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Area of a triangle

» The formula for the area is presented in half arya:
BT TGN THEG ST |

The product of the perpendicular [dropped from the vertex

on the base] gives the measure of the area
of a triangle.

> Bhaskara in his commentary observes:

1. the term samadalakoti means ‘the perpendicular dropped
from the vertex on the base of a triangle’, i.e., ‘the altitude
of a triangle’.

2. it as ‘the upright which bisects the
base of the triangle into two equal parts’

3. if we do so, the applicability of the above rule will be
restricted to equilateral (sama-tryasra) and isosceles
triangles (dvisama-tryasra).



Area of a triangle

Bhaskara’s commentary: Classification of triangles
He actually commences the discussion with the classification of triangles.
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.. are of three types: equilateral, isoceles and scalene.
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Area of a triangle

Bhaskara’s commentary (contd.)
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Here Bhaskara explains

1. how the singular usage tribhujasya in the verse has to be understood.
2. how the word has to be understood, and

3. how the compound samadalakoti (= the perpendicular dropped from the vertex
on the base) has to be interpreted in this context. In fact, he quotes a maxim to
justify his interpretation.
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Area of a triangle

> The formula encoded in the arya
PR FOIRN THEGHICH S THEE: 162 |

may be expressed as

tribhujaphala = bhujardha X samadalakot
1
Areaoftriangle = Ebezse x height (altitude)
1
= =-bxh
2




Area of a triangle

> The formula (}base x height) as given by Aryabhata can be employed
only when the altitude is known.

> |f altitude is not known and only three sides are known, then how do we
find the area?

» Bhaskara in his commentary presents a method by which we find
segments of the base (BD& CD)—called abadhas—and hence the

altitude (p).
It can be shown that (see next slide) A
the diff. in the abadhas is given by
Adgirr = 52D - C;D c b
_ p
- c-b (b, ¢ : karnas)
a
badh badh
Ghadhas = L (bhumi+ Aar) R SR
2 (a = bhumi = sum of abadhas)
altitude = 1/ karnd® — abadhd®



Area of a triangle [Bhaskara’s commentary (contd.)]
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Let the sum and difference of the abadhas be defined as:
Asum = BD+ CD and Ay = BD — CD. In the triangle ABC,
p? = c? — BD? = b2 — CD?. Hence,

c® — b? = (c+ b)(c— b) = BD? — CD? = Asum * Agiy

c+b)(c—b
Hence, A, = (©TP(C=D)
ASU/U
? — b c b
= p
a
1
Now abadhas = E(bhumi =+ Agirr)
B abadha D abadha
From the abadhas, the samadalakoti -

(altitude, p) has to be obtained. (a =Dbhumi = sum of abadhas)



Area of a triangle

Numerical example in Bhaskara’s commentary
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In a scalene triangle [one of] the hypotenuse is thirteen, and the other is

fifteen. The base is two times seven only. O my friend, [please tell me]
what would be the measure of the area of this [triangle]?

Having posed this problem, Bhaskara presents the solution in prose as
follows:
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Now, samadalakots — /152 — 92 — 12, Also, \/132 — 52 = 12; The area
is} x 14 x 12 =84,



Area of a circle

» The formula given in the following arya
grgROTEEn o= EHT ARG | 7a |

may be expressed as

phala = parinahardha X viskambhardha

2

Area Ecircumference x semi-diameter = mre.

» Commenting on the usage of the word ‘eva’ Bhaskara observes:
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..Or, [to be molre appropriate] by the use of the word eva the
means is restricted. .. .is the area of the circle there is no other

means. This is not true, since 3 x r2... This alternative method is
not accurate ...



Area of a trapezium

» The latter half of the following verse in Aryabhatiya gives the
formula for obtaining the area of a trapezium.

IO A2 TR T |
T 39 JEAH
A f D
Ldl In this verse, as per the comm. of

Bhaskara, the word ayama means
; , ‘breadth’. The terms parsva and
o P vistara refer to the ‘length’ (base

: and face) of the trapezium.

B b C

» The formulae presented here are:

_ fxp d_ bxp 1

2Dual usage: H: Y& U, HE@ FoH | FEHEI0 Ha&- gy |



Generalized approach to finding area
TS G0N T T e Taa: |

In the case of all plane figures, having determined the two
‘sides’, the area is [obtained by finding] their product.

» Here Bhaskara points out that the purpose of the verse is:

to present a certain alternative approach by which we
can verify the areas of all planar figures—trilateral,
quadrilateral and circle—for which Aryabhata has
already given formulae.

» How is it possible to get the area of ‘any’ planar figure?
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Having obtained the two sides. The word ‘pra’ expresses some
speciality; Thus it means finding the the two sides specially
(prakarsena). What is the speciality of the two sides? It is said —



Generalized approach to finding area

In the case of triangle, rectangle and trapezium

» In the case of a triangle or rectangle or trapezium, its area can
be found using the formula:

A f D
= wistarardha X ayama

Area = %(baseJr face) x height

= 1(b-i—f)><p
b ¢ 2

» In the case of a triangle (equilateral, isoceles or scalene) we get
the area by putting f = 0.

» In the case of a rectangle, we obtain the area by putting f = b.
» For a trapezium, the formula is to be used as such.

» How do we get the area of a circle in this generalized approach?



Generalized approach to finding area

The case of a circle

» |n the case of a circle it is said:

: ’ o ~ |
In the case of a circle, the
semi-diameter is the length, [and] the
semi-circumference is the breadth or
height, that constitutes the rectangle

r (vishkambhardha)

(ayatacaturasraksetram)

Area = wiskambhardha x paridhyardha
= semi-diameter x semi-circumference
= rxar

» In his commentary Bhaskara also takes up more complex cases
like drum, tusk of an elephant, etc. and demonstrates how to
find the area of those shapes as well.



Purpose of the verse: Computation or verification?
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But how does the computation of the area and the verification happen in one
stroke? If this rule is meant for verification, then how does it help in
computating the area? And [conversely], if this rule is meant for computation
of area, then how can it be used for verification? There is nothing wrong with
that. What has been designed for one purpose, is found to be serving
another purpose. That is as in the following case — Canals are constructed
for the sake of [watering] paddy [field]. And from these [canals] water is drunk
and also used for cleansing. It is similar in this case too.

SrErAT, 9-9-29, UHGHEHSIH |



Chord of one-sixth of the circumference of a circle
I TR
T o

of the
circumference [of a circle] is
equal to the semi-diameter.

It is evident from the figure

BC = =R,

since OBC is an equilateral triangle.
This is what is given in the verse.

» It is pointed out by Bhaskara that the purpose of the verse will
become clear from the later verse ‘samauvrtta-paridhipadam’ :
TS T TENGAEN - THT-aRue
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Approximate value of 7

> The Sulba-sitra-s, give the value of 7 close to 3.088.

» Aryabhata (499 AD) gives an approximation which is correct to
four decimal places.

TUF TAHEOT FURETIT TEHTOH |
Wﬁw I JTAINITE: |
(1 00+4)x 8+ 62000 62832
20000 ~ 20000

» The same value has been given in Lilavati* by removing a factor
of 8 from the denominator and the numerator.

Y faeT warorgd: oRf: Y& |
Fiaafay fgasy oo @rc'?rs’q?ﬂ g SEERang: |

=3.1416

= 1250 = 3.1416 that's same as Aryabhata’s value.

4 Lilavatr of Bhaskaracarya, verse 199.




Approximate value of

Bhaskara’s edifying discussion while analysing the meaning of the term ‘asanna’
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[The word] asanna means close to or nearby. It is close to what? To
the ‘accurate’ circumference.

and not the one that is practically used
(vyavaharikasya), since the supposition of the unstated is equally valid
in both the cases. There is nothing wrong [in the interpretation]. This
is only a [valid] doubt. [But it must be remembered] that in all
instances of doubts, the following principle gets invoked — Clear
understanding arises out of [traditional] explanation (just because
there is a doubt .. .) Therefore we would interpret as . ..

5In the printed edition, the text reads as 'H:CNW_—IT and it seems to be

an editorial error while splitting TaUTQIE{= |



Approximate value of
Bhaskara’s edifying discussion while analysing the meaning of the term ‘asannd’
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Or else, by the word 3ITHH, that which is close to [the accurate value]
is not conveyed. ... If an approximation to practical value [is what is
conveyed], then the circumference obtained from that would be even
worse (more gross). No one would make efforts to get something
worse!l. Therefore it is established ... Why is ... exact circumference
is not stated? It is considered so [by scholars] — there is absolutely
no means by which one can get the exact circumference.

8In the printed edition, the text reads as THgafa=EdT | The

absense of splitting—an editorial error—seems to have created a confusion,
and hence in Agathe Keller’s translation .. .




Construction of the sine-table

A quadrant is divided into 24 equal parts, so that each arc bit
a =30 =3°45 =225'.
Pz; P,

R P,
; 2

» Aryabhata presents
two different methods
for finding

L P Rsin /6,(P,N,) i=

B 1,2,...24.

. ] > The Rsines of the

' intermediate angles
are determined by
interpolation (I order
or Il order).



Finding tabular sines: Geometrical approach
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May the quadrant of the circumference of a circle be divided [into as many
parts as desired]. Then, from (right) triangles and rectangles, one can find
as many Rsines of equal arcs as one likes, for any given radius.

D

> We know, chord 60° = R = 3438

T 3 > From the triangle OBC,
Rsin30 =BC = R/2=1719
> Now consider the rectangle OABC. Here,
60’ AB = Rsin60° = OC.
o R2 A G

2
OC =+/0B? — BC? = F?ng = 2978

> Thus it may be noted that from 8th Rsine
(30°) we immediately get 16th Rsine (60°)

> In other words, Rsin@ ~~ Rsin(90 — 0).



Finding tabular sines: Geometrical approach (contd.)

> In the triangle CBD, BC = Rsin30° and
CD = OD — OC = R vers30° are known.
Hence, BD = chord 30°

C E B .
BD = \/(Rsin30)2 + (R vers30)?,
is known. Rsin15° = 1BD = 890.
> At this stage, we need to note that
i G Rsing ~» Rcos® ~-» Rverso
o R2 A

0
Rsin® & R vers 6 ~ Rsin >

> Now considering the triangle ODE,

OE = OD? — DE?
R2 — (Rsin15)2

gives Rsin75°.



Finding tabular sines: Geometrical approach (contd.)

» Most of the Indian astronomers have presented their sine tables by
dividing the quadrant (90°) into 24 parts.

> By the principle outlined above, it can be easily shown that all the 24
Rsines can be obtained provided the 24th, 12th and 8th Rsines are
known.

> The circumference of the circle
was taken by Aryabhata to be
“ 21600 units.
@ @ \ > From that using the
) approximation for & given by him,
@ @ we get R = 24th Rsine =~ 3438.
@@ p @ > Once this it known, it is
@ noteworthy that in the proposed
@ scheme of constructing the table,
all that is required is exiraction of

| square root, for which Aryabhata
@ @ had clearly evolved an efficient

algorithm.



Thanks!

THANK YOU

More of Aryabhatiya in the next lecture!



