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Constructing a square that is sum of unequal squares
An application of the Sulba-theorem

AT THEE F 7 w00 aEaer quHeed | g

FEIIRY: FHE: T Ef (BSS 1.50)
Desirous of combining different squares, may you mark the rectangular
portion of the larger [square] with a side (karanya) of the smaller one

(kaniyasah). The diagonal of this rectangle (vrddhra) is the side of the
sum of the two [squares].

» The term vrdhra in the above sitra
refers to the rectangle ABEF.

> Asking us to mark this rectangle, all that
the text says is, the cord AE
aksnayaragjuh gives the side of the sum
of the squares.

> In other words,

CRseEs

AE? ABCD + CGHI
el = AB?+CG?
AB? 4 BE®.




Implication of the above construction ?

» Scholars trained in the Euclidean tradition, puzzled by the mere
statement of theorem, without the so called ‘proofs’ always wondered
whether the Sulbakaras knew the proof of Sulba-theorem, or was it
purely based on empirical guess work?

» Though Sulvakaras do not give explicit proofs, it is quite implicit in the
procedures described by them. In fact, the previous description of
construction clearly forms an example of that.

PSS

> In the figure, ABCD and CGHlI are the

two squares to be combined. E is a point
on BC such that CG = BE.

ABEF is the rectangle that is formed.
Now the sum of the two squares may be
expressed as

ABCD + CGHI =  ABE + AEF + EHJ + HEG + FDIJ
= ADK + AEF + EHJ + HKI + FDIJ
AEHK,

which unambigously proves the
theorem.



A note on the terminology employed

» Before introducing Sulva-theorem, Katyayana has exclusively
devoted one sutra to clarify the different terminologies that
would be employed to refer to cords in different contexts.

T, e, , UIETHTT, 270y I 9a: |

karani, tatkarant ... all refer to cords. (KSS 2.3)

» The commentary by Mahidhara (c. 1589 CE)—explaining the
origin of the five names given in the above sutra—is quite
edifying.

F0 Terga asuaReae: FFaAfd i

That which limits or produces the length or area is
karant (producer).

Ter ol o guuaNe o J=Ta I e, fgaro,
Tretelt, S:aaa: |
That which produces an area that is twice etc. is called

tatkarant (that-producer); For example, dvikarant,
trikarant, catuhkarani, and so on.




A note on the terminology employed (contd.)

ﬁﬂgﬁﬁﬁ?mmﬁmﬁﬁm

N ha Ld [d hd
ARIGA =4l [dLdaAl J@qfébl-i-l\l

That by which ...is measured is called

U Urd AR SE O, TEdEaHe gaad
FedH|
That by which the sides are measured is called parsvamant

(side-measurer); It refers to the cords on either sides that is
stretched along the east-west direction.

AU ATEE &F TIANT G0, PO HATY:, T
Waﬂwa@mmﬁ a'chzmﬁﬁﬁvw|

That which makes the area look like eyes [i.e., splits into two]
is called aksnaya (diagonal); The mid-cord that connects the
corners. Once it is fixed, the square looks like an eye, and
hence the term aksnaya is used to refer to the diagonal.



Different connotations of the word karanz

1. &0V = side of a square
FEEE: FIoAr U

By the side of the smaller [squg;e] e (BSS 2.1)

2. FO = square root
T2 fodge Broer aedAer T ey e

[In a rectangle] with upright one pada and base three padas, the
diagonal-rope is \/10. (KSS 2.4)

3. WUﬁE a certain unit of measure

FIO1 A T, T, AT A, Taa:
gfar faor: (KSS 2.9)

Note: Though karanz seems to have ‘different’ connotations, on taking a
closer look, it becomes evident that some of these meanings converge to the
same thing—that which makes a square of area a. Obviously ‘that’ = /a.
Examples dvikarani, trikarani, dasakarani, and so on.



Constructing a square that is difference of two squares

FUHERET | T U EUAT SR U I | T A
e qedfe= | farear e [BSS 2.2]

Desirous of subtracting a square from another square, may you mark the
rectangular portion of the larger [square]

. With the [cord corresponding to the
larger] side of the rectangle turned into a diagonal (aksnaya) touch the
other side. Wherever that intersects, chop off that portion. Whatever
remains after chopping, gives the measure of the difference.

> Problem: Find the side of square which is the

D _F c difference of the squares ABCD and AEGH.

P > Solution: Obtain the vrdhra (rectangle) AEFD,
and with radius EF mark a point P on AD. AP

H G gives the desired measure.

> |t is evident from the figure

AP?2 = EP? _ AE?
AD? — AE2.  (EP = AD)
ABCD — AEGH

X

E B



Transforming a rectangle into a square

Sequel to finding the sum and difference of squares
AT T R e w8 R fen,
TR TEAT | GUSH AU qoiga, a5 FER 35%: |

[BSS 2.5]
terms in sutra  correspondence with figure It is evident from the figure
W&T rectangle ABCD , ) ,
SREIE] east-west cord (AD) bp* = EP2 - DE2
ﬁ‘sﬁ{ the portion XYCB = AE° - RS
QUsH square RSNM = AENF — RSNM
CIEIE] by placing = HIUK
B C N
F e
J
X Y




To construct a square that is n times a given square

> Katyayana gives an ingenious method to construct a square whose
area is n times the area of a given square.

AACHHON THATCAOT Gehrarg e
T i Hafa fode fgor=aea
‘ TR SAfERaEfT | T T TRl [KSS 6.7]

N 2
> &
‘”// aln - As much ...one less than that forms the base .. .the
arrow of that [triangle] makes that (gives the required
number /n).
B 5 c Note: Here Tadl: (= JarUrdvTat=T) fgaromfr)
(n—1)a

> Inthe figure BD = JBC = (“5')a. Considering AABD,

n+1\?2 n—1\2
AD? = ABZ—BDZ:( > )az—( 5 )a2
= L1y 171 = F o an=nz
2+ )7 =(n=1)7 =7 x4n=n




To transform a square into a circle

AB
OP
oD
ME

2a (given)
r (to find)

V2a

OE — oM
V2a-a

a(v2—1)

T AUST; TR reurand Fer we
TRfET | [BSS 2.9]

oAy = semi-diagonal (OD)

HATT Qﬁ?ﬂ{: from centre to the east

N

e <[4 = whatever [portion] remains

T g A = with one-third of that

As per the prescription given,

Radius OP=r = a+%ME

a{1+%(\@71)}

(2+V2).

[SS IR

How to find v/2?



How did Sulvakaras specify the value of v/2?

» The following satra gives an approximation to v/2:

T T, TG, e,

gfqay: | [BSS 2.12]
1 1 1
V2~ trgrgig (1) Y
7
408

= 1.414215686

» What is noteworthy here is the use of the word AT in the
sutra, which literally means ‘that which has some speciality’

» How did the Sulvakaras arrive at (1)?

» Several explanations have been offered by scholars. Here we
will discuss the geometrical construction approach.



Approximation for /2

Rationale for the expression v2 =1+ 3 + 55 — 77

3.4.34

» Consider two squares ABCD and BEFC (sides of unit length).
» The second square BEFC is divided into three strips.

by Geometrical Construction

» The third strip is further divided into many parts, and these parts
are rearranged (as shown) with a void at Q.

1

» Now, each side of the new square APOH = 1 + - + 3‘—4

R Q  void that
I I W~ remains

1 I,

I,




Approximation for /2

Rationale for the expression (contd.)

>

>

The area of the void at Qs (53 )°.

Suppose we were to sirip off a segment of breadth b from either
side of this square, such that the area of the stripped off portion
is exactly equal to that of the void at Q, then we have,

ob(14 04 D)= (L i
3 ' 34 ~\34)

Neglecting b? (as it is too small), we get

1\° 34 1
b=|—] x == .
3.4 34 3434
Hence the side of the resulting square

1 1 1
Ve=1+3+32" 343



Approximate value of

An estimate of the value of 7 used by Sulvakaras

>

If 2a is the side of the square, then we saw that the prescription
given in the text amounts to taking the radius of the circle to be

r:a[1+;(ﬂ—1)] )

If we were to impose the constraint that the transformation has
to be measure preserving, then it translates to the condition
r? = 4.

From the relation given above we have,
1 2
™ [3(2 + \/é)} ~4. 3)
Using the value of v/2 given in the text we get

; (4)

which is correct only to one decimal place.



Value of v/3 (trikarani)

Geometrical construction described by Datta

R I I [ B

v v VI void that remains
H to the filled

r v; v

b c

v, VI,
S T i 1 v Vv, VI,
—
A B P

» Each side of the new larger
square APQR =1+ 2 + ;&

> To obtain a better
approximation, let the side of
the new square be diminished
by an amount y, such that

2

1

)7~

Neglecting y? as too small,

wegety =

—
3552’

» Thus we get
_ 2 1 1
\/§—1+§+ﬁ_3.5.52

nearly.

1
35

:



Problem of squaring a circle
AUse Ty R R I v Fer A
TFARTg e s 38,
FEHHNHZ B [BSS 2.10]

With the desire of turning a circle into a square [with the same area]
dividing the diameter into 8 parts ...

This may be rewritten as

1 1 1
8 7829 8296 8.29.6.8}

2a_d{1—

RGN,
2 T:, O: GREHAN: F14: | T Igq
3(YETHT) HET 3G — Sea-T0ead |




Citi: Fire altar

>

>

>

>

ﬁﬁ: — Platform constructed of burnt bircks and mud mortar.

Iaq HAEH sfa fafa:: [the locus] unto which things are brought
into [and arranged].

& (mtk assembling or fetching together
Fire altars are of two types. The ones used for
> W—daily ritual.
» @I H—intended for specific wish fulfilment.
The fire altars are of different shapes. They include ﬁ“ﬁﬁ (isosceles

triangle), IHI: e (rhombus), ISR TEITT (chariot wheel),
(a particular type of vessel/water jar), ;Wflﬁﬁ (tortoise),

LDEISIH (bird, falcon type), etc.

Number of bricks used is 1000 (Hl'g!ﬁ = ...), 2000, and 3000.

> Altar has multiples of five layers, with 200 bricks in each layer.



Types of Fire altars (representative list)
» Different types of wish-fulfilling fire-altars are described in Vedas.
gard § g agEee
A, sd-fEd = S 9 T aa whoer
T O A W qafd L A T argerar e

hal 0~ o
HI\j‘Obll-l\ A&, . AMHe A Al dlH Rl

» The table below presents a list some of them, along with the
shapes and the purpose as stated in the text.

Name of the citi Its shape Who has to perfom
Form of a bird Desirous of cattle
ST, W@ﬁ Form of bird Desirous of heaven
&fﬁﬁﬁ Isoceles triangle  Annihilation of rivals
TR Chariot wheel Desirous of region
ﬁ'UTﬁﬁ Form of a trough  Abundance in food

Table: Different citis, their shapes and purpose.



On the height and the shape of citis

Measurements were case-based (based on the performer) and not ‘standardized’

» Taittiriya-sambhita, prescribing the height of the citi observes:*

STed B v e, Tahads s manE,

SR T ﬁ?ﬁme—dﬁ‘amﬂxrh%ﬁ
Jrared foa g e, SErcEn] Al aET |

Knee-deep should he pile when he piles for the first time,
and indeed he mounts this world with gayatri,

when he piles the second time, ... neck-deep
should he pile when he piles the third time . ..

» Elsewhere (5.5.3) observing on the shape of the fire-altar it is
said that it should be akin to the shadow cast by the bird.

a3 | FagRga

4 Taittiriya-samhita 5.6.8.

Sgagy & Y9 GidHar Grad Il argday: (BSS.8.5)



Syenaciti—Falcon-shaped fire-altars
» The origin of Syenaciti can be traced back to vedas.

» For instance in sadvimsa brahmana belonging to samaveda,

AT BT ... W BT WU YaHT YTHAT e

» Another version of the same statement perhaps on another
Brahmana which is more popular goes as

T ¥ e R e yEaerd iu aged o
AT

» These sentences are cited in the Mimamsa text in connection
with the discussion on deciding the meaning of the word syena
that appears in the vidhi (injunction)

8 Sadvimsa-brahmana 4.2.3.



Measurement units used in construction

IFETHOE | TIRAVE: | Igfermiaear: TIafEer goue|
TWFS GEUSH| FET WeW:| 9T yFgew| fgue: wed: 1 §

o

TRSTE: | TgNfd: T | Sfereaar: 7

angula
ksudrapada
pradesa
pada
prakrama
aratni
vyayama

PUTUSQ

" Baudhayana-sulbasatra,1.3

14 anu or 34 tila
10angula

12angula

15angula

30angula

2pradesa = 24 angula
4aratni

S5aratni



Construction of Syenaciti (Type 1)
Types of bricks: 1,2 and 3

» Bricks of geometrical shapes other than rectilinear are needed.

» The five types of bricks used:

1. By—one-fourth brick (caturthi)—30 x 30 arngulas;i.e., a
square whose side is J pu.

2. Bo—half brick (ardha)—obtained by cutting the one-fourth
square brick diagonally; each of 2 sides equals arigulas and
the hypotenuse 30 30v/2 argulas

3. Bz—quarter brick (padya)—obtained by cutting B;
diagonally; each of 2 sides equals 15v/2 arigulas and
hypotenuse 30 arig.

A D
30.
B C




Types of bricks: 4 and 5

» B,—four-sided quarter
brick (caturasra-padya)—of
sides equal to 223, 15, 7}
and 15v/2 arig. The area is
15 x 15 ang, the same as
that of Bs.
» Bs—(hamsamukhi)- half
brick obtained by joining
two Bys, along their B
common longest side.




Outline of body and head of Syena

E Fe %+
A - D
L G
240
K
H

T45
!

150



Syenaciti: Falcon-shape

A
A
4
- N
VN Ch
Vi 4 y AN

LIhada




Number of bricks used

U9 ygcamarareHt | R e g
AT wEAR FauyT: | ot groef: oy %QEJTSI?H

Waarm|w{ﬂm'@’n

Partsofthe citi | By B, Bz B, Bs | Total

Head 1 6 6 1 14

Body 30 6 10 46
30 62 16

Tail 8 4 20 32

Total 69 72 52 6 1| 200




Syenaciti: second layer

Number of bricks used in the second layer

Parts By B, B3 By Bs Total

Head 10 10
Body 12 28 4 4 48
Wings 48 28 34 110
Tail 8 4 18 2 32

Total 68 70 56 6 200




Fabrication of bricks

Ingredients to be added to the mixture of clay employed in manufacting the bricks
> GUIRTTEIOTET Jar AT Haf=y | ©E =91
Extracts of gum from certain trees (palasa)

IT IS TGt | S =4l

Hair of the goat, of a bullock, horse, etc.

> JEHUIAE T A TS | T AT

» Fine powder of burnt bricks ..

> IETHEH T SEFT: FRARNT | TIHGIT: 79
QIgUIRI | 7 AR 19

The above process of strengthening is in practice till date.®

v

v

v

8 Satapatha brahmana, 6.5.1.1-6.

® Baudhayana Sulbasitra, 2.78-79

"The addition of fly ash as well as pozzuolana is well known in the
manufacture of cement.



Fabrication of bricks

Handling the contraction in size of the brick (Sun’s heat + Burning in the kiln)

» There will be reduction in the size of the moulded bricks:

> ZEET AU HAAER] & |

» Different Sulbasitra texts suggest different measures to
handle this problem of contraction

»waﬁwmmgﬂ%w|

T qEfe Frd For Qi 2
» Appropriately increase the size of the mould.

K ICRREReE )

|13

» Compensate the loss with the mortar.

" Manava gulbasﬂtm, 10.3.4.17
2 Manava S’ulbasﬂtm, 10.2.5.2
8 Baudhayana Sulbasitra, 2.60



Constructional Details

Specifications regarding the arrangement of bricks in different layers

> e a3

» Here the word “bheda” does not simply mean
difference/distinction (in fact, this has to be maintained).

» What is meant is a clear segregation between two rows
across all the layers. This is to be avoided.

» Joints should be disjoint!  (not continuous)

> RN IR e gfa Jufewf=r i
» The etymology could be: ﬁﬂ%ﬂ?ﬁﬁ]ﬂ: qe: |

> FIAT: AfERR: T Wg g
» (Arbitrary) foreign material should not be employed to fill
the gaps.

The above-mentioned are very important principles from the
view point of civil engineering.

14BSS. 2.22-23. (RPK’s Book)



General observations

» The purpose for which the geometry got developed in the Indian context
is construction and transformation of planar figures.

> We saw that Bodhayana (prior to 800 BCE) not merely listed the
so-called ‘Pythagorean’ triplets, in the form of
an explicit statement.

> Extensive applications of the theorem in the context of scaling and
transformation of geometrical figures was also discussed.

» Though Sulbakaras did not explicitly give proofs—which anyway was
NOT a part of their (of the antiquity)—it is evident from
several applications discussed, that the proof is implicit.

> From the view point of history it may also be worth recalling:

Antiquity? Though the Babylonians of 2nd millenium BCE had
listed triplets in cuneiform tablets, there is no general
statement in the form of a theorem.

Pythagorean? Since there is hardly any evidence to show Pythagoras
himself was the discoverer of the theorem, some of the
careful historians call it Pythagorean theorem.



General observations

> It may be reiterated that Sulbasatra texts were primarily meant for
assisting the Vedic priest in the construction of altars designed for the
performance of a variety of sacrifices.

> However, these texts shed a lot of light from the view point of
development of mathematics in the antiquity, particularly the use of
arithmetic and albegra, besides geometry.

Use of fractions The expressions used by the Sulvakaras for expressing
surds—in terms of sums of fractions, leading to a
remarkable accuracy'®

Use of algebra The rules and operatlons descrlbed by them in the
context of scaling geometrical figures unambiguously
demonstrate the use of algebraic equation.

> The different citis not only speak of the , but also of the
creativity and ingenuity of Sulvakaras to work with several constraints
imposed—both in terms of area and volume.

> The archaeological excavations at Kausambi (UP) seems to have
revealed a Syenaciti constructed around 200 BCE.

'®Five decimal places in the case of v/2.
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