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Mahavira's Ganitasarasangraha

Mahavira was a Digambara Jain who lived in the later part of the
rule of Amoghavarsa Nrpatunga (815-877 CE), a great king of the
Rastrakata dynasty, ruling over north Karnataka, parts of Andhra,
Maharastra and other parts of India also. Mahavira wrote an
extensive Sanskrit treatise called ‘Ganitasarasangraha’
(Compendium of the essence of Mathematics) about 850 CE.
Patiganita of Sridhara (750 CE) is another important work of the
same era. | will not be covering that separately, as Mahavira’s
work includes most of the material of Patiganita, as also older
works like Brahmasphutasiddhanta of Brahmagupta. It also
introduces several new topics. It is written in the style of a
textbook and provides a rich source of information on ancient
Indian mathematics.



Mahavira's Ganitasarasangraha

A commentary called Balabodha in Kannada was written by
Daivajna Vallabha. Also there is a Sanskrit commentary by
Varadaraja. Dates of these are not known. Also these are not
available in print.

Based on the manuscripts in Sanskrit, as also in Kannada script
and explanation in Kannada in some manuscripts, M.
Rangacharya published the edited version of
Ganitasarasangraha (GSS), with English translation and
explanatory notes in 1912. My account of GSS is based on this.

In Chapter 1 as terminology, Mahavira waxes eloquent on the
use of mathematics in verses 9-16.



Importance of Mathematics

Verses 9-16:
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Importance of Mathematics

Verses 9-16:
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Importance of Mathematics

“In all those transactions which relate to worldly Vedic or (other)
similarly religious affairs, calculation is of use. In the science of
love, in the science of wealth, in music and in the drama, in the
art of cooking, and similarity in medicine and in things like the
knowledge of architecture. In prosody, in poetics and poetry, in
logic and grammar and such other things and in relation to all
that constitutes the peculiar value of (all) the various arts, the
science of computation is held in high esteem. In relation to the
movements of the Sun and other heavenly bodies, in connection
with eclipses and conjuction of planets and in connection with
triprasna (diurnal problems) and the course of the Moon indeed
in all these (connections) it is utilised. The number, the diameter
and the perimeter of islands, oceans and mountains; the
extensive dimensions of the rows of habitation and halls
belonging to the inhabitants of the (earthly) world.



Importance of Mathematics

Of the interspace (between the worlds), of the world of light and
of the world of Gods; (as also the dimensions of those
belonging) to the dwellers in the hell: and (other) miscellaneous
measurements of all sorts - all these are made out by means of
computation. The configuration of living beings therein, the
length of their lives, their eight attributes and other similar things,
their progress and other such things - all these are dependent
upon computation (for their due measurement and
comprehension). What is the good of saying much in vain?
Whatever there is in all the three worlds, which are possessed by
moving and non-moving beings- all that indeed cannot exist as
apart from measurement.”



Arithmatical Operations

He talks of 8 arithmetical operations.

() Gunakara or Pratyutpanna, their multiplication
(i) Bhagahara; Division
(i) Krti: Squaring
(iv) Vargamula: Square root
(V) Ghana: Cubing
(vi) Ghanamala: Cube root
(vii) Citi (or Sankalita): summation and

(viii) Vyutkalita (or Sesa): subtraction of a part of a series, from
the whole series.



Operations with Zero

In particular, consider his understanding of the Operations with zero:
Verse 49:

qfea: @ Tfar: @ Arsfaewmr gar ga: |
SIS TauTie: @ 49 & GeaeuREl 8%

“A number multiplied by zero is zero, and that (number)
remains unchanged when it is divided by, combined with (or)
diminished by zero. Multiplication and other operations in
relation to zero (give rise to) zero; and in the operation of
additions the zero becomes the same as what is added to it

So, for any number
ax0=0xa=0,a+-0=0,0+-a=0,

a+0=0+a=a,a—0=a.

Obviously, a + 0 = 0 is wrong. Bhaskara call this khahara and assigns
the value, infinity to it.



Operations with Positive and Negative Quantities

Verse 50-52:

FUENAGE HeTH T % UTH|
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FOENAERT TG I

S =07 T&: I QA U= HAU 92 |
U IO 55 WO a4 HEd |

FOT EETA ST FTECHTT TALH N 92

“In multiplying as well as dividing two negative (or) two
positive (quantities, one by the other), the result is a
positive (quantity). But it is a negative quantity in
relation to two (quantities), one (of which) is positive
and the other negative. In adding a positive and
negative quantity, the result is their difference.




Positive and Negative Quantities

The addition of two negative (quantities) or of two positive
(quantities give rise to) a negative or positive (quantity) in order.
A positive (quantity) which has to be subtracted from a (given)
number becomes negative, and a negative (quantity) which has
to be (so) subtracted becomes positive.

The square of a positive as well as of a hegative (quantity) is
positive; and the square root of those (square quantities) are
positive and negative in order. As in the nature of things a
negative (quantity) is not a square (quantity), it has therefore no
square root.”



Positive and Negative Quantities and Notational Places

(+a)x(+b) = (-a)x(=b) = (+ab); (+a)x(-b) = (—a)x(+b) = —(ab).
a+(—b)=(a~b) [meansa—bifa>band — (b —a)ifb > a].
(+a) + (+b) = +(a+h), (—a) + (—=b) = —(a+b).
b-a=b+(-a)a—(-b)=a+b
(+a) = (-a)* = +a% V+a? = (+a)or(-a).

A negative number (—b) has no square root, because a square is
always positive.

In Verses 63-68, names of rotational places:
1-Fka, ... 10 - Dasa ,... 10%3; Mahaksobha.

Chapter 2: elaborates on the arithmetical operations (parikarma) and
simplification of various kinds.



Multiplication

1. Multiplication: “The multiplicand and the multiplier are
placed one below the other in the manner of the hinges of a
door” - Kapatasandhi.

(an an—r ap)
(bm ...b1) + moved

axb

Wecanuse:(axb)x(cxd):< >><(a><cd)

d
or = ((axb)xc)x (%) etc.,
Necklace of Narapala: 12345679 x 9 = 111111111
Royal necklace: 142857143 x 7 = 1000000001



Division, Squaring, Square root

L Dividend .
2. Division = Divisor from left to right. Remove common factors.

3. Squaring:

a’ = (a—b)(a+b) +b?
N=1+3+5+--+(2n-1)

(Arithmetic Progression with 1 as the first term, 2 as the common
difference and n terms.)

(@+b+c+---)?=a?+b*+c?+..-+2ab+2ac+---

(@nan_1...aa1)° = (anx10""1+4a,_1 x10" 24+ ... 42, x 10 4+ a;)?
_ aﬁlOZ("‘l) + aﬁ,1102<"—2) 4o 2ana,_q10" L2 4
= a?+a; x10(ay + a3 x 10 + -+ +an x 10"72) + af x 102

+2a; x 10%(ag +as x 10+ -+ +an x 10"3) 4 ..

4. Square root: Earlier Indian procedure.



Cube and Cube root

5. Cube:
() a®>=a(a—b)(a+b)+b%a-b)+bdor
(i) a® =a+3a+5a+--+(2a—1)a = a[l+3+---+(2a—1)] = a.a?
That is, an A.P with a as the first term, 2a as the common
difference and a as the number of terms. or,
(i) a®=a?+ (a— 1)1 +3+---(2a—1)]. or,
(iv)
a® = 3[1-2+2-3+---4+(a—1)a] xa.
Check. RHS = 3[22-2+3?-3+.--+a’—a]xa
= 3[(1*+---+a®)-(1+---+a)+a
a(a+1)(2a+1) a(a+1)

= 3 — a=a
6 2 | T




Cube and Cube root

(a+a+-+an)’=3> a’xa+y a
i

or

(ar+az+---+an)’=al+3a5(ar+ - +an1)+3an(al +---+aiy)
+ad ,+382 j(@+--+an2)+3an1(@ 4+ +ad )+

6. Cube root: Earlier Indian procedure (Aryabhata,
Brahmagupta)

Verse 60: “O mathematician, who are clever in calculation, give
out after examination, the root of 859011369945948864, which
is a cubic quantity.” [Try this as an exercise].



Cit: Summation

QRfaR e gEeeon o |
bV N haV ld o
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“The number of terms (in the series) as diminished by
one and (then) multiplied by the common difference is
combined with twice the first term in the series; and
when this (combined sum) is multiplied by the number
of terms (in the series) and is (then) divided by two, it
becomes the sum of the series in all cases.”

If a: First term, d : Common difference , n: No. of terms, S :
Sum, of an A.P,

S:a+(a+d)+---+[a+(n—l)d]:[ 5

2a+(n—1)d} n



Example

Verse 67 (Example):

ARETIASE e Tegerdsiy &9
MTHFHFGRETIHT 0T HO TOH I & |

“The first term is 3; the common difference is 8; and the
number of terms is 12. All the three (quantities) are
(gradually) increased by 1, until (there) are 7 (series). O
mathematician, give out the sums of all (those series).”

Expression for number of terms, n from a, d and S. Same as in
Brahmasphutasiddhanta (BSS).



Example

Verse 71 (Example):

RGT TEEASEr g7 FUUEErT FH 39|
@E TWig W5 faaa & =g 1 ve |

“The first term is 2, the common difference is 8; these two
are increased successively by 1 till three (series are so made
up). The sums of the three series are 90, 276 and 1110, in
order. What is the number of terms in each series.” [Try this
as an exercise].

Also gives a, d interms of d, n, S and a, n, S respectively.

a—= —7'd:

2 n—1°

S (n-1)d
n




Mixed Problems

He discusses some “mixed problems”. An example:

First series: | term = a, common difference = d, No. of terms = n,
Sum=S

Second series: | term = a; = d; common difference = d; = a,
No. of terms, n;, Sum = S;.

The first term and common difference of the two series are
interchanged. The ratio of the sums is given (S/S;) and the no.
of terms n and ny are given. To find a, d (S, a;, d;, S; are
automatically determined.)

Verse 86 gives the solution:

a=n(n—1)p —2n3,d =n? —n; — 2pn, wherep = %



Mixed Problems

or,
d =ni(ny — 1) — 2pn;.

n-1 ng—1
NowS =n [a+ ( > )d] ,S1=m [d +(172)a]
There are two equations for a and d, in terms of n,n;, SandS;.
Actually only S% is given. So it is an indeterminate equations for
a and d. One can show that for given solutions for a and d,
S =p. So, itis correct. Itis an ‘ansatz’.

Exercise: Find the value of S and S, for this ansatz.



Mixed Problems

Example given in GSS.
Verse 88:

PRSI A eI, TH-T |
FIAUHNTE-AN F99 &@ Toaarsg i ¢e |

“In relation to two series (in A.P) having 12 and 16 for their
number of terms, the first term and the common difference
are interchangeable. The sums (of the series) are equal, or
the sum (of one of them) is twice or any such multiple, or half
or such fraction (of that of the other). You who are versed in
the science of calculation, give out (the value of these sums
and the interchangeable first terms and common difference).”

[Try this as an exercise. Here n = 12, n; = 16. Take

S .
p=1,2,1/2,3/2 and2/3 and find a,d, S, S;. Check that §1 =pin
each case.]



Geometric Progressions

Next Geometric progressions are considered: a,ar,ar?,...,ar" 1,
a(r" -1
S=a+ar+ar?+-.-+ar" = g
(r—1)
[The procedure for finding r", as in BSS is given.]

An important method to find r, the common ratio, given the first term,
a, number of terms, n and the sum, S.

Verse 101 a:

IF I @A av’i\lgci HIeq 99: |

“That (quantity) by which the sum of the series divided by the
first term and (then) lessened by one is divisible throughout
(when this process of division after the subtraction of one is
carried on in relation to all the successive quotients) time
after time (that quantity) is the common ratio.”



Explanation

S,:§:r”—1 s A :r”—r:r(rnfl—l)
a r—-1’ r—1 r—1 (r—1)
o 1 n-1_1
. 8" —1is divisible by r : ?(Sl_l): rril =g"
n—l_l n—2_1.
' Ms divisible by r

QM1 — T 1

Subtract 1 from this: S"—1 —7 1 =
1 " rn73 -1 " " : el

Again F(S —-1)= 1 = S". 8" —1is divisible by r

One should check r such that at each stage of the process, S’ — 1,

S”—-1,8" —1,...,etc., is divisible by r, till one gets 1.

Note: r" — 1= (r —2)(r""* +r""2 4 ... +1); r" — lis divisible byr — 1.



Example

Example. Leta=3,n=6,S = 4095.

% = 1365. 1365 -1 = 1364.

Choose by trial r = 4, 1354 = 341,

341 -1 :340,—330 =85;85-1=84, —8;1 =21;21-1
20 4
0,5 =55 -

Hence 4 is the common ratio.



Finding n, givenr and S

Verse 103
HRAUREE THAEd S99 |
Fracg el Heh O TgRA(EHITa: | 903 |

“Multiply the sum (of the given series in geometrical
progression) by the common ratio lessened by one;
(then) divided this (product) by the first term and (then)
add one to this (quotient). The number of times that this
(resulting quantity) is (successively) divisible by the
common ratio - that gives the measure of the number of
terms (in the series).”




Finding n, givenr and S

S(r—1)
a

+1=r"

Keep dividing ¥ + 1 by r. The number of times that this
(resulting quantity) is (successively) divisible by r (till one gets
1), thatis ‘n’.

Example. In Verse 104: a=3,r =6,S = 777. Whatis n?

-1 77
M+1: ><5+1:259><5+1:1296.




Example

Exercise from Verse 105.
Verse 105

S TN eI sTaTdie G-
AR Tt T A oy |

What is n, when the first term is 3, the common ratio is 5 and the
sum is S = 228881835937 [Try this as an exercise.]



Vyutkalita

a,a+b,---,a+(d—-1)b+a+db+---a+(n—-1)b

ista: dterms vyutkalita: n—dterms
—1)b
oo
2
(n—d-1)b (n+d—-1)b

Sy = |a+db+ 5 }(n—d):[a+f (n—d)



Chapter 3. Fractions

Multiplication, Division, root, etc.

Number of terms in an A.P can be fractional!

/_
S:a,a+b7... 7a_|_(n/_1)d —n |:a+(n - 1)d:|

where n’ can be a fraction.

Very detailed exposition of manipulations with fractions.



Arithmatic Progressions
Verse 25.

a+(@a+d)+---+[a+(n—1)d]=n?

for arbitrary a, and d = (2 — i).
(*5-)
Similarly a + (a+d) +--- +[a+ (n — 1)d] = n3, for a = 2n and
b— (n—2)n
~ (n-1)/2°

In general ifa = %,d = 2aand n = 2x,

o [x (2x—1) x
S=lat T2 2

2x = x3

Verse 29. Ifa,d,nyield S, a; = %a,dl = %d yield S;.



Relations between A.P and G.P

An interesting rule. To find the (common) first term of two series of
having the same sum, one of them being in arithmetical progression
and the other in geometrical progression, their optionally chosen
number of terms being equal and similarly, the chosen common
difference and the common ratio also being ‘equal’ in value.

The essential content of Verse 43:

Consider a G.P with a as the first term, r as the common ratio, n terms
a(r" —1)

(r-=1)°
Consider an A.P with the same number of terms n, a as the first term,
common difference d = r, and sum

0-w),

and sum

Sp = |:a+ 5
n(n — 1)r

ThenSg = Salifa = 2

[N
r-1




Ingenious Manipulations with Fractions to Solve
Problems

A problem of ‘Sesa’ variety: Consider a number x and fractions
by,bs, -+, bn. Afraction byx is subtracted from x. Remainder:
R; = Xx — bix = x(1 — by). A fraction b, of the remainder is
subtracted. Remainder

Ry, =X —bix —by(x —bix) = (1 — b1)(1 — by)x. A fraction bz of
the remainder is subtracted. Remainder R3 is given by

Ry = Xx-— b1X — bz(X — b1X) — b3[X — b1X — bz(X — b1X)]
= (1 —Db1)(1—b2)(1—bs)x



Manipulations with Fractions

This goes on till R, =y a known quantity.
To solve for x in terms of y.
We have R, = (1 —by)(1 —by)(1 —bz)--- (1 —by)x =V,

y

X T @by b)) _b3)- (L by




Example
Example. Verse 32 of Chapter 4.

X

FIBE HH TTATHF: WSEANMRI AT =THT |
AT AT Y GUUT FBT HAT GIES T FTI 3

“Of the contents of a treasury, one man obtained % part;
others obtained from % in order to 1 in the end, by the
successive remainders; and (at last) 12 puranas were seen
by me (to remain). What is the (numerical) measure (of the
puranas) contained n the treasury?”

Solution: Here by = 3, b, = 3, b3 =%, bs =3, bs = §,be = £, by = 7,
bs =% be =3y =12
_ 12
1-5)(1-5)(1-51-91-5A-5A-3)(1-3) @~




Problems of the Sesamila variety

Suppose we have problems of the form: x —bx —cy/x —a =0.
Then

2
ﬁzlcizbﬂ/(lcizb) frop XA




Example

Verse 49 (Example):

FHErg@NSET WA TG HTT—=T: |
aos gansiy 7 fafg ger frg=sdn g%

“Four (out of a collection of) lions were seen on a
mountain; and fractional parts commencing with % and
ending with % of the successive remainders (of the
collection), and (lions equivalent in number to) twice the
square root (of the numerical value of the collection) as
also (the finally remaining) four (lions) were seen in a
forest. How many are those (lions in the collections) ?”



Solution

Solution:

D [ [ [ e

1
or, 6(x—4)—2\/>?—4:O
1 7
Sx—2UX—4-L—0
X VX4 g
Herel-b=3%c=2a=4-f, §$=1

I~

2

1 1 4

S VX =T F <T> +—> =6+V36+28=6+8=14.
3 3

.o X =196



Rule of Proportions

Chapter 5 is on the Rule of three, five, - --.

Example. Verse 31:

{;Tﬁ‘-ﬂm?ﬁﬂ(: Qﬁmﬁﬁﬁm&
FOMRS RAEg@qUsT: Hawger- |
TRARISE § B A T T
T FIG & AT To@ad & Jie AsaTq 18 |

“A powerful unvanquished excellent black snake, which
is 32 hastas in length, enters into a hole (at the rate of)
7% angulasin 2 of a day; and in the course of  a day
its tail grows by 2% of an angula. O ornament of
mathematicians, tell me by what time this same
(serpent) enters into the hole” [1 hasta = 24 angulas. Try
this as exercise].




Mixed Problems

Chapter 6 is on “mixed problems”. Mahavira shows ingenuity in
solving determinate and indeterminate equations.

Principal (capital), Interest, Mixed amount (A), etc.

Now, if | is the interest on the principal, P (rate principal) in time
T months and i is the interest on a capital p in t months,
- txpxl
- T xP

Suppose we are given m = p +t along with P, T, I and i. How to
find p and t? The solution is given in Verse 29 :



Mixed Problems

Verse 29:

TEAIGITH FIATIGS A
frrgpaw=e /g g agaos as

“From the square of the given mixed sum (of the capital
and the time), the rate-capital divided by its rate-interest
and multiplied by the rate-time and by four times the
given interest is to be subtracted. The square root of
this (resulting remainder) is then used in relation to the
given mixed sum so as to carry out the process of
sankramana.”



Solutions

Now )
t_|><T><P
- pxl
Now .
m—pt— +|><T><P
=p =p D1
2 IxTxP




Example

Example. Verse 31:
e aw: 6 g6 F9 Fo-
WHISERTYlg TgR: FaaGHY |1 ag |
“By lending out what capital for what time at the rate of

3 per 60 (per month) would a man obtain 18 as interest,
66 being the mixed sum of that time and that capital?”



Solutions

Solution: Herem =66,P =60,1 =3, T =1, = 18.

66+ /662 — 01 4 x 18

2
66 +6v112—-40 66+6x9

> 5 = 60 or 6.

Correspondingly t = 6 or 60.



Mixed Problems

There are many more mixed problems involving money lent out
at various rates involving the contributions of several persons to
the principal and so on, as also proportionate division in other
situations.

Example: Suppose there are various quantities purchased at
specified different rates and the total amount of the purchase is
specified. To find the amounts of quantities purchased.



The Rule for Mixed Quantities

The rule:

Verse 87 a, Chapter 6:
& YU ORI O gt TETH|
Tged Hodd S99 8 5o & ¢ ¢/a |
“The (number representing the) rate - price is divided
by (the number representing) the thing purchasable
herewith; (it) is (then) multiplied by the (given)
proportional number; by means of this, (we get at) the
sum of the proportionate parts (through) the process of
addition. Then the given amount multiplied by the
(respective) proportionate parts and then divided by

(this sum of) the proportionate parts gives rise to the
value (of the various things in the required proportion).”



Mixed Quantities

Rate price, R/ (per unit quantity of i) = ﬁ—;(where R; is the price
for quantity, n;).

Let the quantities of 1,2,3,--- ,n be Xg,X2,- -+ ,Xn (X fori).

.. Total amount of money for purchase,
A=) xR =x1R] + xRy + - + XaR}.
IfXq : X :Xg--- isgivenas ay : ap : az--- ,thatis, x; = o5 X,

(Z aiRi’) X = A, given total amount.

<Zai'§—:>x =A

iA L
X = aiX = il - which is the rule.
Oéin—i




Example

Example.Verse 90 b and 91:
grar Ao Bl i A
S HHH AT T MO Qo 9/2 1
e BR[O & Afe s wEor Ha
FIaTT TR W @ TEERT: T ]9 9/a

“Pomegranates, mangoes and wood apples are
obtainable at the (respective) rates of 3 for 2, 5 for 3
and 7 for 5 respectively. O you friend, who know the
principles of computation, come quickly having
purchased fruits for 76 panas, so that mangoes may be
three times as the wood-apples, and pomegranates six
times as much.”



Solutions

1 (Pomegranates), 2 (Mangoes), 3 (Wood apples)
np =3,R =2 n, =5Ry, =3; ng=7,R3=5

a1 =6,ap =3,a3 =1
Amount A = 76.

ZaiI:—i' = 6x§+3xg+1x;—4+§+;
_ 140+63+25 228
35 T35
A 76 35
Yol 228 37
35

.. X3(No.of pomegranates) = 6 x % =70,

x2(No.of mangoes) = 3 x %5 = 35,

x3(No.of wood-apples) = 1 x 3—5 §

3 37
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