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Spherical triangle

A spherical triangle is formed by the intersection of three great
circles on the surface of a sphere.

Spherical triangle



Cosine formula for spherical triangles

There are several formulae connecting the sides and angles of a
spherical triangle.

If ABC is the spherical triangle, with sides a, b, c, then the law of
cosines is given by

cosa = cosbcosc 4+ sinbsinccosA.

Clearly, there are two companions to the above formula. They
are easily obtained by cyclically changing the sides and the
angles, and are given by

cosb = cosccosa-+ sincsinacosB
cosc = cosacosbh +sinasinbcosC.



Sine formula for spherical triangles

The relation between the ratio of the sides to that of the angles
of a spherical triangle is given by

sina B sinb B sinc
sinA  sinB sinC’

When the sides a, b and c are small, it is quite evident that the
above formula reduces to

a b . cC
sinA  sinB sinC’

which is the sine formula for a plane triangle.



Earth and Observer

All the celestial objects seem to be situated on the surface of a sphere
of very large radius, with the observer at the centre. This is the

celestial sphere. Though fictitious, the celestial sphere is the basic tool
in discussing the motion (both diurnal and relative) of celestial objects.
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The horizon and the north celestial pole as seen by the observer on the
surface of the Earth.



Celestial sphere

C: Centre of the Earth
O: Observer on the surface of the Earth whose northerly latitude is ¢.

Tangential plane drawn at the location of the observer, represented by
NOS: Horizon.

As the Earth rotates about the axis PQ, it appears as if the entire
celestial sphere rotates in the opposite direction about P;.

Line OP5: Parallel to CP;.
P1,P2: Very close

All the celestial bodies seem to be rotating around the axis OP, with a
period equal to the period of rotation of the Earth (nearly 4 seconds
less than 24 hours).

The point P,: Denoted by P: North celestial pole. The celestial sphere
for the observer with latitude ¢ is shown next.
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The celestial sphere for an observer in the northern hemisphere

with latitude ¢.



Coordinate Systems on the Celestial Sphere

Anyone who observes the sky even for short periods of time will
have the impression that the objects in it are in continuous
motion. This motion consists of two parts. One of them is the
apparent motion of all celestial objects, including stars, from east
to west, which is actually due to the rotation of the Earth from
west to east. This is the diurnal motion. The other is due to the
relative motion of any particular celestial object like the Sun,
Moon or a planet with respect to the seemingly fixed background
of stars.

Just as one uses latitude and longitude (two numbers) to specify
any location on the surface of the Earth, so also one employs
different coordinate systems to specify the location of celestial
objects on the celestial sphere at any instant. We now explain
the three commonly employed coordinate systems—namely, the
horizontal, the equatorial and the ecliptic.



Three co-ordinate systems for locating an object on the
celestial sphere

An object situated at any point on the surface of the celestial sphere, which is a
two dimensional surface, can be uniquely specified by two angles. Based on
the choice of the fundamental great circle—the horizon, the celestial equator or
the ecliptic—we have the following sytems listed in the table.

Coordinate Fundamental Poles Coordinates
system plane/circle of circle and notation used
Horizontal Horizon Zenith/nadir Altitude and azimuth
(a A)

Equatorial  Celestial equator Celestial poles Declination and right as-
cension/hour angle
(6, ) or (4, H)
Ecliptic Ecliptic Ecliptic poles  Celestial latitude and lon-
gitude (8, \)

The different coordinate systems generally employed to specify the location of
a celestial object.



The three co-ordinate systems

Each of these systems has its own advantages and the choice depends upon
the problem at hand, somewhat like the choice of coordinate system that is
made in order to solve problems in physics. Table below presents the Sanskrit
equivalents of the different coordinates and the fundamental reference circles
employed for specifying a celestial object.

Coordinates Reference circles
Modern name Skt equivalent. Modern name Skt equivalent
Altitude JenH Horizon fafast
Azimuth J<d1 Prime meridian E@Vﬁm
Hour angle aqd Prime meridian SERINIER
Declination GO Celestial equator ﬁ'wm
Right Ascension e Celestial equator ﬁ'wm
Declination FI=T its secondary (‘lﬁ'q_ﬁ?f
Longitude I Ecliptic ?ﬁﬁ
Latitude ﬁ'@l‘q its secondary (‘lﬁ'q_ﬁ?f

Sanskrit equivalents for different coordinates and the reference circles.




The horizontal (Alt-Azimuth) system

In this system, which is also known as the alt-azimuth system, the horizon is
taken to be the fundamental reference place.

N, S, E, W: North, South, East, West points: Four Cardinal directions.

Verticle circles: The circles passing through the zenith and perpendicular to
the horizon. For any object:

altitude (a) = XOB  (range: 0 — 90°)
azimuth(A) = NOB  (range: 0 — 360°W).
are the co-ordinates. Some times z = 90 — a, instead of a

Z (zenith)

\a (altitue)

NS B eere
— w B Y\

(azimuth)

Altitude, azimuth and zenith distance in the horizontal system.



The equatorial system

Here, Celestial equator: Fundamental plane with reference to
which the coordinates are specified.

Celestial equator: Great circle whose plane is perpendicular to
OP. Inclined to the horizon by an angle equal to the co-latitude
(90 — ¢) of the observer.

Z (zenith)

(north celestial H (hour angle) -~

u'(right
- ascension)

Declination, hour angle and right ascension in the equatorial system.



The equatorial system

All circles passing through the pole P and perpendicular to the equator are
known as meridian circles. Consider the meridian passing through the star X
and the north celestial pole P, intersecting the equator at B.

Two quantities declination and hour angle of the star are defined as follows:
declination (5) = XOB  (range: 0 — 90°N/S)
hourangle (H) = ZPX  (range: 0 —360°/24h W).

The co-ordinate pairs a, A and 4, H are related. Consider the triangle ZPX in
Fig. C.4, where PX = 90° — §, PZ = 90° — ¢, PZX = Aand ZPX = H and
applying the cosine formula, we have

cos(PX) = cos(PZ)cos(ZX) + sin(PZ)sin(ZX)cos(PZX)
or sind = singsina+ cos¢cosacosA,
and
cos(ZX) = cos(ZP)cos(PX) + sin(ZP)sin(PX) cos(ZPX)
or sina = sin¢gsind 4 cos¢cosdcosH.

Sometimes, Right Ascension, «, instead of hour angle H.



The ecliptic system

Ecliptic: Apparent path of the Sun in the background of the stars. Ecliptic
system: Ecliptic is the fundamental reference plane. Two angles called the
celestial longitude and the celestial latitude, or simply the longitude and the
latitude, are used to specify the location of an object on the celestial sphere.
These are defined as follows:

latitude (3) = XOB  (range: 0 — 90°N/S)
longitude (\) = TKX  (range: 0 — 360°/24 h East).
Z (zenith)

(north celestial
pole) P

(pole of the
ecliptic)

Celestial latitude and longitude in the ecliptic system.



The ecliptic system

Here K is the pole of the ecliptic. g is positive when it is north, and negative
when it is south.

Ecliptic inclined to the equator. This inclination, denoted by ¢ (=~ 23.5°), known
as the obliquity of the ecliptic. The ecliptic and the celestal equator inersect at
two points known as the vernal equinox and autumnal equinox. The Sun’s
motion on the ecliptic is eastwards. At the vernal equinox I, it moves from
south to north, or its declination changes sign from — to +.

Among the various great circles represented on the celestial sphere, the
ecliptic is very important. This is because the Sun moves along the ecliptic,
and the inclinations of the orbits of all the planets and the Moon with the
ecliptic are small.

Using the formulae of spherical trigonometry, it can be shown that the ecliptic
coordinates (3, \) and the equatorial coordinates (4, «) are related through the
following equations:

sing = sindcose+ cosdsinesina
sind = sinfgcose+ cospgsinesin\.



Declination formula

When the latitude, 5 = 0, the expression for the declination is
even simpler:

R sineR sin A

—R

This can be derived using planar triangles.

Rsind =

Declination, Longitude and Obliquity of the Ecliptic



Spherical Trigonometry in modern texts and
Tantrasangraha and Yuktibhasa

All the results based on spherical trigonometry are exact in
Tantrasangraha. In the earlier texts, most of the relations would
be correct, except for some small errors at certain places. In
Tantrasangraha all these errors are removed. Moreover, the
treatment of problems related to spherical trigonometry is very
systematic. But Tantrasarigraha gives only the results, but not
the explanations. Yuktibhasa explains all these results
systematically, in its astronomy part. In fact the earlier sections
of the astronomy part in Yuktibhasa closely resemble
corresponding sections in a modern texts on spherical
astronomy. But the derivations and proofs of results are quite
different from the modern treatment. The declination type
formula play a crucial role in the method of derivation. In the
following we give some results from Tantrasangraha, briefly
indicating the proofs in Yuktibhasa.



The Ten problems in Tantrasangraha

F€ Tg-TA-HI—-[EITSay agq |
{qﬁﬁﬂmwmﬁ%&r: I &o |
Ugal TawIf= Q& TarerdT |
ATFATIITET el Frf<gar 1&g
ferantafa o=t gRryaaee: |

Out of the five quantities sarnku, nata, kranti, digagra
and aksa, any two of them can be determined from the
other three and this happens in ten different ways. Pairs
from the sequences (i) sanku, nata, kranti, digagra and
aksa; (i) nata, kranti, digagra and aksa; (iii) kranti,
digagra and aksa; (iv) digagra and aksa; are [formed
and] determined with the other three.




The Ten problems in Tantrasangraha

The modern equivalents of the five quantities listed in the above
verses and the notation used to represent them are given in the

table below.
Sanskrit name | Modern equivalent | Notation
Rsine of
sanku zenith distance Rsinz
nata hour angle R sinH
kranti declination Rsing
digagra amplitude Rsina
aksa latitude Rsing

The five quantities associated with the problem of the dasaprasna.



The Ten problems in Tantrasarngraha

prime vertical
(samamandalh

Celestial sphere with markings of the five quantities, namely, sariku, nata,
kranti, digagra, aksa associated with the dasaprasnah.



The Ten problems in Tantrasangraha

The order in which the ten pairs are selected, as given in verse
61 and the first half of verse 62, is shown in following table:

Set Pairs formed from this set
{z,H,é,a,¢} | (z,H), (z,9), (z,a), (z,9)
{H.0,a,¢t | (H,0), (H,a), (H,¢)

{d,a, ¢} (6,a), (6,9)
{a, ¢} (a ¢)

The ten pairs that can be formed out of the five quantities associated with the

dasaprasnah.

Verses 62—-87 in Tantrasangraha describe the explicit procedure
for the solution of these ‘ten problems’. The detailed
demonstration of the solution of each of these problems is
presented in Jyesthadeva’s Yuktibhasa.



Zenith distance and hour angle from the declination,
amplitude and latitude (Problem 1)

ITANT FGHEEHIET AITHFT T FHICHT 182 |
HSTEAT TATETEANTHS et |
FIAGAIT TG AT HICd! q4l: 98 1 63 |

FAT FIAGFAET FICIErd aIr TH |
T ey TETET H&Tq Ay g 9raan: | &g

The asagra multiplied by the lambaka and divided by the ¢rijya is the
koti. The bhuja is the aksajya. The square root of the sum of their
squares is the hypotenuse and it is the hara [or hara, the divisor,
which will be used later].

Then find the square roots of the squares of the kranti and the aksa
subtracted from it. They form the kotis. Similarly find the products
of the krant: and the aksa and also their kotis.

The sum and the differences of the products are multiplied by the
trijya and divided by the square of the divisor [when the Sun is] in
the northern and southern hemispheres respectively.



Zenith distance and hour angle from the declination,
amplitude and latitude (Problem 1)

FTRMETTSTIS T Fraegarey |

FISATATa ENaTH: TFNERTEa: I 64 |
FTAT TR I C U ICHT T Joiadr|

E

HET TasaT Fr=g@euraatefan s 1

This gives the sariku that is formed in the desired direction. If
the first product is greater than the second one, in the
northern hemisphere, then the arku is obtained from both
the sum and the difference.

Its (the Sanku’s) koti (compliment) is the chaya (the shadow).
When that is multiplied by the koti (compliment) of the asagra
and divided by the dyjya, the resultant is the natajya. Thus
the sariku and the nata can be obtained from the kranti, the
aksa and the asagra.



Zenith distance and hour angle from the declination,
amplitude and latitude (Problem 1)

FTIEUTA TehTedl: bTard e stoe Tf
g TgHIT dH grrErIE A sTuFI g 1

In the southern hemisphere, when the product of the
kranti and the aksa is greater than the product of the
kotis, there is no Sariku [ i.e. no solution for z with

z < 90°)]. Similarly, in the nothern hemisphere, when
the apakrama is greater than the divisor, there is no
Sanku.

Here, the problem is to obtain the zenith distance (sarnku) and
hour angle (nata) in terms of declination (kranti), latitude (aksa)
and amplitude (asagra), that is, z and H are to be determined in
terms of 4, ¢ and a. It is to be understood that the amplitude in
Indian astronomy is always less than 90° and is measured
towards either the north or the south from the prime vertical.



Zenith distance and Hour angle

These verses imply the following expressions for the sarnku

(singsind + cos ¢sina \/sin2 ¢ + cos? ¢ sina — sin? §)
cosz =

(sin? ¢ + cos? ¢ sin® a)

. sinz cosa
sinH= ————,
coSs 6



The important circles and their secondaries
considered for the ‘ten problems’ in Yuktibhasa




Distance between centers of solar and lunar disks

position
with nati)

ecliptic

Distance of separation between the centers of the solar and lunar disk.

d2 _ (S/M/)z _ (S//Ql)2 + (M//Ql)2 + (M/M// :t S/S//)27
where the various quantities depend upon the difference in longitudes of the
Sun and Moon, their parallaxes and Moon'’s latitude.

This is as in three dimensional co-ordinate geometry.
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