _ _
_ a(r 1)im(r 1)  m(r l)i---im(r 1)
(r—1) (r—1) (r—1) (r—1)
n_ n-1_(n_—
_ A=), et o (n- 1))
(r—1) (r—1)



Proof

n_ r(C=t) —n+1
ag_ﬁ)im[( (1r—)1) |
ST (=]
Sim[rn_rl_#—n+1]
Sim[rn__ll—n]
Sj:(%_n)m

(r—1).



Example

Example in Verse 315:

Y IR Avafe ue f aean: |
FFORRRfTE Fu9g Ry aftaawET il 3gy |

“The common ratio is 5, the first term is 2, and the quantity to
be added (to the various terms) is 3, and the number of
terms is 4. O you know the secret of calculation, think out
and tell me quickly the sum of the series in geometrical
progression, where in the terms are increased (by the
specified manner).”

Herea—=2,r =5n=4 +m=3S = 2([24_3] = 2624 _ 312

5. 24+(2x54+3)+(2%x5+3)-5+3+((2x5+3)5+3)-5+3

312

3
4
Sum = 312 + % — 312+ 1524X 3

=312+4+38x3 =426



Example

Exercise in Verse 316:

AT VRS &1 §F T & T |
HENUIGHEIREAEIRC IR SER R R R Ean]

“The first term is 3, the common ratio is 8, the quantity
be subtracted (from the terms) is 2, and the number of
terms is 10. What is the sum of this series (where the
terms are diminished by the specified quantity in the
specified manner). [Try this as an exercise].”



Variable Velocity Problem

The rule for arriving at the common limits of time when one who is
moving (with successive velocities representable as the terms in
arithmetic progression, that is, velocity is increasing by a fixed amount

after each unit of time; constant acceleration), and another moving with
a constant velocity.

Verse 319 1/2:

YR e g ae v eae aeh: e | 393 /2 |

“The unchanging velocity is diminished by the first term (of
the velocity in series in arithmetial progression), and is (then)
divided by the half of the common difference. On adding one

(to the resulting quantity), the (required) time (of meeting) is
arrived at.”

* * * * * *

Iperson u u+4+a u+2a u+3a --- u+a(t-1)
Il person v v v v Y v



Variable Velocity Problem

Average velocity of the accelerating person
_utu+alt-1) _u+a(t—1)

. If they meet after time t, this

2
average velocity should be equal to the constant velocity of the
other person, thatis v.

vV —Uu

(a/2)

. , 1
Incidentally distance traveled by each = vt = ut + —at(t — 1).
[Interesting, Reminds one of the distance traveled by an

t= +1

. . 1
uniformly accelerating body = ut + Eatz].



Two Accelerating Travellers

One can also work out the formula for the meeting time, when
both travelers are accelerating. Also works when the common
difference (acceleration) of one person is negative.

Verse 3253:

UTRIERA: WA A = |
Ae: 9FI=T WA RIS TATTe: &: |

“The first person travels with velocities beginning with 5
and increased ( successively) by 8 in the common
difference. In the case of the second person; the
commencing velocity is 45; and the common difference
is -8. What is the time of meeting. [Try this as an
exercise].

Verse 3333 — 3363: n syllables « « * ..., *. Each can be laghu
or guru. Total no. of ways = 2". The way to compute 2" has
been discussed in BSS.
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