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Narayana Pandita’s Ganitakaumudr

Ganitakaumudr was composed in 1356 CE by Narayana Pandita
as indicated in the final verses of the work. It is not clear where
he was born, or where he flourished. It was published by
Padmakar Dvivedi in two volumes, based on a single
manuscript, which belonged to his late father, the legendary
Sudhakar Dvivedi, in 1930’s. There is another work of Narayana
Pandita entitled ‘ Bijaganitavatamsa’. Only the first portion of this
has been published, based on a single and incomplete
manuscript at Benares.

Ganitakaumuds has been translated with explanatory notes by
the late Paramanand Singh of Bihar. The translation and notes
are published in Volumes 20-24 of Ganita Bharat, an Indian
journal devoted to history of mathematics, during 1998-2001.



Post Bhaskara Indian Mathematics

After Bhaskara-1l, there were two major developments in Indian
mathematics: (i)Narayana Pandita's Ganitakaumudis and (ii)
Kerala school of mathematics and astronomy, mainly during

14t — 17 centuries, wherein calculus concepts were developed.

Narayana Pandita carries forward the tradition substantially.
There are more formulae, generalisations of earlier results, and
systematisation. There is a big leap in the treatment of
combinatorics and magic squares in chapters 13 and 14, which
will be dealt with separately. It was meant to a comprehensive
text, covering most of the prevalent mathematical knowledge in
India at the time of its composition, and making substantial
additions to it.



Contents of Ganitakaumudi

I will give a brief summary of the 14 chapters below.

» Chapter 1 is on measures of weight, length, area, volume,
capacity etc., 8 operations namely, addition, subtraction,
multiplication, division, square, square root, cube and cube
root described. Solutions of more complex (compared to
earlier works) linear and quadratic equations are discussed.

» Chapter 2 is on ‘Vyavahara ganita’ or ‘mathematics
pertaining to daily life’. Calculation pertaining to mixture of
materials, interest on a principal, payment in instalments,
mixing gold objects with different purities and other
problems pertaining to linear indeterminate equations for
many unknowns are considered. There is substantial
progress compared to earlier treatments. Example: Interest
calculations where payment by instalments are considered.



Contents of Ganitakaumudi contd.

» Chapter 3 on arithmetic and geometric progressions, where
the concept of 'sum of sums’ is generalised to the «th sum’
of the first n integers for arbitrary k. This is a very important
generalisation, which is needed for finding the infinite series
for sine and cosine functions, among other things.

» Chapter 4 is on plane geometry where properties of
triangles, quadrangles, circles, cyclic quadrilaterals etc., are
considered. The ‘third diagonal’ associated with a cyclic
guadrilateral and the area and circumference of the same
are discussed.

» Chapter 5 to 8 on three dimensional geometry, where rules
for solid figures and capacities of excavated volumes are
presented.

» Chapter 9 is on the Kuttaka procedure for solving linear
indeterminate equations of the first degree.



Contents of Ganitakaumudi contd.

» Chapter 10 is on quadratic indeterminate equations or
‘Vargaprakrti'. Here a variant of the ‘Cakravala’ procedure of
Jayadeva and Bhaskara is also considered.

» Chapter 11 and 12 is on the divisors of a number and
fractions.

» Chapter 13 is on ‘anikapasa or combinatorics, partitions of
numbers, sequences of binomial and polynomial
coefficients, and various ‘Meru's.

» Chapter 14 is on Magic squares.
| take up some important mathematical results of
Ganitakaumudi, pertaining to chapters 1-12 in what follows.



Arithmetical operations and sarnkramana

Chapter 1

After discussing the eight operations, various simplifying
manipulations involving fractions are discussed. In the earlier
texts, ‘sankramanda’ (Or concurrence) problems involved solving

forx andy;givenx +y =aandx -y =b, — x = a42—b7
y = a; b. In Ganitakaumudi, problems which can be reduced

to sankramana are discussed.

For example. Rule 31: Given x2 —y?2 =a,x —y = b, we find
x2—-y2 a
X+Yy = X—z :Band X,y can now be solved as we know

X —y and x +y. Similarly, given x> —y?2 =a,x +y = b,

a .
X—y= b and solution by sankramana.



sankramana

Rule 33.
AR fGIone FRatar g€ anT: 1 33 |

“The square-root of the difference between ‘twice the sum of
squares (of two numbers’ and ) the ‘square of (their) difference’ is
their sum.”

If x> +y? =a,x —y = b,x +y = v/2a — b? and solution by sarikramana.
Rule 34. Given x? —y? = a,x?y? = b,x? +y? = [(x? — y?)? + 4x?y?|*/? = ¢,
say. From a and ¢, x? and y? are obtained, and then x and y.

Rule 35. Given x —y = b,xy =c, then x +y = (b? + 4c)*/2 and solution for
X,y by sarkramana. Similarly, given x +y,xy = ¢,x —y = (a? — 4c)*/2 and
solution by sankramana.

Rule 37(a). If x +y and x? +y? are known, x —y = [2(x? + y?) —(x +y)?]*/?

and solution by sarnkramana.



Solution of the quadratic equations
Rule 39-40 (a).

FUIETIRY FAHNT Taeg |
WS ANT: WA T T Ta 3
FTI H5 ST ol T 8o |

“‘Pada’ and ‘agra’ (drsya) divided by ‘rapottha’ happens to be the
(so called) difference and the (so called) ‘product’ respectively.
Calculate the (so called) ‘sum’ from them by the method stated
earlier. The numbers are (obtained from them) by the method of
concurrence. (In case) Pada is negative, the greater number is to
be taken. The square of that is the number.”

The rule gives the solution of a quadratic equation of the type ax + by/X =c. a
is the ‘rapottha’, b is the ‘Pada’ and c is the ‘drsya’, also ‘agra’. Find % and ¢.
The root of the equation is v/x. Consider an auxiliary quantity
/Y, when b is negative. b = —|b|. In this case,
|b| c
VX =Wy ==, VXY = a

a



Quadratic equation

Then, from rule 35,
_ (b%+ 4ac)?
VXY =
X = [b| + vb?2+4ac  —b ++/b? + 4ac
- 2 - 2

In this case, v/X is the greater quantity out of /X and \/y. When b is positive, it
is implied that

VT VR = 2 VR =

_ /b2
and ﬁ — w
(In this case /X is the smaller quantity out of /X and /y.)

[V e

[In either case, /X is the correct solution using ‘modern’ standard way. Here ¢
comes in the RHS, so we get, b? + 4ac inside the square root, instead of

b? — 4ac. It appears that Narayana is giving only the positive root, so only one
root is presented.]



Example

Example 27.
WFvd A e searr wgiger
TR AR qHITEI R : T
FATFURIIRT T WS SHg=ar T
ST T AT Ja8 H Gegag=< il Qg |

“A group of peacocks along with its half, its one-third
and % of their difference (i.e, difference between its half
and its one-third) together with 1% times the square root
(of the group) standing on top of a mountain, hearing
the thunder of clouds surcharged with electricity, are
dancing with joy. The peacocks are 300 in all. O friend,
tell me (the number of peacocks) in the earlier group.”




Solution

Let x be the number of Peacocks in the ‘earlier’ group. Then

1.1 3/1 1 3
x+§x+§x+z<§—§>x+§f—300
47
or ﬂXJF f—300
47
or Ex+3f_600
Hence
—3+4/9+4-7-600 3,97
= = 6=12
vx 2.1 47
X =144

This is the number of peacocks in the earlier group.



Quadratic equations involving successive remainders

Rule 40 b.
IR S M| 8o T

“Starting from the end, by the method stated earlier, the
process (on being performed on) the remainders, gives
the number.”

This involves solving equations of the type:

(x—aﬁ)—b(y/x—aﬁ) =c

and more complicated equations. This is solved by putting

X —ay/x =y. Theny — b,/y = c. Then the problem is solved for
y first and substituting this value for y in the equation for x, x is
solved.

This is best illustrated by an example.



Example

Example 40.

FTAAT: RATHGHHY (= & FFraon
& 9 Uegd e qeavesun|
TR U BmETeTs sel s sge
e W A i 9 gF fh A

“During the amorous tussle, (the beloved’s) garland of
pearls was broken twice the square root less % (of the
root) of the pearls were on the cover of the bed. The
square root of the rest along with % (of this root) were
seized by the lover. The square root of the rest fell down
on the earth and 2 (pearls) were in the string (of the
garland). Tell, how many pearls were in the garland.”




Solution

Solution: Let x be the number of pearls in the garland.

Cover of the bed: = (2 — —) VX = \/_ —y

So remaining = x —y

XY =2

Seized by the lover : /X —y + g\/x —y =
Soremaining=x -y —z =2’
Ontheearth =vz' = /X -y —z
Remaining (on the string) = 2.

N2ty +z4+2=x
\/?—FZ:X—y—Z:Z/



Solution contd.

V148
Ll P Now, X —y —z = z/, and

1
This is solved first: vz’ = 5

z:gx/x—y.
.'.x—y—g\/x— =4
Solving for this /X —y,
5 25
3ty T
X —y = =3
y 2
X—y=9
7
Nowy:z\/f
x—y_x—z\/izg
4
Solving this,
LY B B
xo 4 Vie 2t 1+,
2 2 8 '

This is the number of pearls originally in the garland.



Remainder type equation again

Rule 41 a.
ORIV dsar-ary fafd: geae g9 )

“Multiply the “rapottha” by the first remainder and add the product to
the last remainder. (After that solve the problem) by the method
stated earlier”

Here author is referring to an equation of the form:

x—a—?(x—a)—% {x—a—?(x—a)}—% {x—a—?(x—a)—%{ }}—j\/)?zd
We find
O [

Rupottha

a — first remainder, d — last remainder.



Example

Example 41.

T UG AEaE NSRRI
e adr: fvasayay FHATH|

qﬁsmﬁ%arwﬁm
“\-I'{Io-lrllS\S‘-{%q g(“lJ-l "Q(")HH-?GEWII 89A |

“Ganesa (was worshipped) with 1 lotus flower. Siva,

Hari, Brahma (and) the sun (were worshipped) with

111 1
© 23 and > of what remains successively. Kamala

was worshipped with the square root of the lotus
flowers (in the beginning) and the two feet of the
teacher resembling lotus flowers (were worshipped)
with 1 lotus flower. Quickly say the number of lotus
flowers in the collection.”



Solution

Here let x be the number of lotus flowers.
Ganesa — 1

After worshipping Ganesa — Ry : x — 1.
. 1
Siva — g(x -1)

After worshipping Ganesa, Siva — Ry : (x — 1) — %(x —-1)

Hari — % {(x _1)- %(x _ 1)}



Solution contd.

After worshipping Ganesa, Siva, Hari, — R3 : (x—l)—%(x—l)—% {x -1- é(x — 1)}

Brahma—>%{x—l—%(x—l)—%{X—l—%(x—l)”

After worshipping Ganesa, Siva, Hari, and Brahma Ry :
1 1 1 1
—1)—Z(x—-1)-= —1)—Z(x—-1)p—[x—1—---
(=1)= -1 -3 {o- - f-nf - S ]

1
Sun — =Ry
2
After worshipping Ganesa, Siva, Hari, Brahma and sun — R4 — 3Ry
Kamala was worshipped with — /X

Remaining Last remainder = 1



Finding the Solution

Rup ttha:% Rupottha=—
1 1 6
=X = VX ==-41=—
5 VX 5+ 5
6 1 v/
14/144.0 2 VBT
5 5 5 547
VX = 1 = T = =6
2.2 2.2
5 5
x = 36

So, there were 36 lotus flowers in the original collection.



Another type of quadratic equation

Consider a quadratic equation of the form

2
X
— |- h} =d.
{(m/n)
One can easily check that this reduces to x> — bx +¢ = 0,
whereb = (2)? 42 (D) h and ¢ = ()% (h? 4 d)
Then, Sum of the roots x +y = b,

Product of the roots xy = c,
Then we obtain the solutions x,y by sarnkramana with

x —y =+/(x+y)2—4xy = Vb? — 4ac,
so that

X

_ b++vb2—-4c y_b—\/b2—4c
-2 02

m .
Narayana calls s the rapahara, h the subtractive, and d, the drsya or the
observed quantity and states the solution thus:



Rule

Rule 42 (b) - 43:
WOFHFEE TTered ddeea: 1 ga g 1

UG AT T] AaIgagd: |
OGO B fRfgHr T 83 1

“The divider in one’s own part is called Ruapahara. This multiplied by
twice the subtractive is added to the square of rapahara. (The
result) happens to be the sum. The square of the subtractive is
added to the observed quantity (i.e., added to drsya). The (sum)
multiplied by the square of ripahara is the product of two numbers.
(The numbers should be obtained) by the method stated earlier.”

So, he is stating that,

Sum =x+y=b= (%)2+2 (%) h and Product = xy = (%)2(h2+d).

[It appears that Narayana considers both the roots when both are positive.]



Example
U e EFafiod Fio: 9|
TATT AT &9 @ T Sl 89 0

“The square of 20 of a swarm of swans less 1 flew away in sky

towards Manasarovara and 95 (remained there). O friends, (tell)
how many (of them) were there?”

If the number of swans is X,
2
X — (i - 1) —95
m
So here o =20,h=1,d =95.

b:(%)2+2(%)h:202+2-20-1:440

2
c= () [h* +d] = 20°(1 + 95) = 20° - 96



Example

Now x +y = b, xy =c,

b+ vb2 — 4c b — vb?2 —4c

X =, Y =

2 2
We find b2 — 4¢c = 4 x 202 x 25 . vb2 — 4c = 200.
(S HOTO oy HO-200

Both are solutions.



“Double equations of second and higher order degree
equations: Rational solutions”

Rules 45-57 give rational solutions of some second and higher degree equations
involving two unknown quantities, x,y. In the following, m,n,p,u,v,a, b, etc., are
integers.

2
) ) m
Rule 45. A solution of x2 +y2 +1=u?,x2 —y2+1=v2isx = Sy =m

4
. m
Rule 46. A solution of x2 +y2 — 1 =u2orv2isx = -+ 1,y =md.

Rule 47 Asolutionof x +y =u?2, x —y =v2,xy +1 =w?is
x =2(m* 4+ m?2), y =2(m* —m2).
Rule 48. A solution of x +y = u?,x —y =v2isx =m? 4+ n?,y = 2mn.

Rule 49. A solution of x +y =u2,x —y =vZ,xy =w3is

« — (m? 4+ n?)pb _ 2mnpb
"~ [2mn(m2 4 n2)]2’ y= [2mn(m2 + n2)]2
. ) b 2mb
Rule 50. A solution of x2 +y2 = u3,x3 +y3 =v2isx = %, y = ;—5

4 3
(&u = m—andv = ﬂ)
5 25



Double equations, contd.

8(a+b)
(a—b)?

Rule 51. A solutionof ax +1 = u?,bx + 1 =v?isx =

Rule 52. x = {5 <a+b )] + b is a solution of x +a = u?,x — b = v?
1
2

[withu = 3 (2£2) + Im, v =

m

(32— 3m)

m

Rule 53. A solutionof x +a =u?x +b =v2 |sx_< g ) —a.
Rule 54. A solution of x —a =u?,x —b =v2isx ( g ) —a.
1 m

Rule 55. A solution of x2 +xy +y2 =u |sx_§(4——n—m),y:m
. 3m? 1

[withu = B + En].

Rule56.Asquti0n0fx+y:xyisx:m;n,y:m:n.

Rule 57. A solutionof x +y = x2 +y2isx = m(m + n) y = n(m+n)

(m2+n2)’ (m2 +n2)'



Rule

Rule 58.

FAGfHF Flagfa gagiaarded f&e)
TG foeaqed Fogaafagiadr T 1 ye |

“Divide the sum of squares, square of the sum and the
product of any two assumed numbers by the sum of (their)
cubes and the cube of (their) sum and (then) multiply by the
two numbers. The (results will) be the two numbers, the sum
of (whole) cubes and the cube (of whose) sum will be equal
to the sum of their squares, the square of (their) sum (and
their) product.”




Rational solution for Rule: 58

Let m and n be any two assumed numbers. Then according to the rule,

solution of
1) X3 +y3 =x?+y2is x = [Lm y (o n
2) X3 +y3 = (x+y)is x = Zlm y — (mo
) X+ yS = xy o x = Sy =
4) x3+y3=x24+y2isx = (T;if)lma y= (r(nnii:;gn

m+n)?m _ (m+n)?n

5) (x+y)° = (x+y)?is x = ARy = (s

. 2 2
6) (x +y)° =xyisx = {ihs. ¥ = ey
Narayana considers the ‘Rule of inversions’ (Remember Lilavati) in
Rule 59, and Rules of 3, 5, 7, 9, 11 and inverse rules in Rule 60
onwards. Barter of commodities and the sale of living beings etc., are
also considered.



Chapter 2 on determination pertaining to mixture of
things

Rule 1 (a).

VETIETEIAR e AT el I Weart=l x| 2a |

“The contributions severally divided by their sum (and)
multiplied by the mixed amount happen to be (the respective)
fruits.”

This is understood with the solution for the following problem:



Example

Example 3.

T Tl af0GT FHOT TgieRraead: T84 |
TN & JOT-T e a8 & que =l
“Four traders obtain 1000 panas by tilling a land for 6

etc., days with 5 etc., horses in order. O friend, tell what
are (their shares) respectively.”



Solution

Solution:
Trader 1:
2:
3:
4.
So shares:

6 days
7 days
8 days
9 days

5 horses
6 horses
7 horses
8 horses

L1411l

Contribution
6 x5=230
7x6=42
8x7=56
9x8=72

Sum = 200

Trader 1: ﬂ x 1000 = 150; Trader 2: % x 1000 = 210.

200

Trader 3; 5—6 x 1000 = 280; Trader 4: 2%) x 1000 = 360.

200



Use of rule of proportion

In rules 1(b)-3(a), rule of proportion is used cleverly to solve
problems. Suppose there is one item and x quantity of
something is purchased at r quantity / coin and sold at r’
guantity / coin.

X X
. Principal = = = — .1’
P r rr’

X
-r.

- , X
. Sold: Principal + Profit = Amount A = =

. X X x(r-=r
Profitl =A—-P = — — — :Q
r’ r re’
.. Principal, P : Amount, A: Profit, | = r":r: (r —r’)
That is why, the rule which is applicable when several items are
there, also states:



Rule

Rule 1(b)-2:
g A war: way iy g e gadn ¢

e 9 Taward faeaea: &3 ant:)
FIHAARIT FeJefafed & aq aqn 2 |

“The rate of purchase is the mixed (amount) and the
purchase-price is also the mixed amount. The
sale-price is the principal and the rate of sale is also the
principal. The sale-price less the purchase-price is the
profit. The (unknown) fruit should be obtained from the
knowns by the process of proportion (and from the
mixed amount) and the method of partnership stated
earlier”



Mixed quantities and rule of proportion

It is written somewhat confusingly, but refers to the proportionality among P, A, and |
which has been stated by us. Now, if different types of objects are involved. Let us say:

x1 amount of 1 is purchased at the rate of r; and sold at rate r;.
X2 amount of 2 is purchased at the rate of r, and sold at rate r2’, etc.,

X1 , X2 ,

Then Principals of 1, 2, 3, - - - are: Py are: —— -r{, —— - 15, -
firy far,
. . X1 X
Amounts (Principal + Profit) odf 1, 2, 3, - - - Aj are: — -1y, — - I2,-
firy far,
) X X
Profits = Aj — P; : —1,(r1 -, —2,(r2 —r)), -
I']_I'l I'2I'2
For different items,
Principal Principal L
pal _ _ Trincipal areinratio : -+ : -2,...
Amount Principal + Profit r. r
Principal . . r r r!
ZHneIPal e in ratio L. 2.3 ..
Profit rp—ry ra—ry r3—rg
Principal o ry r
P areinratio : — %t —: —2 ...

Principal -Profit 2r{—n ' 2r) — 1y ’



Example

Example 5.
MO A AT : T THATUNSTEEer: Far: ;|

TqRT v fawmar e rmfaegeaent ue R gue)

AT Joa faa= a1 @nTeeT- a1 9 &9 gie 7|

“Sali rice, wheat and a half-ripe pulse were purchased in proportion
of 3, 5, and 7 (per coin) for an amount of 69 (and then) sold in the
proportion of 1, 2, and 3 (per coin). If the profits be equal or the
profit added. or subtracted from the principals be equal, tell the
principal separately.”



Solution

Principal : A )
Now, —Profit_ aein the ratio : P o (a) If the profits are equal,
Principals are themselves are in this ratio. Here r; = 3,r, = 5,r3 =7,
ri=1r,=2r,=3.

’
. i i .9.92.. N1 .
So, here: Principal of 1:2: 3 :: e s e

1 2 3 1 23
3-1'5-2'7-3 2'3'°4
6+8+9 23
Sum = — = —
12 12
Total Principal = 69.
. 69 1
,Prmmpallfgxzfm
12
- 69 2
PrlnC|paI2:§><§:24
12
- 69 3
PrlnC|paI3:§><Z:27
12



Solution contd.

(b) Now if Principal + Profit = Amount are equal,

rmor,ory 1 2 3
Principal1:2:3:: t.2.3_-2-.2.%
rincipa 3 T, ts 357
Sum — 35+42+45 122
N 105 ~ 105
Total Principal = 69
Total Principal 69
Lo P Y 1
T Sum 122 * 105
- 69 1 69
Principal 1 = 122 % 105 x 3= 1% x 35
e 69 2 69
PrInCIpa| 2 = @ x 105 x g = @ x 42
- 69 3 69
Principal 3 = 122 x 105 x - =10 x 45



Solution contd.

(c) If Principal — Profit are equal. Then

Cita oL 1 T3 o r3 123
Prmmpall'z's”rl—Zr{'r2—2r2/'r3—2r§_1'1'1
Total = 6.

Principal 1 = 6—;xl = 22—3, Principal 2 = 6—;xz = 23, Principal 3 = 6—;xs = 6—29

Several interesting problems involving interest for a principal are discussed.



Mixed problem involving interest

Let the principals (capitals) P, and P, be lent out for t; and t,
months at the same rate of interest (r percent per month) and let
the corresponding interests be I; and I,. Then out of the seven
quantities (P1, P2, r,t1,12,11,15), two can be determined from the
sum of them and other four (r consider fixed).

In particular, Rule 5(b)-7(a) says:

fafed fawlawe Tafgad sy wadmEm v
Ay Fraadl YhaGa: Srawaaar

qou"aada iy af g9aa aa T e |
THETAY | TR F&T STl va |




Mixed problem involving interest

“In two prescribed different sides, if the sum of either
the interest or the capitals or the times or the capital
and the time (of different sides) or the capital and the
interest or time and the interest (of the same side) is
observed as mixed, their shares in the sum can be
determined, separately by the method of partnership
considering the products of two (known ingredients) in
the two sides as contribution.”

So this rule says: when any one sum out of

l1+12, 11+, P1+P2, P14+, Po+1g, I+t + 12+, I + P or 2 + P2
is known and the rest 4 ingredients are known, then two
(comprising the sum) can be found separately.



Example

Given Iy + 13, P1,t1, P2, 1 to find 1; and |, separately. Now,

I — Pitqr l, — Potor
100’ 100
Sl Py
S+l Pati +Paotp
P Paty
, = (I + 12)Paty
(Plt]_ + Pztz)'
o (I1 + I2)pats
Similarly I; = Pt Pty

Example.: Suppose Py, t1, 11,1, and Py + t; are given:

I Pyt P 1P Py +t 11P2 + It
Now, -t — —11 Fi_ hhF2 1+h 1P2 + 12y
l2 Pty b Ity t 2ty

(P1+t2)lats
= P1=(P;+1t)—t
2 11P2 + Ity 1=(Prtt) -t




Example

Example 17.
A e TR TR Oq F 6 Gedl
A ARG H Fh FT |
e Tafgad feed R{fEd gue #a Jfen 2v 0

“The sum of interest of 100 in a month, added to that of 60 in a year
(at the same rate) is 41. Tell me the interest separately.”

Here P, = 100, P, = 60,t1 = 1,t2 =12. Given |, + |, = 41.

(i 12)Pats  41x60x12  41x60x12

We havel, = = = 36
Ve = B T ht, 100160 x12 820

|1:(|1—|—|2)—|2:41—36:5.
Now let any one out of Py + I3, P2 + I1,t1 + I2,t2 + 11, P1 + t1P2 + t2 be known
and the other four quantities are known separately. Then the product of the two

guantities can be obtained and the quantities themselves can be determined
according to Rule 7(b)-8.



Example

Example. a) P2, 1,12, 11 and Py + 12. To find Py, I».

Now as the rates of interest are equal,

i Pity
I, Paty

11 Pt

P1|2 = 17272
t

Pi—1Ir= \/(Pl +12)? — 4P1lp
From, P; 4+ 1, and P; — I, P; and |, are found from ‘sankramanda’.

(b) Similarly, Let P1, P2, t2, 11 and I, + t; are given. Then

11P>t>
P1

oty = =t =4/(2+ t1)2 — 4ty

From, I, +t; and I, — t1, |, and t; can be determined.



Example

Example 18.
A A Tes I JH01 T Wghel: Fes |

TEJNT UFOT: FAEEY T qUE FAT |
Floy TSI Tewagar SO MUaH 1 ¢ |

“The sum of the interest of 100 for a month and the
capital (principal) whose interest in a year is 36, is 65.
O friend, tell (them) separately (knowing) the sum of the
capital and its time or that of the interest of 100 and the
time (tell them separately).”

Solution: Here P, = 100,1, = 36,t; = 1,t, = 12, and
P, +1; = 65.
|2P1t1 36 x 100 x 1

Now, Pyl = 0 = 7 = 300.




Solution

S Py—ly = \/(Pz +13)2 — 4P,ly = /652 — 1200 = 5 /132 — 48 = 55

P2+|1:65,P2—|l:55 P2:60’|1:5'
Now P, t2, 11,12 and Py + t; be given. To find Py, t;.

11Poty

P -t = P t1)2 — 4Pt
I A ] 1 \/(1+1) 1y

Now, P1t; =

12
In this example, P;t; = 101, Pty = % = 100.

- Py —t; = /1012 — 400 = /1002 — 200 + 1 = /(100 — 1)2 = 99

P+t = 101, P, —t; =99.
P, =100,t; = 1.



Payment in Instalments

The following rule pertains to the payment in instalments of a
debt, based on simple interest.

Rule 10.

TR PP AR AlTehea= Hifd fawr
TAFRGEIO g FaEee: =i 2o |

“The capital (principal) is multiplied by the fixed period
of instalment (the product is) divided by the amount of
instalment less the interest (on the total amount) for the
period of instalment. (The quotient) determines the
time of being free from debt.”

Amount lent = P, Amount of instalment = a. Period of instalment
(No. of months / instalments) = t Total time for being free from
debt =T = nt let us say.



Payment in Instalments

Interest / period of Instalment (for time t) = I
.. Interest for total duration of debt (time T = nt) = nl’.

Now, the amount due after time T = nt is P + nl’ and amount
paid is na. Equating them,

P+nl'=na
B P
a-—V

Pt

T =nt=
a—1

This is what is stated in the rule.



Example

Example 20.
HR T o a9
T FUFC ZEAIHIET |

A9gd Ui TW IWUFIE
T g9 YT 7 IRASFHEAN 20 |

“In his bad days a debtor was given an amount (principal P) of 90 at
the rate of 5 percent per month to be paid back in bimonthly (t = 2)

instalments of 15 (each). O friend, tell me quickly, the time of being

free from the debt.”

Here P = 90,t = 2 months (period of instalments)

I” (payment interest per period of instalment) = W‘?o x 90 x 2 =9, Instalment
amount, a = 15.

Pt 90x2 90x2
T a—-I! 15-9 6
This is the time for being free from debt.

T = 30 months




Payment in instalments: Time for being free from debt

The next rule gives the expression for the Principal (capital) P, in terms of the instalment
amount, a, time being free from debt, T, the instalment period, t and the rate of interest
(in fact interest on unity) for the time of being free from debt.

Rule 11.

fmemgan Tve & % goa wel
TFFFO T TR GERAETHGH N 29 |

“The time of being free from debt is multiplied by the amount of instalment.
(The product) is divided by (the product of the sum of) the interest on unity
for the time of being free from debt added to 1, multiplied by the period of
instalment. The (quotient) is the capital”

nl’ aT
“Pl—=—+1)=na=—
(P+) t

aT
(EV+1)t
p

. ) . . nl’ . ) )
This is what being stated, when it is realised that 3 is the interest for the period T = nt.

We had P +nl’ = na



Example
Example 21.

TN faw AEgaaT geo |
T TgRAsy e
FGIEAE I8 0 & 3ig: & T gl Iy ag |

“An amount is lent at the the rate of 5 percent per month. The
period of instalment is 22 months, the amount of interest is 15, and
the time of being free from debt is 30 months. If you know, tell the
capital and the interest.”

Solution: Heret = 2.5,a = 15, T = 30. Rate of interest = 5 percent per month.

. 5 nl’
Interest on unity forT = 100 x30=15 (_ F)

15 x 30 _
(15+1)x25
Total interest paid = 1.5 x 72 = 108

SoP= 72.

Alternatively, total interest = na — P = % x 15— 72 =108.



Payment in instalments: More realistic computation

The above is based on simple interest. The debtor owes the amount

P + nl’ at the end of the time nt = T based on simple interest, but he is
actually paying an instalment amount a after each instalment period t.
He is not getting any benefit for paying back the debt in instalments at
earlier times. The next few rules take this into account.

The rule in 12-14(a) pertains to the instalment amount a being
adjusted only towards payment of capital. The rule gives the
expression for the amount of interest to be paid in addition to the
‘monthly instalments’ being paid to clear the capital.

Let amount lent (Principal or capital) = P, Instalment amount = a,
Instalment time period = t months. Rate of interest = r percent per

. L P
month. If the amount is cleared in n instalments P = n‘aorn’ = 3

: . Pt
.. Total time for being free from debt = n’t = =



Payment in instalments contd.

Here n’ indeed not be an integer. Let
, f
n=n+-
a

P f
=N+
a a

orP =na+f, wheref < a.

Consider the amount, P as made up of na and f. Consider the integral
part na, first. At time t instalment amount a is being paid. The interest
should be the entire amount, na.

*. Interest at time t = na rt

a N 100
Here an amount a is paid towards clearing the principal. So the amount
due at the beginning of the second instalment is na—a = (n — 1)a. So,
at time 2t, we have to calculate interest for the amount (n — 1)a.

rt

. Interest attime 2t = (n—1)a- —
.. Interest at time ( )a 100



Payment in instalments: Interest to be paid

Proceeding in this manner,

r
Interest at timert =[n—(r —1)]-a- —
= -1]a 555

rt
Interest attime nt =a- —
100
Hence, total interest for the integral part
rt n(n+1 rt
nn+1), .

=[n n—1 e+ 24 1a— = —
I+ ( )+ +2+1] 100 2 100

At the end of time duration nt, Principal amount due is f. (Integral part na having been
f
cleared). This will be cleared in time gt. But the debtor has to pay the interest for f for a

f P Pt r
eriod nt + —t = —t, whichisf - — - —. Hence,
pert + a a Whieh a 100
. . 1 Pf t
Total interest to be paid = {Ma—i— } '

2 a | 100

is called ‘mala pinda'.

. . 1 Pf
n is called the ‘pada’. f/ais the ‘agra. {Ma—i— ;}

The total interest to be paid and the time for being free from debt are stated in the

following rule:



Rule

Rule 12-14 a:
TFFHE AT @of Tege o W |
I : TR URgF TR0 I 1l 92 |
FAAITAT TSI HH IS : |
T TFIF RO THAS JgHA-HTT I 23 |
TR ROTI TrIgd eaHe: |l 98 3 |




Total interest and time for being free from debt

“The amount (capital or principal lent) is divided by the amount of
instalment. (The integral part of) the quotientis called ‘Pada’ and
the remaining part, ‘Agra’. ‘Pada’ is added to its square. (The sum)
is multiplied by half the amount of instalment. (The product) is
added to (the product) of ‘agra’ (i.e. the remaining part) multiplied
by amount (lent. The sum) is called ‘Mala Pinda’. The interest
should be obtained from that (i.e. from the maula pinda) by taking
the time equal to the period of instalment. After that, the period of
instalment multiplied by the amount (lent, the product) divided by
the amount of instalment happens to be the time of being free from

the debt.”
[Note: Let %O =r’. Probably, the debtor is paying a + nar’ at time
t,a+(n—1)ar’ attime 2t,--- ,a+ ar’ attime nt, and at time nt + gt, he is

paying f + A—fr/. In all these, the first part is payment towards the principal and
the second part is the interest.]



Example
Example 22.

TFFAA I TG THlT: He |

A T Y AR TEFggHad

33 e F99 @ @ qU 3fw 22 |

“Somebody lent 75 at the rate of 5 percent per month. The debtor, for fear of
(high) interest, returns (the amount) in instalments of 9 (along with the

interest due), bimonthly. O friend, if you know, tell the interest and the time
of being free from debt”

Solution: Here P = 75,r = 5, instalmenta = 9,t = %

75
— = — =84+= f=3a=9
a 9 +9 ( )
So,n = 8.
. 8x9 1 1 5
*. Interest paid = Lx9+75><7}><7><—
2 3 2 100
2.5 29
=(36 x 9+ 25 =8_=
( +25) 100 40
Time = E 1_ 4} months
9 2 6



Equated monthly instalments

Now we consider the case when the instalment a is the interest on the
outstanding amount plus the payment of a part of the principal. Then
the following rule gives the time of being free from the debt.

Rule 16 b - 17.

TR FFA TS J6 o T9% T STerdl 96 g |
AT HfGFwe [Rag A= |
OIS HSAATHH J HEGE FTh: 1 29 |

“Subtract the principal part of each monthly instalment free from the
capital, successively. (This gives the number of complete months and
a residue of the capital, if any). Subtract the interest of residue for a
month from the amount of monthly instalment. Divide the residue of
the capital by the remainder (The quotient) added to the number of
(complete) months is the time (of being free from the debt).”



Equated monthly instalments

Explanation: Lent amount,principal = P. Rate of interest = r percent
rt . . .
per month. Letr’ = 100" where t is the period of instalment. At the

time of payment of first instalment, interest due is r’P. Monthly
instalment = a. .-. Principal part of monthly instalment = a — r'P.
Hence, Amount due after first instalment paid Py =P — (a —r'P) or
Pi=P(1+r')—a.

The interest for this at the time of second instalment = r’P;. Amount
paid = a. .. Principal part of monthly instalment = a — r’P; Amount
due after payment of second instalment
=Pi—(@-r'P)=1+r)Pr—a=2+r)?P-(L+r)a-a
Amount due after payment of n instalments

Pn=(1+r)"P —[(1+r)"1+...+ 1]a. According to the rule, we go
ontill R = P, < a. R is the remainder or the ‘Residue’ he talks about.

It takes less than an instalment period =t to clear R with its interest.
Let this be Rt. (or R is the fraction of the instalment period).



Equated monthly instalments

The interest on R for the fraction, f of the instalment period =R - R -r.
The amount the debtor pays for the fraction of the instalment period
Ra. Equating these,

R + RRr’' = Ra.
R R
L R= a—Rr’ a-VI
where I’ = Rr’ is the interest on R for one instalment. This is what has

been stated.

[Though the rule appears to state the result for the case when the
instalment period is a month, it is clearly applicable for any value of the
period, t].

Narayana's concept of instalments is very similar to the modern
concept of equated monthly instalments. The only difference is that in
modern times the time for clearing the debt is fixed, and the equated
instalment worked out, whereas here, the monthly instalment is fixed
and the time for clearing the debt is worked out.



Example
Example 24.

T IAFAAT T T T FEMT FAG==T |

T e e TEe S FaeE |
FOT F TE Fl HAg TMeHEd a3 28 |

“A rich man lent somebody 100 at the rate of 10 percent per month.
(The debtor) gives a monthly instalment of 50 including the interest.
O friend, tell me the debtor’s time of being free from debt.”

Solution: P = 100,r’ = ;2 = - a = 50.

At the time of first monthly instalment: Interest = 100 x 1—10 = 10. Payment
a = 50.

Payment towards principal part = 50 — 10 = 40
Amount due after first instalment = 100 — 40 = 60

. 10
Interest on this for month GOW =6

Payment = 50
Payment towards principal part50 — 6 = 44



Solution

Amount due after payment of second instalment =60 — 44 =16 =R

as it is less than a = 50.

Interest on R = 16, for a month 16 x % =16

Fraction of a month required to clear this debt with interest, R.

16 16 4

R=50-16 284 121

This is the fraction of a month required to clear the debt. At this time

the debtor pays R x a = % x 50 to clear the debt completed.
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