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Introduction

Origin of numbers and Place value system

>

Generally most of us do not get to know or have opportunities to
get to know answers to questions like

» When did we start counting?
> ?

» What are the different ways of representing numbers? etc.,

As we keep using decimal system of numeration right from our
childhood, we are so familiar with that, that we tend to think that
it has been there for ever.

It is indeed pretty old. But how old?
One of the most ancient literature Rg-veda presents the number
3339 using word numeration:

Ao arar ArreEoaty oy Y@ A9 AvE)

&, FAGOI AT .. [Rg-veda 3.9.9]

From such quotes it is evident that decimal place value system
has been in vogue amongst the Vedic seers.



Introduction

Ingenuity of the advent of Place value system & Zero

» Laplace' while describing the contribution of Indians to
mathematics observes:

The ingenious method of expressing every possible
number using a set of ten symbols

emerged
in India. The idea seems so simple nowadays that its
significance and profound importance is no longer
appreciated. Its simplicity lies in the way it facilitated
calculation and placed arithmetic foremost amongst
useful inventions. The importance of this invention is
more readily appreciated when one considers that it
was beyond the two greatest men of Antiquity,
Archimedes and Appolonius.

A renowned French Scientist of the 18th-19th century who made
phenomenal contributions to the fields of mathematics and astronomy



Origin of numerals: Which hypothesis to choose?

» Several hypotheses have been put forth on the orgin of the
so-called modern/(Arabic?) numerals.

» Commenting on it the French G. Beaujouan observes:?

the origin of the so-called ‘Arabic’ numerals have been
written about so often that every view on the question
seems plausible, and the only way of choosing
between them is by

» Generally origins are traced through citations. Though citations
are testimonies, it is quite possible that it could be marred due to
and unavoidable distortions of human
memory.

» Hence, collating several evidences becomes essential.

2cited by George lfrah in The Universal History of Numbers Il, p. 1.,
Penguin Books India, 2005.



Origin of the present day numeration?

» In tracing the origin of the present day numeration, George Ifrah
has done a splendid job in his book The Universal History of
Numbers.®

» While introducing the topic of representation of numbers by
Indian astronomers, Georges Ifrah observes (pp. 107-108):

We are now going to look at truly remarkable method
of expressing numbers which is frequently found on
mathematical and astronomical texts written in
Sanskrit .. . added to all other evidence, it allows us
not only to that our present day
numeration is of Indian origin and Indian alone ...

» Besides the evidences provided by Ifrah, we will be providing
quotes from original Sanskrit texts to prove the point.

3This book is an outcome of his attempt to answer his pupil’s question.



Various hypotheses on the origin of ‘Arabic’ Numerals

» The various hypotheses that have been put forward

regarding the origin of the so-called Arabic numerals
include:

» the number of angles each numeral possesses
» the number of lines the numeral possesses
» the number of points, and so on.
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‘Arabic’ Numerals & its spread in Western Asia

» Georges Ifrah, presenting several such hypotheses, finally
dismisses all of them as merely fanciful explanations.

» He authentically quotes from authored by
Arabo-Muslim scholars as well as European scholars — spanning
over almost a millenia (9—19th cent.) — to prove the point that
discovery of decimal place value system was made by Indians.

» The Syrian Monophysite Bishop Serus Sebokht in 662 CE*
notes:

“the science of the Indians,” including “their subtle
discoveries in astronomy, discoveries that are more
ingenious than those of the Greeks and the
Babylonians, and of their valuable methods of
calculation which surpass description,” which he
described as “done by means of nine signs”

“Datta and Singh pp. 95-6, Kim Plofker p. 255.



Quotation from al-Khwarizmi’s work

» One of the earliest historical records (c. 810 CE) available to us
attributing the discovery is the work of al-Khwarizmi.

> In his work Kitab al jam’ wa’l tafriq bi hisab al hind (Indian
tradition of addition and subtraction) Abu Ja ‘far Muhammad ibn
Musa al Khwarizmi right at the beginning of the work observes:®

... we have decided to explain Indian calculating
techniques using the nine characters and to show how,
because of their simplicity and conciseness, these
characters are capable of expressing any number

... the tenth figure in the shape of the circle (zero), ...

» al Khwarizmi in his work further advises that this be used ‘so as
not to confuse the positions’.

5Georges lfrah, p. 18-19.



Numerals found in the Inscriptions (Brahmi)

» Some of the rock edicts of Asoka (Mauryan dynasty) dating back
to 3rd cent. BCE contain numerals in Brahmi script.

A0 Numeral of the oriinal Brdhom stpleof writing: oue preset day 6 i abady mesgnisable



Numerals found in Buddhist Inscriptions (2nd cent.
BCE)

» Buddhist inscriptions on the walls of the grottoes of Nana Ghat
contain numerical symbols in Brahmi script.

Tatta and Singh
Indrafi, [BRAS XII
Smith and Karpinski




Evolution of Numerals: Brahmi — Modern

Brahmi —|=I1=+Mle| TS|/
Hindu o (¥R R [F 5 leld |
Arabic O (R ol 6 el - o o PR S
Medieval O|r|2(3|R|¢|6|A|l&|0
Modern OlE|2]3 |4 |5([6(7|8|9

» |t has taken more than 18 centuries (3rd BCE — 15th CE) for the
numerical notation to acquire the present form.

» The present form seems to have got adopted ‘permanently’ with
the advent of printing press in Europe. However, there are as
many as 15 different scripts used in India even today (Nagari,
Bengali, Tamil (Grantha), Punjabi, Malayalam, etc.).



Use of zero as a symbol by Pingala (2nd cent CE)

» Panini’'s Astadhyayi (c. 500 BCE) has the notion of lopa which
functions as a null-morpheme.

ST AT: | (1.1.60).

» Sunya appears as a symbol in Pingala’s Chandah-sitra (c. 300
BCE). In Chapter VIII, while enunciating an algorithm for
evaluating any positive integral power of 2 in terms of an optional
number of squaring and multiplication (duplication) operations,
Sunya is used as a marker.

w0 g T3 3920 (8.29-30).
» Different schools of Indian philosophy have related notions such

as the notion of in Nyaya School, and the sunyavada of
the Bauddhas.



Description of decimal place value system

Indian philosophical literature

> In Vyasa-bhasya on the Yogasutra of Patanjali, we find an
interesting description of the place value system:

TV T AR T I & Y
EEZSIEF

9
Just as the same line in the hundreds place [means] a
hundred, in the tens place ten, and one in the ones
place;

> |n the same vein, Sankara in his BSSB (2.2.17) observes:
T YIS O 98T @l e ey
T FIFIRIITHTHET — A, (0T,
b, aer=:, @, g, TR, e, T, U,
T, mgﬁnwaqwﬁﬁiwmg)
T AEYAE yea-aa-geare
TRTTTHEH , T AN




Earliest explicit use of decimal place value system

Indian mathematical and astronomical texts

>

The earliest comprehensive astronomical/mathematical work
that is available to us today is Aryabhatiya (499 CE).

The degree of sophistication with which Aryabhata has
presented the number of revolutions made by the planets etc.,
clearly points to the fact that they had perfect knowledge of zero
and the place value system.

Moreover, his algorithms for finding square-root, cube-root etc.
are also based on this.

The system developed by Aryabhata is indeed unique in the
whole history of written numeration.

Not only unique but also quite
Numbers of the order of 10" can be represented by a smgle
character.

However, it was not made use of by anybody other than
Aryabhata — as it is too complicated to read!



Vowels employed in Devanagarr script

» The chart below presents a summary of the vowels and used in
the Devanagari script:®

Primary vowels

Short Long Diphthongs
Initial Diacritic Initial Diacritic Initial Diacritic
Unrounded low central a pa a EIT pa
Unrounded high front i pi T Eﬂ- pi
Rounded high back pu i pi

v

[~

Syllabic variants pr

=

3 ¥ 9w g
A d¢ P a

YA I ¢ oy
=«

Secondary vowels

5 3
e q ai Er
L) =

po 3Tr au EIT pau

Unrounded front

Rounded hack

9

Shttp://www.omniglot.com/writing/devanagari.htm



Consonants employed in Devanagari script
» The chart below presents a summary of the vowels and used in
the Devanagari script:

Occlusives
Voiceless plosives Voiced plosives Nasals
unaspirated  aspirated  unaspirated  aspirated

velr F ka Y kna V[ ga €] gna
Palstal 9 ca €9 cha N ja g[ jha
Retroflex @, ta @ tha g da @ dha
Dental O] ta o tna q da Y] dha
tavia J pa Fopha F pa ¥ bna

Sonorants and fricatives

na

na

na

H a9 ¢ ¢

Palatal Retroflex Dental Labial

Sonorants ?-[ ya I ra E la a va
Sibilants 5[ sa q sa H sa

Other letters

aha El_a




Assigning numerical values to consonants

» Aryabhata’s scheme of assigning numerical values to the 33
consonants can be represented as:

= 1=}
Fﬂmﬂs ka=1 kha =2
‘Em, J Q

[ce'rebmls Zz
lEmls d T

[Ebia b ™

luTh'oweb q {

@ams a v
§ha=70 | sha=80
raspimes %




Vocalizing (making vowels to decide) the place value

» Aryabhata’s idea of making vowels decide the place value of the

33 consonants is quite novel and ingenious.
» The scheme proposed by him is as follows:

» First he classifies the consonants into two groups (
and avarga);

» Assigns values to them, and then states that their place
value is decided by the vowel that is tagged to them.

» Here the value of an isolated consonant (generally
pronounced/vocalized with a), is taken as such.

» However if they are tagged with other vowels (i, u, r, etc.)
we need to multiply them by successive powers 100.

Vowels au ai 0 e | r u i

Multipled by | 107 | 10" | 102 | 100 | 10° | 10° | 10% | 10

10°

» In a way, because of , avarga classification Aryabhata’s
system can be viewed as centesimal system.




Flaw in representing Aryabhata 's system

Aryabhata numeration - Wikipedia, the free encyclopedia - Mozilla Firefox D Y
File Edit View History Bookmarks Tools Help
|PMPossible mistake inthe slid. . 8 | W Aryabhata numeration - Wi... % |[&a]

W en.wikipedia.org, v 2 I

Q

Most Visited » @ Getting Started &) Latest BBCHeadli... v i1Apte Sanskrit Diction...

Here is the complete table:

The 33 x9 = 297 Sanskrit alphabetic numerical syllables

Nine vowels or syllabics -a i u T 1 e | -ai o | -au
dF | g |8 |=m|®| T [ I
X 10°] 102 10%| 10°| 108 101 10'2| 10%%| 10'°
Five velar plosives

k| 3 il F a5 F F | ® ¥ ¥ | @

@ 6 e e P u i k,, =

w- | g 5 a fa ke g | Qe | W @ @ | @

kha khi khu khr khl khe khai khe khau

g T 3 & L] g g e i A o T

% 9a ai au ar ol ge gai o gau
- | § 4 q for q q " o a = =t

oa | o | o | o | o | e | o | e | ok

“ s 5 ® f& g k] ® ¥ ¥ = =

Five palatal plosives




Aryabhata’s representation: lllustrative examples

> Example 1: Decode the alpha-numeral ©Y (khyughy).

Category V| A \ A V|A VA V
Vowel | r r u u i i la a
Givensyllable | - | - -gh |y kh | - - |- -
Its value 4 3 2|0 0|0 O

The given number is: 43,20,000.
Note: In this scheme NULL SYLLABLE = ZERO VALUE.
The verse in Aryabhatiya that lays down the procedure is:

FITEAIOT a9 T FAEROT FT 21 4 |
Eig-ae W@ 99 a9 9 Jar=ga arl

In the above verse, we have to make 31@% of the word TIT&RTOT.

1. TMERICOT & T Tty
2. Plq 'T"ﬁ'ﬁ'{'lﬁf ISEI HEI?'T] — the varga letters take values

N

1,2,3...25 starting from k.

vy

v

v

Also?;;:]T I defines the value of ya. That is, ya = n+ ma.



Aryabhata’s representation: Examples & Exercises

» Ex. 2: Find the no. given by aulilla%s"lg@ (cayagiyinusuchrlr)

Category VIA V|A V|A V|A V
Vowel l'fr rfu u|i i|la a
Given syllable Il ch|s$ n|ly gly c
Its value 5 7|7 5|3 3|3 6

The given number is: 5,77,53,336.
» Ex. 3: Find the no. given by g‘%@' (dhunvighva).

Category VIA V|]A V|A V

Vowel rfu wu i i|la a

Given syllable dh| v n|v gh

Its value 14|16 5|6 4
The given number is: 1,46,564.

> : Find the numbers represented by

TS REuGSg (iisibunirskhr) & S (rjuskhidha)



The sine-table of Aryabhata

(Algorithm for constructing this table will be discussed later)

» Verse 12 of Gitika-pada of Aryabhatiya’ gives the value of
Rsine-differences (expressed in arc-minutes):

nfe wfg wiw ufe ofe =fe
Y goeT Thith T Tl fFe |
i ThT g i g

W FIT T I FAHSA: |

225, 224, 222, , 215, 210, 205, 199, 191, 183, 174,
164, 154, 143, 131, 119, 106, 93, 79, 65, 51, 37, 22,
and 7—these are the Rsine-differences [at intervals of
225 of arc] in terms of the minutes of arc.

» Recalling that in Aryabhata’s notation: H — 25 & — 200,
the word makhi represents jya 225 = Rsine 225 = 225.

"This verse is perhaps one of the most terse verses in the entire Sanskrit
literature. Only after several trials would it be ever possible to read the verse
properly, let alone deciphering its content.



Katapayadt system

» The name ‘Katapayadi stems from the fact that here the Sanskrit
alphabets ka, ta, pa, ya etc. are used to denote the numbers.

» According to this system,

» the vowels , represent the number zero.

» the same vowels in conjunction with the consonants have
no numerical significance.

» the 33 consonants k, kh, g, gh, ..., $, s, s, h are associated
with numbers.

» The mapping of the consonants with numbers is as follows:

Number 1 2 3 4 5 6 7 8 9 0
Consonants | k kh g gh n ¢ ch j jh n
used t th d dh n t th d dh n
torepresent | p ph b b m - - - -— -
numbers y r | v § s s h % -

8This is a special character—denoted in Devanagari script as &—rarely
employed by the Kerala astronomers to represent the number nine.



Katapayadt system

» The following verse in Sadratnamala of Sankaravarman (c. 1830
CE) succinctly summarizes the system:

TEEY gt |

7y qu=tecaen 7 9 e &6 @
[The letters] n, n and the vowels [when standing alone]
denote zeros. [The consonants]

. In the case
of conjunct consonants (misre tu) only the last consonant
represents the number. The vowel suffixed to a consonant
should not be counted.

» In this system, it is the least significant decimal place that is
given first, and the highest the last.

» For example, the word , represents 1712210.
al| yu | ral| ro| gya | sau | khyam
o1 1]2]|2 1 7 1

» Vararuci’'s candravakyas of unknown antiquity and Haridatta’s
Mahamarganibandha (c. 600 CE) form the earliest examples.



Katapayadt system

The table below presents a few illustrative examples chosen from the
texts on Indian mathematics and astronomy.

Word/Words Number represented
EECH 44
SCELE 3306
FAEIT: 160541
oo (R: 2735747
fAfdgg—=Ts 22203940
HGTFH A 714324
FAIAF G 42410900
URTargSTaTg & 23983139
E EIFIERLIIE 29160000
& fawn fafea [ 1680548
M 1680553




Bhutasankhya system

» The word Bhutasarikhya is a compound word which has
two constituents, namely bhuta and sankhya—referring to a
‘being’ and a ‘number’ respectively.

» Here words commonly employed in Sanskrit such as:

1.

2.

3.
4.

5.

The physical entities such as planets,
stars, ocean, mountain, fire, sky, direction etc.

The parts of a human body such as eyes, ears(2), jaws,
knees, hands, fingers, teeth, nails etc.

The animals, such as serpent, horse, elephant etc.

The names of the gods, such as Siva, Indra etc. and
sometimes historical figures such as Manu, Rama (3) etc.
The season, fortnight, month (12), week, etc.

whose meaning has the potential to evoke a certain
number in the reader’s mind, were used to denote specific
numbers.



Bhutasankhya system

lllustrative example: Approximation to 7 given by Madhava

» The commentary Kriyakramakari while presenting several
values of & given by different Acaryas, also lists the one due to
Maadhava. We give this as an illustrative example of the use of
Bhatasankhya system:

ArarrE: g e SRR -

FafrEafa ghafaey TRE=Re seedar: P

- -

» The values of 7 given by the above verse amounts to:

= 2827433388233 = 3.141592653592 (correct to 11 places)
9 x 1011
» How did Madhava arrive at this value? This will be covered in the
later part of the Workshop!

 Vibudha=33, Netra=2, Gaja=8, Ahi=8, Hutasana=3, Triguna=3,
Veda=4, Bha=27, Varana=8, Bahu=2, Nava-nikharva=9 x 10", (The word
nikharva represents 10'").



Bhutasankhya system

> The table below presents a few examples.

Word Number represented
QST 3370
EECHEREAR 1944
EESEAFCEISEINIE 844214

ﬂaﬁdd@w@qwm%d«q: 146567298

» Advantages
» As the language is extremely rich in synonyms, an

» From the reader’s view point, since the words are familiar, it
enormously enhances the readability.
» However, lack of familiarity with the connotation of a specific bhuta
and/or the lack of knowledge of synonyms could pose a problem, not to
mention improper splitting of the words.

» This of course has to do with the ignorance on the part of a reader, and
is |



Thanks!
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