
NPTEL COURSE ON

MATHEMATICS IN INDIA:
FROM VEDIC PERIOD TO MODERN TIMES

LECTURE 9
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Finding tabular sines: Geometrical approach (contd.)
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I In the triangle CBD, BC = R sin 30◦ and
CD = OD − OC = R vers30◦ are known.
Hence, BD = chord 30◦

BD =
√

(R sin 30)2 + (R vers30)2,

is known. R sin 15◦ = 1
2 BD = 890.

I At this stage, we need to note that

R sin θ  R cos θ  R vers θ

R sin θ & R vers θ  R sin
θ

2

I Now considering the triangle ODE,

OE =
√

OD2 − DE2

=
√

R2 − (R sin 15)2

gives R sin 75◦.



Finding tabular sines: Geometrical approach (contd.)
I Most of the Indian astronomers have presented their sine tables by

dividing the quadrant (90◦) into 24 parts.
I By the principle outlined above, it can be easily shown that all the 24

Rsines can be obtained provided the 24th, 12th and 8th Rsines are
known.
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I The circumference of the circle
was taken by Āryabhat.a to be
21600 units.

I From that using the
approximation for π given by him,
we get R = 24th Rsine ≈ 3438.

I Once this it known, it is
noteworthy that in the proposed
scheme of constructing the table,
all that is required is extraction of
square root, for which Āryabhat.a

had clearly evolved an efficient
algorithm.



Finding tabular sines: Analytic approach
Āryabhat.a’s recursion relation for the construction of tabular Rsines

:pra:Ta:ma.a:t,a ..ca.a:pa.$ya.a:Da.Ra:t,a .yEa.�+nMa Ka:�//�a.Nq+tMa ;�a.dõ :t�a.a:ya.a:DRa:m,a Á
ta:tpra:Ta:ma.$ya.a:Da. a:ZEaH :tEa:~tEa.�+na.a:
a.na Zea:Sa.a:�a.Na Á Á

I This is one of the most terse verses in Āryabhat.ı̄ya and its content may
be expressed as:

R sin(i + 1)θ − R sin iθ = R sin iθ − R sin(i − 1)θ − R sin iθ
R sin θ

.

I In fact, the values of the 24 Rsines themselves are explicitly noted in
another verse.

I The exact recursion relation for the Rsine-differences is:

R sin(i + 1)θ − R sin iθ = R sin iθ − R sin(i − 1)θ − R sin iθ 2(1 − cos θ).

I Approximation used by Āryabhat.a is 2(1 − cos θ) = 1
225 .

I While, 2(1 − cos θ) = 0.0042822, 1
225 = 0.00444444.



Comment on Āryabhat.a’s Method (Delambre)

Commenting upon the method of Āryabhat.a in his monumental
work Delambre1 observes:

“The method is curious: it indicates a method of calculating
the table of sines by means of their second differences.
. . . The differential process has not up to now been
employed except by Briggs, who himself did not know that
the constant factor was the square of the chord . . . Here
then is a method which the Indians possessed and which is
found neither amongst the Greeks nor amongst the Arabs.”2

1“. . . an astronomer of wisdom and fortitude, able to review 130 years of
astronomical observations, assess their inadequacies, and extract their value.”
– Prix prize citation 1789.

2Delambre, Historie de l’Astronomie Ancienne, t 1, Paris 1817, p.457; cited
from B. Datta and A. N. Singh, Hindu Trigonometry, IJHS 18, 1983, p.77.



Problems related to gnomonic shadow

Za:ñÍöÐÅÅ*:u +gua:NMa Za:ñÍöÐÅÅ*:u +Bua.ja.a:�a.va:va.=M Za:ñÍöÐÅÅ*:u +Bua.ja:ya.ea:�a.vRa:Zea:Sa:&+ta:m,a Á
ya:�+.b.DMa .sa.a C;a:ya.a ¼ea:ya.a Za:ñÍöÐÅÅ*:;eaH .~va:mUa:l;a:
a;dÄâ Á Á 15 Á Á
The [height of the] gnomon multiplied by the distance
between the gnomon and the lamp-post [the latter being
referred to as bhujā3] is to be divided by the difference
between the lamp-post and the gnomon. The quotient (thus
obtained) should be known as the length of the shadow
measured from the foot of the gnomon.4

Triangles XYB and DCY are similar. Hence,

XB =
XY × DY

DC

=
XY × AX
AC − XY

.

Such problems are very common in designing
temple, wherein sunlight has to fall on shrine.

X
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D Y

A  B

sanku

3Bhāskara’s comm: Bua.ja.a:Za:b.de :na :pra:d� .a:pa.ea:.cC" ;a:yaH o+.cya:tea Á What kind of lamps?
4This rule occurs also in BrSpSi, xii.53; GSS, SiŚe; Lil. GK, II.



Problems related to gnomonic shadow
Application in astronomy: Case of a lunar eclipse
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Mapping the above figure with the one below,

XY – semi-diameter of the earth
(known)
AC – semi-diameter of the sun (known)
AX – distance of the sun (given)
XB – earth’s shadow(?)

Triangles XYB and DCY are similar. Hence,

XB =
XY × DY

DC

=
XY × AX
AC − XY

.
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Problems related to gnomonic shadow
Obtaining the distance of the post from gnomon, when height of the post is known

C;a:ya.a :Sa.ea:q+Za dx :�.a dõ .a:sa:�a:tyua:�///�a..cC" +ta:~ya d� .a:pa:~ya Á
mUa:lM ;�a.k+.ya:ta.a Za:ñÍöÐÅÅ*:;eaH dõ .a:d:Za:k+.~ya tva:ya.a va.a:.cya:m,a Á Á
The shadow [of the gnomon] cast by a lamp-post of height
72 was noted to be 16. You have to tell me how far is the
base of the lamp-post from that of the gnomon of height 12.

Triangles XYB and DCY are similar. Hence,

XB
DY

=
XY
DC

I Since the heights of the the gnomon (XY) and
lamp-post are given, DC is known.

I The length of the shadow (XB) is also given.

I Hence DY = AX is known. (Ans. 80)
X
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D Y

A  B

sanku

Bhāskara in his commentary presents several such examples, that
are of practical relevance (estimating distances, etc.)



Problems related to gnomonic shadow
Rule for finding the height of a lamp-post

C;a:ya.a:gua:�a.Na:tMa C;a:ya.a:g{a:�a.va:va.=;m,a �+.nea:na Ba.a:�aja:tMa k+ea:f� .a Á
Za:ñÍöÐÅÅ*:u +gua:Na.a k+ea:f� .a .sa.a C;a:ya.a:Ba:�+a Bua.ja.a Ba:va:	a.ta Á Á 16 Á Á

The distance between the tips of the shadows [of the two gnomons] is
multiplied by the [larger or shorter] shadow and divided by the larger
shadow diminished by the shorter one. The result is the upright (i.e., the
distance of the tip of the larger or shorter shadow from the foot of the
lamp-post). The upright multiplied by [the height of] the gnomon and
divided by the (larger or shorter) shadow gives the base (i.e., the height of
the lamp-post).

I By considering two pairs of similar triangles
ABC and LMC, and ABD and PQD,
Āryabhat.a presents a rule by which the
height of the lamp-post can be calculated.

I Bhāskara presents an interesting discussion
on the propreity of the application of this rule
to find the distance of separation between the
sun and the earth. Q
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Problems related to gnomonic shadow
Rule for finding the height of a lamp-post

C;a:ya.a:gua:�a.Na:tMa C;a:ya.a:g{a:�a.va:va.=;m,a �+.nea:na Ba.a:�aja:tMa k+ea:f� .a Á
Za:ñÍöÐÅÅ*:u +gua:Na.a k+ea:f� .a .sa.a C;a:ya.a:Ba:�+a Bua.ja.a Ba:va:	a.ta Á Á 16 Á Á

Triangles ABC and LMC are similar. Hence,

AB
LM

=
BC
MC

(1)

Similarly triangles ABD and PQD are similar.

AB
PQ

=
BD
QD

(2)
Q

A

P

B

sanku

M

L

C  D

chaayaagra−vivara

Since the saṅkus employed are same, PQ = LM. Therefore

BD
QD

=
BC
MC

=
CD

QD − MC
(using componendo-dividendo) (3)

Using (3), (1) and (2), we get the expression for kot.is and hence the bhujā

BD =
CD × QD
QD − MC

; BC =
CD × MC
QD − MC

; and AB =
BD × PQ

QD
=

BC × LM
MC

.



Problems related to gnomonic shadow
Impropriety in employing the technique to find the distance of the sun

;�a.va:Sua:va:d:h:
a.na ga:ga:na:ta:l(ma:Dya)va:	a.tRa:
a.na .sa:�a.va:ta:�a=, .sa:ma:d:�a.[a:Na.ea.�a.=;C;a:ya.a:g{a.a:nta.=:a:l-
ya.ea.ja:nEaH, C;a:ya.a:�a.va:Zea:Sea:Na Za:ñÍöÐÅÅ*:u +na.a ..ca :ke +.
a..ca:t,a ;�a.va:va:~va:d:va:
a.na:ta:l;a:nta.=:a:l-
ya.ea.ja:na.a:nya.a:na:ya:�//�a.nta, ta:d:yua:�+.m,a Á A.�a :pra:d� .a:pa:.cC;a:ya.a:dõ :ya:k+.ma.Ra:l;a:pa.a:va:ta.a.=:eaY:�a.pa
na.ea:pa:pa:dùÅ;a:tea Á ku +.taH?
ya:sma.a:d.a:h ‘BUa.=;�a.va:�a.va:va.=;m,a ;�a.va:Ba.jea:t,a’ (ga.ea:l 39) I+	a.ta Á BUaH Za:ñÍöÐÅÅ*:u H,
.=;�a.va:ya.ea.ja:na:k+.NRaH Za:ñÍöÐÅÅ*:u +Bua.ja.a:�a.va:va.=M .sa:k+.l;ja:ga:de :k+.pra:d� .a:pa.ea Ba:ga:va.a:n,a Ba.a:~k+=H
.~va:ya:mea:va :pra:d� .a:pa.ea:.cC" ;a:yaH . . .

On the equinoctial day when the sun (savitr) is [in the middle] of the vault
of the sky (i.e., on prime meridian), some people compute the yojanas that
make up the distance between the sun and the surface of the earth
. . . This is improper. Even to resort to mentioning the method with a light
and the shadows of two gnomons, does not stand to reasoning. Why?
The [diameter of the] earth is the gnomon, the true distance (karn. a) in
yojanas to the sun is the distance of separation between the gnomon and
the base, and the sole illuminator of the entire world, the Lord Sun is itself
the height of the light.



Bhujā-kot.i-karn. a-nyāya & Jyā-śara-sam. varga-nyāya
Theorem on the square of hypotenuse & Theorem on the square of chords

I Āryabhat.a has presented both the theorems in a single āryā:

ya:(ãÉEa:va Bua.ja.a:va:gRaH k+ea:f� .a:va:gRa:(ãÉa k+.NRa:va:gRaH .saH Á
vxa.�ea Za.=;sMa:va:gRaH A:DRa.$ya.a:va:gRaH .sa Ka:lu ;Da:nua:Sa.eaH Á Á

I The words varga and samvarga refer to square and product.
Similarly, dhanus and śara refer to arc and arrow respectively.

I Using modern notations the nyāyas may be expressed as:

bhujā 2 + kot.ı̄
2 = karn. a2

side2 + upright2 = hypotenuse2

OE2 + EA2 = OA2

product of śaras = Rsine2

DE × EB = AE2 C

D E B

A

O



Interesting examples (Hawk-rat problem)

A:�Ea:va Zyea:na:mUa:Sa:k+ea:�e ;Za.a:n,a v.ya.a:va:NRa:ya:�//�a.nta Á ta:dùÅ;a:Ta.a –
A:DRa.$ya.a Bua.ja.a, A:DRa.$ya.a:ma:Nq+l+ke +.ndÒ :a:nta.=:a:lM k+ea:	a.fH, ta:dõ :gRa:ya.ea:ga:mUa:lM k+.NRaH
ma:Nq+l+v.ya.a:sa.a:DRa:m,a Á ta.�ua :pra:d:ZyRa:tea – I+ya:ma:DRa.$ya.a Zyea:na:~Ta.a:na.ea:.cC" ;a:yaH . . .

A:�.a:d:Za:k+ea:.cC" ;a:yea Zyea:naH .~ta:}Bea hùÅ:a.a:KuaH Á
A.a:va.a:sa:�a.�a:Sk+a:nta:~tvea:k+a:Z�a.a:tya.a Ba:ya.a:t:cCe +yea:na.a:t,a Á Á
ga:.cC+�a.a:na.a:l+ya:dx :�a.�H kÒU +=e ;Na ;
a.na:pa.a:	a.ta:ta:~ta:ta.ea ma.a:geRa Á
;�a.k+.ya:ta.a :pra.a:pîÅa.ea:	a.ta ;�a.ba:lM Zyea:na:ga:	a.ta:va.Ra ta:d.a va.a:.cya:m,a Á Á
A falcon is [seated] on a pole whose height is eighteen. And the rat that
has departed from his residence is at a distance of eighty one. Due to the
fear of the falcon starts running [towards the hole at the base of the pole.
As he is moving with his residence in his eyes, he is killed on the way by
the cruel [falcon]. One should then state, by covering what distance would
the rat reach the hole, and what distance is covered by the falcon?

The answers given by Bhāskara are: 38 1
2 & 42 1

2 .



Interesting examples

The bamboo problem (Ans: 10 - from top, 6 - from ground)

:Sa.ea:q+Za:h:~ta.ea vMa:ZaH :pa:va:nea:na ;
a.na:pa.a:	a.ta:taH .~va:mUa:l;a:t,a Á
A:�.Ea ga:tva.a :pa:	a.ta:taH k+.�///////�a.sma:n,a Ba:çÉîå+;a.ea ma.�+.tva:ta.ea va.a:.cyaH Á Á

A bamboo of sixteen hastas was made to fall by the wind. It fell
such that its tip hit the ground at eight [hastas] from its root. Where
was it broken by the possesser (Lord) of the wind, is to be said.

The lotus problem (Ans: 40 - lotus, 32 - water)

k+.ma:lM .ja:l;a:t,a :pra:dx :ZyMa ;�a.va:k+.�a.sa:ta:ma:�.a:ñÍç ÅÅ*:u +lM ;
a.na:va.a:tea:na Á
n�a.a:tMa ma.êêÁ*.a:	a.ta h:~tea Z�a.a:GrMa k+.ma:l;a:}Ba:s�a.a va.a:.cyea Á Á

A full-bloomed lotus is noted to be of height eight aṅgulas above
[the surface of] the water. Carried by the wind, it sinks in one
hasta. Quickly, [the height of] the lotus and water are to be told.



Interesting examples (Fish-crane problem)

ma:t~ya:ba:k+ea:�e ;Za:ke +.Sva:�a.pa O;:va:mea:va A.a:ya:ta:.ca:tua.=;(ra:[ea.�a:~ya O;:k+ea ba.a:hu H A:DRa.$ya.a, ba.a:hu :dõ :yMa
ma:h.a:Za.=H Zea:SMa mUa:Sa:k+ea:�e ;Za:va:t,a k+.mRa . . .

:Sa:q, ;dõ .a:d:�a.Za:k+a va.a:p�a.a ta:~ya.Ma :pUa:va.eRa.�a:=e ;�////�a.~Ta:ta.ea ma:t~yaH Á
va.a:ya:v.ya:k+ea:Nea:~ya.a:d, ba:kH ;�////�a.~Ta:ta:~ta:;�ÂåÅ ;ya.a:t,a tUa:NRa:m,a Á Á
;�a.Ba:tva.a va.a:p�a.Ma ma:t~yaH k+.NeRa:na ga:ta.ea ;�a.d:ZMa ta:ta.ea ya.a:}ya.a:m,a Á
:pa.a.(õ;eRa:na.a:ga:tya h:taH ba:ke +.na va.a:.cyMa ta:ya.ea:ya.Ra:ta:m,a Á Á

A dimension of the tank is six and twelve. In its north-east [corner]
lies the fish.— In the north-west corner stands a crane. The fish,
by fear of that crane, quickly cuting through the tank diagonally
went towards the southern direction. However, it was killed by the
crane by travelling along the sides. The path traced by them
should be stated.

The path traced by the crane or fish is 10units.



Dealing with arithmetic progressions
I+�M v.yea:kM d:
a.l+tMa .sa:pUa:vRa:m,a o;�a.=;gua:NMa .sa:mua:KMa ma:Dya:m,a Á
I+�:gua:�a.Na:ta:m,a I+�:Da:nMa tua, A:Ta:va.a A.a:dùÅ;a:ntMa :pa:d.a:DRa:h:ta:m,a Á Á
The given number of terms is dimished by one, and then divided by two.
This is increased by the number of the preceding terms (if any), and then
multiplied by the common difference, and then increased by the first term
of the (whole) series: the result is the arithmetic mean (of the given
number of terms). This multiplied by the given number of terms is the sum
of the given terms. Alternatively, by multiplying the sum of the first and last
terms (of the series or partial series which is to be summed up) by half the
number of terms.

It has been pointed out by Bhāskara that many formulae have been
set out in this verse separately (muktaka). They have to be obtained
by appropriate combination of words.

A.�a ba:hU :
a.na .sUa.�a.a:�a.Na mua:�+.k+.v.ya:va:�////�a.~Ta:ta.a:
a.na Á .tea:Sa.Ma ya:Ta.a:ya.ea:gMa .sa:}ba:nDaH Á



Dealing with arithmetic progressions
Formulae to compute the mean value (madhyadhana) and sum (gaccha) of n terms

I+�M v.yea:kM d:
a.l+tMa .sa:pUa:vRa:m,a o;�a.=;gua:NMa .sa:mua:KMa ma:Dya:m,a Á
I+�:gua:�a.Na:ta:m,a I+�:Da:nMa tua, A:Ta:va.a A.a:dùÅ;a:ntMa :pa:d.a:DRa:h:ta:m,a Á Á

I Formula 1:

I+�M v.yea:kM d:
a.l+tMa o;�a.=;gua:NMa .sa:mua:KMa – I+	a.ta ma:Dya:ma:Da:na.a:na:ya:na.a:TRa:m,a .sUa.�a:m,a Á
The desired number of terms decreased by one, halved, multiplied
by the common difference, and increased by the first term – is the
formula for computing the mean value.

I Formula 2:

ma:Dya:ma:m,a I+�:gua:�a.Na:tMa I+�:Da:na:m,a – I+	a.ta ga:.cC+Da:na.a:na:ya:na.a:TRa:m,a Á
The mean value multiplied by the desired number . . . – is [the
formula] for computing the sum of n terms.

I Considering an arithmetic series of the form a + (a + d) + (a + 2d) + . . ., the
two formulae given may be expressed as:

Mean = a +
n − 1

2
d ; Sum =

(
a +

n − 1
2

d
)

n



Thanks!

THANK YOU

More of Āryabhat.ı̄ya in the next lecture!


