Lecture 13 : Normal Extensions

Objectives
(1) Normal extensions and their examples.
(2) Characterization of normal extensions in terms of embeddings and

splitting fields.
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group of a Galois extension.

Suppose F is a field and F is a splitting field of f(z) € Fx]. Let r1,72,...,7,
be distinct roots of f(x) in F. Then E = F(ry,rg,...,r,). Suppose that
a € E and g(x) = irr (a,F). Let b € F be another root of g(z). Then the
map o : F(a) — F(b) given by o(a) = b and o(c) = ¢ for all ¢ € F is an
F-embedding.

Let 7: E — F be an extension of 0. Then 7(r;) = r; for each ¢ and some
j. Hence 7(F) C E. Since F is a finite dimensional F-vector space and 7 is
injective, it is also surjective. Hence 7(F) = E. Therefore b € E. This shows
that E contains splitting fields of irr (a, F') for all @ € E. This property is

the defining condition for normal algebraic extensions.

Definition 13.1. An algebraic extension E/F is called a normal exten-
sion if whenever f(x) € F[x] is irreducible and has a root in E then f(x)

splits into linear factors in E|x].

Example 13.2. (1) The algebraic closure F* of a field F' is a normal ex-

tension of F.

(2) Let ¢ be a primitive n** root of unity in C. Then Q(¢) is a normal ex-
tension of Q. An element o € Q(() is of the form g(¢) for some g(z) € Q[x].
If B is a root of irr (o, Q) then there is a Q—isomorphism ¢ : Q(a)) — Q(f)
such that ¢(a) = . The isomorphism ¢ can be extended to an embedding
®: Q(¢) — Q. But ®(¢) = ¢™ for some m. Hence B = ¢(f(¢)) = f(¢™) €
Q(¢). Hence Q(¢)/Q is a normal extension. Alternatively, note that Q(¢) is

a splitting field of ™ — 1 over Q.
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(3) Every quadratic extension E/F is normal. Let a € E\F. Then irr (a, F) =
f(x) = 22 + bx + ¢ for some b,c € F. Let f(x) = (v — a)(x — s) for some
s € E. Hence FE is a splitting field of f(z) over F. Hence E//F is a normal

extension.,

(4) The extensions Q(v/2)/Q(v/2) and Q(v/2)/Q are normal but the ex-

tension Q(v/2)/Q is not a normal extension since the complex roots of
irr (v/2,Q) are not in Q(v/2).
(5) If E/F is a normal extension and K is an intermediate subfield of E/F

then F/K is a normal extension.

Lemma 13.3. Let E/F be an algebraic extension. Let o : E — E be an

F—embedding, then o is an automorphism of E.

Proof. We need to prove that o(E) = E. Let a € E and p(x) = irr (a, F).
Let K be the subfield of E generated by the roots of p(z) in E. Then K is
a finite dimensional F-vector space. Since ¢ is an F—embedding, it maps
roots of p(x) to its roots. Hence o(K) C K. Since o is an injective F'—
linear map of the F—vector space K, dimp K = dimpo(K). Hence o is

surjective. ([

Theorem 13.4. Let E/F be an algebraic extension such that E C F®*. Then
the following conditions are equivalent:

(1) Every F-embedding o : E — F® is an automorphism of E.

(2) E is a splitting field of a family of polynomials in F[z].

(3) E/F is a normal extension.

Proof.
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(1) = (2): Let a € F and po(z) = irr (a, F). If b € F* is a root of p,(z) then
there is an F-isomorphism 7 : F(a) — F'(b). The embedding 7 : F'(a) — F*
can be extended to an embedding o0 : E — F% But ¢(E) = E. Hence b € E.
Thus all roots of p,(z) are in E. Hence FE is a splitting field of the family of

polynomials (p,(x)) qcp-

(2) = (3): Let E be a splitting field of (p;(x))ier of polynomials in F[x].
Let a € E and f(x) = irr (a, F). Let b be any other root of f(z) in F°.
Then there is an F-isomorphism 7 : F(a) — F(b) so that 7(a) = b. The
map 7 can be extended to an F-embedding o : E — F*. But ¢ maps roots
of (pi(x));er to their roots. Hence o(F) C E. Hence b € E. Thus f(x) splits
into linear factors in Elx].

(3) = (1) : Let 0 : E — F® be an F-embedding. Let a € E. Then
p(z) = irr (a, F) splits into linear factors in E[z]. Since o(a) is a root of
p(z), o(a) € E. Hence o(F) C E. By Lemma 13.3, o(F) = E. O

Proposition 13.5. Let Eq, Eo be subfields of a field E. Let Ev, E5 be normal
extensions of F. Then E1Es/F and E1 N Ey/F are normal.

Proof. Let E1 and Fo be normal extensions of F. Let o : F1Ey — F® be
an F-embedding. Then o(FE1E3) = o(E1)o(E2) = E1Es. Similarly observe
that o(E1 N Ey) = o(E1) No(E2) = E1 N Ey. Hence Ey N Ey is a normal
extension of F.
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