NPTEL COURSE ON

MATHEMATICS IN INDIA:
FrRoOM VEDIC PERIOD TO MODERN TIMES

Lecture 17

‘ Mahavira’s Ganitasarasarngraha 3

M. S. Sriram
University of Madras, Chennai.



Outline

» Plane figures: Circle, Dirghavrtta, Annulus
» Ratio of circumference and diameter. Segment of a circle
» Janya operations: rational triangles, quadrilaterals

» Excavations: Uniform and tapering cross-sections, volume
of a sphere

» Time to fill a cristern
» Shadow Problems



Measurement of Areas

Chapter 7. Measurement of areas

d

Figure: Visamacaturasra
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Approximate area =

(Exact) Area of an annulus = < > b : bisthe width.



Circle and Annulus

Q

Figure: Annulus

19. Approximate circumference of a circle = 3 x diamter

- 2
Approximate area = 3 x (W) . m~ 3 above.



Ayatavrtta
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Figure:

=

Eclipse

Approx. Circumference = 2(2a+ b)

Approx. Area = b-2(a+ %b)



Segments and Perpendicular

Verse 49.

ap B

Figure:

Segments a;, a, and perpendicular p in terms of a,b,c as in
Brahmasphutasiddhanta

(BSS). Area of a triangle, Cyclic quadrilateral as in BSS.

Diagonals of a quadrilateral as in BSS.



Circumference and Area of a Circle

Verse 60.

JAACATH TAUIOMT Haq TRAT: |
FETHANET: TR FAHHEYAY Jqil §0 I

“The diameter of the circular figure multiplied by the
square root of 10 becomes the circumference (in
measure). The circumference multiplied by one-fourth
of the diameter gives the area.”

Exact circumference of a circle = +/10 Diameter. (so, # = v/10:
Approximate)

1. .
Area = ZClrcumference x Diameter (Exact).



Circumference and Area of an Ellipse

Verse 63.

A TFOrT oA ia (1) R
HEAHRNUEETg O JerRFaAl 63 |

“ The square of the (shorter) diameter is multiplied by 6 and square
of twice the length (as measured by the longer diameter) is added
to this. (This square root of the sum gives) the measure of the
circumference. This measure of the circumference multiplied by one
fourth of the (shorter) diameter gives the minutely accurate
measure of the area of an elliptical figure.”

Circumference of an ellipse = /6(2b)2 + (2 x 2a)2. (wrong)
[Exact : 2ra(1 — 1/2e” — (3/8)%e*/3 — ---) withe = /(1 — b2/a2))
Area = b+/6b? + 4a® (wrong)

[Exact: = wab = +/10ab, if = approximated to v'10]



Area of Segment

Verse 70%: Area of segment.

FYUIIUrY IO SISO Hafdl TOrawerH |
W@%W@ﬁaﬁéﬂﬂn o 9/ I

“It should be known that the measure of the string
(chord) multiplied by one-fourth of the measure of the
arrow, and then multiplied by the square root of 10,
gives rise to the (accurate) value of the area in the case
of a figure having the outline of a bow as also in the
case of a figure resembling the (longitudinal) section of
a yava grain.”



Area of Segment

Area = C x § x +/10  Not correct
~—~—

™

a
p
C
Seems to be based on the fact that area of a semi-circle
2
r r
=2 X = X T =—
27"




Diagonals Perpendiculars and Area of a Hexagon
Verse 863:

ST aa bR TarwaoT |

JIATGHRFFAITFATT TSTF &A1l ¢& /2 |

“In the case of a (regular) six-sided figure, the measure of
the side, the square of the side, the square of the square of
the side multiplied respectively by 2, 3 and 3 give rise, in that
same order to the values of the diagonal, of the square of the
perpendicular and of the square of the measure of the area.”

. . 3v3
Stated: Diagonal = 2a, perpendicular, p = v/3a, Area = %—az.



Janya Operations

Generating figures with rational sides. Bzjas: a,b.

Verse 99% describes the procedure to construct an isosceles
trapezium with the aid of two right triangles.

Start with two right triangles.
Then construct the isosceles trapezium thus:

Base AF = perpendicular side of first right triangle +
perpendicular side of the second triangle

= (a? — b?) + (c? — d?). Topside HC = Difference of
perpendicular sides = (¢ — d?) — (a? — b?).



Right Triangles

a2+ B

2ab

Figure: A right triangle

a’ - @+ _ g 2+

2ab 2cd = 2ab

Figure: Two right triangles with the same ‘side’



Isosceles Traperzium

Diagonal, HF = Diagonal of the second triangle = ¢? + d?.
Smaller segment of base AE = perpendicular side of first
triangle = a® — b2. Perpendicular HE = Base (side) of first or
second triangle = 2ab = 2cd. Lateral side AH = CF = Diagonal

of first triangle = a2 + b?.
Then construct the isosceles trapezium thus:

He @ @-p ©
c+d?
F 2cd = 2ab 2+
2 -1 2cd = 23
A E EF =@ - F

Figure: Isosceles Trapezium



The Right Triangle

Verse 101%. Construct a right triangle with bzjas
v2ab(a + b),v2ab(a — b):
For this, upright = perpendicular side
= 2ab(a+ b)? — 2ab(a — b)? = 8ab.
side = Base = 2v/2ab(a + b)v2ab(a — b) = 4ab(a® — b?)
Diagonal = 2ab(a + b)? + 2ab(a — b)? = 4ab(a? + b?)



An other Right Triangle

The bijas for the second triangle: a® — b? and 2ab.
upright = perpendicular side = 4a%bh? — (a2 — b?)?

Base = 4ab(a® — b?)
Diagonal = 4a%b? 4 (a? — b?)2.



Trapezium with Three Equal Sides

Then construct the trapezium, as earlier:

Base = Greater perpendicular side — Smaller perpendicular sides
= 8a%b? — {4a%b? — (a® — b?)?} = (a® + b?)2.

Either of the lateral sides = smaller diagonal = (a2 + b?)?.

(% + b?)?

(% +1?)? (@ +1?)?

825 + 475 — (& — )2

Figure: A Trapezium with 3 equal sides



Construction of a cyclic Quadrilateral

Verse 152. Given a cyclic quadrilateral with area = A. Let
X1, X2, X3, X4 be the four chosen divisors.

. 1 /A2 A2 A2 A
Find —<—+—+—+—>:s.

2 X1 X2 X3 Xaq
Then
A? A? A? A?
a=s—-—,b=s—-—,c=s——,d=s— —,
X1 X2 X3 Xaq

are the sides of the cyclic quadrilateral. It can be checked that

a+b+c+d A? A?
- =5, Now,s—a=—,s—b=—, etc,
2 X1 X2



Construction of a cyclic Quadrilateral

.. Area of the cyclic quadrilateral with sides a,b,c,d

AZ AZ AZ A2 A4
X_1 ‘ X_z ‘ X_3 ' X_4 B V/X1X2X3X4
But this should be A.

A4
= /X1X2X3Xg

So, the method works only if x;xox3xs = AS.

— AOrX;XoXgXg = A°.



Pillars and Segments
Verse 1803.

(@}

p

n

E mMB G D F

AB, CD: Pillars. With AB = a, CD = b. BD = Distance between them
= c. A and C are connected to F and E respectively. BE = m,
DF =n. Then,

a(c +m)(c+m-+n)
GE =C; =
' alc+m)+bc+m)’
GF — C, — b(c+m)(c+m+n)7
a(c +m)+b(c+m)
p==Csx a__ C1 X b [Exercise: Derive these]
c+n c+



Volumes

Circumference of a triangle/ cyclic quadrilateral, Relation
between chord and s are the same as in BSS.

Chapter 8. Is on Excavations

Volume of a frustrum, same as in BSS.



Volume of a Sphere

Verse 281.

. . e qa‘ . . i \l
TETHTY TAF[UHEATYEH Fos Hafdl ¢ 2/ 1

“The half of the cube of half the diameter, multiplied by
nine, gives the approximate value of the cubical
contents of a sphere. This (approximate value)
multiplied by nine and divided by ten on neglecting the
remainder, gives rise to the accurate value of the
cubical measure.”

Sphere with diameter = d.



Accurate Value of the Volume

3

N|©
B

N——~

More accurate volume of the sphere = (%

47 /d\3
Correct value = — | —
valu 3 (2>
4 9 9
. He has taken §7T_E.E
3 §:3x§

'.W:EX4 80



Water Pipes and Cistern
Pipes leading into a Cistern / well, filling it up.

b  ©

-

=~

~
// ~
~

~ 1

Figure: Water-pipes filling a cistern



Water Pipers and Cistern

Verse 323 — 33.

AN erT: TaETahTehHa: auiia=aear: | 32 9/
I €9 Rerare: T qomforarge |

AleaNTEard JgGIaar Haf=r Tgrar il 33 |

“(The number one representing) each of the pipes is divided
by the time corresponding to each of them (separately), and
(the resulting quotients repesented as fractions) are reduced
tso as to have a common denominator; one divided by the
sum of these (fractions with the common denominator) gives
the fraction of the day (within which the well would become
filled) by all the pipes (pouring in their water) together. Those
(fractions with the common denominator) multiplied by this
resulting fraction of the day give rise to the measures of the
flow of water (separately through each of the various pipes)
into that well.”



Water Pipers and Cistern
Let t; be the time (days) taken by the water flowing through the
pipes to fill the volume.

Fraction filled in one day by theith pipe = tl

. . . 1 1 1
If all the pipes are open, amount filled in one day = t—+t—+- : -+t—.
1 2 n
Hence the number of days or fraction of days needed to fill the
cistern / well,
1 1




Example

Example in Verse 34.

TS : JUfehhT: W%Wsrqwﬁaﬁm
R R s 38

“There are 4 pipes (leading in to a well.) Among them,
each fills the well (in order) in 1, 1,1 1 of a day. In how
much of a day, will all of them (together fill the well and

each of them to what extent).” [Try this as an exercise].



Volume with Uniform Cross Section

Verse 44%: essentially states that the volume of an excavation is
the product of the area of cross-section (A) multiplied by the
depth (or length, I). See Fig.42.

/

Figure: Volume generated by an uniform area of cross-section



Volume with a Trapezoidal cross-section

Figure: Volume with a trapezoidal cross-section

For instance, if the area of cross-section is an isosceles
trapezium with base, a, summit, b and height, h and if the length
is | (Fig. 43),

Volume, V = <(a42rb)) h xI.



Sloping Platform

Here, the area of cross-section is not constant, but varies
uniformly. Suppose we have an isosceles trapezium, where the
base is a, the summit is b, and the height is h at the end. Over a
length |, it slopes uniformly to a base a, height is d, and the

- d .
summitis b 4 (a — b) <1 — F)' What is the volume of the
platform?

Figure: A sloping platform



Sloping Platform

At one end, it is an isosceles trapezium, with base a, summit b
and height h. At the other end, base is a, summit is

b+ (a—Db) (1 — %) height is d. At the distance x from the first

end, base is a, summitis b + (aT h) (1 — %) x and the height
is h — (h —d), by the rule of proportion.

Then, the GSS result for the volume in Verse 54% is

\% :%(2a+b+d)

We find the volume to be (by using integration)

2
v/ — % (2a+b) + (2a+ b)% + (b — a_)f:—2 ? (Please Check.)



Shadows

Chapter 9 is on shadows.

Figure: Shadow, OB =S of a gnomon, a = AO

If z is the zenith distance, altitude A = 90° — z. Let the height of
the gnomon be a. Let the shadow, OB be S.

S
COtA =tanz = —
a



Time from Shadow

Then it is stated that the time elapsed after the sunrise, or time,
yet to elapse before sunset is

Time, T = in units of day.

This is true only when z = A = 45°, when the latitude (¢) and
declination of the Sun (9) are ignored. In this case, according to
GSS,t = %day. According to the correct formula,

t =sin"'(cosz) = A =90° -z,

when ¢, ¢ are ignored. When z = A = 45° t = 45° corresponds
to # of the day.



Shadow

S

Figure: Shadow

S .
"o tanz = constant for all objects



Shadow: Mahavira

Verse 121 says this:

FTATTIE AT ATTHE T FT: |
TRl EFTHIUH ST Q%S &l 22 9/ |

“The measure of the shadow of a pillar divided by the
measure of (the height of) the pillar gives rise to the
measure of the shadow of a man (in terms of his own
height). ”




Shadow on a Wall

Verse 21 :
TEEEaYg: AR A e |
TEEAT #T T a9 |

“(The height) of the pillar is multiplied by the measure of
the human shadow ( in terms of the man’s height). The
(resulting) product is diminished by the measure of the
interval between the wall and the pillar. The difference
(so obtained) is divided by the very measure of the
human shadow (referred to above). The quotient so
obtained happens to be the measure of (that portion of
) the pillar’'s shadow which is on the wall.”



Shadow on a Wall

Suppose there is a pillar of height ‘a’. There is a wall in front of it
at a distance ‘c’ from it. Let the height of the shadow be h. Letb
be the measure of the human shadow in terms of the man’s
height. Then the above verse says that

axb-c

h=———.

b
wall
a
pillar
h ~
C X

Figure: Shadow of a pillar



Shadow on a Wall

Let x be the distance between the wall and the tip of the shadow
X = bh.

a h 1

Now,

c+x Xx b’
a_c+x_c+bh
b b

Hence, h= abb— c




Example

Example in Verse 22:

farafoes: w=t MftRT=R &0 o
gy fgdr FAferr wRe i = aa

“A pillar is 20 hastas (in height); the interval between
(this) pillar and the wall (on which the shadow falls) in 8
hastas. The human shadow (at the time) is twice (the
man’s height). What is the measure of (that portion of)
the pillar's shadow which is on the wall?”. [Try this as
an exercise].



The Shadow of a Slanting Pillar

A F E C

Figure: Slanting pillar

AB : slanting pillar, AC, its shadow. AD: Same pillar in vertical
position. AE its shadow. Let r be the ratio of the shadow of a
man to his height. BG, the perpendicular from B on AD,
represents the amount of slanting of the pillar, AB.



Shadow of a Slanting Pillar

So,
B Shadow
~ Height
Now,
BF _AD _1
FC DE r’
Also,
BF = AG = VAB2 — BG?,
FC = AC — BG.

1
. BF? = AB? - BG? = (AC — BG)*.
r

. 2
. BG? <r32 + 1) _pAC-BG + <AC —ABZ> -0

r2 r2

or
BG?(1+r?) — 2AC - BG + (AC? — AB?r?) = 0.



Shadow of a Slanting Pillar

This is a Quadratic equation for BG, whose solution is given by:

_ AC — /AC? — (AC2 — AB2r2)(r2 + 1)
N r24+1

BG

The verses in 32-33 gives this formula.



Shadow of a Pillar due to Lamp

The rule for arriving at the shadow of a pillar due to (the light of)
a lamp is given in

Verse 40 1/2 :

mfgﬁﬂzﬁﬁﬁﬁrrwmgwrﬁ:n
EeIET TE: WWWH go 9/2 |

“The height of the lamp is diminished by the height of
the style (pillar) and is divided by the height of the style
(pillar.) If, by means of the quotient so obtained, the
(horizontal) distance between the lamp and the style
(pillar) is divided, the measure of the shadow of the
style (pillar) is arrived at”.



Lamp and Pillar

lamp
a| pillar

C S
Figure: Shadow of a pillar due to a lamp at height,b
Height of the lamp is b, height of the pillar is a. Distance between them

is c. s is the shadows of the pillar.
From the figure, it is clear that,

S Cc+s
a b’
. bs =ac + as.
e ac
S= v A

This is what is stated in verse 403.
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