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» Operations with positive, negative and zero (dharpasunya)

» Dealing with surds (sq. root of a non-square number)

» Equations with one unknown (ekavarnasamikaranam)

» Equations with many unknowns (anekavarnasamikaranam)
» Bhavita: Equations with products of unknowns

> Varga-prakrti and Bhavana principle

» Examples



Importance of Kuttakara

» The Kuttakadhyaya of Brahmasphutasiddhanta consists of
about 100 verses.

» Through the very first verse Brahmagupta coveys the

importance of the technique of kuttaka that is employed in
solving a large class of problems in astronomy.
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Mostly it may not be possible [for mathematicians]
to solve problems

. Therefore, | am going to explain the
kuttakara method, along with [a few] illustrative
problems.



Gaining recognition amongst mathematicians

Presenting a list of the topics to be covered in the chapter,
Brahmagupta mentions that one would gain recognition as ‘acarya’
amongst mathematicians only by gaining mastery over them.
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by knowing to solve kuttaka problem
operations with zero, -ve and +ve quatities
doing mathematical operation with unknowns
eliminationn of middle term in a quadratic
dealing with equation with single unknown
solving equations with products of unknowns

solving second order indeterminate
equation of the form x2 — Dy? = 1



Statement of the kuttakara problem (+ terminologies)

> Suppose we have a number N, that satisfies the following equations
N = ax+r,
= by+rp.

> Here (a, b) are known as chedas' and (ra, 1) the agras, or Sesas.
» If the remanider r; > rp, then,

a — JNFNER (o) FNFRRET
b — FATEN  (or) FANEE

otherwise, vice versa.

> The problem is to find N, x and y (all integers) given a, b, r, and r,, (also
integers)

> This forms an example of first order indeterminate equation, since we
have 3 unknowns and only two equations.

'They (a, b) are called chedas (divisors) in the sense that, when they divide
N, they leave remainders ry and r».



The kuttakara algorithm

Suppose N = ax + ra = by + rp, with rz > rp. (ais adhikagrabhagahara)
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» First a+ b. With the remainders keep doing mutual division.
> Arrange the quotients one below the other.

/

> Multiply the last remainder (r2,) by the desired number (istagunitam) ‘t
such that this plus ry ~ rp in divisible by r,_1.

> The multiplier t has to be placed [below the quotients].

» And so too the labdhi ‘I'.2

2Thus we have to form the wvallz with the quotients (r1, r2,»..) +t -+ L



The kuttakara algorithm

Suppose N = ax + ra = by + rp, with rz > rp. (ais adhikagrabhagahara)
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> Starting from antya—which is labdhi—we have to carry out operations
to complete the valiz (A=<ITET FH

» The penultimate has to be multiplied with the one above and added to
the ultimate (T ITEI[IT: H=ATT:).

> This is to be carried out till we exhaust all the quotients, and we are left
with only two numbers (rasis).

> At this stage, [the number at the top urdhvarasi] has to be divided by
hinagraccheda.

» This remainder (s) obtained is to be multiplied by adhikagraccheda, and
the result is to be added to adhikagra to get N.



The kuttakara algorithm: Example
Tosolve N=34x+2 =13y +10; Herea=34,b=13,ra=2,r,=10

Since the no. of quotients is even, tis to be

34) 13 (0 chosen such that (2 x t+-8) should be
0 divisibe by 3. This = t = 2.
13y 34 (2 2x24+8= 12. This divided by 3 gives the
26 quotient labdhi 4.
8 13 ( Valls
8 atly
2 g (1 2 2 2 2 36 (ry- ardhvarasi)
—a 1 1 1 14 14 (ra - adhorasi)
) 5 0 1 1 8 8
—2 1.6 6
2 2
4

Having obtained the wvallz, the operations that remain are:

> 36 + 34, gives the remainder 2.
> N =2 x 13+ 10 = 36 is the desired number.



The kuttakara algorithm: Example

To solve N =34x +2 =13y + 10;

34) 13 (0
0
13) 34 (2
26
8 13 (1
8
5 8 (1
5
3 5 (1
3
2 3
2

> 138 + 34, gives the remainder 2.

> 2 x 13+ 10 = 36 is the desired number.

Herea=34,b=13,r,=2,r, =10

Since the no. of quotient is odd, t
is to be chosen such that

(1 x t—8) should be divisibe by 2.
This=t=10.1x10-8=2.
This divided by 2 gives the
quotient labdhi 1.

—_

2 2 2 2 2 138
1 1 1 1 &3 53
1 1 1 32 32

1 1 21 21

1 1 11

0 0

1

> |t is noted that whether we carry on the division till we get the remainder as 1 or

not, the process works.



The kuttakara algorithm: Example
Tosolve N=34x+2 =13y +10; Herea=34,b=13,ra=2,r,=10

Suppose we terminate the division two steps ahead of reaching the remainder 1 in the
abnove example.

Here again, since the no. of

34) 13 (0 quotient is , (3 x t—8) should
0 be divisible by 5. This = t = 6.
13) 34 (2 3 x 6 — 8 = 10. This divided by 5
26 gives the quotient labdhi 2.
8) 13 (1
8 2 2 2 36
5) 8 (1 1 1 14 14
_5 1 8 8
3 6 6
2

What is the lesson?
» The mutual division process can be terminated at any stage of the division as we
like. By choosing an appropriate ‘mat?, the valli can be constructed.
> Though the vallz may be different, it leads to the same solution.

> In fact, various artifices have been invented by later mathematicians like
Mahavira, Bhaskaracarya to achieve more simplification.



Some general abservations

» Aryabhata seems to be the first mathematician to have provided
for solving indeterminate equation of the
first degree of the form

axtc=by (a, b, c are +ve integers)

» Considering his period, (5th cent CE), this indeed is a landmark
achievement in the field of pure mathematics.

» Aryabhata’s verses (2) are terse, and hence require to be
supplimented by commentary, whereas Brahmagupta’s verses
(3) are comparitively easier, and are complete by themselves.

> If (a, b) are not coprime, their common factor
. Otherwise, the equation has no solution.

» On the other hand, if the equation has one solution
(x,¥) = (a, B), then (x, y) = (. + bm, 3+ am), is also a solution
for any integer ‘m’: Thus the existence of one solution = the
existence of infinite solutions.



Mathematics of positive, negative and zero

> Brahmasphuta-siddhanta (c. 628 CE) is the first available text that
discusses the mathematics of zero (sunya-parikarma) along with
operations with positives and negatives (dhanarna).3

» The first of the six verses presenting rules for sarikalana goes as:
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positive + positive — positive

negative + negative — negative

positive + negative — positive/negative

positive + negative — zero  (when of same magnitude (HH))

positive + zero — positive
negative + zero — negative
Zero + Zero — Zero

8 Brahmasphutasiddhanta of Brahmagupta, Ed. with his own commentary
by Sudhakara Dvivedi, Benaras 1902, verses 18.30-35, pp. 309-310.
“ : UoH FROH, Y94 JFH 9|
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Mathematics of positive, negative and zero

» The next couple of verses present rules for vyavakalana:
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positive — positive — positive

negative — negative — negative

positive — zero — positive

negative — zero — negative

Zero — Zero — Zero

negative — positive — negative (simply to be added (M)
positive — negative — positive (simply to be added (@Wﬂ:))



Mathematics of positive, negative and zero

» The next verse presents rules for gunana (multiplication):
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negative X positive — negative
negative X negative — positive
positive X positive — positive
negative X zero — zero
positive X zero — zero

Zero X zero — Zero



Mathematics of positive, negative and zero

» The next couple of verses present rules for harana:
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positive + positive — positive

negative -+ negative — positive
zero = zero — zero (defined the undefined ?)

positive < negative — negative
negative - positive — negative

positive/negative + zero — taccheda
zero + positive/negative — taccheda/zero

(positive/negative)? — positive



Operations with karanz or surds

» Brahmagupta devotes a few verses in the same section to discuss
various operations with surds.

> In what follows we present one example.
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The surds being divided by a desired (i.e., suitable optional) number,
the square of the sum of the square-roots of the quotients is
multiplied by the desired number ...

@M:Jc{@i@}z

VB8+v2 = V18
and VB—v2 = Ve

» Examples:



Solution of linear and quadratic equations

» The section on arithmetical operations is followed by the section
dealing with solutions of linear and quadratiic equations
(ekavarnasamikaranam).

» Brahmagupta first gives the general rule for obtaining solutions:
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While dealing with linear equation in one unknown, the difference of
the known terms taken in reverse order, divided by the difference [of
the coefficients] of the unknown is the value of the unknown.

» In the verse above, the word rupa (one with form) is used to refer
to numbers of known magnitude (vyaktarka), as against
avyaktanka (‘formless’ number, or number with ‘unmanifest
form’).

» Suppose we have an equation,

Ax+C = Bx+D
(D-C)

then, X = (A=B)



Solution of linear and quadratic equations

» Brahmagupta presents the solution to a quadratic as follows:

The absolute quantities multiplied by four times the coefficient of the
square of the unknown are increased by the square of the
co-efficient of the middle (i.e., unknown); the square root of the
result being diminished by the coefficient of the middle term and
divided by twice the coefficient of the square of the unknown (is the
value of the) unknown.

» Suppose we conceive of quadratic written in the form (with
constant on one side and the unknown on the other),

Ax? + Bx C

[VaAc+ 8- 6]

th X =
en, oA




Example of ekavarnasamikaranam (i order)
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» The concept of adhimasa is extremely important in Indian
astronomy, as its computation plays a crucial role in our
calendrical system.

» It x refers too adhimasasesa, then the content of the above
verse, when expressed in modern notation amounts to
solving the equation

2<X;2+ ) .

» This gives the solution x = 38




Example of ekavanasamikaranam (i order)

FRTATTSITET It s AT |
WTHTET a7 FTHATIH: Fa HaRT yo |

» Let x refer to adhimasasesa. The problem posed in the
verse when expressed in modern notation translates to

X 2
(3-9) =~
» Thus we have the following quadratic to be soved

x? —40x + 144 =0

» This gives x = 36 or 4.



Example of anekavarnasamikaranam
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Let (N, A) — (revolution, civil days) in a kalpa
(n, a) — (revolution, civil days) in a given period.

> Now the no.of revolution made by the planet in ahargana ais given by

n,_axN
A

(integer + fraction)

> This may be rewritten as

no— (a><N)+{
B A A
or n+a = W:y
or x = Ay-_C,

which is a kuttakara problem.



Bhavita or equations with products of unknowns
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> In the verse above, Brahmagupta presents a rule for finding rational
solutions to equations of the form

Axy=Bx+Cy+D

> The constants in the above equation are referred to as,

A — bhavita or bhavitaka
D — rapa
B, C — avyakta

> The first step in finding the solution to the above equation is to choose
any number m (ista), and obtain the quotient q (apti).

(BC + AD)

— = q (apti)

» With m, g, B and C, we obtain the values of x and y. How?



Bhavita or equations with products of unknowns

> The equation Axy = Bx + Cy + D to be solved may be written as

(Ax—C)y = Bx+D
or (Ay-B)x = Cy+D

v

Multiplying the above and simplifying we get,
(Ax — C)(Ay — B) = AD+ BC
> Now, by setting (Ay — B) = m, we have

(ax— ¢y = CEEAD) _ g (apii

v

This straightaway gives the solution:

(C+a) _(B+m)
y) and y= y)

v

Now, by setting (Ax — C) = m, we get the other solution

_(C+m) _(B+4q)
X = y) and y= y)




Bhawita problem: lllustrative example
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> The two variables appearing in the problem are rasi and amsa
pertaining to the sun.

> The problem posed here may be represented as follows:
Xy—3x —4y = (A=1,B=3,C=4,D=190)
> In finding solution, the first step is to rewrite the equation in the form
(Ax — C)(Ay — B) = AD + BC
> Substituting the values we get
(x—4)(y—-3)=90+12=6x 17

> This gives the solution: x = 10 and y = 20.

> Obviously the solution is not unique. When we factor the RHS as
2x51,wegetx=6and y = 54.



Introduction to vargaprakrti

» Brahmagupta discusses the problem of solving for integral values of
x, y for equation of the form

x*~Dy*=K (D> 0,anon-square integer)

> In equation of the above form,

X — jyestha-maula, y—
D — prakrti  and K — ksepa

» One motivation for solving problem of this type is to find rational
approximation to v/D.

> If x, y are integers such that x> — D y2 = 1, then we have

1 1
=)=z <2
» The Sulva-satra approximation v2 =1+ + J; — -1 = 577 in fact,
forms an example of (577)% — 2(408)% = 1.



The Bhavana principle
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» If (x2-Dy2)=K; and (x3 —Dy3) =K, then evidently
(x1%2 £ D y1y2)? — D(X1y2 = X2y1)? = K1Ka

» In particular, given x> — D y? = K, we get the rational solution

R o[ -

> Also, if of the equation x> — D y? = 1 is found, an
infinite number of solutions can be found, via

(x,y) = (x*+ D y?,2xy)



Use of Bhavana when K = —1, +2, +4
The bhavana principle can be used to obtain a solution of equation
X2 —Dy* =1,
if we have a solution of the equation

X2 —Dy? =K, for K 1,42, +4.

K=-1:x = xt4+Dy?, y=2xy.
2 2
K=+2:x = (i + D) —':gDy‘),y:Xu/m
K= -4:x = (xX¥+2) %(x$+1)(x12+3)71 )
_oxan(Od +1)(F +3)
27
K=4:x = (xi 2),y:M,ifx1iseven,
2 2
2 2 _
y = x(i-3) y:y‘(X1 1),ifx1isodd,

2 I



lllustrative examples (given by Brahmagupta)
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> The content of the verse may be translated into the following equations:
X2 =92y =1 (1)
x*—83y° =1 2)
> Considering equation (1), we start with (x, y) = (10, 1). This gives,
102 -9212 =8 (3)
» Doing bhavana® of (3) with itself amounts to
(10,1) — (10° 4+92.1%, 2.10.1)
» Thus we have
192% — 92.20% = 64 (4)
» Dividing both sides by 64, we get
—o. (2)2 — 1 (5)

SRecall: (x,y) — (x* 4+ D y?,2xy)



lllustrative examples (given by Brahmagupta)

» Considering equation (5), and applying bhavana® amounts to

(4 5)) = (oo 2 220 2)

Thus we have

v

11512 -~ 92.120% = 1.

v

Similarly, for the other problem x? — 83 y? = 1, we start with
(x,y) = (9,1). This gives

9* - 83.1% = -2
> Doing the bhavana of the above with itself amounts to

(9,1) — (9°+83.12 2.9.1)

v

And hence we get

1642 - 83.182 =4 ~ 822 -839%2 =1

SRecall: (x,y) — (x* 4+ D y?,2xy)



Thanks!

THANK YOU



