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Pratyayas in Saṅḡıtaratnākara

The study of combinatorial questions in music was undertaken
by Śārṅgadeva (c.1225) in his celebrated treatise on music,
Saṅḡıtaratnākara.

In the first chapter of Saṅḡıtaratnākara, there is a discussion of
Tāna-Prastāra which generates all the possible tānas that can
be formed from the seven svaras.

Later, in Chapter V, there is a very elaborate discussion of the
more complicated Tāla-Prastāra.
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Tāna-Prastāra

In tāna-prastāra, Śārṅgadeva considers permutations or tānas of
subsets of the seven basic musical notes which we denote as
S, R, G, M, P, D, N. The saṅkhyā or the total number of rows in
the prastāra is the factorial of the number of elements in tāna.

Śārṅgadeva gives the following rule for tāna-prastāra:

kÒ +.mMa nya:~ya .~va.=H .~Ta.a:pyaH :pUa:vRaH :pUa:vRaH :pa.=:a:d:DaH Á
.sa ..cea:du :pa:�a= ta:tpUa:vRaH :pua.=;~tUa:pa:�a=;va:	a.tRa:naH Á Á
mUa:l+kÒ +.ma:kÒ +.ma.a:t,a :pxa:�e Zea:Sa.aH :pra:~ta.a.= IR +dx :ZaH Á

(.sa:ñÍç ÅÅ*:� ;a:ta.=;�a.a:k+=H 1.4.62-63)
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Tāna-Prastāra

I The first row has all the svaras in the original order.
Successive lines in the prastāra are generated as follows.

I Starting from the left, identify the first svara which has at
least one lower svara to the left. Below that is placed the
highest of these (lower) svaras to the left.

I Then the svaras to the right are brought down as they are.
The svaras left out are placed in the original order to the
left, thus completing the next line of the prastāra.

Śārṅgadeva’s rule for the construction of the prastāra is
applicable for the enumeration of the permutations of n
elements with a natural order.

It generates all the permutations in the so-called colex order
(mirror image of lexicographic order in reverse).
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Example: Tāna-Prastāra of SRG

1 S R G
2 R S G
3 S G R
4 G S R
5 R G S
6 G R S
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Example: Tāna-Prastāra of SRGM

1 S R G M
2 R S G M
3 S G R M
4 G S R M
5 R G S M
6 G R S M
7 S R M G
8 R S M G
9 S M R G
10 M S R G
11 R M S G
12 M R S G
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Example: Tāna-Prastāra of SRGM (contd.)

13 S G M R
14 G S M R
15 S M G R
16 M S G R
17 G M S R
18 M G S R
19 R G M S
20 G R M S
21 R M G S
22 M R G S
23 G M R S
24 M G R S
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Khan. d. a-Meru

In order to discuss the nas.t.a and uddis. t.a processes, Śārṅgadeva
introduces the so called Khan. d. a-Meru:

.sa:�a.a:dùÅ;ae :k+a:nta:k+ea:�:a:na.a:ma:Da.eaY:DaH .sa:�a :pa:ñÍï Ùôå ÅÅ*:+yaH Á Á
ta.a:~va.a:dùÅ;a.a:ya.a:ma.a:dùÅ;a:k+ea:�e ;
a.l+Kea:de :kM :pa:=e ;Sua Ka:m,a Á
:vea:dùÅ;a:ta.a:na:~va.=;�a.ma:ta.a:n,a nya:sea:t,a .tea:Svea:va l;ea:�:k+a:n,a Á Á
:pra.a:#pa:*ñÍï Ùôå ÅÅ ùÁ+:a:ntya.a:

ñÍöÐÅÅ*:+sMa:ya.ea:ga:mUa:Dva.Ra:DaH ;�////�a.~Ta:ta:pa:�a.ñÍï Ùôå ÅÅ*:+Sua Á
ZUa:nya.a:d:Da.ea ;
a.l+Kea:de :kM tMa ..ca.a:Da.eaY:DaH .~va:k+ea:�;k+a:n,a Á Á
k+ea:�;sa:*ñÍËÉ ùÁ+;a.a:gua:NMa nya:~yea:t,a Ka:Nq+mea.�+=;yMa ma:taH Á (.sa:ñÍç ÅÅ*:� ;a:ta.=;�a.a:k+=H 1.4.63-66)

I Place 1 followed by 0s in the first row.

I Place the factorials of 1, 2, 3 etc., in the next row, starting from
the second column.

I Place twice, thrice etc., of the factorials in the succeeding rows,
starting from a later column at each stage.
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Khan. d. a-Meru

S R G M P D N
1 0 0 0 0 0 0

1 2 6 24 120 720
4 12 48 240 1440

18 72 360 2160
96 480 2880

600 3600
4320

Note that starting from the second row, each column consists of
the multiples of factorials. As we shall see, the factorials play a
crucial role in the nas.t.a and uddis. t.a processes.
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Uddis.t.a

.~va.=:a:n,a mUa:l+kÒ +.ma:~ya.a:ntya.a:t,a :pUa:v a ya.a:va:	a.ta:TaH .~va.=H Á Á
o+�a.�;�.a:ntya:~ta.a:va:	a.ta:Tea k+ea:�e Y:Da.Ea l;ea:�:kM ;�a.[a:pea:t,a Á
l;ea:�:.ca.a:l+na:ma:ntya.a:t,a .~ya.a.�ya:�+a l+b.DMa kÒ +.ma.ea Ba:vea:t,a Á Á
l;ea:�.a:kÒ +a:nta.a:ñÍöÐÅÅ*:+sMa:ya.ea:ga.a:du :�a.�;�:~ya ;�a.ma:	a.ta:BRa:vea:t,a Á

(.sa:ñÍç ÅÅ*:� ;a:ta.=;�a.a:k+=H 1.4.66-68)

I Given a tāna (of n svaras), note the rank of the last svara in
the reverse of natural order among the given svaras. Mark
the corresponding entry in the last or the n-th column.

I Note the rank of the next svara (in the reverse of natural
order) among the remaining svaras. Mark the
corresponding entry in the next or the (n − 1)-th column.
And so on.

I The uddis. t.a or the rank-number of the given tāna will be
the sum of all the marked entries.
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Uddis.t.a

Example: To find the row of the tāna MSRG in the prastāra of
SRGM

I G is the second from the last among SRGM. Hence, mark
6, the entry in second row, in the last or the fourth column.

I R is the second from the last among the remaining SRM.
Hence Mark 2 in the third column.

I S is the second from the last among SM. Hence, mark 1 in
the second column.

I M is the only svara left. Mark 1 in the first column.

Row-number of MSRG in the prastāra = 1+ 1+ 2+ 6 = 10

S R G M
1 0 0 0

1 2 6
4 12

18
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Nas.t.a

.yEa.=;ñÍöÐÅÅ*:E +nRa:�:sa:*ñÍËÉ ùÁ+;a.a .~ya.a:n}å.a.Ea:lE +k+a:
ñÍöÐÅÅ*:+sa:ma:�/�a.nva:tEaH Á Á

.tea:Sua l;ea:�M ;�a.[a:pea:n}å.Ua:le l;ea:�:~Ta.a:na:�a.ma:tMa Ba:vea:t,a Á
na:�:ta.a:na:~va.=;~Ta.a:nMa ta:ta.ea ya.a:va:	a.ta:Tea :pa:de Á Á
A:DaHkÒ +.ma.a:d:�///�a.~ta:l;ea:�H .~va.=;~ta.a:va:	a.ta:Ta.ea Ba:vea:t,a Á
kÒ +.ma.a:�//�a.nta:ma:~va.=:a:tpUa:va.eRa l+b.Da:tya.a:ga.a:�a.d :pUa:vRa:va:t,a Á Á (.sa:ñÍç ÅÅ*:� ;a:ta.=;�a.a:k+=H 1.4.68-70)

I To find the tāna (of n svaras) corresponding to a given
row-number (nas.t.a-saṅkhyā), mark the entry just below the
rank-number in the n-th column.

I Subtract that entry from the rank number and mark the entry,
which is just below the resulting number, in the next or the
(n − 1)-th column. And so on.

I The position of the marked entry in the last column gives the
rank of the last svara of the tāna in the reverse natural order.

I The position of the marked entry in the next column gives the
rank of the last but one svara, amongst the remaining svaras, in
the reverse natural order. And so on.
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Nas.t.a
Example: To find the 18th tāna in the prastāra of SRGM

I In the fourth column, the number just below 18 is 12, which is in
the third row. Hence, the fourth svara is the third among SRGM
in reverse order: R

I 18-12 = 6. In the third column, the number just below 6 is 4,
which is in the third row, which is just below 6. Hence, the next
svara is the third among SGM in reverse order: S

I 6-4 = 2. In the second column, the number just below 2 is 1,
which is in the second row. Hence the next svara is the second
among GM in reverse order: G

I 2-1 = 1. The other svara left is M

The 18th tāna is MGSR

S R G M
1 0 0 0

1 2 6
4 12

18
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Factorial Representation of Śārṅgadeva
The nas.t.a and uddis. t.a processes are essentially based on a certain
factorial representation of numbers.

In the above examples,

10 = 1 + 1 + 2 + 6 = 1.0! + 1.1! + 1.2! + 1.3!
18 = 1 + 1 + 4 + 12 = 1.0! + 1.1! + 2.2! + 2.3!

where we have used the convention 0! = 1.

In fact the general result may be stated as follows:

Every integer 1 ≤ m ≤ n! can be uniquely represented in
the form

m = d00! + d11! + d22! + . . .+ dn−1(n − 1)!,

where di are integers such that d0 = 1 and 0 ≤ di ≤ i , for
i = 1,2, . . . ,n − 1.

In particular,

n! = 1.0! + 1.1! + 2.2! + . . .+ (n − 1) (n − 1)!
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Tāla-Prastāra

Chapter V of Saṅḡıtaratnākara is the Tālādhyāya with 409 verses. The
first 311 verses discuss mārga-tālas and about 120 deś̄ı-tālas. At the
end of this discussion, it is noted that there are indeed very many
such tālas and it would not be possible to display all of them. This
sets the stage for the prastāra-prakaran. a which takes up the
remaining nearly 100 verses of the Tālādhyāya.

The tālāṅgas considered here are Druta, Laghu, Guru and Pluta,
which are taken to be of duration 1, 2, 4 and 6 respectively, in Druta
units. Tāla-prastāra consists in a systematic enumeration of all tālas
with the same total duration (kāla-pramān. a)

Thus the Tāla-prastāra is a non-trivial generalisation of Mātrā-vr. tta-
prastāra. Nārāyan. a Pan.d. ita in his Gan. itakaumud̄ı (C.1350) has
discussed the simpler generalisation of Mātrā-vr. tta-prastāra, which
involves the elements L, G and P with relative values 1, 2 and 3
respectively.
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Tāla-Prastāra

nya:~ya.a:�pa:ma.a:dùÅ;a.a:n}å.a:h:ta.eaY:Da:~ta.a:.cCe +SMa ya:Ta.ea:pa:�a= Á
:pra.a:gUa:nea va.a:ma:sMa:~Ta.Ma:~tua .sMa:Ba:vea ma:h:ta.ea ;
a.l+Kea:t,a Á Á

A:�pa.a:na:sMa:Ba:vea ta.a:l+pUa:tyERa BUa:ya.eaY:pya:yMa ;�a.va:	a.DaH Á
.sa:vRa:dÒu ;ta.a:va:	a.DaH k+a:yRaH :pra:~ta.a.=:eaY:yMa l+Ga.Ea gua.=:Ea Á Á

:pìÉÅ;u ;tea v.ya:~tea .sa:ma:~tea ..ca na tua v.ya:~tea dÒu ;teaY:�///�a.~ta .saH Á

(.sa:ñÍç ÅÅ*:� ;a:ta.=;�a.a:k+=H 5.316-318)
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Tāla-Prastāra

Śārṅgadeva’s procedure for the construction of prastāra is as
follows:

I The last row of the prastāra has all Drutas only.
I In the first row, place as many Ps as possible to the right,

followed, if possible (from right to left), by a G and a D or a
G alone, or by an L and a D or an L alone, or by a D alone,
to the left.

I To go from any row of the prastāra to the next, identify the
first non-D element from the left. Place below that the
element next to it in duration: D below an L, L below a G
and G below a P.

I Bring down the elements to the right as they are.
I Make up for the deficient units (if any) by adding to the left

as many Ps as possible, followed similarly by Gs, Ls and
Ds in that order from right to left.
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6-Druta-Prastāra
1 P 6
2 L G 2 4
3 D D G 1 1 4
4 G L 4 2
5 L L L 2 2 2
6 D D L L 1 1 2 2
7 D L D L 1 2 1 2
8 L D D L 2 1 1 2
9 D D D D L 1 1 1 1 2

10 D G D 1 4 1
11 D L L D 1 2 2 1
12 L D L D 2 1 2 1
13 D D D L D 1 1 1 2 1
14 G D D 4 1 1
15 L L D D 2 2 1 1
16 D D L D D 1 1 2 1 1
17 D L D D D 1 2 1 1 1
18 L D D D D 2 1 1 1 1
19 D D D D D D 1 1 1 1 1 1
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7-Druta-Prāstra

1 D P
2 D L G
3 L D G
4 D D D G
5 D G L
6 D L L L
7 L D L L
8 D D D L L
9 G D L

10 L L D L
11 D D L D L
12 D L D D L
13 L D D D L
14 D D D D D L
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7-Druta-Prāstra (contd.)
15 P D
16 L G D
17 D D G D
18 G L D
19 L L L D
20 D D L L D
21 D L D L D
22 L D D L D
23 D D D D L D
24 D G D D
25 D L L D D
26 L D L D D
27 D D D L D D
28 G D D D
29 L L D D D
30 D D L D D D
31 D L D D D D
32 L D D D D D
33 D D D D D D D
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Saṅkhyā

O;:k+.dõùÅ;a:ñÍöÐÅÅ*:;Ea kÒ +.ma.a:�ya:~ya yua.úêÁÁ*+� .a:ta.a:ntyMa :pua.=:a:ta:nEaH Á
;�a.dõ :t�a.a:ya:tua:yRa:Sa:�:a:ñÍöÐÅÅ*:E ;=;Ba.a:vea tua:yRa:Sa:�;ya.eaH Á Á
txa:t�a.a:ya:pa.úãÁ*.a:ma.a:ñÍöÐÅÅ*:;a:Bya.Ma kÒ +.ma.a:t,a tMa ya.ea:ga:ma:g{a:taH Á
;
a.l+Kea:d, d:�a.[a:Na:sMa:~TEa:va:ma:ñÍöÐÅÅ*:+(rea:N�a.a ;�a.va:D�a.a:ya:tea Á Á . . .
ya:d:ñÍöÐÅÅ*:+ya.ea:ga.a:d:ntya.eaY:ñÍöÐÅÅ*:;ea l+b.Da:~tEa.=;nta:taH kÒ +.ma.a:t,a Á
Bea:d.a dÒu ;ta.a:nta:l+Gva:nta:gua:vRa:nta.a:(ãÉa :pìÉÅ;u ;ta.a:nta:k+aH Á Á

(.sa:ñÍç ÅÅ*:� ;a:ta.=;�a.a:k+=H 5.319, 320, 324)
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Saṅkhyā

Śārṅgadeva makes the observation that among all the tāla-
forms which appear in the n-druta-prastāra, Sn−1 end in a
D,Sn−2 in a L,Sn−4 in a G and Sn−6 end in a P, and hence the
total number of forms tāla-forms Sn in the n-druta-prastāra is
just the sum of these four numbers. Thus,

Sn = Sn−1 + Sn−2 + Sn−4 + Sn−6

Noting S1 = 1,S2 = 2, we get the Śārṅgadeva sequence of
saṅkhyāṅkas:

n 1 2 3 4 5 6 7 8 9 10
Sn 1 2 3 6 10 19 33 60 106 191
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Uddis.t.a

To find the row-number of a given tāla-form in a n-Druta-
Prastāra, write the Śārṅgadeva saṅkhyāṅkas S1,S2, . . .
sequentially from the left on top of the tāla-form in the following
way:

I Write one saṅkhyāṅka above a D, two above an L, four
above a G and six above each P.

I Sum the following (we shall see later that these are what
are called the patita-saṅkhyāṅkas): The first saṅkhyāṅka
above each L, the second and third saṅkhyāṅkas above
each G and the second, fourth and fifth saṅkhyāṅkas above
each P.

I The row-number of the given tāla form is obtained by
subtracting the above sum from Sn.
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Uddis.t.a

Example: To find the row-number of LDLL in 7-druta-prastāra

Sn 1 2 3 6 10 19 33
L D L L

Total of the patita Sn : 19 + 6 + 1 = 26. Row-number: 33 − 26 = 7

Example: To find the row-number of GDL in 7-druta-prastāra

Sn 1 2 3 6 10 19 33
G D L

Total of the patita Sn : 19 + 3 + 2 + 24. Row-number: 33 − 24 = 9

Example: To find the row-number of PD in 7-druta-prastāra

Sn 1 2 3 6 10 19 33
P D

Total of the patita Sn : 10 + 6 + 2 = 18, Row-number: 33 − 18 = 15
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Nas.t.a

If it is required to find the tāla-form in the r -th row of
n-druta-prastāra, the following procedure is prescribed:

I Place sequentially the Śārṅgadeva sequence of
saṅkhyāṅkas S1,S2, . . . ,Sn.

I Check if the saṅkhyāṅkas Sn−1 can be subtracted from
(Sn − r). If so, mark Sn−1 as “p” (patita-saṅkhyāṅka) and go
on to check if Sn−2 can be subtracted from (Sn − r − Sn−1)
and so on.

I If Sn−1 cannot be subtracted from (Sn − r) mark it as “a”
(apatita-saṅkhyāṅka) and go on to check if Sn−2 can be
subtracted from (Sn − r) and so on.

I In this way mark all saṅkhyāṅkas as either “p” or “a ”.
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Nas.t.a

Use the following signatures of various tālāṅgas to find the
tāla-form:

Sn−6 Sn−5 Sn−4 Sn−3 Sn−2 Sn−1 Sn
D (a) a
L (a) p a
G (a) a p p a
P (a) a p a p p a
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Nas.t.a

Example: To find the 8th tāla-form in the 7-druta-prastāra:

33 − 8 = 25,25 − 19 = 6,6 − 6 = 0

The patita and apatita Sn are given below

p/a a a a p a p a
Sn 1 2 3 6 10 19 33

Starting from 33, since 19 is patita and 10 is apatita, we get an L at
the right extreme.

Starting from 10, since 6 is patita and 3 is apatita, we get another L to
the left of the first.

Starting from 3, since 2 is apatita, we get a D to the left.

Starting from 2, since 1 is apatita we get one more D to the left.

Since 1 is apatita, we get one more D.

Thus the tāla-form is DDDLL
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Nas.t.a

Example: To find the 28th tāla form in the 7-druta-prastāra:

33 − 28 = 5, 5 − 3 = 2, 2 − 2 = 0

p/a a p p a a a a
Sn 1 2 3 6 10 19 33

33, 19, 10 and 6 are apatita and thus we get DDD from the
right.

Starting from 6, 3 and 2 are patita and 1 is apatita. They give a G.

Thus the tāla-form is GDDD

It can be shown that both the nas.t.a and uddis. t.a processes for
the tāla-prastāra are based on a very interesting property that
every natural number can be uniquely written as a sum of the
Śārṅgadeva saṅkhyāṅkas S1, S2, . . . , satisfying certain
conditions.
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Laghu-Meru
Śārṅgadeva discusses the lagakriyā process for Tāla-prastāra in terms
of various tables, Druta-Meru, Laghu-Meru, Guru-Meru and
Pluta-Meru. We disply below the Laghu-Meru.

1
1 5 15

1 4 10 20 39
1 3 6 10 18 33 61

1 2 3 4 7 12 21 34 54
1 1 1 2 3 5 7 10 14 21
1 2 3 4 5 6 7 8 9 10

For instance, the column 7 of the above Meru shows that of the 33
tāla-forms in the 7-Druta-prastāra there are 7 tāla-forms with 0L, 12
with 1L, 10 with 2L and 4 with 3L.

If Ln
k denotes the number of tāla-forms with k laghus in the

n-druta-prastāra, then we have the following recurrence relation:

Ln
k = Ln−1

k + Ln−2
k−1 + Ln−4

k + Ln−6
k (for n > 6 and k > 0)
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Prastāra and Representation of Numbers

I These instances of prastāras in prosody and music show
that in each case there is associated a unique
representation of the natural numbers in terms of the
saṅkhyāṅkas associated with the prastāra.

I It is this representation which facilitates the nas.t.a and
uddis. t.a processes in each of these prastāras.

I The varn. a-vr. tta-prastāra has associated with it the binary
representation of natural numbers.

I The mātrā-vr. tta-prastāra has associated with it a
representation of numbers in terms of Virahāṅka (or the so
called Fibonacci) numbers.
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Prastāra and Representation of Numbers

I The tāna-prastāra of Śārṅgadeva has associated with it a
factorial representation of numbers.

I The tāla-prastāra of Śārṅgadeva has associated with it a
representation of numbers in terms of Śārṅgadeva
numbers.

I The prastāra of combinations of r objects selected from a
set of n, has been studied by Nārāyan. a Pan.d. ita in
Gan. itakaumd̄ı. Here, the saṅkhyāṅkas are the binomial
co-efficients nCr and there is an associated representation
of every number as a sum of such binomial co-efficients.
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