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Sides of Polygons inscribed in a circle

Sides of Polygons inscribed in a circle in Verse 209-211 :
Frgrgmfrmrg=s: Saromegmefa: )
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“By 103923, 84853, 70534, 60000, 52067, 45922 and
41043 multiply the diameter of a circle, and divide the
respective products by 120000; the quotients are
severally, in their order, the sides of polygons from the
triangle to nonagon (inscribed) within the circle.”



Side of a regular polygon with n sides

B

E
Side of a regular polygon with n sides

It is easily seen that interior angle AOB subtended at the centre O by
. . A 2 ~
side AB is AOB = % Hence, Half angle AOD = T.

.. AB = Side of a n-sided polygon= 2AD = 2r sin (%) .



Side of a regular polygon with n sides

.. Side of a regular n -sided polygon inscribed in a circle is =
(Diameter) x sin (Z).

N

n=3 Triangle n=4 Square  n=5 Pentagon

QOO0

Hexagon Septagon Octagon Nonagon
(Heptagon)

n-sided regular polygons inscribed in a circle



Value of sides for different n

Bhaskara gives the values of the sides forn = 3,4,5,6,7,8,9.

n=3 n=4 n=5 n=6 n=7 n=8 n=9
Side 103923 84853 70534 60000 52067 45922 41043
Diameter 120000 120000 120000 120000 120000 120000 120000
Bhaskara's Value = 0.8660254  0.7071083  0.5877834  0.5000 0.4337916  0.3826383  0.341925
Modern value 0.86%025 0.707¢1067 0.58%7853 0.500 0.4338879  0.3826383  0.342020



Expression for the chord in a circle

Expression for the chord in a circle in Verse 213:

Chord of a circle

AR AR &q

THTET: TR |
AR @G A Horagd-

FTHTET TIHATHHE SHHT |l 293 |




Chord in a circle

“The circumference less the arc being multiplied by the
arc, the product is termed first. From the quarter of the
square of the circumference multiplied by five, subtract
that first product, and by the remainder divide the first
product taken into four times the diameter. The quotient
will be the chord.”

4 x d x [Circumference - Arc AB ][Arc AB ]

Given : Chord AB =
Z(:ircumference2 — (Circumference - Arc AB)(Arc AB)

Now, Arc AB + Arc CA — w _ %



Chord in a circle

. Arc AB = (% — Arc CA)

Circumference - Arc AB =C — (% — Arc CA) = % + Arc CA.

.. (Circumference - Arc AB)(Arc AB) = (% — Arc CA) (% + Arc CA)

= <%)2 — (Arc CA)?

8r [(%c2> — (Arc CA)Z}
..Chord AB = 5 .
E 2 __ l 2 _ 2
4C {<2C ) (Arc CA) }
Arc CA = R6. % =7R.
(7r2 — 92) B (47r2 — 492)

.. Chord 8 (a5 07) @25 07



Chord in a circle

Now, Chord AB = 2R sin <7TT_0> = 2R cos (g)
So this amounts to :

o <e> (4 —48?)  (x2—0?)

2)  (4n2+602) (w24 62/4)
or cosf = (71.2 _ 492)
- (24 62)
- 2
W2—4(§—9) B 4(m — 0)0

) s
c.sinf=cos(=—0)= -
(2 ) 2+ (53— 9)2 ng —(m—0)8

This is the same as the remarkable expression for sin 8 given by
Bhaskara - | in 7th century CE.



Excavation and contents of solids

Chapter 7. Excavation and contents of solids.
Find average length, average breadth and average depth.
Volume = Average length x Average breadth x Average depth.

The rules for finding the Volume of objects which do not have
constant cross-section are given in Verse 211, which follows:

HESA T I8 F o £ Tig:|
Eheh THHT U Uhes TEH
qHETIRG AW JUErd ®e Hafd 1 232 |



The Volume of a Frustrum or tank

“The aggregate of the areas at the top and bottom and
of that resulting from the sum (of the sides of the
summit and base), being divided by six, the quotient is
the mean area; that multiplied by the depth in the neat
content (exact Volume). A third part of the content of
the regular equal solid is the content of the actual one.

a

C

Volume of the tank (frustrum)



Volume of a tank

Suppose a tank is excavated with sides a and b at the top and ¢
and d at the bottom and the depth is z.

Volume of the tank = %z[ab +cd + (a+b)(c +d)]
Volume of a pyramid / cone = % x (Area at base) x Height
Chapter 8. Stacks Straightforward.

, ) Vol
Area x Height = Volume; Number of bricks = oume -
Volume of one brick

Height of stalk
Height of one brick

Number of layers =



Sawing

Chapter 9 on sawing. Volume with a trapezoidal cross-section.
Suppose the cross-section is a trapezium with base, b summit, S
and height (perpendicular), p.

. Area = %(b +s)xp

Total sawing in area = (Area of the section) x Number of
sections. Carpenter’'s wages are calculated based on the above.



Calculations pertaining to Mounds of grain

A mound of grain

B (27r)? . > h
= 3w ar X h = (Circumference) Tom

The Volume = %wrzh



Mounds of grain

It appears that Bhaskara gives an approximate expression for the
volume by taking = ~ 3, in which case:

Circumference °
Volume = [ —MMMM—

6

which is what is stated.

In his commentary, Ganesa Daivajna states that this is a rough
calculation, in which the diameter is taken at one-third of the
circumference. Greater precision by taking a more nearly correct
proportion between the circumference and diameter.



Different configurations

(2) (b) (©)

Mounds of grain piled against (a) the side of a wall (b) the inside
corner (c) or outside corner.

In the above cases, given circumference in cases (a), (b) and (c)
mean the relevant portion of the circumference in each case.
Then the volumes of the mounds of grain piled against (a) the
side of a wall (b) the circumference and (c) outside corner are

stated to be:



Volume for different configurations

@)

(Circumference of circle)2 « h (Given Circumference x 2)2 « E

Volume = I _
6 h
(b)
Circumference of circle\? h Given Circumference x 4\2 h
Volume = 6 X — = 5 X —

©

Circumference of circle)2 h (Circumference X 4/3)2X h

6 *@/3) 6 273

Volume = (
4/3



Problems related to the shadow of a gnomon,
discussed by Bhaskara

y +b
12 L

x+a

X
B D C

Shadows and hypotenuse of a gnomon at two different times

In the figure, the shadows at two different times are x and x + a,
and the hypotenuse at these times arey andy + b. The aim is
to find the shadows, x and x + a, given the difference in
shadows a and the difference in hypotenuses, b. The solution is
given in Verse 238.



Problems related to shadows

BIREIE erwwurd@ra'tﬁ aﬂ’rﬁ’?{mﬁ‘rwﬁw |

qFered: TR J FUTR AT &5 &: TH |

"The number five hundred and seventy-six being
divided by the difference of the squares of the
differences of both shadows and of the two
hypotenuses, and the quotient being added to one, the
difference of the hypotenuses is mulitiplied by the
square root of that sum; and the product being added
to, and subtracted from, the difference of the shadows,
the halves of the sum and differences are the shadows.”



Shadows

In the figure, y2 — x2 = (y + b)? — (x + a)? = 144.

2 K2
s by =ax + b
2 12\ 2
- b%y?2 =a?x? + <a b > + ax(a? — b?)
2 h2\2
o b2(x? +144) = a2 + (a 4b ) + ax(a? — b?)
(az _ b2)2

. (@2 —b?)x? + ax(a? — b?) + —144b2 =0



Shadows: Solution

Dividing by a® — b2,

2 _p2 2
ac—b 144b>:O

2
X ax —
+ +< 2 2

and

These are the expressions for the shadows in Verse 238.



Standard results on Shadows in Lilavatz

Verse 240.
5@ umudmalgdmww |

wnﬁﬁm—ﬁuﬁ@mw I Qgo |

“The gnomon multiplied by the distance of its foot from
the foot of the light, and divided by the height of the
torch’s flame less the gnomon, will be the shadow.”

In Fig. 24, AB is the height of the flame, CD is the
height of the gnomon and BD is the distance between
the foot of light and the gnomon.




Lamp, Gnomon and the shadow
A

F

B D E
Shadow (DE) of a gnomon (CD) due to light at A

As the triangles DEC and BDF are similar

DE BD
DC BF
CD-BD  CD:-BD

or, Shadow , DE = BF  (AB_CD)

which is the stated expression for the shadow.



Shadow at two locations

A

x 12/ a 12

B ¢ D E ? F

Shadows of gnomon at two locations due to a source of light

In Fig. 25, a = CD and b = EF are the shadows of gnomons of height
12 at the two different locations at C and E. due to the source of light at
A.y = AB = Elevation of the torch’s flame. ¢ = CE = Distance
between the gnomons. DF = Distance between the shadow tips.

DF =EF + DE =EF +CE -CD =b +c —a. Base,BD =x +a.
From the similar triangles it is clear that

y 712 y 712

x+a a’ Xx+b+c b
XxX+b+c b
HenCE,L:_

X+a a



Shadow at two locations

sax+b+c)=b(x+a)

_ab+c-a
b_aandera_ﬁ)

Shadow x (Distance between the tips of the shadows)

Hencex =

or Base = -
Difference between the shadows
and
_12(x +a)
N a

Base x Gnomon
Shadow

.. Elevation of torch’s flame =

These are stated in Verse 245.



Importance of rule of three

In arriving at all these results, similarity of triangles, which is essentially
‘the rule of three’ is used. Bhaskara stresses the all-pervading nature
of the ‘rule of three’ at the end of the chapter:“As the Being, who
relieves the minds of his worshippers from suffering and who is the
sole cause of the production of this universe, pervades the whole, and
does so with his various manifestations as worlds, paradises,
mountains, rivers, gods, demons, men, trees and cities; so is all this
collection of instructions for computations pervaded by the rule of three
terms” Further, in Verse 247 :

aferfyg UHRERifIAT dIsrse ar soga
aa Aufaeds Adafadarsar=r faen)
Y]] TEUTSEHRTGSTATguge] I3
TEarFraET fauma R e iR




Rule of three, kuttaka etc.

“Whatever is computed either in algebra or this (arithmetic) by
means of a multiplier and a divisor, may be comprehended by
the sagacious learned as the rule of three terms. Yet has it been
composed by wise instructors in miscellaneous and other
manifold rules, teaching its easy variations, thinking thereby to
increase the intelligence of such full comprehensions as ours.”
Chapter 12 on Kuttaka (Pulverizer) is not discussed here, as it
has already been discussed in the context of Aryabhata’s
Aryabhatiya, Brahmagupta’s Brahmasphutasiddhanta and
Mahavira’s Ganitasarasarngraha.



Results in chapter 13 on combination of digits

Let a number be composed of n digits: dq, - - - dy. Verse 267 tells
us the sum of all the numbers which have these digits including
all the possible permutations.

®TTg YHIeaargdTa: Tgfarar fg  ga ur:)
WATgHR IS gaHTI IRy ga fAfaagfa: @

“The product of multiplication of the arithmetical series
beginning and increasing by unity and continued to the
number of places will be the variations of the number
with specific figures; that divided by the number of
digits and multiplied by the sum of the digits; being
repeated in the places of figures and added together,
will be the sum of the permutations.”




Combinations of digits

Let the digits be dy, - - - dy.

No. of ways of arranging=1-2---n =nl.

Sum of the numbers d; - - - dn permuted in all ways
= %!(dl 4o dn)(L -+ 10”*1)_

Proof:

In (n — 1)! cases d; is in units palce, in (n — 1)! cases itis in 10’s place, - - -, in
(n —1)! cases d; is in 10"~* place.

Thus the sum arising out of d; alone is
I
(N —1)1dy (1 + - + 10" 1) = %dl(l TR T )

Similarly for other digits. Hence,
|
Sum = T(dy+ -+ o) (L+++ 10"
R

111---1
N—_——
n digits



Example

Example in Verse 278. How many variations of number can be
there with the eight digits, 2, --- ,9. Tell promptly the sum of
these numbers.

Heren=8.d;+---+dy,=2+---+9 =44,

No. of ways permutations n! = 8! = 40320.
Hence

n! 40320
Sum = — (dy+- - +0n) (11 1) = —o== x44% (111 - 1) = 2463999975360.
n —_——— 8

n digits



7

Sambhu, Hari and combinatorics

The following problem in Verse 269 involves only the permutations and
not the sum of the numbers arising out of the permutations.

EIRIERIET R IO
WG IETIg aHa = |
e ord: & groaHer:

TRIEING TRTROUSTTg: | 983 |

“How many of the variations of the form of the god Sambhu
by the exchange of his ten attributes held reciprocally in his
several hands, namely, the rope, the elephant’s hook, the
serpent, the tabor, the skull, the trident, the bedstead, the
dagger, the arrow, and the bow, as those of Hari by the
exchange of the mace, the discuss, the lotus and the conch?”

Sambhu: 10! Hari: 4! =24.



When the members of subsets are alike

The next verse (270) gives the number of permutations when the
various subsets of the given set are alike. Let there be n digits. p
of them are dq, q of them are dy, r of them are d3 - - - etc:

yrHeT fagaraan: aog[e T gaadl Qo |

“The permutations found as before, being divided by
the permutations separately computed for as many
places as are filled by like digits, will be the variations of
the number, from which the sum of the numbers will be
found as before.”



Permutations of sum of numbers

n!

Variations (Permutations) = —— .
p'qlr!- .-

[When p digits which are all d; are permutated among
themselves, it does not give rise to any new variation, but the
total number of permutations(n!) takes these into account, hence
n! has to be divided by p!. Similarly, gq!,r!,--- etc., should also
come as divisors.]

Sum of the numbers is found as before.

n!

npiqr . X (Sumof digits) (1 + - +10")

11---1
"
n digits

Sum =




Sum of all permuted numbers

Check: Number of cases in which d; is in units or hundreds etc., place is

(n—1)!
(-1l
(.- now, after fixing one d; in a place, the permutations of the rest of the

p — 1,d;’s will not give rise to a new variation. Hence, the factor (p — 1)! in the
denominator).

(n—1)id,
(p—1)lqt---

(n—1)id,
pi(g—1)!---
dq d,

Hence, Sum of all numbers = (1+---+10""1) » D + S 1) +--

. Sum arising from d; alone is (1+---4+10"1).

Similarly, Sum arising from d, alone is (1+---+10"1)

W(pd1+qdz+ (L4100 - 410" ).



Example

Example in Verse 271.
fegryuitfaa: &fa agpe: =
AT T T TOrRTSSY A g9Ed|
RINE) TTETN A2 |

"How many are the numbers with 2, 2, 1 and 1? and tell
me quickly, mathematician their sum; also with 4, 8, 5,
5, and 5 if thou be conversant with the rule of
permutation of numbers.”




Solution

Solution:

1)
!
212!

2,2,1,1. No. of ways =

2x242x1) = 6 6)x1111 = 9999.
4

4
Sum of all numbers = m(

|
2) 4,8,5,5,5. No. of ways = % =4 x5=20.

20
Sum of all numbers = ?(5 x 3+ 4 +8)(11111) = 1199988.



Choice of r out of n

Verse 272. Permutation of n things taken r at a time

:n(n—l)---(n—r+1):n7!

(n—r)"

Example in Verse 273 :

TFTE RO A= @=Taferd: |
Fia ggfaaen: 9: gafe afQ @ aes
“How many are the variations of a number with any

digits, except zero, exchanged in 6 places of figures? If
thou know, declare them” .

!
Here,n =9,r =6. .. No. of ways = % = 60480.



Number of permutation when sum of digits is fixed

Verse 274 discusses the following problem:

Let there be n digits, the sum of which is S = n + m with m < 9.(
This restriction is put so that even if all the (n — 1) of the digits
are 1, remainder of the sum, m + 1, being not greater than 9,
can form the remaining digit). The rule to discuss the number of
possible permutations is stated in the verse 274, 275.

fRF Ay RAT AEEHwRT )
wurfefay: wfafea: wan: & wgrfader fAgasgarn

AT R g @Tal FASEAN HUT J I+
i TIamTa= AT=arSTer ITATE Tforame |




Number of permutations

“If the sum of the digits be determinate, the arithmetical
series of numbers from one less than the sum of the digits,
decreasing by unity and continued to one less than the
places, being divided by one and so forth, and the quotient
being multiplied together, the product will be equal to the
variations of the number. This rule must be understood to
hold good, provided the sum of the digits be less than the
number of places added to nine. This has been stated
briefly, for fear of prolixity, since the ocean of calculation has
no bounds. ”

No. of ways is stated as:

(S—1)(S—2)---(S—n—1)

m+m-)(n+m-2)---(n+m-1-n-2) (n+m—1)

(n—1)! ~ (n=1)!




Explanation

Explanation: The number, the sum of whose digitsis S = n + m can be
considered as composed of n 1's are m 1's. (n + m) 1's must be
accommodated. Then n 1’s are written as 1", 1"~ ... 1! the m 1's are
written as 15,12, -, 1m.

So the number Xy, - - - X3 can be visualized as

(1"131,---) (A" t5.-0) 18
——

Xn Xn—1 X1

Each of the digits has one 1" and some 15 coming from m 1's. While finding
the number of ways, x» has 1". This can be fixed. Then the number of ways is
the one in which (n + m — 1) objects are permuted, in which (n — 1) objects
are alike and m are alike separately. Therefore,

— 1) - —2)... —1—-n—
No. of permutation = (n+m-—1) = (hem-in+m-2)--(n+m-1-n-2)
(n—1)Im! (n—=1)!

_(S-1)(S-2)---(S—n—-1)
N (n—1)!




Another Explanation

Another way of looking at it. The 1" (making up each digit x;) can be
represented by a partition ] and m 1's can be represented by X.

|x|xx.|.... . | |
(n-1) partitions and m objects:X

The i box represents the digits x; which has one 1" and (x; — 1) : 14, that is
X; — 1 crosses: X.

Hence, number of ways is the total number of ways in which (n — 1) parti- tions
] and m objects X can be permuted together. In these, n — 1 partitions are
alike and m crosses are alike. Hence,

(n—1+4+m)!

Number of permutations = (n—1)im!

which is the desired result.

This is essentially the way, counting is done in Bose-statistics where m
identical objects are distributed among n energy levels. (Here of course there
is no restriction on m).



Yet another explanation

There is another way of arriving at the same result. The desired number is
actually the coefficient of x5 in the product

X4+ X0 )X )X 4 1)

Here we have n factors with all the powers of x figuring in each factor. The
coefficient of x® in the product

(X+X2+...Xg+...)n:Xn(1+x+xz+...)n

S—n

_ Co-efficientof x> "in(1—x)" = M- (n+S-n-1)

(8 —n)!
(S —1)!
(n=1)(S —n)!
(S-1)(S-2)---(S-n-1)
1-2---(n—1) '
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