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Outline

Gan. itasārasaṅgraha of Mahāv̄ıra 2

◮ Vall̄ıkāra-kut.t.ākāra - linear indeterminate equatioons
◮ Two and more simultaneous indeterminate equations
◮ Other indeterminate equations
◮ Vicitra-kut.t.ākāra - Truthful and untruthful statements
◮ Sums of progressions of various types
◮ Variable velocity problem



Vall̄ıkāra-kut.t.ākāra

(In the text, the term kut.t.ı̄kāra having the same meaning as
kut.t.ākāra is used in most places).
It is the same as Āryabhat.a’s procedure. First we discuss the
solutions of a single indeterminate equation

Bx + b = Ay ,

where A,B and b are given integers. To find integral solutions
x , y for this linear indeterminate equation (one equation for two
unknowns).



Kut.t.aka

;
a.C+tva.a Ce +de :na .=:a:�a.ZMa :pra:Ta:ma:P+l+ma:pa.ea:hùÅ:a.a:�a:ma:nya.ea:nya:Ba:�M.~Ta.a:pya �+.Dva.Ra:DaH ya:ta.eaY:Da.ea ma:	a.ta:gua:Na:ma:yua.$a.a:�peaA:va:�a.Za:�e ;Da:na:NRa:m,a Á;
a.C+tva.a:DaH .~va.ea:pa:�a=.ÈåîÁÁ*+.ea:pa:�a=;yua:ta:h.=;Ba.a:ga.a:	a.Da:k+a:g{a:~ya h.a.=M;
a.C+tva.a Ce +de :na .sa.a:g{a.a:nta.=;P+lM A:	a.Da:k+a:g{a.a:�/�a.nva:tMa h.a.=;Ga.a:ta:m,a Á Á



Kut.t.aka

“Divide the (given) group-number by the (given) divisor; discard the
first quotient; then put down one below the other (various) quotients
obtained by the successive division (of the various resulting divisions
by the various resulting remainders; again), put down below this the
optionally chosen number, with which the least remainder in the odd
position of order (in the above mentioned process of successive
division) is to be multiplied; and (then put down) below (this again) this
product increased or decreased (as the case may be by the given
known number) and then divided (by the last divisor in the above
mentioned process of successive division. Thus the Vallika or
creeper-like chain of figures is obtained. In this) the sum is obtained by
adding (the lowermost number in the chain) to the product obtained by
the multiplying the number above it with the number (immediately)
above (this upper number; this process of addition, being in the same
way continued till the whole chain is exhausted,) this sum, is to be
divided by the (originally) given divisor. (The remainder in this last
division becomes the multiplier(x ) with which the originally given
group-number is to be multiplied for the purpose of arriving at the
quantity which is to be divided or distributed in the manner indicated in
the problem).”



Mutual Division

To solve Bx + b = Ay

A ) B ( q1

. . .
r1 ) A ( q2

. . .
r2 ) r1 ( q3

. . .
r3 ) r2 ( q4

. . .
r4 ) r3 ( q5

. . .
r5



Kut.t.aka continued

Here it is stopped at the nth remainder r5 which is least (normally
taken to be 1). (In the above n = 5). Discard the first quotient q1.
Now we should choose a number p, such that pr5 ± b is divisible
by r4. Here, ’+’ is chosen , when n is odd, while ’−’ is chosen
when n is even. The number p is written below the column
starting with q2, q3 below that, . . . and ending with qn. Below this

the quotient
pr5 + b

r4
= Q. Then the penultimate number is

multiplied by the number above it to which the last number is
added. Now discard the last entry Q in the column. Continue
this process till we arrive at the last two top entries. The topmost
T1 is divided by A. The remainder is the least integral value of x

satisfying the equation y =
Bx + b

A
.



Vall̄ı

q2 · · T1

q3 · · T2

q4 · ·
...

...
...

qn−1 · qn−1(qnp + Q) + p
qn qnp + Q qnp + Q
p p
Q



Example

Example: Solve 63x + 7 = 23y .

23 ) 63 ( 2
46
17 ) 23 ( 1

17
6 ) 17 ( 2

12
5 ) 6 ( 1

5
1 ) 5 ( 4

4
1



Example

We have to chose a number p such that when multiplied by the
last remainder 1 and added to 7, it is divisible by the last divisor
1. We can take p = 1.

Vall̄ı and further procedure:

1 1 1 1 51
2 2 2 38 38
1 1 13 13
4 12 12
1 1
8



Example

51 = 23 × 2 + 5. So remainder is 5.

∴ x = 5; y =
63 × 5 + 7

23
=

322
23

= 14.

These are the lowest possible values for x , y . The general
solutions are: x = 5 + 23t , y = 14 + 63t , where t is an arbitrary
integer.



Rationale

Rationale:

Bx + b
A

= y(an integer) = q1x + p1,

where

p1 =
(B − Aq1)x + b

A
.

Now B − Aq1 = r1, the first remainder.

∴ x =
Ap1 − b

r1
.



Rationale
Now

A = q2r1 + r2.

∴ x = q2p1 + p2, where p2 =
r2p1 − b

r1
.

∴ p1 =
r1p2 + b

r2
.

Using
r1 = r2q3 + r3,

p1 = q3p2 + p3,

where

p3 =
r3p2 + b

r2
,

or

p2 =
r2p3 − b

r3
.



Rationale

Using
r2 = r3q4 + r4,

p2 = q4p3 + p4,

where

p4 =
r4p3 − b

r3
,

or

p3 =
r3p4 + b

r4
.

Using
r3 = r4q5 + r5,

p3 = q5p4 + p5 = q5p + p5.



Rationale

If we stop at the fifth remainder r5, we call p4 = p.

p5 =
r5p4 + b

r4
=

r5p + b
r4

.

Here we are choosing p = p4 such that r5p + b is divisible by r4.

Thus,

x = q2p1 + p2,

p1 = q3p2 + p3,

p2 = q4p3 + p4,

p3 = q5p4 + p5,

where we chose p = p4 such that
r5p + b

r4
= p5 = Q is an

integer.



Vall̄ı for the Problem

We construct the Vall̄ı as:

q2 q2 q2 q2 x = q2p1 + p2

q3 q3 q3 p1 = q3p2 + p3 p1

q4 q4 p2 = q4p3 + p p2

q5 p3 = pq5 + p5 p3 p3

p p
p5

(Q)



Solutions

So we have obtained x = q2p1 + p2 through this Vall̄ı. It has

been constructed such that
Bx + b

A
= y = q1x + p1 is an integer.

Let the remainder of x when divided by A be x0, that is,
x = x0 + tA where t is integer. Then it is clear that Bx0 + b is also
divisible by A and x0 is the lowest solution. That is what is being

said. Lowest value of y , y0 is of course given by
Bx0 + b

A
.

Clearly if x0, y0 are the lowest solutions, x0 + tA, y0 + tB are
solutions for arbitrary t .



Simultaneous Indeterminate Equations

The second part of Mahāv̄ıra’s procedure for kut.t.aka is for the
problem: Find x such that B1x+b1

A1
, B2x+b2

A2
, B3x+b3

A3
are integers.

(Obviously we can go on.)

Solution:

First solve B1x + b1 = A1y1. Let the lowest value of x be s1. Let
the lowest value of B2x+b2

A2
be the integer be s2. When both are to

be satisfied, dA1 + s1 = kA2 + s2 where d , k are some integers.

∴ s1 − s2 = kA2 − dA1, that is
A1d + (s1 − s2)

A2
= k

.



Simultaneous Indeterminate Equations

This is an indeterminate equation where the values of d and k
are unknown. We find the lowest positive integral value of d .

Then dA1 + s1 is the lowest value of x such that
B1x + b1

A1
= y1,

B2x + b2

A2
= y2 (y1, y2 integers) are both satisfied.

Let the least value of d be t1. Let the next value of x which will
satisfy both the equations be t2. Now t1 + nA1 = t2,
t1 + mA2 = t2 where m,n are integers.

∴
A1

A2
=

m
n
.



Two Indeterminate Equations

Thus A1 = mp, A2 = np where p is the highest common factor
between A1 and A2.

∴ m =
A1

p
,n =

A2

p
.

∴ t1 +
A1A2

p
= t2.

So the next higher value of x satisfying the two equations is
obtained by adding the least common multiple of A1 and A2 to
the lower value.



Three Indeterminate Equations

Suppose we want to find x , such that it satisfies all the three equations.
Let this be v (Lowest value of x satisfying B3x+b3

A3
= integer is x = s3).

Then

v = t1 +
A1A2

p
× r = t1 + lr ,

(

l =
A1A2

p

)

and v = s3 + cA3 = t1 + lr .

where r is an integer.

∴ r = cA3+s3−t1
l . This is solved for c. Then v = s3 + cA3 is the

least value of x satisfying all the equations.

The solution of two linear indeterminate equations, B1x + b1 = A1y1,
B2x + b2 = A2y2 is spelt forth in detail in GSS, that is solving the two
equations, finding the lowest values of x namely s1 and s2, and solving
A1d + (s1 − s2)

A2
= k , an integer for d .

Then x = A1d + s1 = kA2 + s2 satisfies both the equations.



Example

Example involving one equation

Verse 1201
2 :dx :�.a:ssa:�a:�a�Ma:Za:t,a k+.�a.pa:tTa:P+l;=:a:Za:ya.ea va:nea :pa:
a.Ta:kE :H Á.sa:�a:d:Za.a:pa.ea:hùÅ:a &+tea v.yea:k+a:Z�a.a:tya.Ma:Za:k+.pra:ma.a:NMa ;�a.k+.m,a Á Á

“In the forest 37 heaps of wood apples were seen by
the travelers. After 17 fruits were removed (therefrom
the remainder) was equally divided among 79 persons
(so as to leave no remainders). What is the share
obtained by each?” [Try this as an exercise].

Here the equation to be solved is :

37x − 17
79

= y



Example

Example involving two equations

Verse 121 1
2 :dx :�õÅ .a:mÒa.=:a:�a.Za:ma:pa:h.a:ya ..
a .sa:�a :pa:(ãÉa.a:t,a Ba:�e ;Y:�:�a.BaH :pua:na.=;�a.pa :pra:�a.va:h.a:ya ta:sma.a:t,a Á��a.a:�a.Na �a:ya.ea:d:Za:�a.Ba.�+.�;
a.l+tea ;�a.va:Zua.;dÄâ H :pa.a:nTEa:vRa:nea ga:Na:k mea k+.Ta:yEa:k+=:a:�a.Za:m,a Á Á

“When, after seeing a group of mangoes in the forest and removing
7 fruits (therefrom), it was divided equally among 8 of the travelers;
and when again after removing 3 (fruits) that (same) heap it was
divided (equally) among 13 of them; it left no remainder in both the
cases. O mathematician, tell me the numerical measure of this
single group”. [Try this as an exercise].

Here the equations to be solved are :

x − 7
8

= y1 and
x − 3

13
= y2.



Example Involving many Equations

Example involving many equations

Verse 1271
2 :dx :�.a .$a:}bUa:P+l;a:na.Ma :pa:
a.Ta :pa:
a.Ta:k+$a:nEa .=:a:Za:ya:~ta.�a .=:a:Z�a.adõ .Ea �ya:g{a.Ea ta.Ea na:va.a:na.Ma �a:ya I+	a.ta :pua:na:=e ;k+a:d:Za.a:na.Ma ;�a.va:Ba:�+aH Á:pa.úãÁ*.a.a:g{a.a:~tea ya:t�a.a:na.Ma ..
a:tua.=;	a.Da:k+.ta.=:aH :pa.úãÁ*.a .tea .sa:�a:k+a:na.Maku +.ææ*+a:k+a.=:a:TRa:�a.va:n}å.ea k+.Ta:ya ga:Na:k .sa:
aúãÁ*.a:ntya .=:a:�a.Za:pra:ma.a:Na:m,a Á Á

“The travelers saw on the way certain (equal) heaps of
jambu fruits. Of them, 2 (heaps) were equally divided
among 9 ascetics and left 3 (fruits) as remainder. Again
3 (heaps) were (similarly) divided among 11 persons,
and the remainder was 5 fruits; then again 5 of those
heaps were similarly divided among 7 and there were 4
more fruits (left out) of them.



Example Involving many Equations

O you mathematician who know the meaning of the
kut.t.ākāra process of distribution, tell me after thinking
out well, the numerical measure of a heap (here).” [Try
this as an exercise].

Here the equations to be solved are :

2x + 3
9

= y1,
3x + 5

11
= y2 and

5x + 4
7

= y3.



Other Indeterminate Equations: Problem of Gems

Apart from the above type of indeterminate equations, there are
several other interesting ones that Mahāv̄ıra discusses for which
interesting solutions are found.

Example: Let m1, m2, . . . ,mn be the numbers of n kinds of gems
owned by n different persons. Let x1, x2, . . . be the value of a
single gem in each variety. Let each of them give g gems each
to others. What is the value of each gem, if the wealth of all the
persons become equal after the exchange.

After the exchange i th person will have mi − (ni − 1)g gems of
the i th kind and g gems each of other kinds. The net worth of the
each person is the same.



Problem of Gems

∴ x1[m1−(n1−1)g]+x2g+x3g+· · ·+xng = x1g+x2[m2−(n−1)g]+x3g+· · · = · · ·

∴ x1[m1 − ng] + [x1 + x2 + · · · ]g = x2[m2 − ng] + [x1 + x2 + · · · ]g = · · ·

∴ x1[m1 − ng] = x2[m2 − ng] = · · ·

General integer solution would be x1 =
M

mi − ng
for a suitable M.

In fact Mahāv̄ıra choses M = (m1 − ng)(m2 − ng) · · · (mn − ng).
So that
xi = (m1 − ng) · · · (mn − ng) → product excluding (mi − ng).



Example

Example in Verses 165 & 166::pra:Ta:ma:~ya Za:kÒ +.n�a.a:l;aH :Sa.ea:q+Za d:Za ma.=;k+.ta.a ;�a.dõ :t�a.a:ya:~ya Áva.$"a.a:~txa:t�a.a:ya:pua.�+.Sa:~ya.a:�.Ea dõ .Ea ta.�a d.�vEa:va Á Á 165 Á Á.tea:Svea:kE +.k+eaY:nya.a:Bya.Ma .sa:ma:Ga:na:ta.Ma ya.a:�//�a.nta .tea �a:yaH :pua.�+.Sa.aH Áta:.
C+kÒ +.n�a.a:l+ma.=;k+.ta:va.$"a.a:Na.Ma ;�a.kM +.�a.va:Da.a A:Ga.RaH Á Á 166 Á Á
“The first man has 16 azure-blue gems, the second has
10 emeralds, and third has 8 diamonds. Each among
them gives to each of the others 2 gems of the kind
owned by himself; and then all three men come to be
possessed of equal wealth. Of what nature are the
prices of those azure-blue gems, emeralds and
diamonds?”



Solutions

Here 1: Azure-blue, 2: Emerald, 3, Diamond. n=3.

m1 = 16,m2 = 10,m3 = 8.g = 2,ng = 6.

m1 − ng = 10, m2 − ng = 4, m3 − ng = 2.

∴ x1 = 4 × 2 = 8, x2 = 10 × 2 = 20, x3 = 10 × 4 = 40.

.



Suvarn. a Kut.t.ı̄kāra: “Alligation”

Suvarn. a Kut.t.ı̄kāra: Gold of various purities. To find the purity of
a mixture and so on.

If weights Wi of varn. a Vi are mixed and if there is no loss in
weight (that is total weight of the mixture =

∑

wi), the varn. a of
the mixture = V , where

(
∑

wi)V =
∑

wiVi

.

∴ V =

∑

wiVi
∑

wi
.



Vicitra-Kut.t.ı̄kāra: Truthful and Untruthful Statements

There are n men. A lady likes m of them. To each of them she
makes a statement: “I like you only”. (These are considered as n
statements to each man: one explicit and others are implicit).
So, total number of statements = n2. How many statements are
truthful and how many are untruthful?

The answer is given in the following verse:



Truthful and Untruthful Statements

Verse 216::pua.�+.Sa.aH .sEa:ke +.�:gua:Na.a ;�a.dõ :gua:Nea:�.ea:na.a Ba:va:�//�a.nta A:sa:tya.a:
a.na Á:pua.�+.Sa:kx +.	a.ta:~tEa.�+na.a .sa:tya.a:
a.na Ba:va:�//�a.nta va:.
a:na.a:
a.na Á Á 216 Á Á
“The number of men, multiplied by the number of those
liked (among them) as increased by 1, and (then)
diminished by twice the number of men liked, give rise
to the number of untruthful statements. This, subtracted
from the square of the (total) number of men, becomes
the (number of) statements that are truthful.”



Truthful and Untruthful Statements

Total number of statements = n2. Of them m are liked. When
each of the m number of persons is told, “You alone are liked“,
the number of untruthful statements in each case is m − 1.
Therefore total number of untruthful statements to m persons
= m(m − 1).

When again, the same statement is made to each of the n − m
persons, the untruthful statements is m + 1. Therefore, total
number of untruthful statements to n − m persons
= (n − m)(m + 1).

∴ Total number of untruthful statements

= (n − m)(m + 1) + m(m − 1) = n(m + 1)− 2m.

But, Total number of statements = n2.

∴ Total number of truthful statements = n2 − [n(m + 1)− 2n]

.



Example

Verse 217:
“There are 5 men. Among them three are in fact liked
by an woman. She says (separately) to each (of them “I
like you (above).” How many (of her statements, explicit
as well as implicit) are true ones ? ”

n = 5,m = 3

Total no. of untruthful statements = 5 × 4 − 2 × 3 = 14

Total no. of statements = 25

∴ Total number of truthful statements = 11.
Combination of r out of n objects



Combinations
Verse 218.O;:k+a:dùÅ;ae :k+ea.�a.=;taH :pa:d:mUa:Dva.Ra:DRa:ya:taH kÒ +.ma.ea:tkÒ +.ma:ZaH Á.~Ta.a:pya :pra:	a.ta:l;ea:maÈåî ÁÁ*+M :pra:	a.ta:l;ea:maÈåî ÁÁ*+e :na Ba.a:�a$a:tMa .sa.a.=;m,a Á Á 218 Á Á

“Beginning with one and increasing by one, let the numbers
going upto the given number of things be written down in
regular order and in the inverse order (respectively) in an
upper and lower (horizontal) row. (If) the product (of one,
two, three, or more of the numbers in the upper row) taken
from right to left (be) divided by the (corresponding) product
(of one, two, three, or more of the numbers in the lower row)
also taken from right to left, (the quantity required in each
such case of combination) is (obtained as) the result.”

It says that combination of r out of n objects

=
n(n − 1) · · · (n − r + 1)

1 · 2 · · · r
=

n!
(n − r)!r !



An Interesting Solution of a set of Indeterminate
Equations

An interesting solution of a set of indeterminate equations.

Problem: “Suppose there are n merchants with each having
some money already. They find a purse. The ith person says if I
procure a fraction ai of the amount in the purse, the net amount
with me would be m times the sum of the amount that other
merchants have. What is the amount that each of the merchant
has and what is the amount in the purse ? ”



Solution of the Purse Problem

Solution: Let xi be the amount that the merchant i has. Let the
amount in the purse be P.

∴ Pa1 + x1 = m(x2 + · · · xn),

Pa2 + x2 = m(x1 + · · · xn),

· · ·

Pan + xn = m(x1 + · · · xn).

These are n equations for the (n + 1) unknown quantities
x1, x2, · · · xn,P. So the solution is indeterminate. Note that if
(x1, · · · , xn) is a solution, (αx1, · · · , αxn, αP) is also a solution.



Solution of the problem

So only the ratios of the quantities can be found, or in other
words, we can choose an overall constant arbitrarily. Let ai be
reduced to a common denominator, that is,

ai =
bi

L
, where L is the L.C.M of the denominator.

Multiplying the equations by L,

Pb1 + x1L = mL(x2 + · · · , xn)etc.,

· · ·

Pbn + xnL = mL(x1 + · · · , xn−1)

∴ P(b1 + · · ·+ bn) + L(x1 + · · ·+ xn) = (n − 1)mL(x1 + · · ·+ xn)

∴ P(b1 + · · · + bn) = [(n − 1)m − 1]L[x1 + · · · + xn]



Solution of the problem

Choose (x1 + · · ·+ xn) = (m + 1)(b1 + · · ·+ bn).

∴ P = L[(n − 1)m − 1](m + 1)

Now Pb1 + x1L = mL(x2 + · · ·+ xn)

∴ Pb1 + (m + 1)Lx1 = mL(x1 + · · · xn)

∴ (m + 1)Lx1 = mL(x1 + · · ·+ xn)− Pb1

= mL(x1 + · · ·+ xn)− [(n − 1)m − 1](m + 1)b1L

= m(m + 1)L(b1 + · · ·+ bn)− [(n − 1)m − 1](m + 1)Lb1



Solution of the Problem

∴ x1 = m(b1 + · · · + bn)− b1{(n − 1)m − 1}

In general

xi = m(b1 + · · ·+ bn)− bi{(n − 1)m − 1}

and P = L[(n − 1)m − 1](m + 1)

Here L =
bi

ai
= L.C.M of the Denominators in ai .

This is precisely the solution that is described in Verse 238.



Mahāv̄ıra’s Statement of the Purse Problem

Verse 238:v.yea:k+.pa:dÈåî ÁÁ*+:v.yea:k+.gua:Nea:�.Ma:Za:yua:	a.ta:gua:Na:Ga.a:taH Áh:~ta:ga:ta.aH .~yua:BRa:va:	a.ta ;�a.h :pUa:vRa:va:�a.d:�.Ma:Za:Ba.a:�a$a:tMa :pa.ea:ææ*+.l+k+.m,a Á Á
”The sum of (all the specified) fractions (in the problem) - the
denominator being ignored - is multiplied by the (specified
common) mutiple number. From this product, the products
obtained by multiplying ( each of the above mentioned )
fractional part (as reduced to a commmon denominator,
which is the ignored), by the product of the number of cases
of persons minus one and the specified multiple number, this
last product being diminished bhy one, are (severally)
subtracted. The resulting remainders constitute the several
values of the moneys on hand. The value of the money in
the purse is obtained by carrying out operations as before,
and then dividing by any particular specified fractional part
(mentioned in the problem).



Example

Example in Verse 239-240:;vEa:ZyEaH :pa.úãÁ*.a:�a.Ba;=e ;kM :pa.ea:ææ*+.l+kM dx :�:ma.a:h ..
Ea:kE +.k:H Á:pa.ea:ææ*+.l+k+.Sa:�;sa:�a:ma:na:va:ma.a:�:ma:d:Za:ma:Ba.a:ga:ma.a:�vEa:va Á Á 239 Á Á.~va:~va:k+=;~Tea:na .sa:h ;�a�a:gua:NMa ;�a�a:gua:NMa ..
a Zea:Sa.a:Na.a:m,a Ága:Na:k tvMa mea Z�a.a:GrMa va:d h:~ta:ga:tMa ..
a :pa.ea:ææ*+.l+k+.m,a Á Á 240 Á Á
“Five merchants saw a purse of money. They said one
after another that by obtaining 1

6 , 1
7 , 1

9 , 1
8 , and 1

10
(respectively) of the contents of the purse, they would
each become with what he had on hand three times as
wealthy as all the remaining others with what they had
on hand together. O mathematician, (you) tell me
quickly what moneys they had on hand (respectively),
and what the value of the money in the purse was.”



Solutions
Here

a1 =
1
6
,a2 =

1
7
,a3 =

1
9
,a3 =

1
9
,a4 =

1
8
,a5 =

1
10

. L.C.M = 2520 = L

b1 = 420,b2 = 360,b3 = 280,b4 = 315,b5 = 252

m = 3. (n − 1)m − 1 = 4 × 3 − 1 = 11

b1 + b2 + b3 + b4 + b5 = 1627.

Hence,

x1 = 3 × 1627 − 11b1 = 4881 − 4620 = 261,

x2 = 3 × 1627 − 11b2 = 4881 − 3960 = 921,

x3 = 3 × 1627 − 11b3 = 4881 − 3080 = 1801,

x4 = 3 × 1627 − 11b4 = 4881 − 3465 = 1416,

x5 = 3 × 1627 − 11b5 = 4881 − 2772 = 2109.

Purse P = L[(n − 1)m − 1](m + 1) = 2520 × 44.



Arrangement of Arrows

A problem on the arrangement of arrows in quivers in the
following manner:

Figure: 28



Arrows

No. of arrows in the central circle = 1,

No. of arrows in the first neighborhood = 6,

No. of arrows in the second neighborhood = 12,
...
No. of arrows in the pth neighborhood = 6p.

Total = 1+6+2×6+· · ·+p×6 = 1+6[1+2+· · ·+p] = 1+
6p(p + 1)

2



Arrows Problem: Mahāv̄ıra’s Statement

If the number of arrows in the outermost periphery = 6p = n,

Total number of arrows = 1 +
3n
6

(n
6
+ 1

)

=
(n + 3)2 + 3

12
.

This is what is stated in verse 288:Za.=;pa:�a=;	a.Da:�a�a:k+.�a.ma:l+nMa va:	a.gRa:ta:mea:ta:tpua.=;�/�a.~:�a:�a.Ba:ssa:�a.h:ta:m,a Ádõ .a:d:Za:&+teaY:�a.pa l+b.DMa Za.=;sa:*ñÍËÉ ùÁ+;a.a .~ya.a:t,a k+.l;a:pa:k+a:�a.va:�.a Á Á
“Add three to the number of arrows forming the
circumferential layer; then square this (resulting sum)
and add again three ( to this square quantity). If this be
further divided by 12, the quotient becomes the number
of arrows to be found in the bundle. ”



Arithmetic Progression

Verse 290 gives the sum of an Arithmetic Progression, A.P

Result: Same as the one in Āryabhat. ı̄ya and
Brāhmasphut.asiddhānta.

S = a + (a + b) + · · ·+ [a + (n − 1)b] = n
[

a +
(n − 1)b

2

]

.

Also a in terms of S, n, b; b in terms of S, a, n.

a2 + (a + b)2+ · · ·+ [a + (n − 1)b]2

=

[{

(2n − 1)b2

6
+ ab

}

(n − 1) + a2
]

n.

[

follows from 1 + 2 + · · ·+ (n − 1) =
n(n − 1)

2
;12 + 22 + (n − 1)2

=
(n − 1)n(2n − 1)

6

]

.



Sum of Cubes

Verse 301.

13 + 23 + · · ·+ n3 =
n2(n + 1)2

4
Verse 303.

a3 + (a + b)3 + · · ·+ [a + (n − 1)b]3 = Sa|a − b|+ S2b,

where

S = a + (a + b) + · · · + [a + (n − 1)b] = n
[

a +
(n − 1)b

2

]

[Try this as an exercise.]

The first result: Same as the one in Āryabhat. ı̄ya and
Brāhmasphut.asiddhānta.



A.P. with each Term is Sum of an A.P

Verse 305 − 3051
2 :

Series: 1 + · · ·+ a,1 + · · ·+ a + b, · · · ,1 + · · · ,a + (n − 1)b.

Each term is sum of series in A.P. Then Sum S is given to be

=

[{

(2n − 1)b2

6
+

b
2
+ ab

}

(n − 1) + a(a + 1)
]

n
2

[Try this as an exercise.]



Sum of Sums

Verse 3071
2 :

Let S1 = 1 + · · ·+ n,S2 =

n
∑

r=1

r(r + 1)
2

,S3 = n2,S4 = n3.

S1 + S2 + S3 + S4 =

[

n(n+1)
2 .7 − n

]

3
(n + 1)



Geometric Progression with Additions /Subractions

Verse 314:gua:Na:
a..
a:	a.ta.=;nya.a:�a.d:&+ta.a ;�a.va:pa:d.a:	a.Da:k+.h� .a:na:sa:ñÍçÅÅ*:u +Na.a Ba:�+a Áv.yea:k+.gua:Nea:na.a:nya.a :P+l;=;�a.h:ta.a h� .a:neaY:	a.Da:ke tua :P+l+yua:�+a
“The sum of the series in (pure) geometrical
progression (with the first given term, common ratio,
and the given number of terms, is writen down in two
positions); one (of these sums so written down) is
divided by the (given) first term. From the (resulting)
quotient, the (given) number of terms is subtracted.
The (resulting) remainder is (then) multiplied by the
(given) quantity which is to be added to or to be
subtracted (from the terms in the proposed series).



Geometric Progression with Additions /Subractions

The quantity (so arrived at) is (then) divided by the
common ratio as diminished by one .(The sum of the
series in pure geometrical progression written down
in ) the other (position) has to be diminished by the
(last) resulting quotient quantity , if the given quantity is
to be subtracted (from the term in the series). If,
however it is to be added , (then the sum of the series
in geometrical progression written down in the other
position) has to be increased by the resulting quotient
(already referred to. The result in either case gives the
required sum of the series).”

Consider the series a, ar ± m, (ar ± m)r ± m, [(ar ± m)r ± m]r ± m. It is
stated that

Sum = ±

(

S
a − n

)

m
(r − 1)

+ S,

where S = a + ar + · · ·+ arn−1
.



Proof

Proof:

Sum = a + ar + · · ·+ arn−1

±m ± mr ± · · · ± mrn−2

±m · · · ± mrn−3

. . . . . .

±m

=
a(rn − 1)
(r − 1)

±
m(rn−1 − 1)

(r − 1)
±

m(rn−2 − 1)
(r − 1)

± · · · ±
m(r − 1)
(r − 1)

=
a(rn − 1)
(r − 1)

± m
[r + · · · + rn−1 − (n − 1)]

(r − 1)



Proof

=
a(rn − 1)
(r − 1)

± m

[

r
(

rn−1
−1

r−1

)

− n + 1
]

(r − 1)

=
a(rn − 1)
(r − 1)

±

[

rn − r
(r − 1)

− n + 1
]

= S ± m
[

rn − 1 + 1 − r
r − 1

− n + 1
]

= S ± m
[

rn − 1
r − 1

− n
]

= S ±

(

S
a − n

)

m

(r − 1).



Example

Example in Verse 315::pa.úãÁ*.a gua:Na.ea.�a.=;ma.a:�a.d:dõ .ERa ��a.a:Nya:	a.Da:kM :pa:dM ;�a.h ..
a:tva.a.=H ÁA:	a.Da:k+.gua:Na.ea.�a.=;
a..
a:	a.ta:k+a k+.Ta:ya ;�a.va:
a..
a:ntya.a:Zua ga:�a.Na:ta:ta.�va:¼a Á Á 315 Á Á
“The common ratio is 5, the first term is 2, and the quantity to
be added (to the various terms) is 3, and the number of
terms is 4. O you know the secret of calculation, think out
and tell me quickly the sum of the series in geometrical
progression, where in the terms are increased (by the
specified manner).”

Here a = 2, r = 5, n = 4,+m = 3,S = 2[54
−1]

(5−1) = 2·624
4 = 312

∴ 2 + (2 × 5 + 3) + (2 × 5 + 3) · 5 + 3 + ((2 × 5 + 3)5 + 3) · 5 + 3

Sum = 312 +

(

312
2 − 4

)3

4
= 312 +

152 × 3
4

= 312 + 38 × 3 = 426



Example

Exercise in Verse 316:A.a:�a.d:~:��a.a:�a.Na gua:Na.ea.�a.=;ma:�.Ea h� .a:nMa dõ :yMa ..
a d:Za ga:.
C.H Áh� .a:na:gua:Na.ea.�a.=;
a..
a:	a.ta:k+a k+a Ba:va:	a.ta ;�a.va:
a..
a:ntya k+.Ta:ya ga:Na:k+a:Zua Á Á
“The first term is 3, the common ratio is 8, the quantity
be subtracted (from the terms) is 2, and the number of
terms is 10. What is the sum of this series (where the
terms are diminished by the specified quantity in the
specified manner). [Try this as an exercise].”



Variable Velocity Problem

The rule for arriving at the common limits of time when one who is
moving (with successive velocities representable as the terms in
arithmetic progression, that is, velocity is increasing by a fixed amount
after each unit of time; constant acceleration), and another moving with
a constant velocity.

Verse 319 1/2:;Drua:va:ga:	a.ta.=:a:�a.d:�a.va:h� .a:na:(ãÉa:ya:d:l+Ba:�+.ssa.�+pa:k:H k+a:l.H Á 319 1/2 Á
“The unchanging velocity is diminished by the first term (of
the velocity in series in arithmetial progression), and is (then)
divided by the half of the common difference. On adding one
(to the resulting quantity), the (required) time (of meeting) is
arrived at.”

* * * * * *
I person u u + a u + 2a u + 3a · · · u + a(t − 1)
II person v v v v v v



Variable Velocity Problem

Average velocity of the accelerating person

=
u + u + a(t − 1)

2
= u +

a(t − 1)
2

. If they meet after time t , this

average velocity should be equal to the constant velocity of the
other person, that is v .

∴ v = u +
a(t − 1)

2

∴ t =
v − u
(a/2)

+ 1

Incidentally distance traveled by each = vt = ut +
1
2

at(t − 1).

[Interesting, Reminds one of the distance traveled by an

uniformly accelerating body = ut +
1
2

at2].



Two Accelerating Travellers
One can also work out the formula for the meeting time, when
both travelers are accelerating. Also works when the common
difference (acceleration) of one person is negative.

Verse 3251
2 ::pa.úãÁ*.a.a:dùÅ;a:�.ea.�a.=;taH :pra:Ta:ma.ea na.a:Ta ;�a.dõ :t�a.a:ya:na.=H ÁA.a:�a.dH :pa.úãÁ*.aÈåî ÁÁ*+:na:va :pra:.
a:ya.ea h� .a:na.eaY:� ya.ea:ga:k+a:l.H k:H Á Á

“The first person travels with velocities beginning with 5
and increased ( successively) by 8 in the common
difference. In the case of the second person; the
commencing velocity is 45; and the common difference
is -8. What is the time of meeting. [Try this as an
exercise].

Verse 3331
2 − 3361

2 : n syllables ∗ ∗ ∗ . . . , ∗. Each can be laghu

or guru. Total no. of ways = 2n. The way to compute 2n has
been discussed in BSS.
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