Lecture 23 : Solutions of Cubic and Quartic Equations

Objectives

(1) Cardano’s method for roots of cubic equations.
(2) Lagrange’s method for roots of quartic equations.

(3) Ferrari’s method for roots of quartic equations.

Keywords and Phrases : Cubic equations, quartic equations.

In this section we present algorithms for finding roots of cubic and quartic
polynomials over any field F' of characteristic different from 2 and 3. This

is to make sure that irreducible cubics and quartics are separable.
Cubic polynomials

Cardano published Tartaglia’s method to find roots of cubic polynomials
in 1545. This is known as Cardano’s method. We may assume that the
given cubic is of the form f(x) = 2% + pz + ¢ since a general cubic can be
transformed into this form without changing its splitting field. One begins

by introducing two unknowns u and v. Put x = u + v into f(z) = 0 to get
ud + 03 + 3uv + 3uv? + plu+v) +q =1 +0° 4+ ¢+ Buv + p)(u+v) = 0.

We set u? +v3 4+ ¢ = 0 and 3uv +p = 0. Hence v = —p/3u. Put this into
the first equation to get

u® + qu® — p3/27 = 0.

This is a quadratic equation in u3. Put D = —(4p3+27¢?). By the quadratic

formula we get

u

—q++/q%+ (4p3/2

Set A= —q/2++/—D/108 and B = —q/2 — \/—D/108. By symmetry of u

and v, we set u> = A and v3 = B. Let w be a primitive cube root of unity.
Then

uw= VA, wVA, W*VA, and v= VB, wVB, wVB.
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We must choose cube roots of A and B in such a way that VAYB = —p/3.

Having chosen these we see that the three roots of f(z) are
VA+ VB, wVA+w?VB, w?*VA+wVB.

Example 23.1. Consider the cubic f(z) = 2* —3x+ 1. Reducing modulo 2,
we see that f(z) is irreducible over Q. The discriminant of f(x) is D = —81.

Hence

A=—q/2+4+/—D/108 = exp(27i/3), and B = exp(—2mi/3).

Substitute these values of A and B into the formula for the roots, we see
that the three roots of f(x) are 2cos(2m/9), 2cos(87/9) and 2 cos(14m/9).

Let f(x) = 2% + px + q € R[z]. If disc (f) < 0, then cube roots of A and

B can be chosen to be real. In this case

r = \B/Z—F\S/EER,
vV A+ /B VA — /B

r3s = To.

If D = disc (f(z)) > 0 then A = —¢/2 + i,/D/108 and B = A. Suppose
that VA = a + b then due to uv = —p/3 we have /B = a — ib. Hence the
roots of f(x) are ry = 2a, 1y = —a — by/3 and r3 = —a + b\/3.

Notice that in this case, all the roots are real. However, they are expressed
in terms of complex numbers. It can be proved that the roots cannot be ex-
presseed in terms of real radicals. Historically, this is called the irreducible

case. This fact forced mathematicians to accept complex numbers.
Quartic polynomials

We present Lagrange’s method for the roots of a quartic polynomial. We
continue with the assumption that F' has characteristics different from 2, 3.
Consider a general quartic polynomial f(z) = z*+ a3 +bx? +cx+d. We put
y = —a/4 to get the polynomial g(y) = y* + py® + qy +r. Let ry,72,7r3,74
be roots of g(y). Consider the quantities

01 = (Tl + 7‘2)(?”3 + 7“4)7 0y = (7‘1 + T3)(T2 + 7”4), 03 = (7“1 + 7‘4)(7‘2 + T3).
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The cubic polynomial whose roots are 61,65 and #3 is called the resolvent

cubic of the quartic polynomial. It turns out to be the polynomial

h(z) = 2 — 2pz® + (p* — 4r)z + ¢>.

Using the relation r; +ro + r3 + 74 = 0 we get

ritre=+—=01, r3t+ryg=——01
1+ 13 = +/—0o, 9 + 14 = —+/—09
1+ 14 = 1/ —03, r9 + 13 = —+/ —03.

One can show that /—01v/—021/—03 = —q. Hence two of the square roots
determine the third. Adding the three equations on the left and using the
fact that 1 + 79 + 13+ 74 =0, we get

2r1 = \/—01 + \/—02 + /03,
oy = \/—01 — \/—0y — \/—03,
SEVE AV e
2ry = —\/—01 — /—b2 + /b5,

This shows that the roots of the resolvent cubic determine the roots of the

quartic.

Proposition 23.2. The discriminant of the quartic g(y) = y* +py?> +qy+r
and its resolvent cubic h(x) = x3 — 2px? + (p? — 4r)x + ¢° are equal.

Proof. The differences of the roots of the resolvent cubic are:
91—92 = (7“2—1"3)(’/“4—7“1), 91—93 = (7“2—7“4)(7"3—7“1), 92—93 = (r3—7“4)(1"2—7“1).
Hence the quartic and the resolvent cubic have same discriminant. O

Remark 23.3. In the literature, we find that the term resolvent cubic is

also used for the cubic whose roots are
t1 = rire + 1314, to = rir3 +rory, and t3 = riry + 1273,

It can be shown that this cubic is 7(z) = 2% — p2? — 4rz + 4pr — ¢ and h(x)

and r(z) have equal discriminant and the same splitting field over F.
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Ferrari’s method for solving quartic equations

Consider the general quartic equation
xt 4+ b3 + cx? + dr + e = 0.

Rewrite this as 2% 4+ ba® = —cz? — dz — e. Now complete the square to get

ba \ 2 b2
2 —_— = _— — 2— —
<x+2) <4 c>x dxr — e.

Let y be another variable and consider the equation:

bx vy 2 b? bx y?
2 0T Y _ (Y 2 g 2, 0T y
<aj+2+2> <4 c>:1: dx e+y(m+2>+4

v? by y?
2 —
(1) = <4 c—i—y)—l—x(z d>—|—4 e

The right hand side of the last equation is a square of a linear polynomial

in x if and only if its discriminant is zero. i.e.

(3by —d)* —4(39° = €)(30° —c+y) = 0.
Therefore
Y3 — cy? + (bd — de)y — b%e + dee — d* = 0.
Let y be any root of this cubic and substitute it in the equation (1) to get
(2) xz—l—ébx—i—%y:im:p—i—n
Notice that the roots of the equation (2) are the roots of the given quartic.

Proposition 23.4. Let x1,x9,x3,x4 be the Toots of
f=a*+bx®+ca?+dz+e=0.

Then y1 = x122 + T3x4, Yo = T1T3 + TaX4, Y3 = T1X4 + T2x3 are roots of
resolvent cubic g(y) = y> — cy? + (bd — 4e)y — b’e + 4ce — d>.



