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Introduction
Aryabhata and his period
» The term Aryabhata is a compound word which literally means
the warrior of the noble ( ).!
» The name Aryabhata appears twice in Aryabhatiya (in the
opening verses of Gitika and Ganita-pada).

» The time period of Aryabhata gets unambiguously fixed based
on the following verse (Kalakriya, 10), wherein he himself has
stated that he was 23 years at 3600 Kali.

eI WA TTY A |

e [qofaiear: deg JH SIS |

When sixty times sixty years , ...then, twenty plus three
years had passed since my birth.

» Since 3600 Kali-years corresponds to the 499 CE, it follows that
Aryabhata was born in 476 CE.

*Arya meaning ‘respectable’ has been defined as (Sabdakalpadruma):
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Introduction
The work Aryabhatiya

» Aryabhatiya, the magnum opus of Aryabhata, is the earliest
clearly datable Indian astronomical treatise extant today.?

» In this treatise, Aryabhata systematically discusses the
procedure for planetary computations.

» The style of composition of this text is akin to the earlier classic
works on other Sastras. The verses are , that
commentators refer to them as Aryabhata-sitra.

» Aryabhatiya is made up of four parts namely:

1. Gitikapada (in 13 verses)
2. Ganitapada (in 33 verses)
3. Kalakriyapada (in 25 verses)

)

4. Golapada (in 50 verses
Thus, Aryabhatiya just consists 121 verses, all of them
composed in arya metre. (origin of the term aryastasati?)

v

2The other treatises that would have prevalent during his period, are
available only in the form of an executive summary in Pancasiddhantika.



Introduction

The four parts of the text Aryabhatiya

Gitikapada

Ganitapada

Kalakriyapada

Golapada

Having laid down his own scheme of representing numbers,
here Aryabhata essentially presents the

that would be necessary for astronomical and
planetary computations.

This succincntly presents all the mathematical formulae and
techniques that would be employed in computing planetary
positions, which includes procedure for extracting square
roots, solving first order indeterminate equation kuttaka, etc.

This deals with procedures for computing planetary positions
as well as presents a geometrical picture implied by the
computational procedure.

The fourth and the final part discusses several things that
includes shape of the earth, source of light on planets,
procedure for the , the visibility of
planets, and so on..

Brevity, clarity and ‘novelty’ are hallmarks of the text Aryabhatzya. Aryabhata
himself towards the end of work mentions — e HS3<H Held ...




Introduction

A note on Bhaskara — the renowned commentator of Aryabhatiya

> Bhaskara’s commentary throws a flood of light on the work
Aryabhatiya, not only from the view point of

> put forth by Aryabhatiya, but also
» in terms of the mathematical knowledge prevalent around
that period (c. 629 CE).

» It is a remarkable work of great scholarship, which made later
astronomers describe him as ‘all-knowing’ commentator.

» In his commentary on Gitikapada, mentioning about the time
elapsed since the beginning of Kalpa, he observes:

FEUTRTER T AR :
THIYRI==T: 11986

» Based on this, Prof. K. S. Shukla proposes that Bhaskara wrote
his commentary on Aryabhatiya when 3730 years had elapsed
since the beginning of the current Kaliyuga, which corresponds
to 629 CE.



A note on Gitikapada of Aryabhatiya

> Gitikapada consists of 13 verses:

Verse 1 Invocation and introduction

Verse 2 Scheme of representing numbers
Verse 3-12 List of parameters

Verse 13 Concluding remarks

» The first and the last verse go as:

Having paid obeissance to ... Aryabhata sets forth the three, viz.,
mathematics, reckoning of time and celestial sphere.

. Lol ‘ . l
TEHAIARHFHT T A1 fear 9@ J&T0
[giving] the motion of ...

» The phrases trini gadati, and independent phalasruti starting

with , plus the presence of invocation once
again at the beginning of Ganitapada, = Aryabhatiya is made up
of only three parts.



Invocatory verse of Ganitapada

» Aryabhata commences his work with the following verse wherein the
authorship as well as the place of learning is mentioned.

TET-F--FI- AT - 0T HIOT THE A |
Frefeae Ferefa Faaq i F=)

> The first word 1] does not refer to the creator Brahma, but the
primordial entity.

> Similarly, the word H3[UT used here is not ¥ but i.e., it does not
refer to the number of revolutions but the group of stars.
» Commenting on the word % T HYI Bhaskara observes:
2 anafad F= fefo) gaEggE -
a7 & mmmaﬁ:grcr FOATAfatT: Fh: g

Hewy ﬁﬁﬂ-mmm|m—
FAN SIARAfAfT |

> The phrases abhyarcitam and satsvapi are indeed noteworthy.

3This is modern Patna in Magadha (modern Bihar) — a ‘great’ center of
learning in those days — where Nalanda University was situated.



Names of the notational places and their significance

» The following verse, introduces the notational places:

U I TG T W @garga au igaH |
FIETIE T T DI I F9 S0

» Bhaskara after listing of names of the notational places — one
(10°) to billion (10°) — poses an interesting question and replies:

YA WESHH — FO ST a2
Here one must ask — what potential do these notational places
have?

Iq Yeh, T 297 9 TEH 7 G| oA I Tra
FraF: RAEFTRG:

The potential is that, one and the same entity (symbol for one) can
connote one, ten, hundred or thousand. Once this potential gets
established, it is easy for the traders to [conveniently] tag prices to
their commodities.



Square and Squaring
> The following verse defines the term varga to be referring to both
geometrical object as well as the operation
i THAQY: T T TG Had: |

> GHITUAH = object whose four sides are equal.

> |If we take this literal sense, the word varga can also mean rhombus.
Posing himself this question Bhaskara observes:

EERIED THAQEETE qHEIE
gt
The four-sided figure has certainly not gained

curreny to be described by the term samacutrasra in the world.

This is a very important statement made by Bhaskara, that presents a
deeper understanding about sabdartha-sambandha.

» Bhaskara also lists synonyms of varga as:
ZICCaUIE]

<



Algorithm for finding the square root

» The algorithm for obtaining the square root is succinctly
presented by Aryabhata in the following verse:

e Frge
TG g el TR TAH

[Having subtracted the greatest possible square from the last odd
place and then having written down the square root of the number
subtracted in the line of the square root] 4

[standing on the right] by twice the square root. Then, having
subtracted the square [of the quotient] from the odd place [standing
on the right], set down the quotient at the next place (i.e., on the
right of the number already written in the line of the square root).
This is the square root. [Repeat the process if there are still digits on
the right].5 [tr. K. S. Shukla]

“While dividing, the quotient should be taken as great, as will allow the
subtraction of its square from the next odd place.

SCf GSS,ii.36; PG, rule 25-26; GT, p.9, vs.23; MSi, xv.6(c-d)-7;
Siée, xii 5; L (ASS). p.21, rule 22; GK, |, p.7, lines 2-9.



Algorithm for finding the square root

g e R atge |
g 3 et TR JA

While commenting on the above verse, Bhaskara makes certain
clarifying notes that are not only found to be quite useful in
understanding the content of this verse, but are quite edifying.

1. Considering the first word bhaga which literally means ‘part’, it is
said — HT:, gz, ST, G-l ST 94 |

2. Thus means

3. He then clarifies that in the word avﬁﬁ the first varga refers to

an odd place. AA o fawe v A
4. Then obwously avarga is even place. TG T TaTH

yfaftg et sft oo wem)



Algorithm for finding the square root

i A o avfgee
TG o Fed TR JAH

The algorithm presented here essentially consists of three steps:

1. Starting from the least significant digit, group the digits of the given
number into two. Then from the remaining (1 or 2) most significant
digit(s), which constitutes varga-sthana, subtract the square of the max.
no. that is possible.

2. Having done that (ﬂ“ﬁ{:‘s{ 51@) along with the remainder bring down the
next digit from the avarga place. This has to be twice the
varga-mula—that is currently in the sq. root line—and the quotient has
to be taken to that line.

3. Along with the remainder bring down the next digit in the varga place
and subtract from it the square of the previous quotient

FITRTA).

J



lllustrative Example

Aryabhata’s algorithm for finding the square root
Example 1: Find the square root of 55225.
Starting from the unit’s place, pairs of notational places called varga (V), and

avarga (A), are to be marked. The digits of the given number are arranged
below them appropriately.

vV AV A V 235
5 5 2 2 5 (lineof square root)
Subtract 22 4
Divide by 2.2 4) 1 5 (8
1 2
3 2
Subtract 32 9
Divide 2.23 46) 2 3 2 (5
2 3 0
2 5
Subtract 52 2 5



lllustrative Example

Aryabhata’s algorithm for finding the square root

Example 2: Find the square root of 2989441.

v AV AV AV 1729
2 9 8 9 4 4 1 (lineofsquareroot)
Subtract 12 1
Divide by 2.1  2) 1 9 (7
1 4
5 8
Subtract 72 4 9
Divide 2.17 34) 9 9 (2
6 8
3 1 4
Subtract 22 4
Divide 2.172 344) 3 1 0 9
3 0 9

@ o

Subtract 92



Cube and Cubing

» The following verse defines the term ghana to be referring to
both geometrical object as well as the operation

TEEAIYE: T T gIaanty: |l

» First Aryabhata says: W: Y<: = product of three
equals. This definition has to do with the cubing process (purely
as an arithmetical operation), which is stripped off from the
geometry that can be associated with it.

» He then quickly highlights the other aspect too:
%"ITSI'I@T: (d<T:) — The term ghana refers to an object having 12
corners or edges. That is, a cube.

» Bhaskara in his commentary lists synonyms of ghana as: LE)

TEIEEARA S uE: |



Algorithm for finding the cube root

> The algorithm for obtaining the cube root is presented by
Aryabhata in the following arya:

B T e
FUEGEIfO: Se:e W gy g

» A few observations before we explain the verse above:

1. If a number has n digits, the number of digits in the cube of
that number will be and < 3n.

2. With this in mind Aryabhata prescribes to group the number
of digits—starting from the unit’s place of the given number
whose cube root is to be found—into three.

3. The groups of the three notational places are called

> Ghana (G)
> (A1)
> Dwvitiya-Aghana (Ag)

®The prose order is: g (AT AT Foqed) af: PYEfor:
(TEHT AT A | I G G |




Algorithm for finding the cube root

The verse and its translation

BrpE T goao|
FfEIEIforT: S T g g |

[Having subtracted the greatest possible cube from the last cube place

and then having written down the cube root of the number subtracted in
the line of the cube root], (standing on
the right of the last cube place) by thrice the square of the cube root
[already obtained]; (then) subtract from the first non-cube place (standing
on the right of the second non-cube place) the square of the quotient
multiplied by thrice the previous (cube-root); and (then subtract) the cube
(of the quotient) from the cube place (standing on the right of the first
non-cube place) [and write down the quotient on the right of the previous
cube root in the line of the cube root, and treat this as the new cube root.
Repeat the process if there are still digits on the right].”  [tr. K. S. Shukla]

7Ct.BrSpSi, Xii.7; GSS, ii.53-54; PG, rule 29-31; MSi, xv.9-10 (a-b); GT,
p.13 lines 18-25; SiSe, xiii.6-7; L (ASS), rule 28-29, pp. 27-28; GK. |, pp.8-9,
vv. 24-25.



Algorithm for finding the cube root

The algorithm presented by Aryabhata essentially consists of four steps:

1. Starting from the unit’s place, having grouped the digits of the given
number into three, from the remaining (1, 2 or 3) most significant
digit(s), which constitutes ghana-sthana, subtract the cube of the max.
digit that is possible. This digit forms the first (most significant) digit of
the cube root to be determined.

2. Then, along with the remainder bring down the next digit from the

dvitiya-agana place. This has to be divided by
. The quotient forms the next digit of the
cube root.

3. Along with the remainder bring down the next digit in the
prathama-aghana place, and subtract from it the square of the previous
quotient multiplied by 3 and the purva, the cube root determined
previously, that is till now :).

4. Then from the successive ghana place we have to subtract the cube of
the quotient that was determined previously (second step), and the
whole process has to be repeated.

o o



lllustrative Example

Aryabhata’s algorithm for finding the cube root

Example 1: Find the cube root of 1,771,561.

A2 A1 G A2 A1 G 1 21

N

7 1 5 6 1 (line of cube root)
Subtract 13

col= = 0®

Divide by 3.12 3) 7 (2
6
i 7
Subtract 3.1.22 1 2
5 1
Subtract 2° 0 8
Divide by 3.122  432) 4 3 5 (1
4 3 2
3 6
Subtract 3.12.12 3 6
0 1

Subtract 1°

—_



Rationale behind Aryabhata’s cube root algorithm

> The rationale can be readily seen by grouping the terms together.
> Any three digit number may be represented as,

ax? + bx + c, where a, b, ¢ are integers & x = 10

> The cube of this number may be expressed as:

terms operation significance of it
xe(a3) ) a cube of max. digit
+x (Sazb) +) 3& to get the value of b
x*(3d%c +3ab?) (—) 3ab?
b we are left with 3c(a + b)?

3

(a+b)®  togetthe value of ¢
3bc?) (a+b
3

(=)
(+)
(=)
x3(6abc + b%) (-)
(+)
(=)
°) (=)

(
x3(
2(3b20 + 3ac®)
x'(
xX°(c

remainder zero = perfect cube.

> The algorithm presumes (i) a thorough understanding of decimal place
value system, and (ii)



Thanks!

THANK YOU

More of Aryabhatiya in the next lecture!



