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Introduction

Background and Relevance

» Today there is a lot of discussion going on all around the world to
see how to make mathematics learning more interesting.

» As far as arithmetic is concerned, certainly one way to make it
interesting is to introduce the topic of Magic Squares—called
Bhadra-ganita in Indian Mathematics.

» The nomenclature stems from the fact it was considered to fetch
—all round prosperity/well-being—just like yantras,
wherein we have various letters inscribed.

» The earliest extant mathematical text in India that presents some
detailed treatment on the topic of magic squares is
of Thakkura Phera (c. 1300 CE).

» A more detailed mathematical treatment, by way of exclusively
devoting a chapter (chap. 14, consisting of 75+ verses), is
provided by Narayana in his Ganitakaumudi (c. 1356).



Normal and Pan-diagonal Magic squares

» Depending on the number of variant ways in which one can get
the desired sum, magic squares have been classified into:

» semi-magic (only rows and columns sum up to the no.)
> , (rows, columns & principal diagonals)
» pan-diagonal magic (the above, plus the broken diagonals)

» Example of a normal and a pan-diagonal (PD) magic squares:

’ A normal Magic Square ‘ ’ A Pan-diagonal Magic Square ‘
(Sum = 34) (Sum = 34)
12 3 6|13 10 13 8
14 5 4 | 11 16 2| 11
7 | 16 9 2 4 9 7
1110 | 15 8 15 6 1

PD Sum: 6 +5+7+ 8+ 34 PD Sum: 13+ 16+4+1 =234



Classification of Magic squares

» Thakkura Phert in his Ganpitasarakeumudsi classifies n x n magic
squares into the following types:

» Samagarbha (n doubly-even or of the form 4m)
> (n singly-even or of the form 4m + 2)
» Visama (nis odd)

» Having made this classification, Phert presents a few examples
of magic squares—that are non pan-diagonal.

» Moreover, they are “normal’ magic squares of order
n=3,4,5,6,..., whose magic sumare S=15,34,65,111,....

» In these squares, the entries in the n® cells will be sequence of
natural numbers 1,2, ... n? and the magic sum will be

_ n(’+1)
S - 2

» However, in the pan-diagonal magic square described by
Narayana the sum S need not be magic sum given above.



Purpose as laid down by Narayana
» The purpose of magic squares has been delineated thus:

Hsiluldtle{'dbl FIMOTh[=TH |

ﬂa‘@ﬁmﬁrwmﬁﬁr@ﬂm

» Classifying the magic squares Narayana observes:
T [EREEIRRER IR e
» Defines them as follows:
HgTg IqUH e Tgad TEE |
AFN Fa6 A

When the order of the magic square is divided by 4, if
the remainder r = 0, then it is samagarbha; if

;andif r =3 or 1, thenitis
visama.

' Ganitakaumudr 14.2.



Avatarika to Bhadraganita by Narayana

> One of the notable features of Narayana is that he methodically
introduces all topics that he discusses.

> For instance, in the chapter on Magic squares he sets apart 5 verses
right at the beginning to introduce the topic.

T HTUT IS HAg ITords|
I TOTAHHE AT A9 JE@wEa
Feqaf= e RS Hag e |

g FROTARE T ST T |

g6 ANIUIdTed RIS HEIod T

» In all magic squares, it is through arithmetic progression ...

» By those desirous ... the first term and the common
difference have to be determined.

» As many as the number of boxes in the square will be equal
to the (n?).




Popularity of Magic squares in India

> The first chapter of Srinivasa Ramanujan’s Notebooks is on Magic
Squares. It is said to be “much earlier than the remainder of the
notebooks”.

> T. Vijayaraghavan, in his article on Jaina Magic Squares (1941) notes:
“The author of this note learnt by heart at the age of nine the following
pan-diagonal square which was taught to him by an elderly person who
had not been to school at all.”

8 | 11 2|18
1114 7|12

15| 4| 9] 6
10| 5|16 | 3

> This clearly indicates the popularity of Magic Squares in India.

> Indian mathematicians specialized in the construction of a special class
of magic squares called



Kacchaputa of Nagarjuna (c.100 BCE)

» The elements in the magic square are 34?% AEPIEEU
given using the Katapayadi system of RCRE %;" =pad
specifying numbers by the string arka b

dunidhanart . ...
0|1 8

» Half the blocks are 0lolol2

» These blocks can be simply filled with 6lol30
n — x, where x is alternate element
across the diagonal. 410 0

n—3 1 8 n—3 1 8
n—7 9 n—4 2 n—=6 9 n—4 2
n—=8 3 n—1 n—-7 3 n—1
4 n—2 7 n—9 4 n—2 7 n—8

Pan-diagonal with total 2n Total 2n + 1



Kacchaputa of Nagarjuna (c.100 BCE)

The following pan-diagonal magic square totaling to 100 has
also been called Nagarjuniya

30| 16| 18 | 36
10| 44 | 22 | 24
32 |14 |20 | 34
28 126|140 | 6




Sarvatobhadra of Varahamihira (550 CE)

In the Chapter on Gandhayukti of Brhatsamhita, Varahamihira describes the
Sarvatobhadra perfumes

fyFefEaaes: e o qesEean

213|518
T TaReT: T w0 5(8|2]3
TFRAFON 1S FAYFTHTSHE: | ‘7‘ é 47; f
THF TS Ho @ T -geaT: |
W FegYe 71 T AT aaEed |
I SEIRY AN SO =& J: |

TR ST |
TSTQY T FeAT: TAMG: |

In the Kacchaputa with sixteen cells, [are placed] two parts of agaru, three parts of
patra, five parts of turuska and eight parts of saileya in the cells of the first row,....
When these are mixed in whatever way, there will be 18 parts. To such a mixture are
added nakha ..., in equal measures, and in this way the sarvatobhadra are produced.



Sarvatobhadra of Varahamihira (550 CE)

As the commentator Bhattotpala (c.950) explains:

I TSTF WSTFHBH 2 58
FEGIE T T AT e 823
RO Agey Rk 4117

REE R 716 1

TFafelsed: aumIaRE I Edigae Iseee JeT Haf=
¥sfEm TRY FA-FHO fodvar aqy F#oy a
FATETSHD O FUFEETES O TS O MAEEEES @
F=IUE | FAREEY A RAagaraugy ae-aas s a a9
F gENT, Iy B R At

At A AT |




Sarvatobhadra of Varahamihira (550 CE)

Translation of the commentary of Bhattotpala

In this kacchaputa with 16 cells, when four substances are
mixed in whatever way: When the four substances with their
mentioned number of parts are mixed, then the total will be 18
parts; this happens in the above Lacchaputa when the perfumes
are mixed from top to bottom (along the columns) or
horizontally (along the rows), along the four directions, or the
central quandrangle, or the four corner cells, or the middle two
cells of the first row together with those of the last row; the
middle two cells of the second and third row or the first and last
cells of the same, or in any other manner. If the substances in
such four cells are added there will be 18 parts in all. ...

, they are
called Sarvatobhadra.



Sarvatobhadra of Varahamihira — Narayana’s

This square
8/0(8]|0
0[8|0)|8
0/8|0)|8
8/0(8]|0
Narayana’s
10 13| 8
16| 2| 11
7
15 1

Varahamihira’s
2 5|8
812|838 ~
117
716 1

It is to be noted that all the three squares
are pan-diagonal.

This belongs to a class of 4 x 4
pan-diagonal magic squares studied by
Narayana Pandita in Ganitakaumudi

(c.1356).

We’'ll see later that there are 384 possible
ways of constructing such (4 x 4) magic
squares.



Jaina magic sguare (inscriptional reference)

2113 | 8| 11

Pan-diagonal magic square found in the inscriptions at Dudhai
in Jhansi District (c.11% century) and at the Jaina temple in
Khajuraho (c.12! century).



Obtaining 4 x 4 PD squares: Horse-move method

TIFTOERT &l & JerTHgaagT |
mﬂwﬁwaaﬁwmwzrn g0 Il
T g FIBH TATg: |

TEIRT SeWEHs W fafrarE o9
g FERE 9 FOET T
eﬂgmrmi’m qu@??r:—rmﬁaw I 2 I

5% GEHATHEET mdﬁiﬂ'ﬂ?[l

IJLFTUTTAT — like the movement of horse in chess
1 s |13 ] 12 %T @T — choose pairs of numbers [from the sequence]
14 | 11 5 . I — in two adjacent §ells
T[0T T — and at an interval of one cell

4| 5|16 | 9 Hmmmmﬁw — by the method of the horse
moving to the left and right
15 | 10 3 6

— in a magic square with 16 cells
— other magic squares of order 4m




Possible no. of 4 x 4 PD squares (with elements 1,2...16)?

1 8113 | 12 1112 |13 8
141 11 2 7 15 6 3|10
4 5|16 9 4 9| 16 5
15 | 10 3 6 14 7 21 1

» Narayana how poses the question:

TIERRRE T5T7a ST Hia TR
AT < gfe A0 TR, TS TR

> Having displayed 24 pan-diagonal 4 x 4 magic squares, with the top left
entry being 1, Narayana states:

T Tpize Tl awes: Squeicafie-areaer e

Thus there are 384 possibilities in a magic square . ..

> This has been proved by B. Rosser and R. J. Walker (1938); Much
simpler proof was provided by T. Vijayaraghavan (1941).



Ancient Indian method for odd squares

8
7
4
17 1 81| 15
5 7|14 | 16
4 6| 13| 20
10 | 12 | 19
11 | 18 2

» This method of proceeding along
small diagonals (alpasruti) is
described as an ancient method
by Narayana Pandita in
Ganitakaumuds.

» Narayana actually also displays
the eight — and only eight —
3 x 3 magic squares that can be
constructed this way.

De La Laubere, French Ambassador in Siam, wrote in 1693 that he learnt this
Indian method from a French doctor M. Vincent who had lived in Surat.



Ancient Indian method for odd squares

Verses presented by Narayana

FETAH F1E JeTg TIH 9|
T IRBTHTHT T 183 1
AR FeTITET AGTARIRH T |

FOHE T g T TETIIH 183 |

TBI, THT TeT= J07 F |
AT YT HEAfTH 9T 3 T ITH I8y |
T — desired direction
17 24| 1 8 | 15 Wmamthetopcell
23| 5] 7|14 ] 16 m TR — the first no. of the sequence
4 6|13 | 20 | 22 QTQ_C[H may be placed
HWWISH — the opp. direction
10 | 12 | 19 | 21
9 — in the cells along the small diagonals
"1 ]es 2 EFUi_GI'?f% q F"%—) if the next cell is already filled

with number



Obtaining the magic sum

> Right at the beginning of the chapter, Narayana presents the formula for
finding the magic sum (S).
TEai S TUReTaS Hafa Tgfoae |
Tq USHS & B HARE g q0

> The term padam is used to refer to the number of terms. Denoting it by
N, the formula given may be written as:

—_

sankalita = E(NZ + N)
> Now the magic sum is given by
magic sum S = sankalita
VN

> Taking N = 16, we will get S = 34.



Kuttaka and magic squares

> Given the magic sum S, and the order of the magic square n, the first
thing to be done to construct the magic square is to obtain the
—defined by (a, d).

> Having obtained (a, d), the sredh7 having n? elements is constructed
and this will be used to fill in n x n square. Narayana makes use of the
following kuttakara to obtain (a, d).

ns = B{a-ﬁ-(a—f—(nz—ﬂd)} (1)
or S = na+(g)(n271)d )

> |tis well known that in a kuttakara problem there exists an infinite
number of integral solutions for (a, d) if S is divisible by the GCD of
(n, (8) (m* —1)). In other words, S should be divisible by n when nis
odd, and by 7 for n even.

» Narayana’s example: Construct a 4 x 4 magic square with S = 40. Now
we have the equation 40 = 4a + 30d which is satisfied by the pairs
(a,d) = (-5,2) (10,0) (25. — 2), and so on.



Properties of 4 x 4 pan-diagonal magic squares

Property 1:

Property 2:

Let M be a pan-diagonal 4 x 4 magic square with entries
1,2,...,16, which is mapped on to the torus by identifying
opposite edges of the square. Then the entries of any 2x2
sub-square formed by consecutive rows and columns on the
torus add up to 34.

1112 |13 8
15 6 3|10
4 9| 16 5
14 7 21 1

14+124+154+6=1+12+14+7 =234

Let M be a 4 x 4 pan-diagonal magic square with entries
1,2,...,16, which is mapped on to the torus. Then, the sum
of an entry on M with another which is two squares away
from it along a diagonal (in the torus) is always 17.

1+16=64+11=15+2=4+13=144+3=94+8=17



Properties of 4 x 4 pan-diagonal magic squares

12 | 183 8
15 6 3
4 9 5
14 2| 11
Property 3:

The “neighbours” of an element of a 4 x 4
pan-diagonal magic square (which is mapped on to
the torus as before) are the elements which are next
to it along any row or column. For example, 3,5, 2
and 9 are the “neighbours” of 16 in the magic square
given in the LHS..

Let M be a 4 x 4 pan-diagonal magic square with entries
1,2,...,16, which is mapped on to the torus. Then the
neighbours of the entry 16 have to be the entries 2,3,5 and 9
in some order.

We can use the above properties, and very easily construct 4 x 4
pan-diagonal magic squares starting with 1, placed in any desired cell.



Thanks!

THANK YOU

More of Magic squares in the next lecture!



