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Mathematics in the Antiquity: Vedas and Sulbasitras — Part 1

> Introduction

» Mathematical references in Vedas

» What are Sulbasiitra texts?

» What does the word Sulbasitra mean?

» Qualities of a Sulbakara

» Finding the cardinal directions

» Methods for obtaining perpendicular bisector

» Bodhayana method of constructing a square

» The Sulba theorem (Bodhayana & Manava version)

» A few triplets listed in Sulbasatras (general principle?)

» Applications of Sulba theorem



Introduction
Broad classification of Knowledge — Mundaka-Upanisad
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Mathematical references in Vedas

Citations that unambiguously point to the decimal system being in vogue

» In Krsna-Yajur- Veda we find an interesting passage wherein a
sequence of ascending numbers appear in the context of
offering venerations to Agni (Fire God).
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O fire, salutations unto you once. Salutations twice.
Salutations thrice . ..

Salutations ten times. Salutations hundred times.
Salutations a thousand times.

Salutations unto you unlimited times.

My venerations to you, never ever hurt me.

Y Taittirya Aranyakam 4.69.



Mathematical references in Vedas

Citations that unambiguously point to the decimal system being in vogue

> We find yet another passage presenting a list of powers of 10 starting
from hundred (102) to a trillion (10'2).

AT T Teed W@egad @l Hgard @
YA WEEHEd Wl Fad @e SHE W@,
HATT e E@Tel ... e @ 2

Hail to hundred, ... hail to hundred thousand ... hail to
hundred million . . . hail to trillion.

» We also find a list of

and multiples of four occuring in
Taittirtya-samhita (4.5.11):
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2 Taittirtya-samhita 7.2.49.



Mathematical references in Vedas
Citations that unambiguously point to the decimal system being in vogue
> In the second Mandala of Rg-veda we find multiples of ten listed.

e e @ grae Seiarr gREEST: |
T TG AN T8 qaer WH 93w )
ISl I AEES I ERATREE: |
IR [Rg-veda 2.18.5-6.]
O Indra, Please come with twenty, thirty, forty horses ... with sixty,

seventy ... carried by hundred horses.

> Elsewhere we find the appearance of an interesting number 3339.
Ao arar AreEoafy oy Y@ A9 awed)
W&, FOGOI AT .. [Rg-veda 3.9.9]

It is interesting to note that 3339 — 33 4 303 + 3003, and is also close to 18
years (= period of eclipse cycle).

> We also find a mantra referring to the notion of infinite (co).
Ui QUIATRTE guiEard farsad



Mathematics in the Sulbasiitra texts

What are these texts, and where do they fall in the Vedic corpus?

» One of the prime occupations of the vedic people seem to have
been performing sacrifices, for which altars of prescribed shapes
and sizes were needed.

» Recognizing that manuals would be greatly helpful in
constructing such altars, the vedic priests have composed a
class of texts called Sulba-sutras.

» These texts (earliest of which is dated prior to 800 BCE), form a
part of much larger corpus known as Kalpasutras that include:

- & - Employed in rituals associated with societal welfare.
» J&] — Rituals related to household.

> ‘Tﬁ— Duties® and General code of conduct.

> — Geometry of the construction of fire-altar.

8 Adi Sarikarain his commentary on Upanisads defines the term dharma as
anustheyanam samanyavacanam.



What does the word Sulba mean?

» The word sulba stems from the root S‘Iﬁﬂlﬁ (to measure).

» The etymological derivation of the word can be presented in
more than one way:

et - JeaAH = Jod: |
Refers to the act of measuring.

FHT -

; Refers to the entity/result of measuring.
FUE - YeaAT Fid Jod: |
Refers to the instrument of measuring.

» The complete derivation of the compound word Sulbasiitras,
including the grammatical peculiarities is:

Yea-H = Joa: ([od + TS)* | ToaHE= gEn

“This type of derivation based on is governed by the satra
‘bhave ghan'.



The extant Sulbasitras

» So far seven different Sulbasatra texts have been identified by
scholars. They are:

1. Baudhayana Sulbasitra
Apastamba Sulbasutra
Katyayana Sulbasutra
Manava gulbasﬁtm,
Maitrayana Sulbasatra
and
Vadhila Sulbasitra

NOoOOA WD

» Of them, Bodhayana Sulbasitra is considered to be the most
ancient one.® (prior to 800 BCE).

> |t also presents a very systematic and detailed treatment of
several topics that are skipped in later texts.

» It is made up of constituting about 520 sutras
(113 + 83 + 323).

®This assessment is based upon the style, completeness, and certain
archaic usages that are not that frequently found in later texts.



Commentaries on Sulbasutras

The table below presents a list of some of the important
commentaries on three ‘earlier’ Sulbasutras:

Sulbasutra  Name of the comm.  Author

Bodhayana 5ulbadipikd Dvarakanatha Yajva
5ulba—mimdmsd Venkatesvara Diksita
5ulbavydk:hyd Kapardisvamin
Sulbapradipikd Karavindasvamin
Sulbapradipa Sundararaja
Sulbabhdsya Gopala

Katyayana Sulbasﬂtmvivrtti Rama/Ramacandra
Sulbasﬂtmvivamna Mahidhara
Sulbasﬂtrabhdsya Karka




Qualities of a Sulbakara

» Mahidhara (c. 17th cent) in his vivrti on Katyayanasulbasutra
succinctly describes the qualities of a sulbakara.

T INHE: GHG g |
TEGA HATggr geaidd Tuge: |
TEGFHI: AL TE: |
fafetz: erufagraRd Jd: e
Rrdgrearg ward: ardar=ary dmfae )
FONT T ey T

A sulbakara must be versed in arithmetic, versed in
mensuration, ... must be an inquirer, quite knowledgeable in
one’s own discipline, must be enthusiastic in learning other
disciplines, always willing to learn from [practising] scluptors
and architects . ..and one who is always industrious.

» The above anonymous citation clearly brings forth the point that
a sulbakara, is far more than a mere geometer.



Topics covered in the Baudhayana-sulbasutra

Sanskrit name

Their English equivalent

@A RHETST Units of linear measurement
QQTW@W : Construction of squares, rectangles, etc.
PO TH Obtaining the surds/Theorem of the square of

~
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the diagonal

Transformation of geometrical figures

Plan for different sacrifical grounds (darsa,
pasubandha, sutramani, agnistoma etc.)
Areas of the sacrificial fires/altars

Specifying the number of bricks used in the
construction of altars including their sizes and
shapes.

Choosing clay, sand, etc. in making bricks
Process of manufacturing the bricks
Describing the shapes of syenaciti, etc.

8In fact the text commences with the sitra

YA SR | (Now we describe the fire altars).



Expression for the surds given in Sulbasitra texts

» Besides presenting the details related to the construction of
altars—that generally possess a bilateral symmetry—the
Sulba-sutra texts also present different

» The motivation for presenting estimates of surds could be traced
to the attempts of vedic priests

» to solve the problem of “squaring a circle” and vice versa
» to construct a square whose area is n times the area of a
give square, and so on.

» The expressions for surds presented in the form

1 1 1
n nqno n{N2ns3

can be understood in different ways, of which we will describe
the Geometrical construction.



Topics that we plan to discuss

» Finding the cardinal directions using sarku.
» Construction of perpendicular bisectors.

» Construction of rectilinear (square, trapezia, etc.) and
(circles, vedis, etc.) geometrical objects.

» Enunciation of geometric principles and practical application of
them. We demonstrate it with

» Transformation of one geometrical object into another by
applying these principles.

» Obtaining the value of surds by means of geometrical
construction.

> of surds (in the form of a sequence of
rational numbers).

» Construction of altars (citis) of different sizes and shapes
(falcons, tortoise, chariot wheel, and so on).



Dertermining the east-west line

» Determining the exact east-west line at a given location, is a

pre-requisite
sacrificial altar or a fire-place.

, be it a residence, a temple, a

» The procedure for its determination is described thus:

H’ﬁﬂg EECIER ‘SI_%{-IITJ\-ICIQI T&Ar AVSE N I @
mgmwﬁwﬁaamgﬁ?ﬁ,mu@n [Kt. Su.12]

OA — forenoon shadow
OB - afternoon shadow
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Fixing a pin (or gnomon) on levelled
ground and drawing a circle with a
cord measured by the gnomon,’he
fixes pins at points on the line (of the
circumference) where the shadow of
the tip of the gnomon falls. That gives
the east-west line (praci).

"This prescription implies r > 20X, and has astronomical significance.



Time from shadow measurement (notin Sulbasutras)

SO
Cirele drawn around rays from
the Sanku the sun

L
"
S

Figure: Zenith distaﬁc;and th_e Ien“g]th of the shadow.

Rcosz
COS ¢ COS ¢

If ¢ and ¢ are known (A« = f(¢, d)), then t is known.

t = (Rsin)™" [ + Rsin Aa] T Aa.



Why perform experiment to dertermine the directions?

» Posing the question —

, and be with it to find the east? — the commentator
Mahidhara observes:

T TG T S| AT, WERT MR |
E@Wﬁﬂﬂﬁﬁﬂﬁﬂﬂ%ﬁlﬂuqmw;w% T
GEATRRT | TSI T JIeH |

Since the rising points are many,

the [cardinal] east point cannot be known [from the sunnse
point]. Therefore it has been prescribed that the east be
determined by fixing a Sariku. ... Therefore, simply looking at
the sun and determining the east is difficult.

» Having obtained the east-west direction, the next problem is to
find out north-south. How to do that?



Methods for obtaining perpendicular bisector

» Two methods have been described for obtaining the
perpendicular bisector of a given straight line:

> (folding the cord)

» I (drawing fish-figure)

» How to draw a perpendicular bisector using the
cord-folding method is discussed by Katyayana, in the third
sutra right at the beginning of his text.

» Having obtained praci, getting (the north-south line),
correctly is extremely important for the construction of
various altars having bilateral symmetry.



Construction of perpendicular bisector: cCord-folding method

ﬁ%ﬁm@m @‘qﬁa“n

Doubling the “cord by a measure of distance between them ($arikus), ...and
stretching (the cord) towards the south, strikes a pin at the middle pomt

(a) (b) (c)

w

In the figure above, in (a), A and B represent pins along east-west direction to
which the cord is tied. In (b), we’ve doubled the cord AB. (c) represents
stretching AB on both sides to get the north-south direction.



Construction of perpendicular bisector: Fish-figure method

> In this method, as shown in the figure below, having obtained the
east-west direction by the shadow of the sariku, we mark two points
along the east-west line.

» With those points as centres, and choosing an appropriate radius,
circular arcs are drawn.

> The line passing through the intersection points of these two arc gives
the north-south direction.




Bodhayana’s method of constructing a square

Systematic procedure that involves cord & nails, but NO OTHER MEASURING DEVICE

T o arafad e O SHEE: 9o Fer A aa wa
ST e T3 foraaer | afeee, W R erae Aus e
uforET | fernT=ar: o P qé@:[trrsr uﬁmjﬂ

Desirous of constructing a squzlre, may you take a cord of that length, tie it at both the
ends and mark its centre. Draw a line and fix a nail at its centre. Latching the ends ...

P

Q

PQ — Cord of desired length

O —— Center of the cord (where nail is fixed)




Bodhayana’s method of constructing a square

Systematic procedure that involves cord & nails, but NO OTHER MEASURING DEVICE

A HUSHH IRI |
TR | T
HHE, A T e
e | faerRTEr: Ty
fe=ar afar o
U= &0 IS
aRfes | 99 e I
AT | W
A A TS
AR |

May you draw a circle.

Similarly on the other side.
From their points of
instersection (E,F), obtain the
second diameter (RS) ...




The Sulva (Pythagorean?) theorem

» A clear enunciation of the so-called ‘Pythagorean’ theorem —
called bhuja-koti-karna-nyaya in the later literature — is
described in Bodhayana Sulvasutra (1.12) as follows:

AETTIE AEIANY:® THAA T aq
QU Fod: AGHY FUM |

The rope corresponding to the the diagonal of a rectangle
makes whatever is made by the lateral and the vertical sides

individually.
Terms their meaning
EEFW‘HT[ — Rectangle (lit. longish 4-sided figure)
JEUT IF: -  the diagonal rope
QA — the measure of the lateral side

— the measure of the perpendicular side

8The word aksnaya is archaic and hardly occurs in classical literature:

... TSI qErarSE wiafasf=



Katyayana version of Sulva theorem (with comm.)

» The Katyayana version of the theorem seems to be a redacted
form of what appears in Bodhayana Sulvasutra.

AT ALY : TEHHR T g9
qumﬁ FET: TEHT P ST &FTFHI [KSS2.7]

» But for swapping two words, there is only one difference; The
phrase ‘iti ksetrajnanam’ has been added = that this is the most
fundamental theorem in geometry to be known whose
knowledge cannot be dispensed with.

» Commenting on this Mahidhara observes:

AT TR = T T e dce
= TG & THIQIgd F%d:, agHaAn Afed
PRLIEL] FAAIT il
EFATEH = FAAFIFR FoA: |




Manava version of the Sulva theorem
> The presentation of the theorem in Manava-sulvasutra differs
from Bodhayana Sulvasutra both in form and in style.
» Here it is given in the form of a verse as follows:
I A Tl T )
T TG aq dfgar fag: 1

Terms their meaning

ATATH ATTATHIUT —  the length multiplied by itself
TG’ T @~ and indeed the breadth by itself
HHY a‘h:l?'? — the square root of the sum

— thatis hypotenuse
d %él ﬁ'g’:

those versed in the discipline say so
» Using modern notation the result may be expressed as:

V ayama® + vistara® =



Some ‘Pythagorean’ triplets listed in Sulbasatras

» In the very next sutra following the statement of the theorem,
Bodhayana illustrates it with a few examples:

e B, gRivwuyEar:, e,
qﬁwﬁﬁw&r AR CR BRI P
ua‘dﬁ?wf?@w Y ITGI: | [BSS 1.13]

What is interesting to note is the use of the

3+47 = 5° phrase
524122 = 13? 5 &
e e general u .ldb ]
2 2 _ 2 the general rule stated above] is
7+24" = 25 quite evident in these pairs.
122 +35° = 37
152 1 362 = 392 Is there a rationale behind the choice of

these examples?
» A few triplets listed in the Asvalayana-sulbasutra includes:

(15,20,25) (16,12,20)



Rationale behind the choice of examples
Conjecture put forth by Datta (pp. 133-136)

> One of the Katyayana-siitras presents the relation

na = (n;1)2a2 (n;1)2a2

Substituting n = m?, and a = 1, we at once get

2 2 2 2
> m71_m+1
() = ()

v

v

v

Rewriting the above equation in the form

(@m)* + (m* —1)* = (m* +1)%,

and substituting m = 2,4,6 ~ (3,4,5), (8,15,17), (12,35,37).

v

How about the other example of Bodhayana (15,36,39)?

Here, putting m = 3,5,7 immediately ~ (3,4,5), (5,12,13), (7,24,25).

(1)

(@)



Principle behind generating right-rational triangles

Described by Apastamba in the context Saumiki-vedi

Brererqenar: oy JreoraRy: | dif: Brozwh: o

T Fon | [ASS 5.3]
gl TARAPT HEOEANY: | AH: 3|
S| [ASS 5.3]
¥4 = 5
(83+33)2+(4+34)2 = (5+3532 (A
1224162 = 20°
(3+43)°+(4+447 = (5+45°% (B)
152 4202 = 25°
54122 = 13°
(5+25P2+(12+2122 = (1342132 (C)
152 4362 = 39?

It seems Apastamba has invoked the principle that if (a, b, ¢) satisfies the
relation & 4 b? = ¢?, then (ma, mb, mc) also satisfies the same
relation—where mis an arbitary rational number.



Constructing a square that is sum of unequal squares
An application of the Sulba-theorem

AT THEE F 7 w00 aEaer quHeed | g

FEIIRY: FHE: T Ef (BSS 1.50)
Desirous of combining different squares, may you mark the rectangular
portion of the larger [square] with a side (karanya) of the smaller one

(kaniyasah). The diagonal of this rectangle (vrddhra) is the side of the
sum of the two [squares].

» The term vrdhra in the above sitra
refers to the rectangle ABEF.

> Asking us to mark this rectangle, all that
the text says is the cord AE
aksnayaragjuh gives the side of the sum
of the squares.

> In other words,

CRseEs

AE? ABCD + CGHI
el = AB?+CG?
AB? 4 BE®.




Implication of the above construction ?

» Scholars trained in the Euclidean tradition, puzzled by the mere
statement of theorem, without the so called ‘proofs’ always wondered
whether the Sulbakaras knew the proof of Sulba-theorem, or was it
purely based on empirical guess work?

» Though Sulvakaras do not give explicit proofs, it is quite implicit in the
procedures described by them. In fact, the previous description of
construction clearly forms an example of that.

K > In the figure, ABCD and CGHlI are the
- two squares to be combined. E is a point
I on BC such that CG = BE.

" F > ABEF is the rectangle that is formed.
N Now the sum of the two squares may be
expressed as

ABCD + CGHI =  ABE + AEF + EHJ + EGH + FDIJ
Iy ! ',,:'H = KIH+ AEF + EHJ + ADK + FDIJ
N ! - AEHK,
\\5’ B
B E C G which unambigously proves the

theorem.



Thanks!

THANK YOU

More about Sulbasitras in the next lecture!



