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Upapattis in Indian Mathematics

While there have been several extensive investigations on the
history and achievements of Indian mathematics, there has not
been much discussion on its methodology, the Indian
mathematicians’ and philosophers’ understanding of the nature
and validation of mathematical results and procedures, their
views on the nature of mathematical objects, and so on.

Traditionally, such issues have been dealt with in the detailed
bhās.yas or commentaries, which continued to be written till
recent times, and played a vital role in the traditional scheme of
learning.

It is in such commentaries that we find detailed upapattis or
‘proofs’ of the results and procedures, apart from a discussion of
methodological and philosophical issues.



Early European Scholars Were Aware of Upapattis

In the early stages of modern scholarship on Indian mathe-
matics, we find references to the methods of demonstration
found in texts of Indian mathematics.

In 1817, H. T. Colebrooke referred to them in his pioneering
and widely circulated translation of L̄ılāvat̄ı and Bı̄jagan. ita and
the two mathematics chapters of Brāhmasphut.a-siddhānta:

“On the subject of demonstrations, it is to be remarked
that the Hindu mathematicians proved propositions
both algebraically and geometrically: as is particularly
noticed by Bhāskara himself, towards the close of his
algebra, where he gives both modes of proof of a
remarkable method for the solution of indeterminate
problems, which involve a factum of two unknown
quantities.”
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Early European Scholars Were Aware of Upapattis

Similarly, Charles Whish, in his seminal article on Kerala School of
Mathematics of 1835, referred to the demonstrations in Yuktibhās. ā:

“A further account of the Yuktibhās. ā, the demonstrations of
the rules for the quadrature of the circle by infinite series,
with the series for the sines, cosines, and their
demonstrations, will be given in a separate paper: I shall
therefore conclude this, by submitting a simple and curious
proof of the 47th proposition of Euclid [the so called
Pythagoras theorem], extracted from the Yuktibhās. ā.”

Whish does not seem to have written any further papers on the
demonstrations of the infinite series as given in Yuktibhās. ā.

Whish’s paper was widely noticed in the scholarly circles of Europe in
the second quarter of nineteenth century.

But it was soon forgotten and there was no study of Yuktibhās. ā till
1940s, when C. T. Rajagopal and his collaborators wrote pioneering
articles on the proofs outlined in that seminal text.
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The Alleged Absence of Proofs in Indian Mathematics

It has been the scant attention paid, by the modern scholarship of the
last two centuries, to this extensive tradition of commentaries which
has led to a lack of comprehension of the methodology of Indian
mathematics. This is reflected in the often repeated statements on
the absence of logical rigour in Indian mathematics in works on
history of mathematics such as the following:

“As our survey indicates, the Hindus were interested in and
contributed to the arithmetical and computational activities
of mathematics rather than to the deductive patterns. Their
name for mathematics was gan. ita, which means ‘the
science of calculation’. There is much good procedure and
technical facility, but no evidence that they considered proof
at all. They had rules, but apparently no logical scruples.
Moreover, no general methods or new viewpoints were
arrived at in any area of mathematics.”1

1Morris Kline: Mathematical Thought from Ancient to Modern Times,
Oxford 1972, p.190.
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Some Important Commentaries Which Discuss
Upapattis

1. Bhās.ya of Bhāskara I (c.629) on Āryabhat.ı̄ya of Āryabhat.a
(c.499)

2. Bhās.ya of Govindasvāmin (c.800) on Mahābhāskar̄ıya of
Bhāskara I (c.629)

3. Vāsanābhās.ya of Caturveda Pr.thūdakasvāmin (c.860) on
Brāhmasphut.asiddhānta of Brahmagupta (c.628)

4. Vivaran. a of Bhāskarācārya II (c.1150) on Śis.yadh̄ıvr. ddhida-
tantra of Lalla (c.748)

5. Vāsanā of Bhāskarācārya II (c.1150) on his own Bı̄jagan. ita

6. Mitāks.arā or Vāsanā of Bhāskarācārya II (c.1150) on his
own Siddhāntaśiroman. i
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Some Important Commentaries Which Discuss
Upapattis

7. Siddhāntad̄ıpikā of Parameśvara (c.1431) on the Bhās.ya of
Govindasvāmin (c.800) on Mahābhāskar̄ıya of Bhāskara I
(c.629)

8. Āryabhat.ı̄yabhās.ya of Nı̄lakan. t.ha Somasutvan (c.1501) on
Āryabhat.ı̄ya of Āryabhat.a

9. Yuktibhās. ā (in Malayalam) of Jyes.t.hadeva (c.1530)
10. Yuktid̄ıpikā of Śaṅkara Vāriyar (c.1530) on Tantrasaṅgraha

(c.1500) of Nı̄lakan. t.ha Somasutvan

11. Kriyākramakar̄ı of Śaṅkara Vāriyar (c.1535) on L̄ılāvat̄ı of
Bhāskarācārya II (c.1150)
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Some Important Commentaries Which Discuss
Upapattis

12. Gan. itayuktayah. , Tracts on Rationale in Mathematical
Astronomy by various Kerala Astronomers (c.16th-19th
century)

13. Sūryaprakāśa of Śūryadāsa (c.1538) on Bhāskarācārya’s
Bı̄jagan. ita (c.1150)

14. Buddhivilāsin̄ı of Gan. eśa Daivajña (c.1545) on L̄ılāvat̄ı of
Bhāskarācārya II (c.1150)

15. Bı̄janavāṅkura or Bı̄japallavam of Kr.s.n. a Daivajña (c.1600)
on Bı̄jagan. ita of Bhāskarācārya II (c.1150)

16. Vāsanāvārttika, commentary of Nr.sim. ha Daivajña (c.1621)
on Vāsanābhās.ya of Bhāskarācārya II on his own
Siddhāntaśiroman. i (c.1150).

17. Mar̄ıci of Mun̄ı́svara (c.1630) on Siddhāntaśiroman. i of
Bhāskarācārya II (c.1150).
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Kr.s.n. a Daivajña on the Importance of Upapatti

The following passage from Kr.s.n. a Daivajña’s commentary on
Bı̄jagan. ita brings out the general understanding of the Indian
mathematicians that citing any number of favourable instances (even
an infinite number of them) where a result seems to hold, does not
amount to establishing it as a valid result in mathematics. Only when
the result is supported by an upapatti or demonstration can the result
be accepted as valid.

na:nUa:pa:pa.�ya.a ;�a.va:na.a va:gRa:ya.ea:ga.ea ;�a.dõ Èåî ÁÁ*+:Ga.a:tea:na yua:ta.ea h� .a:na.ea va.a yua:	a.ta:va:ga.eRaY:nta.=;va:ga.eRa va.a
Ba:va:t�a.a:tyea:ta:de :va k+.Ta:m,a? ëÐÅëÐÁ*:+.
a..ca:�;ZRa:nMa tva:pra:ya.ea.ja:k+.m,a Á A:nya:Ta.a ..ca:tua:gRua:Na.ea
.=:a:�a.Za:Ga.a:ta.ea yua:	a.ta:va:ga.eRa Ba:va:t�a.a:tya:�a.pa .sua:va:.ca:m,a Á ta:~ya.a:�a.pa ëÐÅëÐÁ*:+.
a..ca.�a:Ta.a d:ZRa:na.a:t,a Á ta:Ta.a:�a.h
.=:a:Z�a.a 2, 2 A:na:ya.ea:Ga.Ra:taH 4 ..ca:tua:gRua:NaH 16 A:yMa .ja.a:ta.ea yua:	a.taH 4 va:gRaH 16 va.a
.=:a:Z�a.a 3,3 A:na:ya.ea:Ga.Ra:ta:(ãÉa:tua:gRua:NaH 36 A:ya:mea:va yua:	a.ta 6 va:gRa:(ãÉa 36 va.a .=:a:Z�a.a 4,
4 A:na:ya.ea:Ga.Ra:taH 16 ..ca:tua:gRua:NaH 64 A:ya:mea:va yua:	a.ta 8 va:gRaH 64 I+tya.a:�a.d:Sua Á
ta:sma.a:t,a ëÐÅëÐÁ*:+.
a..ca:�;ZRa:na:m,a A:pra:ya.ea.ja:kM ëÐÅëÐÁ*:+.
a..ca:dõùÅ;a:�a.Ba:.ca.a.=;~ya.a:�a.pa .sMa:Ba:va.a:t,a Á A:ta.ea
va:gRa:ya.ea:ga.ea ;�a.dõ Èåî ÁÁ*+:Ga.a:ta:yua:ta.ea:na.ea yua:	a.ta:va:ga.eRaY:nta.=;va:gRa:(ãÉa Ba:va:t�a.a:tya.�a yua:	a.�+.vRa:�+.v.yea:	a.ta ..cea:t,a
.sa:tya:m,a Á I+ya:mua:pa:pa:�a�a;=e ;k+.va:NRa:ma:Dya:ma.a:h.=;Na.a:ntea Á
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Kr.s.n. a Daivajña on the Importance of Upapatti
“How can we state without proof (upapatti) that twice the product of
two quantities when added or subtracted from the sum of their
squares is equal to the square of the sum or difference of those
quantities? That it is seen to be so in a few instances is indeed of no
consequence. Otherwise, even the statement that four times the
product of two quantities is equal to the square of their sum, would
have to be accepted as valid. For, that is also seen to be true in some
cases. For instance take the numbers 2, 2. Their product is 4, four
times which will be 16, which is also the square of their sum 4. Or
take the numbers 3, 3. Four times their product is 36, which is also
the square of their sum 6. Or take the numbers 4, 4. Their product is
16, which when multiplied by four gives 64, which is also the square
of their sum 8. Hence the fact that a result is seen to be true in some
cases is of no consequence, as it is possible that one would come
across contrary instances also. Hence it is necessary that one would
have to provide a proof (yukti) for the rule that twice the product of
two quantities when added or subtracted from the sum of their
squares results in the square of the sum or difference of those
quantities. We shall provide the proof (upapatti) in the end of the
section on ekavarn. a-madhyamāharan. a.”
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Bhāskara I on Upapatti (c.629)

In his discussion of Āryabhat.a’s approximate value of the ratio
of the circumference and diameter of a circle, Bhāskara I notes
that the approximate value is given, as the exact value cannot
be given. He then goes on to argue that other values which
have been proposed are without any justification:

O;:vMa ma:nya:ntea .sa o+pa.a:ya O;:va na.a:�///�a.~ta yea:na .sUa:[ma:pa:�a=;	a.Da.=:a:n�a.a:ya:tea Á na:nua ..ca.a:ya:ma:�///�a.~ta

;�a.va:#KMa:Ba:va:gga:d:sa:gua:Na:k+=;N�a.a va:ææ*+.ssa :pa:�a=:=A.ea h.ea:�a.va Á
(;�a.va:Sk+.}Ba:va:gRa:d:Za:gua:Na:k+=;N�a.a vxa.�a:~ya:pa:�a=;Na.a:h.ea Ba:va:	a.ta)

I+	a.ta Á A.�a.a:�a.pa :ke +.va:l O;:va.a:ga:maH .nEa:va.ea:pa:pa:�a�aH Á .�+pa:�a.va:Sk+.}Ba:~ya d:Za:k+=;NyaH
:pa:�a=;	a.Da:�a=;	a.ta Á A:Ta ma:nya:ntea :pra:tya:[ea:NEa:va :pra:m�a.a:ya:ma.a:Na.ea .�+pa:�a.va:Sk+.}Ba:[ea.�a:~ya
:pa:�a=;	a.Da:dR :Za:k+=;Nya I+	a.ta Á .nEa:ta:t,a A:pa:�a=;Ba.a:�a.Sa:ta:pra:ma.a:Na:tva.a:t,a k+=;N�a.a:na.a:m,a Á
O;:k+.�a�a:�a.va:~ta.a.=:a:ya.a:ma.a:ya:ta:.ca:tua.=;(ra:[ea.�a:k+.NeRa:na d:Za:k+=;�a.Na:ke +.nEa:va ta:�a.dõ :Sk+.}Ba-
:pa:�a=;	a.Da:veRa:��a:ma.a:NaH .sa ta:tpra:ma.a:Na.ea Ba:va:t�a.a:	a.ta ..cea.�a:d:�a.pa .sa.a:Dya:mea:va Á
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Bhāskara I on Upapatti

“It is the view of the Ācārya that there is no means by which the exact
circumference can be obtained. Is it not true that there is the
following?

‘The square root of the ten times the diameter is the circumference of
a circle.’

Here also, there is only a tradition, and not a proof (upapatti), that the
circumference when the diameter is one is square-root of ten. Then it
is contended that ‘the circumference when diameter is unity, when
measured by means of direct perception (pratyaks.a), is the
square-root of ten (daśa-karan. ı̄)’. That is incorrect, because the
magnitude of the square-roots (karan. ı̄) cannot be stated exactly. It
may be further contended that ‘when the circumference associated
with that diameter (one) is enclosed with the diagonal of a rectangle
whose breadth and length are one and three respectively, i.e. one
whose length is square root of ten only, it (the circumference) has that
length.’ But that too has to be established.”
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Bhāskara II on Upapatti (c.1150)
In Siddhāntaśiroman. i, Bhāskarācārya II (1150) presents the
raison d ′être of upapatti in the Indian mathematical tradition:

ma:Dya.a:dùÅ;aM dùÅ;au :sa:d.Ma ya:d.�a ga:�a.Na:tMa ta:~ya.ea:pa:pa:�a�Ma ;�a.va:na.a

:pra.Ea:	a.QM :pra.Ea:Q;sa:Ba.a:sua .nEa:	a.ta ga:Na:k+ea ;
a.naHsMa:Za:ya.ea na .~va:ya:m,a Á

ga.ea:le .sa.a ;�a.va:ma:l;a k+=:a:ma:l+k+.va:t,a :pra:tya:[a:ta.ea dx :Zya:tea
ta:sma.a:d:s}yua:pa:pa:�a�a:ba.ea:Da:�a.va:Da:yea ga.ea:l+pra:ba:nDa.ea:dùÅ;a:taH Á Á

Without the knowledge of upapattis, by merely mastering
the calculations (gan. ita) described here, from the
madhyamādhikāra (the first chapter of Siddhāntaśiroman. i)
onwards, of the [motion of the] heavenly bodies, a
mathematician will not be respected in the scholarly
assemblies; without the upapattis he himself will not be free
of doubt (nih. saṁśaya). Since upapatti is clearly perceivable
in the (armillary) sphere like a berry in the hand, I therefore
begin the Golādhyāya (section on spherics) to explain the
upapattis.’
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Bhāskara II on Upapatti

The same has been stated by Gan. eśa Daivajña in the
introduction to his commentary Buddhivilāsin̄ı (c. 1540) on
L̄ılāvat̄ı of Bhāskarācārya

v.ya:�e va.a:v.ya:�+.sMa:¼ea ya:du :�a.d:ta:ma:
a.Ka:lM na.ea:pa:pa:�a�Ma ;�a.va:na.a ta:t,a
;
a.na:Bra.Ra:nta.ea va.a �+tea ta.Ma .sua:ga:Na:k+.sa:d:�a.sa :pra.Ea:Q;ta.Ma .nEa:	a.ta ..ca.a:ya:m,a Á
:pra:tya:[Ma dx :Zya:tea .sa.a k+=;ta:l+k+.
a.l+ta.a:d:ZRa:va:t,a .sua:pra:sa:�a.a
ta:sma.a:d:g{ya.ea:pa:pa:�a�Ma ;
a.na:ga:�a.d:tua:ma:
a.Ka:l+m,a o+tsa:he bua:
a;dÄâ :vxa.;dÄùÅ;aE Á Á
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Bhāskara II on Upapatti

Thus, according to the Indian mathematical texts, the purpose
of upapatti is mainly:

(i) To remove confusion and doubts regarding the validity and
interpretation of mathematical results and procedures;
and,

(ii) To obtain assent in the community of mathematicians.

This is very different from the ideal of “proof” in the
Greco-European tradition which is to irrefutably establish the
absolute truth of a mathematical proposition.
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Bhāskara II on Upapatti

In his Bı̄jagan. ita-vāsanā, Bhāskarācārya II (c.1150) refers to the long
tradition of upapattis in Indian mathematics.

A:~ya.ea:pa:pa:�a�aH Á .sa.a ..ca ;�a.dõ :Da.a .sa:vRa.�a .~ya.a:de :k+a [ea.�a:ga:ta.aY:nya.a .=:a:�a.Za:ga:tea:	a.ta Á ta.�a
[ea.�a:ga:ta.ea:.cya:tea Á . . . A:Ta .=:a:�a.Za:ga:ta.ea:pa:pa:�a�a.�+..cya:tea .sa.a:�a.pa [ea.�a:mUa:l;a:nta:BRUa:ta.a Á I+ya:mea:va ;�a.kÒ +.ya.a
:pUa:va.Ra:.ca.a:yERaH .sMa:�a.[a:�a:pa.a:Fe +na ;
a.naba.;dÄâ .a Á yea [ea.�a:ga:ta.Ma o+pa:pa:�a�Ma na bua.;dÄùÅ;a:�//�a.nta .tea:Sa.a:�a.ma:yMa .=:a:�a.Za:ga:ta.a
d:ZRa:n�a.a:ya.a Á

“The demonstration follows. It is twofold in each case: One
geometrical and the other algebraic. There, the geometrical
one is stated... Then the algebraic demonstration is stated,
that is also geometry-based. This procedure [of upapatti]
has been earlier presented in a concise instructional form
by ancient teachers. For those who cannot comprehend the
geometric demonstration, to them, this algebraic
demonstration is to be presented.”

Here, Bhāskara also refers to the ks.etragata (geometric) and rāśigata
(algebraic) demonstrations. To understand them, we shall consider
the two proofs given by Bhāskara of the bhujā-kot.i-karn. a-nyāya.
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Upapatti of Bhujā-Kot.i-Karn. a-Nyāya

In the madhyamāharān. a section Bhāskara poses the following problem

[ea.�ea ;	a.ta:
a.Ta:na:KEa:~tua:�yea d.eaH k+ea:f� .a ta.�a k+a (rua:	a.taH Á
o+pa:pa:�a�a:(ãÉa .�+Q;~ya ga:�a.Na:ta:~ya.a:~ya k+.Tya:ta.a:m,a Á
“In a right angled triangle with sides 15 and 20 what is the
hypotenuse? Also give the demonstration for this traditional
method of calculation.”

Here Bhāskara gives two proofs. First the geometrical:

A.�a k+.NRaH ya.a 1 Á O;:ta:t,a �ya:~åò:Ma :pa:�a=;va:tyRa ya.a:va.�a.a:va:tk+.Na.eRa BUaH k+.�////�a.�pa:ta.a Á Bua.ja:k+ea:f� .a tua
Bua.ja.Ea ta.�a ya.ea l+}ba:~ta:du :Ba:ya:ta.ea yea �ya:~åò:ea ta:ya.ea.=;�a.pa Bua.ja:k+ea:f� .a :pUa:vRa.�+pea Ba:va:taH Á
A:ta:~:�Ea.=:a:�a.Za:kM ya:�a.d ya.a:va.�a.a:va:	a.ta k+.NeRaY:yMa 15 Bua.ja:~ta:d.a Bua.ja:tua:�yea k+.NeRa k I+	a.ta
l+b.Da.ea Bua.jaH .~ya.a:t,a Á .sa.a Bua.ja.a:�a.(ra:ta.aYY:ba.a:Da.a 225/ya.a Á :pua:na:yRa:�a.d ya.a:va.�a.a:va:	a.ta k+.NRa I+yMa
20 k+ea:	a.f:~ta:d.a k+ea:	a.f:tua:�yea k+.NeRa :ke +.	a.ta .ja.a:ta.a k+ea:f�a.a:�a.(ra:ta.a:ba.a:Da.a 400/ya.a Á
A.a:ba.a:Da.a:yua:	a.ta:ya.Ra:va.�a.a:va:tk+.NRa:sa:ma.a ;�a.kÒ +.ya:tea ta.a:va:;�ÂåÅu :ja:k+ea:	a.f:va:gRa:ya.ea:ga:~ya :pa:dM
k+.NRa:ma.a:na:mua:pa:pa:dùÅ;a:tea Á A:nea:na.ea:tTa.a:�a.pa:tea .ja.a:tea A.a:ba.a:Dea 9, 16 ta:ta.ea l+}baH 12 Á
[ea.�a:d:ZRa:na:m,a Á
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Upapatti of Bhujā-Kot.i-Karn. a-Nyāya

yā =

(
225
yā

)
+

(
400
yā

)
yā2 = 625
yā = 25

“Let the hypotenuse (karn. a) be yā. Take the
hypotenuse as the base. Then the perpendicular
to the hypotenuse from the opposite vertex
divides the triangle into two triangles [which are
similar to the original]. Now by the rule of
proportion (trairāśika), if yā is the hypotenuse
the bhujā is 15, then when this bhujā 15 is the
hypotenuse, the bhujā, which is now the ābādhā
(segment of the base) to the side of the original
bhujā will be (225/yā ). Again if yā is the
hypotenuse, the kot.i is 20, then when this kot.i
20 is the hypotenuse, the kot.i, which is now the
segment of base to the side of the (original) kot.i
will be (400/yā). Adding the two segments
(ābādhās) of yā the hypotenuse and equating the
sum to (the hypotenuse) yā, we get yā = 25, the
square root of the sum of the squares of bhujā
and kot.i. The base segements are 9, 16 and the
perpendicular is 12. See the figure”.
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Upapatti of Bhujā-Kot.i-Karn. a-Nyāya

Now the algebraic demonstration:

A:Ta.aY:nya:Ta.a va.a k+.Tya:tea k+.NRaH ya.a 1 d.eaHk+ea:	a.f:Ga.a:ta.a:D a
�ya:~åò:a:[ea.�a:~ya :P+l+m,a 150 Á O;:ta:�a.dõ :Sa:ma.�ya:~åò:a:.ca:tua:�:yea:na
k+.NRa:sa:ma:.ca:tua:BRua.jMa [ea.�a:ma:nya:t,a k+.NRa:¼a.a:na.a:T a k+.�////�a.�pa:ta:m,a Á O;:vMa
ma:Dyea ..ca:tua:BRua.ja:mua:tpa:�a:ma.�a k+ea:	a.f:Bua.ja.a:nta.=;sa:mMa Bua.ja:ma.a:na:m,a 5 Á
A:~ya :P+l+m,a 25 Á Bua.ja:k+ea:	a.f:va:Da.ea ;�a.dõ :gua:Na:~:�ya:~åò:a.a:Na.Ma ..ca:tua:Na. a
:P+l+m,a 600 Á O;:ta:dùÅ;a.ea:gaH .sa:v a bxa:h:t[ea.�a:P+l+m,a 625
O;:ta:dùÅ;a.a:va.�a.a:va:dõ :gRa:sa:mMa kx +.tva.a l+b.DMa k+.NRa:ma.a:na:m,a 25 Á ya.�a
v.ya:�+.~ya na :pa:dM ta.�a:k+=;N�a.a:ga:taH k+.NRaH Á

As Bhāskara has noted, this algebraic demonstration is also
geometrical in nature.
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Upapatti of Bhujā-Kot.i-Karn. a-Nyāya
Let the hypotenuse be yā. The area of the triangle which is half the
product of the bhujā (15) and kot.i (20) is 150. Consider a square
whose sides are formed out of the hypotenuse of these triangles.

In the centre is formed a square whose side is 5, the difference of
bhujā and kot.i, and whose area is 25. The area of the four triangles is
600. Thus, adding these, the area of the big square is 625. Taking
yā2 = 25, we get the hypotenuse to be 25.

The above upapatti is based on the algebraic identity

(a− b)2 + 4.
1
2

ab = a2 + b2
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Kr.s.n. a Daivajña’s Upapatti of Kut.t.aka Process

As an example of an upapatti which proceeds in a sequence of steps,
we may briefly consider the detailed upapatti for the kut.t.aka
procedure given by Kr.s.n. a Daivajña (c.1600) in his commentary
Bı̄japallava on Bı̄jagan. ita of Bhāskara.

The kut.t.aka procedure is for solving first order indeterminate
equations of the form

(ax + c)

b
= y

Here, a, b, c are given integers (called bhājya, bhājaka and ks.epa) and
x, y are to be solved for in integers.

Kr.s.n. a first shows that the solutions for x, y do not vary if we factor all
three numbers a, b, c by the same common factor.

He then shows that if a and b have a common factor then the above
equation will not have a solution unless c is also divisible by the same.

He then gives the upapatti for the process of finding the apavartāṅka
(greatest common divisor) of a and b by mutual division (the so-called
Euclidean algorithm).
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Kr.s.n. a Daivajña’s Upapatti of Kut.t.aka Process

Kr.s.n. a then provides a detailed justification for the kut.t.aka method of
finding the solution by making a vall̄ı (table) of the quotients obtained
in the above mutual division, based on a detailed analysis of the
various operations in reverse (vyasta-vidhi).

In doing the reverse computation on the vall̄ı (vallyupasam. hāra) the
numbers obtained, at each stage, are shown to be the solutions to
the kut.t.aka problem for the successive pairs of remainders (taken in
reverse order from the end) which arise in the mutual division of a
and b.

After analysing the reverse process of computation with the vall̄ı,
Kr.s.n. a shows how the solutions thus obtained are for positive and
negative ks.epa, depending upon whether there are odd or even
number of coefficients generated in the above mutual division.

And this indeed leads to the different procedures to be adopted for
solving the equation depending on whether there are odd or even
number of quotients in the mutual division.
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Kr.s.n. a Daivajña’s Upapatti of Kut.t.aka Process

As an illustration, Kr.s.n. a considers the equation (173x+3)
71 = y

with bhājya 173, bhājaka 71 and ks.epa 3.

In the mutual division of 173 and 71 we get the quotients 2, 2, 3
and 2 and remainders 31, 9, 4 and 1.

If we do the reverse computation on the vall̄ı formed by 2, 2, 3,
2, 1, 3 and 0, we first get 6, 3 as the labdhi and gun. a, which
satisfy the equation (9.3−3)

4 = 6, with the remainders 9, 4
serving as bhājya and bhājaka.

In the reverse computation on the vall̄ı, we then get 21, 6 as
labdhi and gun. a, which satisfy the equation (31.6+3)

9 = 21, with
the remainders 31, 9 serving as bhājya and bhājaka.

And so on, till we get 117 and 48 as labdhi and gun. a, which
satisfy the equation (173.48+3)

71 = 117
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Use of Tarka in Upapatti

The method of “proof by contradiction” is referred to as tarka in Indian
logic. We see that this method is employed in order to show the
non-existence of an entity.

For instance, Kr.s.n. a Daivajña essentially employs tarka to show the
non-existence of the square-root of a negative number while
commenting on the statement of Bhāskara that a negative number
has no root.

va:gRa:~ya ;�a.h mUa:lM l+Bya:tea Á �+Na.a:ñÍöÐÅÅ*:+~tua na va:gRaH k+.Ta:ma:ta:~ta:~ya mUa:lM l+Bya:tea Á
na:nua �+Na.a:ñÍöÐÅÅ*:H ku +.ta.ea va:ga.eRa na Ba:va:	a.ta na ;�a.h .=:a.ja:
a.na:deR :ZaH Á . . . .sa:tya:m,a Á �+Na.a:ñÍöÐÅÅ*:M
va:g a va:d:ta.a Ba:va:ta.a k+.~ya .sa va:gRa I+	a.ta va:�+.v.ya:m,a Á na ta.a:va.;dÄâ :na.a:ñÍöÐÅÅ*:+~ya ‘‘.sa:ma:�a.dõ -
;Ga.a:ta.ea ;�a.h va:gRaH’’ ta.�a ;Da:na.a:ñÍöÐÅÅ*:e +na ;Da:na.a:ñÍöÐÅÅ*:e gua:�a.Na:tea ya.ea va:ga.eRa Ba:vea:t,a .sa ;Da:na:mea:va
‘‘.~va:ya.ea:vRa:DaH .~va:m,a’’ I+tyua:�+.tva.a:t,a Á na.a:pyxa:Na.a:ñÍöÐÅÅ*:+~ya Á ta.�a.a:�a.pa .sa:ma:�a.dõ :Ga.a:ta.a:TRa-
mxa:Na.a:ñÍöÐÅÅ*:e +na:Na.Ra:ñÍöÐÅÅ*:+gua:�a.Na:tea ;Da:na:mea:va va:ga.eRa Ba:vea:t,a ‘‘A:~va:ya.ea:vRa:DaH .~va:m,a’’ I+tyua:�-
tva.a:t,a Á O;:vMa .sa:	a.ta k+.Ta:ma:�a.pa ta:ma:ñÍöÐÅÅ*:M na :pa:Zya.a:ma.ea ya:~ya va:gRaH [a:ya.ea Ba:vea:t,a Á
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Use of Tarka in Upapatti

Thus according to Kr.s.n. a

“The square-root can be obtained only for a square. A
negative number is not a square. Hence how can we
consider its square-root? It might however be argued:
‘Why will a negative number not be a square? Surely it
is not a royal fiat’... Agreed. Let it be stated by you
who claim that a negative number is a square as to
whose square it is; surely not of a positive number, for
the square of a positive number is always positive by
the rule... not also of a negative number. Because
then also the square will be positive by the rule... This
being the case, we do not see any such number
whose square becomes negative...”
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Use of Tarka in Upapatti

While the method of “proof by contradiction” or reductio ad
absurdum has been used to show the non-existence of entities,
the Indian mathematicians do not use this method to show the
existence of entities, whose existence cannot be demonstrated
by other direct means. They have a “constructive approach” to
the issue of mathematical existence.

It is a general principle of Indian logic that tarka is not accepted
as an independent pramān. a, but only as an aid to other
pramān. as.

27



Indian Logic Excludes Aprasiddha Entities from
Logical Discourse

Naiyāyikas or Indian logicians do not grant any scheme of
inference, where a premise which is known to be false is used
to arrive at a conclusion, the status of an independent pramān. a
or means of gaining valid knowledge.

In fact, they go much further in exorcising the logical discourse
of all aprasiddha terms or terms such as “rabbit’s horn”
(́saśaśr. ṅga) which are empty, non-denoting or unsubstantiated.
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Indian Logic Excludes Aprasiddha Entities from
Logical Discourse

“Nyāya...(excludes) from logical discourses any
sentence which will ascribe some property (positive or
negative) to a fictitious entity. Vācaspati remarks that
we can neither affirm nor deny anything of a fictitious
entity, the rabbit’s horn. Thus nyāya apparently agrees
to settle for a superficial self-contradiction because, in
formulating the principle that nothing can be affirmed
or denied of a fictitious entity like rabbit’s horn, nyāya,
in fact violates the same principle. Nyāya feels that
this superficial self-contradiction is less objectionable
(than admitting fictitious entities in logical discourse)...
(This can be seen from the discussion in ) Udayana’s
Ātmatattvaviveka...”2

2B. K. Matilal, Logic, Language and Reality, Delhi 1985, p-9.
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Yuktibhās. ā of Jyes.t.hadeva

The most detailed exposition of upapattis in Indian mathematics is
found in the Malayalam text Yuktibhās. ā (1530) of Jyes.t.hadeva, a
student of Dāmodara, and a junior colleague of Nı̄lakan. t.ha.

At the beginning of Yuktibhās. ā, Jyes.t.hadeva states that his purpose is
to present the rationale of the results and procedures as expounded
in the Tantrasaṅgraha.

Many of these rationales have also been presented (mostly in the
form of Sanskrit verses) by Śaṅkara Vāriyar (c.1500-1556) in his
commentaries Kriyākramakar̄ı (on L̄ılāvat̄ı) and Yuktid̄ıpikā (on
Tantrasaṅgraha).

Yuktibhās. ā has 15 chapters and is naturally divided into two parts,
Mathematics and Astronomy.

In the Mathematics part, the first five chapters deal with the notion of
numbers, logistics, arithmetic of fractions, the rule of three and the
solution of linear indeterminate equations.
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Yuktibhās. ā of Jyes.t.hadeva

Chapter VI of Yuktibhās. ā deals with the paridhi-vyāsa-sambandha or
the relation between the circumference and diameter of a circle. It
presents a detailed derivation of the Mādhava series for π, including
the derivation of the binomial series, and the estimate of the sums of
powers of natural numbers 1k + 2k + ...nk for large n. This is followed
by a detailed account of Mādhava’s method of end correction terms
and their use in obtaining rapidly convergent transformed series.

Chapter VII of Yuktibhās. ā is concerned with jyānayana or the
computation of Rsines. It presents a derivation of the second order
interpolation formula of Mādhava. This is followed by a detailed
derivation of the Mādhava series for Rsine and Rversine.

In the end of the Mathematics section, Yuktibhās. ā also presents
proofs of various results on cyclic quadrilaterals, as also the formulae
for the surface area and volume of a sphere.

The Astronomy part of Yuktibhās. ā has seven chapters which give
detailed demonstrations of all the results of spherical astronomy.
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Yuktibhās. ā Proof of Bhujā-Kot.i-Karn. a-Nyāya

ABCD, a square with its side equal to the bhujā, is placed on the
north. The square BPQR, with its side equal to the kot.i, is placed on
the South. It is assumed that the bhujā is smaller than the kot.i. Mark
M on AP such that AM = BP = kot.i. Hence MP = AB = bhujā and MD
= MQ = karn. a. Cut along MD and MQ, such that the triangles AMD
and PMQ just cling at D, Q respectively. Turn them around to coincide
with DCT and QRT. Thus is formed the square DTQM, with its side
equal to the karn. a. It is thus seen that

karn. a-square MDTQ = bhujā-square ABCD + kot.i-square BPQR
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Successive Doubling of Circumscribing Polygon
It appears that the Indian mathematicians (at least in the Āryabhat.an
tradition) employed the method of successive doubling of the circumscribing
square (leading to an octagon, etc.) to find successive approximations to the
circumference of a circle. This method has been described in the Yuktibhās. ā
and also in the Kriyākramakar̄ı.

The latter cites the verses of Mādhava in this connection

..ca:tua:BRua.jea d.eaHkx +.	a.ta:na.a:ga:Ba.a:ga:mUa:lM h.=:ea h.a.=;Bua.ja.a:�a.ñÍÈÅÅ*:" +Bea:d.a:t,a Á

Bua.ja.a:h:ta.a.;dÄâ .a.=;&+tMa tua k+ea:Na.a:��a.a:tva.a ;�a.va:
a.l+K.ya.a:�:Bua.ja.aH :pra:sa.a:Dya.aH Á Á 1 Á Á

A:�.a:(ra:d.ea.=;DRa:kx +.	a.ta:
a.nRa:Dea:ya.a v.ya.a:sa.a:DRa:va:geRa :pa:d:ma.�a k+.NRaH Á

.tea:na.aYY:h:=e ;�:ea:dR :l+va:gRa:h� .a:nMa v.ya.a:sa.a:DRa:va:g a ya:d:taH :P+lM .~ya.a:t,a Á Á 2 Á Á

ta:dU :na:k+.Na.eRa d:
a.l+ta.ea h.=:a:K.ya.ea gua:Na:~tua ;�a.va:Sk+.}Ba:d:l;ea:na:k+.NRaH Á

Bua.ja.a:DRa:mea:tea:na h:tMa gua:Nea:na h:=e ;Na Bua. ñÍï ÙÅôÖÅé*+;a ya:�a.d:h.a:�a.pa l+b.Da:m,a Á Á 3 Á Á

ta:tk+ea:Na:taH :pa.a.(õ;a:yRua:gea:Sua n�a.a:tva.a ;
a.C+�eaY:nta:=e .~ya.a:�a.d:h :Sa.ea:q+Za.a:(ra:m,a Á
A:nea:na ma.a:geRa:Na Ba:vea:d:ta:(ãÉa .=;d.a:(ra:kM vxa.�a:ma:ta:(ãÉa .sa.a:Dya:m,a Á Á 4 Á Á
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Successive Doubling of Circumscribing Polygon

In the figure, EOSA1 is the first quadrant of the square circumscribing
the given circle. EA1 is half the side of the circumscribing square. Let
OA1 meet the circle at C1. Draw A2C1B2 parallel to ES. EA2 is half
the side of the circumscribing octagon.

Similarly, let OA2 meet the circle at C2. Draw A3C2B3 parallel to EC1.
EA3 is now half the side of a circumscribing regular polygon of 16
sides. And so on.
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Successive Doubling of Circumscribing Polygon
Let half the sides of the circumscribing square, octagon etc., be denoted

l1 = EA1, l2 = EA2, l3 = EA3, . . .

The corresponding karn. as (diagonals) are

k1 = OA1, k2 = OA2, k3 = OA3, . . .

and the ābādhās (intercepts) are

a1 = D1A1, a2 = D2A2, a3 = D3A3, . . .

Now
l1 = r , k1 =

√
2r , and a1 =

r√
2
.

Using the bhujā-kot.i-karn. a-nyāya (Pythagoras theorem) and trai-
rāśika-nyāya (rule of three for similar triangles), it can be shown that

l2 = l1 − (k1 − r)
(

l1
a1

)
k2

2 = r 2 + l2
2

a2 =

[
k2

2 −
(
r 2 − l2

2
)]

2k2
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Successive Doubling of Circumscribing Polygon

In the same way ln+1, kn+1 and an+1 can be obtained from
ln, kn and an.

These can be shown equivalent to the recursion relation for ln+1
which is the half side of the circumscribing polygon of 2n+1

sides:

ln+1 =

(
r
ln

)[(
r2 + l2n

) 1
2 − r

]
We of course have the initial value l1 = r .

This leads to l2 = (
√

2− 1) r and so on.

Kriyākramakar̄ı notes that

O;:vMa ya.a:va:d:B�a.a:�M .sUa:[ma:ta.a:ma.a:pa.a:d:
a.ya:tMua Za:k�+.a:m,a Á
Thus, one can obtain an approximation (to the
circumference of the circle) to any desired level of
accuracy.
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