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Madhava Series for 7

The following verses of Madhava are cited in Yuktibhasa and
Kriyakramari.

Y AR TUEd AHaENHEd |

PRI OgREge @ TuE FH Al 21
TGS &0 ol (g glaeq Sfaaan

T FOAI A THUG TEe UIS—T &l
g T AN SATISET: W |

TR EHO Fa U= &7 TF FOE: 1| 3|

FoT: IR FoA Fegedl EUnSTagas: Tl g1

The first verse gives the Madhava series (rediscovered by Leibniz in
1674)

Paridhi = 4 x Vydsax(1—%+%—%+ ...... )

n



Madhava Series for 7

Madhava also gave the capikarana series giving the arc (capa)
associated with any Rsine (jya)

FESAHGAAET Fledd TIH FaH |
S U Fedr Fifcad I gREH|

TIHIIRECRASY F FerdiaeE: |

AR ST g HH A S T I |
IS TR AN qHad |
A FICINCTHIE FEIAHE A |
FRITHEE T A=Y HEwe: |




Madhava Series for 7

. A 3 - 5
s - ¢ Jya(S) B ([) Jya(S) +([> Jya(S) o
koti(s) 3/ | koti(s) 5/ | koti(s)
rsing r rsing\*® r rsing\°
s = re_r(rcos@) B <§) (rcos@) * (5) (rcos@) S
Note: It has been clearly noted that we must ensure that

numerator < denominator in each term. This series for tan—'x
was rediscovered by Gregory in 1671.




Madhava Series for 7

By using the capikarana series for an arc equal to one-twelfth of
the circumference (30°), Madhava gets a more rapidly
convergent series for the ratio of the circumference to the
diameter:



Madhava Series for 7

For an arc s which is one-twelfth of the diameter, corresponding
to 30°, we have

Therefore

- (Z)]-16)-

=/12a2 [1 -

This was rediscovered by Abraham Sharp in 1699.



End Correction Terms

The Madhava series (or the so called Leibniz series) for the
circumference of a circle (in terms of odd numbers p=1,3,5,...)

C=4d 1_%+...+(_1)“’E”

1
—+...,
p

is an extremely slowly convergent series.

In fact, adding fifty terms of the series will give the value of = correct
only to the first decimal place.

In order to facilitate computation, Madhava has given a procedure of
using end-correction terms (antya-samskara), of the form

o+ 1

1 (p=1)
1 _
HEDE




End Correction Terms

The verses of Madhava, which give the relation between the
circumference and diameter, also include the end-correction
term

(p+1)
C4d{ 1 =11 e {2} ]

1T—— 4.+ (1) z —+(-1)2 o+ 12 +17

3
Madhava has also given a finer end-correction term

A THTEERE: Tt IO T 9F g |

FINOT €Y THUG[RGed H4g &R |
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End Correction Terms

To Madhava is attributed a value of = accurate to eleven
decimal places which is obtained by just computing fifty terms
with the above correction.

ﬁFnxﬁaﬂsﬂﬁﬁﬁﬂsnﬂ%ﬂvﬁrananﬁﬁﬂga |
wﬁﬁéﬁ%qﬁﬁwmﬁzm I

The 7 value given above is:

2827433388233
T 9x 10"

= 3.141592653592 . ..

4 N



End Correction Terms

Both Yuktibhasa and Kriyakramakart give a derivation of the
successive end correction terms given by Madhava, which
involve a careful estimate of the error at each stage in terms of
inverse powers of the odd number p.

By carrying this process further, we find that the end-correction
term ai,, can be expressed as a continued fraction:

1 1

22

(2p+2)+ 72

(2p+2) + &2

(2p+2)+(2p+2)+...

44



End Correction Terms

We tabulate the accuracy achieved by end-correction terms
when we sum fifty terms of the series (p = 99) together with

successive correction terms.

Order of the correction term

None

—

\V)

Accuracy of 7 in number of
decimal places

1

11

In fact, Sadratnamala (c. 1819) of Sankaravarman gives the
following value of = which is accurate to 17 decimal places:

™~ 3.14159265358979324

4 N




Madhava Continued Fraction for

Using the above continued fraction for alp we will get a
continued fraction for 7 minus the sum of the first p-terms in the
Madhava series for each odd number p.

In particular, for p = 1, we get what may be called the Madhava
continued fraction for :
2 12 22 32

@—n “Tararar
This may be compared with the Brouncker continued fraction
(1656)

4 12 3% 52
—=1+ = — — ...
T 24+24+2+



Rapidly Convergent Transformed Series for 7

Adding and subtracting the end-correction terms, we can
rewrite the Madhava series for = in the form:

ooagl(i At (L 1y,
a a a 3 a a S

By choosing different correction terms, we get different
transformed series many of which also converge faster than the
Madhava series.

If we choose the first order correction divisor, a, = 2p + 2, we
get the series involving cubes of the odd numbers:

g ANMHEAT ToH AREaHGH-: |
B WU FHY: Fedr IRETEE: |

3 1 1 1
—4d |3 - -
C=4d\3+@_3 -5 757
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Rapidly Convergent Transformed Series for 7
By using the identity

4 4 B 6
(4n—1)3—(4n—1) (4n+1)3 —(4n+1) [2.(2n)2 — 1] — (2n)2

we can transform the above series into the form mentioned in
Karanapaddhati

FIGST a1 TG e dafoTageTa: |
mawﬁu@mmw@ﬁﬁﬁmwu

1 1 1
~3D
€=3 “LGD{(2422—1)2—22J’(2.42—1)2—42J’(2.62—1)2—62Jr }

We thus have a series involving fourth powers of even numbers
T—3 1 N 1 N 1 .
6  (222-1)2-22 (242 -1)2-42 (262-1)2-62

-4




Rapidly Convergent Transformed Series for 7

If we choose the second-order correction divisor, which is the first
correction divisor given by Madhava,
4 Cp+2P2+4 (p+1)2+1
%=(P+2)+ 55 T 2pr2) [

then we get the series involving fifth powers of the odd numbers.

qHUFETAr I TUEIGST TqagAI: |
T TS REfUrg S Ry v |
THFGIAIET EREaR=E: INY: |

C = 4d (1 _;) _16d[(35+14.3) - (55+14.5) + (75+14.7)] T

1 1 1
- 16‘7’[(15+4.1)(35+4.3)+(55+4.5)"}'

Ela)



Rapidly Convergent Transformed Series for 7

Yuktibhasa and Kriyakramakart do not discuss the transformed
series when we use the accurate correction divisor of Madhava

4 16
(2p+2)+ (2p+2)

[CRaICD)
(=)

We can easily see that it leads to the following transformed
series involving terms of the order of the seventh powers of
successive odd numbers.

a = (2p+2)+

4=



Rapidly Convergent Transformed Series for 7

28D 1
C=—9 + "D s g@isErs),
1

T (B 5421562 15)

Or, equivalently

(G-39) _ 1 1

— +...

36  (33-3)(22+5)(42+5) (5% —5)(42+5)(62 +5)

We can get transformed series also by considering other
divisors a, different from the optimal divisors given by Madhava.
The resultant series of course may not show as rapid a
convergence as seen in the case of transformed series
obtained from the optimal divisors of Madhava.

40



Rapidly Convergent Transformed Series for 7

If we take the correction divisor as the non-optimum divisor
a =2p

then we get the transformed series which involves the squares of
successive even numbers.

1 1 1 1
e=4d |3t @ e

This series is presented in the following verse given in Yuktibhasa and
Yuktidipika.

GIRgST & Fadl e aNIg fgfatasha |
YT RO ATASTE [igaied e |

Incidentally the verse also gives an end correction term of the form

p+2 1
R RS

where, p is the last even denominator whose square appears in the

series. i



A History of Approximations to =

Approximation to = | Accuracy | Method Adopted
(Decimal
places)
Rhind Papyrus - Egypt % = 3.1604 1 Geometrical
(Prior to 2000 BCE)
Babylon (2000 BCE) % =3.125 1 Geometrical
Sulvasitras (Prior to 3.0883 1 Geometrical
800 BCE)
Jaina Texts (500 BCE) | /(10) = 3.1623 1 Geometrical
Archimedes (250 BCE) | 319<n<3J 2 Polygon doubling
(6.2% = 96 sides)
Ptolemy (150 CE) 3.5 =3.141666 | 3 Polygon doubling
(6.25 = 384 sides)
Lui Hui (263) 3.14159 5 Polygon doubling
(6.2° = 3072 sides)
Tsu Chhung-Chih 35 =3.1415029 | 6 Polygon doubling
(4807) 3.1415927 7 (6.2° = 12288 sides)
Aryabhata (499) 62832 _ 31416 4 Polygon doubling

20000

(4.28 = 1024 sides)




A History of Approximations to =

Approximation to 7 Accuracy | Method Adopted
(Decimal
places)
Madhava (1375) 282743338629 11 Infinite series with
= 3.141592653592. . . end corrections
Al Kasi (1430) 3.1415926535897932 16 Polygon doubling
(6.227 sides)
Francois Viete (1579) | 3.1415926536 9 Polygon doubling
(6.218 sides)
Romanus (1593) 3.1415926535. . . 15 Polygon doubling
Ludolph Van Ceulen 3.1415926535. .. 32 Polygon doubling
(1615) (282 sides)
Wildebrod Snell 3.1415926535.. . . 34 Modified Polygon doubling
(1621) (2%0 sides)
Grienberger (1630) 3.1415926535 . . . 39 Modified Polygon doubling
Isaac Newton (1665) | 3.1415926535. .. 15 Infinite series




A History of Approximations to =

Abraham Sharp (1699) | 3.1415926535... | 71 Infinite series
-1 (1
for tan (\/5)
John Machin (1706) 3.1415926535... | 100 Infinite series relation
T —1 (1
7 = 4tan (3) —
tan1 (21@)
Ramanujan (1914), 17 Modular Equation
Gosper (1985) Million
Kondo, Yee (2010) 5 Modular Equation
Trillion




A History of Exact Results for =

Madhava (1375) 7/4=1-1/34+1/5-1/74...
7/V12=1-1/33+1/325-1/33.7+ ...
7/4=3/44+1/3 -3)—1/(583-5)+1/(7®=7)—...

7/16 =1/(15+41) — 1/(35 +4.3) +1/(5° + 4.5) — ...

Francois Viete (1593)

=v/2y[1/2+1/2y(1/2)]

2
\/[1/2 +1/24/(1/2+1/2,/(1/2))] ... (infinite product)

12 32 52

=1+ 57 57 27 --- (continued fraction)

John Wallis (1655) % = (‘3) (%) (%) (g) (%) (%) ... (infinite product)
William Brouncker 4

(1658)

Isaac Newton (1665) ﬂ:¥{§+24[l—%—%—%—...]




A History of Exact Results for =

James Gregory (1671) | tan—'(x) = x — X

Gottfried Leibniz

(1674)

Abraham Sharp

(1699)

John Machin (1706) T — 4tan—! (1> _ tan—1 (i)

Ramanujan (1914)

1. 2/2 i (4K)!(1103 + 26390k)
7 9801 (k!)4396%




Ramanujan’s Series for =

One of Ramanujan’s early papers is on the “Modular equations
and approximations to 7”. Though published later from London
in 1914 (QJM 1914, 350-372), it is said to embody “much of

Ramanujan’s early Indian work.” Here is a sample of his results:

1 __3_.4311.3 831.31.8.5.7
3ry3 49 49°2 & T 49°2.4 4.8
2 _19,20911.3 5791.31.8.5.7
wyIl 99 99°2 4* T 99 2.4 4.8 U U

1 _1103 2749311.3 538831.31.3.5.7
rv2” 99 ' 99" 2 & T 99¢ 2.4 4§

Ramanujan also notes that the last series “is extremely rapidly
convergent”. Indeed in late 1980s, it blazed a new trail in the
saga of computation of .



Rsine, Rcosine and Rversine

The jya or bhuja-jya of an arc of a circle is actually the half the
chord (ardha-jya or jyardha) of double the arc.

In the figure below, if r is the radius of the circle, jya (Rsine),
koti or koti-jya (Rcosine) and sara (Rversine) of the capa (arc)
EC = s = rv, are given by:

jya (arc EC) = Rsin(s) = CD = rsiny

koti (arc EC) = Rcos(s) = OD = rcos ¢

Sara(arc EC) = Rvers (s)= ED = r — rcos ¥




Nilakantha's Refinement of Aryabhata Relation for
Second Order Sine Differences

We consider a given arc of arc-length s, which is divided into n equal arc-bits.
If s = rd, then the j-th pinda-jya B; and the corresponding koti-jya K;, and
the sara S;, are

Bi = Rsin (j—s) = rsin (j—ﬂ) =rsin <E> [C;P; in the Figure]
n n m
Ki = Rcos (E> = rcos (1—19) = rcos (E> [C;T; in the Figure]
n n m
S = Ruvers (I—S) =r {1 — cos <j—19>] =r {1 — Cos (E>] [PE in the Figure]
n n m
My “‘\ . o — S,
c i . Mj G Sj:‘
/
J/
“/



Second-Order Sine-Differences

Let M1 be the mid-point of the arc-bit C;C;, 1 and similarly M;
the mid-point of the previous (j-th) arc-bit.

We shall denote the pinda-jya of the arc EM; 1 as Bj+% and
clearly Bj+% = M1 Q1. The corresponding Kj+% = M 11U
and Sj+% = EQjy1. Similarly, BF% = M;Q;, 1= M;U; and

Sj_% = EQy. The full-chord of the arc-bit £ may be denoted a.

Cj —

My \?7' -
\ \ M;_—" Q
() P"
€ My~ G Qi
|F Cin
i - P
\
\
/
/ N
/ \
/
[ W\
N




Second-Order Sine-Differences

Then a simple argument based on similar triangles (trairasika)
leads to the relations for Rsine and Rcosine differences

=88 ()

«
1Ky = (S -5-y) = (R) B
Thus, we obtain the relation for second-order sine differences

)2 (A = Ag)
A/'Jr‘I_A/:_(ﬁ) B =— B; B/

With n = 24, Aryabhata used the approximation

(A1 — Ag) ~ 1/, B1 ~ 225/



Second-Order Sine-Differences

Nilakantha in Tantrasangraha has given a better approximation

ANIERAYY Y 1

B;  23330”
Sankara Variyar in his commentary Laghuvivrti on
Tantrasangraha has given a still better approximation

B, ~ 224'50" (

(A1 — Ao) ~ 1
By 233'32"

By ~ 224'50"22"

Note: We can re-express the Aryabhata second-order sine
difference relation in the form
Rsin jh

[Rsin((j+1)h)—Rsin ji]—[Rsin jo—Rsin((j—1)h)] = TTi(1 = cosh)]
2



Madhava Series for Rsine

fEe T9asor 9T TR T

B TG IIaIEGAaeEd: FA
T FAT TS IR ST |
e TR fge gete F

2
(¢

(22 + 2) (22 4 2)(42 + 4)

This can be rewritten in the form

Fsin(s) :S‘(;)2&+(;)4@‘(;)6M“

. 63 6° 07
sing =60 — @1 + 5 — 7 + ...

N4

Rsin(s)~s—s




Madhava Series for Rversine

e IuEor ¥9 w7

] e gaitesaEied: FA
e FReT fRaee] sz
FAIST: FHI ZEIGIR ST
TTEY TURISHIT & Beaie Fa: |




Madhava Series for Rversine

This can be rewritten in the form

S = Rvers(s) = <;) 322—(;>3 MS;‘”+(;>5 (1.2.::.2.5.6)_' .

62 04 6®
versezﬁ—@jL@—...

The verses giving the Rsine and Rversine series also note that the
method of obtaining accurate approximations to Rsine and Rversine
values, as encoded in the mnemonics (also due to Madhava) Vidvan
etc and Stenah etc, indeed follow from these series.

Madhava has also listed accurate values of the 24 tabular Rsines in a
series of verses beginnig srestham nama varisthanam. They coincide
with the modern values up to “thirds” (corresponding to an accuracy
of sines up to seventh or eighth decimal place).

nN



Madhava’s Sine Table

R siné according to
@ in min. | Aryabhatiya | Govindasvami Madhava(also Modern)
225 225 224 50 23 224 50 22
450 449 448 42 53 448 42 58
675 671 670 40 11 670 40 16
900 890 889 45 08 389 45 15
1125 1105 1105 01 30 1105 01 39
1350 1315 1315 33 56 131534 7
1575 1520 1520 28 22 1520 28 35
1800 1719 1718 52 10 1718 52 24
2025 1910 1909 54 19 1909 54 35
2250 2093 2092 45 46 20902 46 03
2475 2267 2266 38 44 2266 39 50
2700 2431 2430 50 54 2430 51 15
2925 2585 2584 37 43 2584 38 06
3150 2728 2727 20 29 2727 20 52
3375 2859 2858 22 31 2858 22 55
3600 2078 2077 10 09 2977 10 34
3825 3084 3083 12 51 3083 13 17
4050 3177 3175 03 23 3176 03 50
4275 3256 3255 17 54 3255 18 22
4500 3321 3320 36 02 3320 36 30
4725 3372 3371 41 01 3371 41 29
4950 3409 3408 19 42 3408 20 11
5175 3431 3430 22 42 3430 23 11
5400 3438 3437 44 19 3437 44 48




Nilakantha’s Formula for Instantaneous Velocity
(c.1500)

Instead of basing the calculation of instantaneous velocity on
the approximate form of manda-phala or equation of centre that
Bhaskaracarya and others had considered, Nilakantha Somayajt
uses the exact form of the manda-phala :

=M + Rsin™' {(g) (;) Rsin(M — a)]

where M is the mean longitude of the planet (which varies
uniformly with time) and « is the longitude of the apogee, which
in the case of Moon also varies uniformly with time.



Nilakantha’s Formula for Instantaneous Velocity

Nilakantha also gives the correct formula for the correction to
the mean velocity of Moon in his treatise Tantrasarigraha.

TR E T APIpTada et
T FICFAIIRTET FegPNE I HHA N

afgaie e I faamiie g Fenes
TEICEFC AT TR I TeHIST TR




Nilakantha’s Formula for Instantaneous Velocity

Let the product of the kotiphala [rp cos(M — «)] in minutes and
the daily motion of the manda-kendra (“*4=)) be divided by

the square root of the square of the bahuphala subtracted from
the square of trijya <\/R2 — r2sin®*(M — a)>.

The result thus obtained has to be subtracted from the daily
motion of the Moon if the manda-kendra lies within six signs
beginning from Mrga and added if it lies within six signs
beginning from Karkataka. The result gives a more accurate
value of the Moon’s angular velocity. In fact, the procedure for
finding the instantaneous velocity of the Sun is also the same.



Nilakantha’s Formula for Instantaneous Velocity

Nilakantha thus gives the derivative of the second term in the
equation of centre noted above in the form

{(%) Rcos(M — a)} {5’2 - (%)2 Rsin®(M — a)};] [(%) (M- oz)]

This formula for the velocity, which involves the derivative of the
arcsine function has been attributed by Nilakantha to his
teacher Damodara in Jyotirmimamsa.




Acyuta’s Formula for Instantaneous Velocity (c.1600)
Acyuta Pisarati in his Sphutanirnaya-tantra gives the
Nilakantha formula for the instantaneous velocity. He also

discusses an alternative prescription for manda-correction due
to Munjala (c.932) given by

[ (&) Rsin(M — a)]
[R— (%) Rcos(M — «)]
Acyuta notes that in this model the manda-correction also

depends on the hypotenuse and hence the correction to the
mean velocity is given by:

p=M+




Acyuta’s Formula for Instantaneous Velocity

Here, Acyuta gives the derivative of the second term above
(which involves the derivative of ratio of two functions) in the
form

i {(£) Rsin(M — a)}?
{(ﬁ) Rcos(M*Oé)} + {R— (%) Rcos(M — 04)}]

(A=) ool = a)}] (&) -]

X

AN



References

1. Ganitayuktibhasa of Jyesthadeva (in Malayalam),
Ganitadhyaya, Ed., with Notes in Malayalam, by
Ramavarma Thampuran and A. R. Akhileswara
Aiyer, Trichur 1948.

2. Works of C. T. Rajagopal and Collaborators:

2.1 K. Mukunda Marar, Proof of Gregory’s series, Teacher’s
Magazine 15, 28-34, 1940.

2.2 K. Mukunda Marar and C. T. Rajagopal, On the Hindu
quadrature of the circle, J.B.B.R.A.S. 20, 65-82, 1944.

2.3 K. Mukunda Marar and C. T. Rajagopal, Gregory’s series in
the mathematical literature of Kerala, Math. Student 13,
92-98, 1945.

2.4 A. Venkataraman, Some interesting proofs from Yuktibhasa,
Math Student 16, 1-7, 1948.

2.5 C. T. Rajagopal, A neglected chapter of Hindu
mathematics, Scr. Math. 15, 201-209, 1949.

A4



References

2.6 C. T. Rajagopal and A. Venkataraman, The sine and
cosine power series in Hindu mathematics, J.R.A.S.B. 15,
1-13, 1949.

2.7 C.T. Rajagopal and T. V. V. Aiyar, On the Hindu proof of
Gregory’s series, Scr. Math. 17, 65-74, 1951.

2.8 C. T. Rajagopal and T. V. V. Aiyar, A Hindu approximation
to Pi, Scr. Math. 18, 25-30, 1952.

2.9 C. T. Rajagopal and M. S. Rangachari, On an untapped
source of medieval Keralese mathematics, Arch. for Hist.
of Ex. Sc. 18, 89-101, 1978.

2.10 C. T. Rajagopal and M. S. Rangachari, On medieval Kerala
mathematics, Arch. for Hist. of Ex. Sc. 35(2), 91-99, 1986.

AN



References

3.

Ganitayuktibhasa of Jyesthadeva (in Malayalam), Ed. with
Tr. by K. V. Sarma with Explanatory Notes by

K. Ramasubramanian, M. D. Srinivas and M. S. Sriram,
2 Volumes, Hindustan Book Agency, Delhi 2008.

Kriyakramakari of Sankara Variyar on Lilavat of
Bhaskaracarya Il: Ed. by K. V. Sarma, Hoshiarpur 1975.
Tantrasarigraha of Nilakantha with Yuktidipika of Sankara
Variyar, Ed. by K. V. Sarma, Hoshiarpur 1977.

Tantrasangraha of Nilakantha, Tr. with Explanatory Notes
by K. Ramasubramanian and M. S. Sriram, Springer, New
York 2011; Rep. Hindustan Book Agency, Delhi 2011.

. K. V. Sarma, A History of the Kerala School of Hindu

Astronomy, Hoshiarpur 1972.

C. H. Edwards, The Historical Development of the
Calculus, Springer, New York 1979.

AD



References

9.

10.

11.

12.
13.

S. Parameswaran, The Golden Age of Indian Mathematics,
Swadeshi Science Movement, Kochi 1998.

J. L. Berggren, J. M. Borwein and P. Borwein, Pi A Source
Book, 3™ ed., Springer New York 2004.

C. K. Raju, Cultural Foundations of Mathematics: The
Nature of Mathematical Proof and the Transmission of the
Calculus from India to Europe in the 16th c.CE, Pearson
Education, Delhi 2007.

G. G. Joseph, A Passage to Infinity, Sage, Delhi 2009.

K. Ramasubramanian and M. D. Srinivas, Development of
Calculus in India, in C. S. Seshadri (ed) , Studies in History
of Indian Mathematics, Hindustan Book Agency, Delhi
2010, pp.201-286.



Thanks!

ANC



