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Āryabhat.ı̄ya of Āryabhat.a - Part 4
and

Introduction to Jaina Mathematics

K. Ramasubramanian
IIT Bombay



Outline
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The number of terms in an arithmetical series

I Consider an arithmetical series of the form –

a + (a + d) + (a + 2d) + (a + 3d) . . . . . .+ (a + (n − 1)d). (1)

I The formula for finding the number terms n in the series, in
terms of its sum S, the first term a and the common difference d
is encoded in the following verse:1

ga:.cC;eaY:�.ea.�a.=;gua:�a.Na:ta.a:d, ;�a.dõ :gua:Na.a:dùÅ;au .�a.=;�a.va:Zea:Sa:va:gRa:yua:ta.a:t,a Á
mUa:lM ;�a.dõ :gua:Na.a:dùÅ;aU :nMa .~va.ea.�a.=;Ba.a:�aja:tMa .sa.�+pa.a:DRa:m,a Á Á

I The content of the above verse can be expressed as:

n =
1
2

(√
8Sd + (2a− d)2−2a

d
+ 1

)
(2)

1Āryabhat.a, Āryabhat.ı̄ya, Gan. itapāda, verse 20.



Some algebraic identities

;�a.dõ :kx +.	a.ta:gua:Na.a:t,a .sMa:va:ga.Ra:d, dõùÅ;a:nta.=;va:geRa:Na .sMa:yua:ta.a:n}å.Ua:l+m,a Á
A:nta.=;yua:�M h� .a:nMa ta:d, gua:Na:k+a.=;dõ :yMa d:
a.l+ta:m,a Á Á 2

Multiply the product by four, then add the square of the difference of the
two (quantities), and then take the square root. [Set down this square root
in two places]. (In one place) increase it by the difference (of the two
quantities), and (in the other place) decrease it by the same. The results
thus obtained, when divided by two, give the two factors [of the given
product].

The content of the above verse may be expressed as,

If x − y = a; and xy = b, then

x =

√
4b + a2 + a

2

y =

√
4b + a2 − a

2
.

2Āryabhat.a, Āryabhat.ı̄ya, Gan. itapāda, verse 24.



Kut.t.aka algorithm
The meaning behind the nomenclature kut.t.aka

I The problem of solving first order indeterminate equations was
so important to Indian astronomer-mathematicians as there was
a compelling need for them in choosing a given epoch, with
constraints imposed by various planetary parameters.3

I The term Kut.t.ana in general means ‘pulverising’—the act of
reducing something to finer sizes by repeated operation.

I When applied in the context of mathematics, Kut.t.ana refers to
repeated division by which the given numbers are made smaller
and smaller by mutual division.

I This algorithm also plays a key role in finding the solution of the
much more difficult problem namely, second order indeterminate
equations (varga-prakr. ti).

3In order to demonstrate its application in a variety of contexts, several
examples have been presented by Bhāskara, g{a:h:ku +.ææ*+a:k+a.=, .=:a:�a.Za:ku +.ææ*+a:k+a.=,
;
a.l+�a.a:ku +.ææ*+a:k+a.=, va.a.=;ku +.ææ*+a:k+a.= and so on.



Formulation of the kut.t.aka problem
I Suppose there is an integer N which when divided by two

integers (a,b) leaves remainders (r1, r2). That is,

N = ax + r1

also = by + r2. (3)

I This equation may be written as

by − c = ax , where c = r1 − r2. (4)

I Kut.t.aka problem: Given (a,b,c) that are integers, we need
to find (x,y)—again integers—that will satisfy the above
equation.

I Historical error: Usually the equation given above is called
Diophantine equation. Diophantus who lived in 3rd cent
AD was concerned with finding rational solutions—not
integer solutions—of (2), which is a much simpler problem.



Kut.t.aka problem: Bhāskara’s example
I Statement of the problem

A:Tea:d.a:n�a.Ma g{a:h:ga:�a.Na:tea ku +.ææ*+a:k+a.=:ea ya.ea.$ya:tea Á .=;�a.va:Ba:ga:Na.aH :ke +.na gua:�a.Na:ta.aH
ma:Nq+l+Zea:SMa A:pa:n�a.a:ya BUa:�a.d:va:sa.a:na.Ma Zua.;dÄâ M Ba.a:gMa d:dùÅ;au :�a=;	a.ta Á .=;�a.va:Ba:ga:Na.aH
BUa:�a.d:va:sa.a:(ãÉa nya:~ya:ntea Á . . .

ma:DyMa .=;veaH mxa:ga:pa:ta.Ea ;Da:nua.=M ;Za:k+a:DeRa
dx :�M ma:ya.a ;�a.d:na:k+=:ea:d:ya:k+a:l;ja.a:ta:m,a Á
A.a:ga:Nya:ta.Ma ;�a.d:na:ga:Na.ea Ba:f:Za.a:~:�a:�a.sa.;dÄâ H
ya.a:ta.a:(ãÉa ta:~ya Ba:ga:Na.aH k+.
a.l+k+a:l+�a.sa.;dÄâ .aH Á Á

I Consider the equation

by−c = ax , where (5)

I b – no. of man. d. alas of sun in a Mahāyuga (4320000)
I a – no. of bhūdivasas in a Mahāyuga (1577917500)
I c – man. d. alaśes.a, obtained by observation (86688)



Solution to the Kut.t.aka problem
I Āryabhat.a presents the solution in two verses Gan. itapāda, 32–33):

A:	a.Da:k+a:g{aBa.a:ga:h.a.=M ;
a.C+ndùÅ;a.a:t,a �+.na.a:g{aBa.a:ga:h.a:=e ;Na Á
Zea:Sa:pa.=;~å.pa.=;Ba:�M ma:	a.ta:gua:Na:m,a A:g{a.a:nta:=e ;�a.[a:�a:m,a Á Á
A:Da-o+pa:�a=;gua:�a.Na:ta:ma:ntya:yua:gUa:na.a:g{a:.cCe +d:Ba.a:�aja:tea Zea:Sa:m,a Á
A:	a.Da:k+a:g{a:.cCe +d:gua:NMa ;�a.dõ :.cCe +d.a:g{a:ma:	a.Da:k+a:g{a:yua:ta:m,a Á Á

I A:g{Ma Zea:SaH – remainder (r1)
I A:	a.Da:k+a:g{Ma – for which the remainder is large (a)
I Ba.a:ga:h.a.=M – Ba.a:ga.ea ;�a.hò :ya:tea ya:sma.a:t,a the dividend (a)
I ;
a.C+ndùÅ;a.a:t,a – may you divide
I Ba.a:ga:h.a:=e ;Na – Ba.a:gMa h.=;t�a.a:	a.ta the divisor (b)
I Zea:Sa:pa.=;~å.pa.=;Ba:�M – being mutually divided by the remainder
I ma:	a.ta:gua:Na:m,a – multiplied by mati (optional multiplier)
I A:g{a.a:nta:=e ;�a.[a:�a:m,a – added to/subtracted by the diff. of the remainders
I ( k+.TMa :pua:naH .~va:bua:
a;dÄâ :gua:NaH ;�a.kÒ +.ya:tea? A:yMa .=:a:�a.ZaH :ke +.na:gua:�a.Na:ta:m,a I+dM A:g{a.a:nta.=M

:pra:�a.[a:pya ;�a.va:Za.ea:Dya va.a A:~ya .=:a:ZeaH Zua.;dÄâ M Ba.a:gMa d.a:~ya:t�a.a:	a.ta Á .sa:mea:Sua ;�a.[a:�Ma ;�a.va:Sa:mea:Sua
Za.ea:Dya:�a.ma:	a.ta .sa:}å.pra:d.a:ya.a:�a.va:.cCe +d.a:t,a v.ya.a:K.ya.a:ya:tea Á )



Solution to the Kut.t.aka problem
I One step (left as �+.hùÅ:aM by Āryabhat.a):

O;:vMa :pa.=;~å.pa:=e ;Na l+b.Da.a:
a.na :pa:d.a:nya:va:~Ta.a:pya, ma:	a.ta:(ãÉa A:DaH, :pa:�a.(ãÉa:ma:l+b.DMa ..ca
ma:tya.a A:DaH
Having placed the quotients one below the other, below them the
mati, and underneath the mati the quotient just obtained

I Āryabhat.a presents the solution in two verses Gan. itapāda, 32–33):

A:	a.Da:k+a:g{aBa.a:ga:h.a.=M . . . ;�a.[a:�a:m,a Á Á
A:Da-o+pa:�a=;gua:�a.Na:ta:m,a A:ntya:yua:k, o+na.a:g{a:.cCe +d:Ba.a:�aja:tea Zea:Sa:m,a Á
A:	a.Da:k+a:g{a:.cCe +d:gua:NMa ;�a.dõ :.cCe +d.a:g{a:m,a A:	a.Da:k+a:g{a:yua:ta:m,a Á Á

I A:Da-o+pa:�a=;gua:�a.Na:ta:m,a – number below multiplied by the one just above it
I (A:Da:~ta:nea:na .=:a:�a.Za:na.a o+pa:�a=:=:a:�a.ZaH gua:�a.Na:taH)
I A:ntya:yua:k, – added to the last (one just below it)
I o+na.a:g{a:.cCe +d:Ba.a:�aja:tea – when divided by the divisor corresponding to the

smaller remainder (÷b)
I Zea:Sa:m,a A:	a.Da:k+a:g{a:.cCe +d:gua:NMa – the remainder multiplied by the divisor

corresponding the greater remainder (×a)
I A:	a.Da:k+a:g{a:yua:ta:m,a ;�a.dõ :.cCe +d.a:g{a:m,a – when added to the greater remainder gives

the number corresponding to the two divisors. (agram = saṅkhyā)



Solution to the Kut.t.aka problem
Translation of the verses

Below we give the translation of these verses by Datta and
Singh following the interpretation of Bhāskara I:

Divide the divisor corresponding to the greater remainder by the divisor corresponding

to the smaller remainder. The remainder (and the divisor corresponding to the smaller

remainder) being mutually divided, the last residue should be multiplied by such an

optional integer that the product being added (in case the number of quotients of the

mutual division is even) or subtracted (in case the number of quotients is odd) by the

difference of the remainders (will be exactly divisible by the penultimate remainder.

Place the quotients of the mutual division successively one below the other in a

column, below them the optional multiplier and underneath it the quotient just

obtained). Any number below (i.e., the penultimate) is multiplied by the one just above

it and then added to the last (one just below it). Divide the last number (obtained by

doing so repeatedly) by the divisor corresponding to the smaller remainder; then

multiply the remainder by the divisor corresponding the greater remainder and add the

greater remainder. (The result will be) the number corresponding to the two divisors.



The Kut.t.aka algorithm

I Let the two remainders be such that r1 > r2, so that (a,b) be the
divisors corresponding to the greater and smaller remainders
respectively. Let c = r1 − r2.

I We write down the procedure, when the number of quotients
(ignoring the first one q) is even.

b) a (q
bq
r1) b (q1

r1q1
r2) r1 (q2

r2q2
.
.
.

r2n) r2n−1 (q2n
r2nq2n
r2n+1



The Kut.t.aka algorithm
Arranging the quotients and the choice of mati

I The prescription for the choice of the optimal number t (mati) is:

I r2n+1t + c should be divisible by r2n. (quotients even)
I r2nt − c should be divisible by r2n−1 (quotients odd)

Let s be the quotient
I Having found t and s, we have to arrange them in the form of a vall̄ı

(column), to generate successive columns.
q1 q1 q1 . . . . . . q1β2n−1 + β2n−2

q2 q2 q2 . . . . . . β2n−1

. . .

. . .

. . .
q2n−1 q2n−1 q2n−1 β1 + t = β2

q2n q2nt + s = β1

t t
s

I Divide q1β2n−1 + β2n−2 by b. The remainder is x and N = ax + r1.



The Kut.t.aka algorithm
Example 2: To solve 45x + 7 = 29y . Here a = 45, b = 29, r1 = 7, r2 = 0.

29) 45 (1
29
16) 29 (1

16
13) 16 (1

13
3) 13 (4

12
1

Here the number of quotients (omitting the first) is odd. t should be chosen such that
1 × t − 7 is divisible by 3. Hence t is chosen to be 10. Therefore we have,

1 1 1 92
1 1 51 51
4 41 41
10 10
1

Now, 92 = 29 × 3 + 5. Hence, N = 49 × 5 + 7 = 29 × 8. Thus x = 5, y = 8.



Introduction

I Jainas seem to have regarded mathematics as an integral
part of their religion. A section of their religious literature
was named Gan. itānuyoga (system of calculation).

I The important Jaina mathematical works include:
I Jambū-dv̄ıpa-prajñapti
I Sūrya-prajñapti
I Sthānaṅga-sūtra
I Bhagavati-sūtra
I Uttarādhyayana-sūtra
I Anuyoga-dvāra-sūtra
I Trilokasāra
I Gan. itasārasaṅgraha

I Our knowledge about the earlier Jaina works is primarily
based on commentaries as many of the original works are
yet to come to light.



Results on mensuration

I One of Umāsvāti’s (c. 219 CE) most important works,
Tattvārthādhigama-sūtra-bhās.ya, contains mathematical
formulae and results on mensuration:

1. cirumference of a circle =
√

10× diameter
2. area of a circle = 1

4 circumference × diameter
3. chord =

√
4 sara (diameter − sara)

4. sara = 1
2 [diameter −

√
diameter2 − chord2

5. arc of segment less than a semicircle =
√

6sara2 + chord2

6. diameter = sara2+ 1
4 chord2

sara

I The term śara employed above refers to Rversine (R − Rcosθ).

I It has been observed that these results have been taken by
Umāsvāti from other mathematical works extant in his time as he
himself was not known to be a mathematician.



Relation between the circumfrerence, diameter and
area of a circle

;�a�a:gua:�a.Na:ya:va.a:sMa :pa:�a=;h� .a d:h:gua:Na:�, +
a.Ta.=;va:ma.a:mUa:lM ..ca Á
:pa:�a=;�a.h:h:d:va.a:sa:tua:�////�a.~yMa ba.a:d.=;sua:hu :mMa ..ca Kea.�a:P+l+m,a Á Á 4

;�a�a:gua:�a.Na:ta:v.ya.a:sMa :pa:�a=;	a.DaH d:Za:gua:Na:�a.va:~ta.a.=;va:gRa:mUa:lM ..ca Á
:pa:�a=;	a.Da:h:ta:v.ya.a:sa:tua:y a ba.a:d.=;sUa:[mMa ..ca [ea.�a:P+l+m,a Á Á

If C be the circumference of the circle, d its diameter, and A the
area, then the formulae given above may be expressed as:

C = 3d (gross)

C =
√

10d2 (subtle)

A = C × d
4

4Nemicandra’s Trilokasāra.



Dhanur-jyā-vyāsa-bān. ayoh. sam. bandhah.
Relation between the arc, chord, diameter and arrow (Rversine)

I+sua:h� .a:NMa ;�a.va:#KMa:BMa ..cao+gua:�a.Na:�a.d:sua:Na.a h:de du .j�a.a:va:k+.d� .a Á
ba.a:Na:k+.�a.dM C+�a.h:gua:�a.Na:de ta:tTa .jua:de ;Ga:Nua:k+.d� .a h.ea:�a.d Á Á 5

I+Sua:h� .a:nMa ;�a.va:Sk+.}BMa ..ca:tua:gRua:Nea:Sua:Na.a h:tea tua .j�a.a:va:kx +.	a.taH Á
ba.a:Na:kx +.	a.taH :Sa.ñç ÅÅ*u +�a.Na:tea ta.�a yua:tea ;Da:nua:kx +.	a.taH Ba:va:	a.ta Á Á

If d be the diameter of the circle, a the arc length, c the
corresponding chord, and h the Rversine, then the formulae
given in the above verse may be expressed as:

c2 = 4h(d − h)
a2 = 6h2 + c2.

5Nemicandra’s Trilokasāra.



Notion of infinity (and its different types)
I Jainas had names for different positions sthana in the numeral

system: eka, daśa, śata, sahasra, daśa-sahasra,
dasa-śata-sahasra, kot.i, daśa-kot.i, śata-kot.i, etc.

I It has been stated that very large numbers were used for
measurements of space and time.6

I Jainas have classified numbers as

1. enumerables (.sa:*ñÍËÉ ùÁ+;ae :ya)
2. unenumerable (A:sa:*ñÍËÉ ùÁ+;ae :ya) and
3. infinite (A:na:nta).

I They also talk of different types of infinity:

1. infinite in one direction (O;:k+.ta.ea:na:nta:m,a)
2. infinite in two directions (;�a.dõ :Da.a:na:nta:m,a),
3. infinite in area (:de :Za:�a.va:~ta.a.=:a:na:nta:m,a)
4. infinite everywhere (.sa:vRa:�a.va:~ta.a.=:a:na:nta:m,a)
5. infinite perpetually (Za.a.(õ;a:ta.a:na:nta:m,a)

6No nation has used such large numbers as the Jainas and the Buddhists.



How to conceive of infinitely large numbers?

I It would be difficult—and inappropriate too—to find parallels
Cantor’s notions of infinity.

I However, it is evident that have conceived of infinity both
spatially and temporally which by no means is crude.

I Jainas mathematicians have provided practical examples
through which one can conceive of enumerable→ infinite

Consider a trough whose diameter is of the size of the earth
(100,000 yojanas). Fill it up with white mustard seeds
counting them one after another. Similarly fill up with
mustard seeds other troughs of the sizes of the various
lands and seas. Still it is difficult to reach the highest
enumerable number.

I They also seem to have developed (∼ first cent. BCE) a
fomulation of the law of indices which is quite noteworthy
considering the fact that notations had not been developed in
their full blown form.



Dealing with laws of indices
Excerpts from Uttarādhyayana-sūtra and Anuyoga-dvāra-sūtra

I The text Uttarādhyayana-sūtra (∼ third cent. BCE)7 enumerates
powers and roots of numbers:

I varga-varga ((a2)2 = a4)
I ghana-varga ((a3)2 = a6)
I ghana-varga-varga (((a3)2)2 = a12)
I varga-mūla-ghana ((a

1
2 )3 = a

1
8 )

I In Anuyoga-dvāra-sūtra we find the statement

the first square root multiplied by the second square
root, or the cube of the second square root; the
second square root multiplied by the third square root,
or the cube of the third square root,

which symbolically translates to

a
1
2 × a

1
4 = (a

1
4 )3; a

1
4 × a

1
8 = (a

1
8 )3.

7CNS, p. 25.



Typical content of Jaina mathematical text
The Sthānaṅga-sūtra supposed to be composed around 300 (BCE), mentions
the following 10 topics:

:pa:�a=;k+.mRa : The four fundamental operations - subtraction, addition,
multiplication, division

v.ya:va:h.a.= : Application of arithmetic to concrete problems

k+.l+Za-k+.mRa : Fractions
.=:êêÁ*.au : Geometry (called Śulva in the Vedic period)

.=:a:�a.Za : This may refer to either measurement of grains or it may be
referring to mensuration of plane and solid figures

ya.a:va:t,a-ta.a:va:t,a : The word of unknown quantity x, using the algebraic
symbol ya

;�a.va:k+.�pa : Permutations and combinations, discussed in the next
section

va:gRa : Squaring
;Ga:na : Cubing

va:gRa-va:gRa : This and the previous need not necessarily mean square,
cube and square-square. They may also refer to higher
powers and roots.



Thanks!

THANK YOU


