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M. D. Srinivas
Centre for Policy Studies, Chennai

1



Outline

I Development of Bı̄jagan. ita or Avyaktagan. ita (Algebra) and
Bhāskara’s treatise on it.

I Understanding of negative quantities.
I Development of algebraic notation.
I The Vargaprakr. ti equation X 2 − D Y 2 = K , and

Brahmagupta’s bhāvanā process
I The Cakravāla method of solution of Jayadeva and

Bhāskara.
I Bhāskara’s examples X 2 − 61Y 2 = 1, X 2 − 67Y 2 = 1
I The equation X 2 − DY 2 = −1.
I Solution of general quadratic indeterminate equations
I Bhāskara’s solution of a biquadratic equation.
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Development of Bı̄jagan. ita

I The notion of a variable quantity, yāvat-tāvat (as many as),
goes back to Śulvasūtras. The Kātyāyana-Śulvasūtra deals
with the problem of constructing a square whose area is
n-times that of a given square

I Āryabhat.ı̄ya (c.499) uses the term gulikā for the unknown.
There, we also find the solution of linear and quadratic
equations as well as the kut.t.aka process for the solution of
linear indeterminate equations.

I Bhāskara I (c.629) uses the notion of yāvat-tāvat in his
commentary of Āryabhat.ı̄ya.

I Brahmagupta has given a detailed exposition of Bı̄jagan. ita
in the Chapter XVIII, Kut.t.akādhyāya, of his
Brāhmasphut.asiddhānta (c.628). This work has been
commented upon by Pr.thūdakasvāmi (c.860).

I Śr̄ıpati deals with avyakta-gan. ita in Chapter XIV of his
Siddhāntaśekhara (c.1050)
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Development of Bı̄jagan. ita

I Bhāskarācārya II has written the most detailed available
treatise on Bı̄jagan. ita (1150), where he states that he has
only compiled and abridged from the treatises of Śr̄ıdhara
(c.750) and Padmanābha, which are not available to us.

I Bı̄jagan. ita has about 100 verses giving various rules and
about 110 verses givng various examples. Bhāskara has
written his own commentary Vāsanā, which gives details of
solutions of the various examples.

I Bı̄jagan. ita has also been commented upon by Sūryadāsa
(c.1540) and Kr.s.n. a Daivajña (c.1600). The commentary
Bı̄japallava or Bı̄janavāṅkurā of Kr.s.n. a provides detailed
proofs (upapattis) of various results presented in
Bı̄jagan. ita.

I Nārāyan. a Pan.d. ita (c.1350) has also composed a treatise,
Bı̄jagan. itāvatam. sa, of which only the first few chapters are
available.
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Bı̄jagan. ita of Bhāskarācārya II (c.1150)

The following are the topics dealt with in the Bı̄jagan. ita of
Bhāskarācārya:

I Six operations with positive and negative numbers
(dhanarn. a-s.ad. vidha)

I Arithmetic of zero (kha-s.ad. vidha)
I Six operations with unknowns (avyakta-s.ad. vidha)
I Arithmetic of surds (karan. ı̄-s.ad. vidha)
I Linear indeterminate equations (kut.t.aka)
I Second order indeterminate equation x2 − D y2 = 1

(vargaprakr. ti)
I The cyclic method (cakravāla)
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Bı̄jagan. ita of Bhāskarācārya II

I Equations with single unknown (ekavarn. a-samı̄karan. a)
I Elimination of middle term in quadratic equations

(madhyamāharan. a)
I Equations with several unknowns (anekavarn. a-samı̄karan. a)
I Elimination of middle term in equations with several

unknowns (anekavarn. a-madhyamāharan. a)
I Equations with products of unknowns (bhāvita)

According to Bhāskarācārya, the topics dealt with in the first few
chapters, upto cakravāla, are said to be “b̄ıjopayogi” —useful for
the consideration of equations that are to follow.
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Invocation to Avyakta-Gan. ita

Bı̄jagan. ita or avyakta-gan. ita, is computation with seeds, or
computation with unmanifest or unknown quantities, which are
usually denoted by varn. as, colours or symbols.

The following invocatory verse of Bı̄jagan. ita of Bhāskarācārya has
been interpreted in three different ways by Kr.s.n. a Daivajña:

o+tpa.a:d:kM ya:tpra:va:d:�//�a.nta bua.;dÄâ e .=;	a.Da:�a.�;tMa .sa:tpua.�+.Sea:Na .sa.a:*ñÍËÉ ùÁ+;a.aH Á
v.ya:�+.~ya kx +.t=+:ïîåéa:~ya ta:de :k+.b�a.a.ja:ma:v.ya:�+.m�a.a:ZMa ga:�a.Na:tMa ..ca va:nde Á Á

ta:d:v.ya:�+.m,a IR +ZMa ga:�a.Na:tMa ..ca va:nde Á . . .A:v.ya:�M :pra:Da.a:na:m,a Á .sa.a:*ñÍËÉ ùÁ+;a:Za.a:~:�ea .ja:ga:tk+a.=;Na:ta:ya.a
:pra:�a.sa.;dÄâ :m,a Á IR +ZMa .sa:�a.�a:d.a:na.a:nd.�+pMa :vea:d.a:nta:vea:dùÅ;a:m,a Á ga:�a.Na:ta:ma:v.ya:�+.mea:va Á

Meaning I: I salute that avyakta (prakr. ti or primordial nature), which
the philosophers of the Sāṅkhya School declare to be the producer of
buddhi (the intellectual principle mahat), while it is being directed by
the immanent Purus.a (the Being). It is the sole b̄ıja (seed or the
cause) of all that is manifest.
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Invocation to Avyakta-Gan. ita

Meaning II: I salute that Īśa (the ruling power, Brahman), which
the Sāṅkhyas (those who have realised the Self) declare to be
the producer of buddhi (tattvajñāna or true knowledge of
reality), which arises in a distinguished person (who has
accomplished the four-fold sādhanas of viveka, etc.). It is the
sole b̄ıja (seed or the cause) of all that is manifest.

Meaning III: I salute that avyakta-gan. ita (computations with
unmanifest or indeterminate quantities), which the Sāṅkhyas
(who are proficient in numbers) declare to be the producer of
buddhi (mathematical knowledge), which arises in a
distinguished person (proficient in mathematics). It is the sole
b̄ıja (seed or the cause) of all vyakta-gan. ita (computations with
manifest quantities, such as arithmetic, geometry etc.)
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Kr.s.n. a on the Notion of Negative Quantities

The verse of Bı̄jagan. ita

.sMa:Za.ea:Dya:ma.a:nMa .~va:mxa:Na:tva:mea:	a.ta .~va:tvMa [a:yaH ta:dùÅ;au :	a.ta.�+.�+.va:�a Á Á

gives the rule of signs that, in subtraction, a negative quantity
becomes positive and vice versa.

Kr.s.n. a Daivajña, in his commentary explains how negativity is
to be understood in different contexts. He then goes on to show
that this physical interpretation of negativity can be used to
demonstrate the rule of signs in algebra in different situations.
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Kr.s.n. a on the Notion of Negative Quantities

�+Na:tva:�a.ma:h ;�a�a:Da.a ta.a:va:d:�///�a.~ta :de :Za:taH k+a:l+taH va:~tua:ta:(ãÉea:	a.ta Á ta:�a
;vEa:pa.=� :a:tya:mea:va Á ya:ta o+�+.ma.a:.ca.a:yERa:l� ;Ra:l;a:va:tya.Ma [ea.�a:v.ya:va:h.a:=e
‘‘d:Za:sa:�a:d:Za:pra:ma.Ea Bua.ja.Ea . . . ” I+tya:�///////�a.sma:�ua:d.a:h.=;Nea Á �+Na:ga:ta.a A.a:ba.a:Da.a
;�a.d:gvEa:pa.=� :a:tyea:nea:tya:TRa I+	a.ta Á ta.�Ea:k+=e ;Ka.a:�////�a.~Ta:ta.a ;�a.dõ :t�a.a:ya.a ;�a.d:k, ;�a.va:pa.=� :a:ta.a
;�a.d:	a.ga:ty,ao+.cya:tea Á ya:Ta.a :pUa:vRa:�a.va:pa.=� :a:ta.a :pa:�a.(ãÉa:ma.a ;�a.d:k, Á ya:Ta.a va.ea.�a.=;�a.d:��a.gva:pa.=� :a:ta.a
d:�a.[a:Na.a ;�a.d:	a.ga:tya.a:�a.d Á ta:Ta.a ..ca :pUa:va.Ra:pa.=;de :Za:ya.ea:mRa:Dyea O;:k+.ta.=;~ya ;Da:na:tvea
k+.�////�a.�pa:tea tMa :pra:	a.ta ta:�a.d:ta.=;~ya �+Na:tva:m,a Á . . .

O;:vMa :pUa:va.eRa.�a.=;k+a:l+ya.ea.=;nya.ea:nya:m,a �+Na:tvMa va.a.=;pra:vxa:tya.a:�a.d:Sua :pra:�a.sa.;dÄâ :m,a Á O;:vMa
ya:�///////�a.sma:n,a va:~tua:
a.na ya:~ya .~va:~va.a:�a.ma:Ba.a:vaH .sa:}ba:nDaH ta:~ya ta.;dÄâ :na:�a.ma:	a.ta
v.ya:va:�a.hò :ya:tea Á ta:�///////�a.sma:n,a ;vEa:pa.=� :a:tyMa tua :pa.=;~ya .~va:~va.a:�a.ma:Ba.a:vaH .sa:}ba:nDaH Á
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Kr.s.n. a on the Notion of Negative Quantities

“Negativity (r. n. atva) here is of three types: Spatial, temporal and
that pertaining to objects. In each case, [negativity] is indeed
the vaipar̄ıtya or the oppositeness. As has been clearly stated
by the Ācārya in L̄ılāvat̄ı in the example ‘The bhujās are ten and
seventeen etc.’ The negative base intercept (ābādhā) is to be
understood to be in the opposite direction. There, the other
direction in the same line is called the opposite direction
(vipar̄ıtā dik); just as west is the opposite of east... Further,
between two stations, if one way of traversing is considered
positive, then the other is negative...

In the same way past and future time intervals will be mutually
negative of each other... Similarly, when one possesses the
said objects they would be called his dhana (wealth). The
opposite would be the case when another owns the same
objects...”
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Bhāskara’s Example of Negative Intercept

The example discussed by Bhāskara in L̄ılāvat̄ı has to do with
the calculation of the base-intercepts (ābādhās) in a triangle.
There, Bhāskara explains that if the calculation leads to a
negative intercept, it should be interpreted as going in the
opposite direction. This happens when the foot of the altitude
falls outside the base.

d:Za:sa:�a:d:Za:pra:ma.Ea Bua.ja.Ea ;�a�a:Bua.jea ya.�a na:va:pra:ma.a ma:h� .a Á
A:ba:Dea va:d l+}ba:kM ta:Ta.a ga:�a.Na:tMa ga.a:�a.Na:	a.ta:k+aYY:Zua ta.�a mea Á Á
“In a triangle, which has sides 10, 17 and 9, tell me
quickly, Oh mathematician, the base intercepts and
the area.”

12



Bhāskara’s Example of Negative Intercept

In his Vāsanā, Bhāskara gives the solution of this problem as
follows

A.�a ;�a�a:Bua.jea Bua.ja:ya.ea:ya.eRa:ga I+tya.a:�a.d:na.a l+b.Da:m,a 21 Á
A:nea:na BUa.�+.na.a na .~ya.a:t,a Á ta:sma.a:de :va BUa.=;pa:n�a.a:ta.a Zea:Sa.a:D a
�+Na:ga:ta.aYY:ba.a:Da.a ;�a.d:gvEa:pa.=� :a:tyea:nea:tya:TRaH Á ta:Ta.a .ja.a:tea A.a:ba.a:Dea 6•,
95 Á
Here, using the rule, “The sum of the sides...”, we get
(the difference of the intercepts to be) 21. We cannot
subtract this from the base (9). Hence, the base has to
be subtracted from this (difference) only and the half
of the result is the intercept which is negative, and it is
to be understood to be in the opposite direction. Thus
the intercepts are (-6, 15).
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Bhāskara’s Example of Negative Intercept

In a triangle with sides a, b, and base c, let the base intercepts be
c1, c2. Now (c1 + c2) = c and (b2 − a2) = (c2

2 − c2
1). Therefore,

c2 − c1 =
(b2 − a2)

(c1 + c2)
=

(b2 − a2)

c

Thus, in our problem,

c1 + c2 = 9 and c2 − c1 = (172−102)
9 = 21

Hence c2 = 15 and c1 = − (21−9)
2 = −6
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Algebraic Notation

In the Āryabhat.ı̄yabhās.ya of Bhāskara I (c.629) we find
references to the algebraic notation used in Indian
mathematics. Various features of the notation are more clearly
known from the Bakhshāl̄ı manuscript (c. 700).

The system of algebraic notation is explained and fully
exemplified in the Bı̄jagan. ita of Bhāskara II (c.1150), together
with his own auto-commentary Vāsanā.

In Vāsanā on verse 3 of Bı̄jagan. ita, Bhāskara says:

A.�a .�+pa.a:Na.a:ma:v.ya:�+a:na.Ma ..ca.a:dùÅ;a.a:[a.=:a:Nyua:pa:l+[a:Na.a:T a le +K.ya.a:
a.na Á
ta:Ta.a ya.a:nyUa:na:ga:ta.a:
a.na ta.a:nyUa:DvRa:�a.ba:ndU :
a.na ..ca Á
Here (in algebra), the initial letters of both the known
and unknown quantities should be written as their
signs. Similarly those (quantities) which are negative,
they have (to be shown with) a dot over them.
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Algebraic Notation
I The symbols used for unknown numbers are the initial syllables

yā of yāvat-tāvat (as much as), kā of kālaka (black), n̄ı of n̄ılaka
(blue), p̄ı of p̄ıta (yellow) etc.

I The product of two unknowns is denoted by the initial syllable
bhā of bhāvita (product) placed after them. The powers are
denoted by the initial letters va of varga (square), gha of ghana
(cube); vava stands for vargavarga, the fourth power. Sometimes
the initial syllable ghā of ghāta (product) stands for the sum of
powers.

I A coefficient is placed next to the symbol. The constant term is
denoted by the initial symbol rū of rūpa (form).

I A dot is placed above the negative integers.

I The two sides of an equation are placed one below the other.
Thus the equation x4 − 2x2 − 400x = 9999, is written as:

ya.a:va:va 1 ya.a:va 2• ya.a 400• .� 0
ya.a:va:va 0 ya.a:va 0 ya.a 0 .� 9999
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Vargaprakr. ti

In the Kut.t.akādhyāya of his Brāhmasphut.asiddhānta (c.628),
Brahmagupta considered the problem of solving for integral values of
X , Y , the equation

X2 − D Y2 = K

given a non-square integer D > 0, and an integer K .

X is called the jyes. t.ha-mūla, Y is called the kanis. tha-mūla

D is the prakr. ti, K is the ks.epa

One motivation for this problem is that of finding rational
approximations to square-root of D. If X ,Y are integers such that
X 2 − D Y 2 = 1, then,∣∣∣∣√D −

(
X
Y

) ∣∣∣∣ ≤ 1
2XY

<
1

2Y 2

The Śulva-sūtra approximation
√

2 ≈ 1 + 1
3 + 1

3.4 −
1

3.4.34 = 577
408 is an

example, as (577)2 − 2(408)2 = 1.
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Brahmagupta’s Bhāvanā

mUa:lM ;�a.dõ :Dea:�:va:ga.Ra:d, gua:Na:k+.gua:Na.a:�a.d:�:yua:ta:�a.va:h� .a:na.a:�a Á

A.a:dùÅ;a:va:Da.ea gua:Na:k+.gua:NaH .sa:h.a:ntya:Ga.a:tea:na kx +.ta:ma:ntya:m,a Á Á

va.j"a:va:DEa:k�+.aM :pra:Ta:mMa :pra:[ea:paH [ea:pa:va:Da:tua:�yaH Á
:pra:[ea:pa:Za.ea:Da:k+.&+tea mUa:le :pra:[ea:pa:ke .�+pea Á Á

If X2
1 − D Y2

1 = K1 and X2
2 − D Y2

2 = K2 then

(X1X2 ± DY1Y2)
2 − D(X1Y2 ± X2Y1)

2 = K1K2

In particular, given X 2 − D Y 2 = K , we get the rational solution[
(X 2 + D Y 2)

K

]2

− D
[
(2XY )

K

]2

= 1

Also, if one solution of the equation X 2 − D Y 2 = 1 is found, an
infinite number of solutions can be found, via

(X ,Y )→ (X 2 + D Y 2,2XY )
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Use of Bhāvanā when K = −1,±2,±4
The bhāvanā principle can be used to obtain a solution of equation

x2 − D y2 = 1,

if we have a solution of the equation

x2
1 − D y2

1 = K , for K = −1,±2,±4.

K = −1 : x = x2
1 + Dy2

1 , y = 2x1y1.

K = ±2 : x =
(x2

1 + Dy2
1 )

2
, y = x1y1.

K = −4 : x = (x2
1 + 2)

[
1
2
(x2

1 + 1)(x2
1 + 3)− 1

]
,

y =
x1y1(x2

1 + 1)(x2
1 + 3)

2
.

K = 4 : x =
(x2

1 − 2)
2

, y =
x1y1

2
, if x1 is even,

x =
x1(x2

1 − 3)
2

, y =
y1(x2

1 − 1)
2

, if x1 is odd.
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Brahmagupta’s Examples

.=:a:�a.Za:k+.l;a:Zea:Sa:kx +.	a.tMa ;�a.dõ :na:va:	a.ta:gua:�a.Na:ta.Ma �ya:Z�a.a:	a.ta:gua:�a.Na:ta.Ma va.a Á

.sEa:k+Ma ¼a:�a.d:nea va:g a ku +.vRa:�a.a:va:tsa.=:a:�ç Å ;Na:kH Á Á

To solve, x2 − D y2 = 1, for D = 92,83

102 − 92.12 = 8

Doing the bhāvanā of the above with itself,

1922 − 92.202 = 64 [102 + 92.12 = 192 and 2.10.1 = 20]

Dividing both sides by 64, we get 242 − 92.
( 5

2

)2
= 1

Doing the bhavanā of the above with itself,

11512 − 92.1202 = 1
[
242 + 92.

( 5
2

)2
= 1151 and 2.24.

( 5
2

)
= 120

]
Similarly, 92 − 83.12 = −2

Doing the bhāvanā of the above with itself,

1642 − 83.182 = 4 and hence, 822 − 83.92 = 1
20



Cakravāla : The Cycle Method

The first known reference to Cakravāla or the Cyclic Method
occurs in a work of Udayadivākara (c.1073), who cites the
following verses of Ācārya Jayadeva:

:hò :~va.$yea:�;[ea:pa.a:n,a :pra:	a.ta.=:a:Zya.a [ea:pa:Ba:�+.ya.eaH [ea:pa.a:t,a Á
ku +.ææ*+a:k+a:=e ..ca kx +.tea ;�a.k+.ya:�ç Åu ;NMa [ea:pa:kM ;�a.[a:�va.a Á Á
ta.a:va:tkx +.teaH :pra:kx +.tya.a h� .a:nea :pra:[ea:pa:ke +.Na .sMa:Ba:�e Á
.~va:�pa:ta.=:a:va.a:	a.�aH .~ya.a:�a.d:tya.a:k+.
a.l+ta.eaY:pa.=H [ea:paH Á Á
:pra:�a.[a:�a:pra:[ea:pa:k+.ku +.ææ*+a:k+a:=e k+.
a.na:�;mUa:l+h:tea Á
.sa.$yea:�;pa:de :pra:[ea:pa:ke +.Na l+b.DMa k+.
a.na:�;pa:d:m,a Á Á
;�a.[a:�a:[ea:pa:k+.ku +.ææ*+a:gua:�a.Na:ta.a:t,a ta:sma.a:tk+.
a.na:�;mUa:l+h:ta:m,a Á
:pa.a:(ãÉa.a:tyMa :pra:[ea:pMa ;�a.va:Za.ea:Dya Zea:SMa ma:h:n}å.Ua:l+m,a Á Á
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Cakravāla : The Cycle Method

ku +.ya.Ra:t,a ku +.ææ*+a:k+a.=M :pua:na.=;na:ya.eaH [ea:pa:Ba:�+.ya.eaH :pa:d:ya.eaH Á
ta:tsea:�:h:ta:[ea:pea .sa:dx :Za:gua:NeaY:�///////�a.sma:n,a :pra:kx +.	a.ta:h� .a:nea Á Á
:pra:[ea:paH [ea:pa.a:�ea :pra:�a.[a:�a:[ea:pa:k+a:�a gua:Na:k+a.=:a:t,a Á
A:�paÈåî ÁÁ*+.a:t,a .sa.$yea:�:a:t,a [ea:pa.a:va.a:�Ma k+.
a.na:�;pa:d:m,a Á Á
O;:ta:�////�a.t[a:�a:[ea:pa:k+.ku +.ææ*+.k+.Ga.a:ta.a:d:na:nta.=;[ea:pa:m,a Á
;�a.h:tva.aY:�pa:h:tMa Zea:SMa .$yea:�M .tea:Bya:(ãÉa gua:Na:k+a:�a.d Á Á
ku +.ya.Ra.�a.a:va:dùÅ;a.a:va:t,a :Sa:NNa.a:mea:k+.�a.dõ :.ca:tua:Na. a :pa:ta:	a.ta Á
I+	a.ta ..ca:kÒ +.va.a:l+k+=;NeaY:va:sa.=;pra.a:�a.a:
a.na ya.ea.$ya.a:
a.na Á Á
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Cakravāla according to Jayadeva

Given Xi , Yi , Ki such that X 2
i − D Y 2

i = Ki

First find Pi+1 as follows:

(I) Use kut.t.aka process to solve

(YiPi+1 + Xi)

Ki
= Yi+1

for integral Pi+1, Yi+1

(II) Of the solutions of the above, choose Pi+1 such that

(P2
i+1 − D)

Ki
has the least value

23



Cakravāla according to Jayadeva

Then set

Ki+1 =
(P2

i+1 − D)

Ki
Yi+1 =

(Yi Pi+1 + Xi)

Ki

Xi+1 = Pi+1Yi+1 − Ki+1Yi

These satisfy X 2
i+1 − D Y 2

i+1 = Ki+1

Iterate the process till Ki+1 = ±1,±2 or ±4, and then solve the
equation using bhāvanā is necessary.

Jayadeva’s verses do not reveal how condition II is to be
interpreted.

24



Cakravalā according to Bhāskara (c.1150)
In his Bı̄jagan. ita, Bhāskarācārya gives the following description of
cakravāla:

:hò :~va.$yea:�;pa:d:[ea:pa.a:n,a Ba.a.$ya:pra:[ea:pa:Ba.a.ja:k+a:n,a Á

kx +.tva.a k+.�pya.ea gua:Na:~ta.�a ta:Ta.a :pra:kx +.	a.ta:ta:(ãÉyua:tea Á Á

gua:Na:va:geRa :pra:kx +.tya.ea:neaY:Ta:va.a:�pMa Zea:Sa:kM ya:Ta.a Á

ta.�ua [ea:pa:&+tMa [ea:pa.ea v.ya:~taH :pra:kx +.	a.ta:ta:(ãÉyua:tea Á Á

gua:Na:l+�/�a.b.DaH :pa:dM :hò :~vMa ta:ta.ea .$yea:�;ma:ta.eaY:sa:kx +.t,a Á

tya:�+a :pUa:vRa:pa:d:[ea:pa.Ma:(ãÉa:kÒ +.va.a:l+�a.ma:dM .ja:guaH Á Á

..ca:tua:dõùÅ;aeR :k+.yua:ta.a:vea:va:ma:�a.Ba:�ea Ba:va:taH :pa:de Á

..ca:tua:�a.dõR :[ea:pa:mUa:l;a:Bya.Ma .�+pa:[ea:pa.a:TRa:Ba.a:va:na.a Á Á

Bhāskara has given the Condition II in the precise form:

(II) Choose Pi+1 such that |(P2
i+1 − D)| has the least value
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Cakravāla according to Bhāskara

In 1930, Krishnaswami Ayyangar showed that the cakravāla
procedure always leads to a solution of the vargaprakr. ti
equation with K = 1. He also showed that condition (I) is
equivalent to the simpler condition

(I′) Pi + Pi+1 is divisible by Ki

Thus, we use the cakravāla algorithm in the following form:

To solve X2 − D Y2 = 1 : Set X0 = 1,Y0 = 0,K0 = 1, P0 = 0.

Given Xi ,Yi ,Ki such that X 2
i − D Y 2

i = Ki

First find Pi+1 > 0 so as to satisfy:

(I′)Pi + Pi+1 is divisible by Ki

(II)|P2
i+1 − D| is minimum.
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Cakravāla according to Bhāskara

Then set

Ki+1 =
(P2

i+1 − D)

Ki
Yi+1 =

(YiPi+1 + Xi)

|Ki |
= aiYi + εiYi−1

Xi+1 =
(XiPi+1 + D Yi)

|Ki |
= Pi+1Yi+1−sign (Ki)Ki+1Yi = aiXi+εiXi−1

These satisfy X 2
i+1 − D Y 2

i+1 = Ki+1

Iterate till Ki+1 = ±1,±2 or ±4, and then use bhāvanā if
necessary.

Note: We also need ai =
(Pi+Pi+1)
|Ki|

and εi =
(D−P2

i )

|D−P2
i |

, with ε0 = 1
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Bhāskara’s Examples

k+a .sa:�a:Sa:�a.�:gua:�a.Na:ta.a kx +.	a.ta;=e ;k+.yua:�+a k+a ..cEa:k+.Sa:�a.�:
a.na:h:ta.a ..ca .sa:Kea .sa.�+pa.a Á
.~ya.a:n}å.Ua:l+d.a ya:�a.d kx +.	a.ta:pra:kx +.	a.ta:
a.nRa:ta.a:ntMa tva:�ea:ta:�a.sa :pra:va:d ta.a:ta ta:ta.a l+ta.a:va:t,a Á Á

;�a.dõ :t�a.a:ya.ea:d.a:h.=;Nea nya.a:saH
:pra 61 k 1 .$yea 8 [ea 3 Á
ku +.ææ*+a:T a nya.a:saH Ba.a 1 h.a 3 [ea 8 Á

h.=;ta:�e ;Ga:na:[ea:pea I+	a.ta l+�/�a.b.Da:gua:Na.Ea 3,1 Á I+�.a:h:tea:	a.ta dõ .a:Bya.a:mua:tTa.a:pya .ja.a:ta.Ea
l+�/�a.b.Da:gua:Na.Ea 5, 7 Á gua:Na:va:geRa 49 Á :pra:kx +.teaH Za.ea:	a.Da:tea 12 v.ya:~ta I+	a.ta �;Na:m,a 12•

I+dM [ea:pa:&+tMa .ja.a:taH [ea:paH 4• Á A:taH :pra.a:gva.êêÁ*.a.a:tea ..ca:tuaH[ea:pa:mUa:le k 5 .$yea 39 Á

I+�:va:gRa:&+taH [ea:pa .~ya.a:�a.d:tyua:pa:pa:�a.�+pa:Zua:
a;dÄâ :mUa:l+ya.ea:Ba.Ra:va:na.a:T a nya.a:saH

k 5
2 .$yea 39

2 [ea 1

k 5
2 .$yea 39

2 [ea 1•
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Bhāskara’s Example: X 2 − 61 Y 2 = 1

i Pi Ki ai εi Xi Yi
0 0 1 8 1 1 0
1 8 3 5 -1 8 1
2 7 -4 4 1 39 5
3 9 -5 -3 -1 164 21

To find P1 : 0 + 7, 0 + 8, 0 + 9 . . . divisible by 1. Of them 82 closest
to 61. Hence P1 = 8, K1 = 3

To find P2 : 8 + 4, 8 + 7, 8 + 10 . . . divisible by 3. Of them 72

closest to 61. Hence P2 = 7, K2 = −4

After the second step, we have: 392 − 61.52 = −4

Now, since have reached K = −4, we use bhāvanā principle to get

X = (392 + 2)
[( 1

2

)
(392 + 1)(392 + 3)− 1

]
= 1,766,319,049

Y =
( 1

2

)
(39.5)(392 + 1)(392 + 3) = 226,153,980

17663190492 − 61.2261539802 = 1
29



Bhāskara’s Example: X 2 − 61 Y 2 = 1

i Pi Ki ai εi Xi Yi
0 0 1 8 1 1 0
1 8 3 5 -1 8 1
2 7 -4 4 1 39 5
3 9 -5 3 -1 164 21
4 6 5 3 1 453 58
5 9 4 4 -1 1,523 195
6 7 -3 5 1 5,639 722
7 8 -1 16 -1 29,718 3,805
8 8 -3 5 -1 469,849 60,158
9 7 4 4 1 2,319,527 296,985

10 9 5 3 -1 9,747,957 1,248,098
11 6 -5 3 1 26,924,344 3,447,309
12 9 -4 4 -1 90,520,989 11,590,025
13 7 3 5 1 335,159,612 42,912,791
14 8 1 16 -1 1,766,319,049 226,153,980
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Bhāskara’s Example: X 2 − 67 Y 2
= 1

i Pi Ki ai εi Xi Yi

0 0 1 8 1 1 0
1 8 -3 5 1 8 1
2 7 6 2 1 41 5
3 5 -7 2 1 90 11
4 9 -2 9 -1 221 27

To find P1 : 0 + 7, 0 + 8, 0 + 9 . . . divisible by 1. Of them 82 closest to
67. Hence P1 = 8, K1 = −3

To find P2 : 8+ 4, 8+ 7, 8+ 10 . . . divisible by 3. Of them 72 closest to
67. Hence P2 = 7, K2 = 6

To find P3 : 7 + 5, 7 + 11, 7 + 17 . . . divisible by 6. Of them 52 closest
to 67. Hence P3 = 5, K3 = −7

To find P4 : 5+ 2, 5+ 9, 5+ 16 . . . divisible by 7. Of them 92 closest to
67. Hence P4 = 9, K4 = −2

Now, since have reached 2212 − 67.272 = −2, we do bhāvanā to get

488422 − 67. 59672 = 1



Bhāskara’s Example: X 2 − 67 Y 2 = 1

i Pi Ki ai εi Xi Yi
0 0 1 8 1 1 0
1 8 -3 5 1 8 1
2 7 6 2 1 41 5
3 5 -7 2 1 90 11
4 9 -2 9 -1 221 27
5 9 -7 2 -1 1,899 232
6 5 6 2 1 3,577 437
7 7 -3 5 1 9,053 1,106
8 8 1 16 1 48,842 5,967
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The Equation X 2 − D Y 2 = −1

Bhāskara states that the equation X 2 − D Y 2 = −1 cannot be
solved unless D is a sum of two squares.

.�+pa:Zua.;dÄâ .Ea ;
a.Ka:l;ea:�a.�;�M va:gRa:ya.ea:ga.ea gua:Na.ea na ..cea:t,a Á

Taking D = m2 + n2 Bhāskara gives two rational solutions

(X , Y ) =

(
n
m
,

1
m

)
and (X , Y ) =

(
m
n
,

1
n

)
From these, it is sometimes possible to get integral solutions by
ingenious use of bhāvanā and cakravāla, as Bhāskara shows in
the case of X 2 − 13Y 2 = −1. He obtains X = 18, Y = 5.
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The Equation X 2 − D Y 2 = −1

While considering the equation X 2 − 8 Y 2 = −1, Bhāskara
merely gives the rational solutions X = 1,Y = 1

2 .

Here, the commentator Kr.s.n. a Daivajña seems to imply that in
this case also we can obtain integral solutions by bhāvanā and
cakravāla.

:pra.a:gva:�a:kÒ +.va.a:le +na.a:�a.Ba:�ea k+a:yeRa Á
This is incorrect as it can be shown that X 2 − 8Y 2 = −1 has no
integral solutions.
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General Quadratic Indeterminate Equations

Bhāskara has shown how the solution of vargaprakr. ti equation
with K = 1 can be used in determining solutions of general
quadratic indeterminate equations.

We illustrate the method with a couple of examples.

k+ea .=:a:�a.Za:�a.dõR :gua:Na.ea .=:a:�a.Za:va:gEaH :Sa:�añÂ ÅÅå*.H .sa:ma:�/�a.nva:taH Á
mUa:l+d.ea .ja.a:ya:tea b�a.a.ja:ga:�a.Na:ta:¼a va:d.a:Zua ta:m,a Á Á

A.�a ya.a:va.�a.a:va:dÒ :a:�a.Za:�a.dõR :gua:Na.ea va:gERaH :Sa:�añÂ ÅÅå*.H .sa:ma:�/�a.nva:taH ya.a:va 6 ya.a 2 Á
O;:Sa va:gRa I+	a.ta k+a:l+k+.va:geRa:Na .sa:m�a.a:k+=;Na.a:T a nya.a:saH

ya.a:va 6 ya.a 2 k+a:va 0 Á
ya.a:va 0 ya.a 0 k+a:va 2 Á
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General Quadratic Indeterminate Equations

A.�a .sa:ma:Za.ea:Da:nea .ja.a:ta.Ea :pa:[a.Ea
ya.a:va 6 ya.a 2, k+a:va 1 Á

A:TEa:ta.Ea :Sa:�añÂ ÅÅå*.H .sMa:gua:Nya .�+pMa :pra:�a.[a:pya :pra.a:gva:t,a :pra:Ta:ma:pa:[a:mUa:l+m,a
ya.a 6 .� 1 Á

A:Ta ;�a.dõ :t�a.a:ya:pa:[a:~ya.a:~ya k+a:va 6 .� 1 Á va:gRa:pra:kx +.tya.a mUa:le k 2 .$yea 5,
va.a k 20 .$yea 49 Á .$yea:�M :pra:Ta:ma:pa:[a:pa:de :na.a:nea:na, ya.a 6 .� 1 .sa:mMa
kx +.tva.a l+b.DMa ya.a:va.�a.a:va:n}å.a.a:na:m,a 23 va.a 8 Á :hò :~vMa :pra:kx +.	a.ta:va:NRa:~ya k+a:l+k+.~ya
ma.a:na:m,a 2 va.a 20 Á

O;:vMa k+.
a.na:�:$yea:�;va:Za.a:dõâ â :hu :Da.a Á
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General Quadratic Indeterminate Equations

Here the two sides are 6.x2 + 2.x + 0.y2 and 0.x2 + 0.x + 1.y2

Equating and clearing the sides, the equation is

6x2 + 2x = y2

Multiplying both sides by 6 and adding 1, we get

(6x + 1)2 − 6 y2 = 1

The solutions of the above equation are, for instance,

y = 2,20 and correspondingly 6x + 1 = 5,49 and so on.

In this way we get the integral solutions x = 8, y = 20.
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General Quadratic Indeterminate Equations

;�a�a:k+a:�a.d:dõùÅ;au .�a.=;(rea:Q.�a.Ma ga:.cCe ëÐÅëÁ*:+a:�a.pa ..ca ya:tP+l+m,a Á
ta:de :va ;�a�a:gua:NMa k+.�///////�a.sma:�a:nya:ga:.cCe Ba:vea:dõ :d Á Á
Say what is the number of terms of a sequence (in
AP) whose first term is 3 the common difference is 2;
but whose sum multiplied by three is equal to the sum
of a different number of terms (of the same AP).

Let x and y be the number of terms. Then

3(x2 + 2x) = y2 + 2y

Multiplying both sides by 3 and adding 9,

(3x + 3)2 = z2 = 3y2 + 6y + 9
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General Quadratic Indeterminate Equations

Again multiplying by 3 and subtracting 18

3z2 − 18 = t2 = (3y + 3)2

We find that a solution is z = 9 and t = 15.

Other solutions can be found by doing bhāvanā with solutions
(2, 1) of t2 − 3 z2 = 1.

Thus we get z = 33 and t = 57.

Hence we get x = 2, y = 4 and x = 10, y = 18, and so on.
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Bhāskara’s Solution of a Biquadratic
Bhāskara II has given an example of the method of solution of a
biquadratic equation of the special form

x4 + px2 + qx + r = 0

which involves adding ax2 − qx + b to both sides, choosing a and b
such that both sides are perfect squares.

This can be done in general, but it could involve solving a cubic
equation for a. In his example, Bhāskara seems to have guessed the
values of a, b.

Bhāskara’s example is in the madhyamāharan. a section of Bı̄jagan. ita:

k+ea .=:a:�a.Za:�a.dõR :Za:t�a.a:[ua:NNa.ea .=:a:�a.Za:va:gRa:yua:ta.ea h:taH Á
dõ .a:Bya.Ma .tea:na.ea:
a.na:ta.ea .=:a:�a.Za:va:gRa:va:ga.eRaY:yua:tMa Ba:vea:t,a Á
.�+pa.ea:nMa va:d tMa .=:a:�a.ZMa :vea:�////�a.tsa b�a.a.ja:�a.kÒ +.ya.Ma ya:�a.d Á Á

x4 − 2(x2 − 200x) = 10000− 1
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Bhāskara’s Solution of a Biquadratic

The way Bhāskara solves this equation is given in his Vāsanā
commentary:

A.�a .=:a:�a.ZaH ya.a 1 Á ;�a.dõ :Za:t�a.a:[ua:NNaH 200 Á .=:a:�a.Za:va:gRa:yua:ta.ea .ja.a:taH ya.a:va 1
ya.a 200 A:yMa dõ .a:Bya.Ma gua:�a.Na:taH ya.a 2 ya.a 400 Á A:nea:na.a:yMa ya.a:va:t,a 1
.=:a:�a.Za:va:gRa:va:gRa �+.
a.na:ta.ea .ja.a:taH ya.a:va:va 1 ya.a:va 2• ya.a 400• Á A:yMa
.�+pa.ea:na.a:yua:ta .sa:ma I+	a.ta .sa:ma:Za.ea:Da:nea kx +.tea .ja.a:ta.Ea :pa:[a.Ea

ya.a:va:va 1 ya.a:va 2• ya.a 400• .� 0
ya.a:va:va 0 ya.a:va 0 ya.a 0 .� 9999
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Bhāskara’s Solution of a Biquadratic

A.�a.a:dùÅ;a:pa:[ea ;�a.k+.l ya.a:va.�a.a:va:�a:tuaHZa:t�a.Ma .�+pa.a:	a.Da:k+Ma :pra:�a.[a:pya mUa:lM l+Bya:tea
:pa.=M ta.a:va:	a.ta ;�a.[a:�ea na.a:nya:pa:[a:~ya mUa:l+ma:�///�a.~ta O;:vMa ;�a.kÒ +.ya.a na ;
a.na:vRa:h:	a.ta Á
A:ta.eaY.�a .~va:bua:
a;dÄâ H Á

I+h :pa:[a:ya.ea:ya.Ra:va.�a.a:va:dõ :gRa:.ca:tua:�:yMa ya.a:va:�a:tuaHZa:t�a.Ma .�+pMa ..ca :pra:�a.[a:pya mUa:le

ya.a:va 1 ya.a 0 .� 1 Á
ya.a:va 0 ya.a 2 .� 100 Á

:pua:na.=;na:ya.eaH .sa:m�a.a:k+=;Nea:na :pra.a:gva:�+.b.DMa ya.a:va.�a.a:va:n}å.a.a:na:m,a 11 Á
I+tya.a:�a.d bua:
a;dÄâ :ma:ta.a ¼ea:ya:m,a Á Á
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Bhāskara’s Solution of a Biquadratic
Bhāskara first obtains the two sides of the equation in the form

x4 − 2x2 − 400x = 9999

He then remarks that if we add 400x + 1 to the left side we get a
complete square, but the same thing added to the right hand side will
not produce one, and hence proceeding in this way we cannot
accomplish anything.

Hence, says Bhāskara, here one has to apply one’s intellect.

If we add 4x2 + 400x + 1 to both sides, we get the roots

x2 + 1 = 2x + 100

This can be solved in the usual way to obtain

x = 11

Bhāskara remarks that this is how the intelligent should attempt such
problems.

Krishnaswami Ayyangar has noted that Bhāskara’s is indeed the
earliest attempt at the solution of a non-trivial biquadratic equation.
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