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Integer Programming Problems

e Bound

— An upper or lower limit on the value of the objective function at a
given stage of the analysis of an integer programming problem.

e Branch

— Selection of an integer value of a decision variable to examine for a
possible integer solution to a problem.
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Solving Integer Programming

e Branch and Bound method

— Creates and solves a sequence of subproblems to the original problem
that are increasingly more restrictive. until an optimal solution is
found.

e Enumeration Method

— A method used with 0—1 problems that involves listing every possible
outcome in order to identify the optimal solution.
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Integer Programming Problems

* Mixed-Integer Problem
— Requires that some, but not all, decision variables have integer values.

e Pure-Integer Problem
— requires that all decision variables have integer values.

* Mixed-Integer Problem
— requires that some, but not all, decision variables have integer values.
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Graph of an Integer Programming Problem

Maximize Z = 2.8x7 + 1.8x5

Subject to
3.8x7 + 1.5x5, = 5.7

2.5x3 + 3.0x, = 7.5
Xy, X2 = 0O and integer

e — x7and x,; are
both integer

Noninteger
optimum

" y -

Integer optimum
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Integer Programming Problems and Sensitivity Analysis

* Integer programming problems do not readily lend themselves to
sensitivity analysis as only a relatively few of the infinite solution
possibilities in a feasible solution space will meet integer
requirements.

e Trial-and-error examination of a range of reasonable alternatives
involving completely solving each revised problem is required.
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Solving Integer Programming

e Branch and Bound method

— Creates and solves a sequence of subproblems to the original problem
that are increasingly more restrictive. until an optimal solution is
found.

e Enumeration Method

— A method used with 0—1 problems that involves listing every possible
outcome in order to identify the optimal solution.
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Formulating Integer Programming Problems with 0-1 Constraints

* Either-Or Alternatives
e k-Out-of-n Alternatives
* If-Then Alternatives

* Either-Or Constraints

e Variables that Have Minimum Level Requirements
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Specialized Integer Programming Problems

* Integer programming problems with 0—1 decision variables
— Fixed-charge problem: minimize total costs
— Set covering problem: minimize coverage costs
— Knapsack problem: capacity-profit maximization

— Facility location problem: multiple facility locations with
capacity considerations

— Traveling salesperson problem: minimize total costs of
departing and returning the same location.
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Example 3: All Integer Problem

Consider this all-integer problem:
maximize Z = 6x; + 8x5 (millions)
subject to

dxy ~+ 6x, = 36
10x,+ 7x, =< 70
x; and x5, = 0 and integer

Solve for the optimal integer solution.
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The LP Relaxation Solution
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Node 1 Summarizes the LP Relaxation Solution

1 Initial solution

x| = 525
X3 = 250
z

Branching fram'the First Node
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Subproblems and Solution Points for Nodes 2 and 3
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Solutions for Nodes 2 and 3
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Subproblem and Solution Point for Node 4
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Solutions for Nodes 4 and 5

Infeasible
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Subproblems and Solutions for the Next Two Nodes
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Solutions for Nodes 6 and 7

1 Mz irmi ze £ = Sxq + Bxg
Subject to

Ay + Exg = IS
xy = 5.25 1036, + Fxp = 7O
xq. X3 = O and integer
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Summary of the All-Integer Maximization Problem

1. Solve the problem as standard LP problem: Ignore any integer requirements.

2. If all variables have integer values, this is the optimal integer solution. If any
variables with integer requirements are non-integer, this is not optimal. Using
the values of the variables for this solution, compute the value of the objective
function. This is the upper bound: No feasible solution can yield a better value.

3. Examine the non-integer valued variables with integer requirements. ldentify
the one with the largest fractional part. In case of a tie, choose one arbitrarily.
Branch on that variable: Round it both up and down to integer values. For the
lower integer value, formulate a new constraint requiring that this variable
cannot exceed this lower value. For the upper integer value, formulate a new
constraint requiring that this variable must equal or exceed this upper value.
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Summary of the All-Integer Maximization Problem

4. Solve two new problems, one consisting of the original problem and the
lower integer constraint and the other consisting of the original problem

and the upper integer constraint. (For subsequent nodes, include the constraints

for all branches leading to the node being considered.) For each node (problem),

one of three possibilities will materialize:

a. All required variables will be ‘integer. This may be the optimal solution.
Compute the upper bound for this solution. Stop branching on this portion of
the tree. This upper bound is.-now a standard of comparison for other nodes:
Stop branching from any node if its upper bound does not exceed this node’s
value. For nodes with higher upper bounds, return to step 3.

b. The solution will be infeasible. Again, stop branching on this portion of the
tree, but consider other portions: Return to step 3.
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Summary of the All-Integer Maximization Problem

c. If some integer-required variables are still non-integer, compute the upper
bound for this node. If any all-integer nodes exist, compare the upper bound of
this node to the highest upper bound of the all-integer nodes. If it exceeds that
value, return to step 3. Otherwise, stop branching from this node and consider

other nodes using step 3.
5. The optimal integer solution is-found when the value of the objective

function at a node with all integer values is not exceeded by the upper
bound of any other node, whether they represent all integers or not.
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LP Relaxation Solution Point (Mixed-Integer Problem)
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Solution at Node 1 for Example 3 and Branches to Nodes 2 and 3
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Subproblems and Solution Points for Nodes 2 and 3
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Solutions for Nodes 2 and 3
1

x =525
X3 ='2.50

Optimal
mixed
integer

x-| =5 Jﬁ =6

Xy = 2.67 Xy =143
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The LP Relaxation Solution Point (Mixed-Integer Problem)
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Node 1 Solution and Branches

1
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Subproblems and Solution Points for Nodes 2 and 3
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Solutions for Nodes 2 and 3 (Node 3 Contains the Optimal)
1

Mixed
integer
optimum
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0-1 Problems

O Some integer programming problems relate to binary decisions
involving choice between two possible values (0-NO or 1-YES) for each
decision variable.

O Generally these problems involve multiple variables, such as the need
to choose three locations for new convenience stores from a list of 20
potential sites. Even so, a‘yes-no decision must be made for each
potential site (i.e., there are 20 decision variables).

U These can be solved using the branch and bound method or the
enumeration method. The enumeration method is the simpler one for
such problems.
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Enumeration Method

» Suitable when the number of alternatives is fairly small (say, not more
than 16) and there are no more than 3 or 4 constraints, else, the process
of evaluating alternatives becomes tedious.

» Generally, the number of alternatives is equal to 2", where n is the
number of decision variables.

» Steps of the method:

1. List all possible alternatives.

2. Determine which alternatives are feasible.

3. Find the value of the objective function for each feasible alternative.

4. Select the feasible alternative with the best value of the objective
function.
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Example 4

Solve the following problem using the enumeration method:

maximize Z = 65x; + 70x; +"40x; - 50x,

subject to
] 10x; + 12x3¢+ 6x5 + 8x, = 30
2 3%, NG 2 = 5

All variables O or 1
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Tree Diagram for Example 4
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Enumeration and Evaluation of Alternatives for Example 4

Value of
_— - - - - = — -
Constraint 1 Constraint

oth Objective

atiue

asible? Function

1 O O O O O v O v v O

2 0 O (@} 1 8 v O v v 50
3 O O 1 (0] 6 v 2 v v 40
4 0O O 1 1 14 v 2 v v S0
5 O 1 (6 (0] 12 v 1 v v 70
& O 1 O 1 20 v 1 v v 120
7 O 1 1 (0] 18 v 3 v v 1o
8 0O 1 1 1 26 v 3 v v 160
o 1 O (] O 10 v 3 v v 65
10 1 O O 1 18 v 3 v v ns
L ) O 1 O 16 e 5 v v 105
12 1 O 1 1 24 v 5 v v 155
13:41 1 O O 22 v 4 v v 135
14 1 1 O 1 30 v S v v 185*
15 1 1 1 O 28 v & No No —
16 1 1 1 1 36 No & No No _—

NPTEL ONLINE

| IIT KHARAGPUR : CERTIFICATION COURSES



Business Analytics for Management Decision
PrescriptiveyAnalytics 3 [53]

Rudra P. Pradhan
Vinod Gupta School of Management
IIT KHARAGPUR

" NPTEL ONLINE

| IT KHARAGPUR : CERTIFICATION COURSES



o ...
Goal Programming

e Goal Programming (GP)

— A variation of linear programming that allows multiple objectives
(goals)—soft (goal) constraints or a combination of soft and hard
(nongoal) constraints—that can.deviate, allowing for tradeoffs in
achieving satisficing rather than.only optimal solutions.

— GP models are similar to LP. models in that both are formulated under
the same requirements.and assumptions (e.g., linearity, nonnegativity,
certainty).

— GP uses, like LP, graphical methods to illustrate linear programming
concepts.
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Goal Programming Models

« Multiple objectives
« Satisfy rather than optimize
* Minimize underachievement of goals
 Two approaches
— Weighted models
— Ranked models
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S E——-—.—....
Examples: Wilson Doors

Steel (Ib/door) 4 3 7 9,000 pounds
Forming (hr/door) 2 4 3 6,000 hours
Assembly (hr/door) 2 3 4 5,200 hours
Selling price/door $70 $110 $110
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Examples: Wilson Doors

Maximize total sales = $70E + $1101 + $110C

subject to

4E + 31+ 7C < 9,000 <(steelusage)
2E + 41+ 3C =< 6,000 . (forming time)
2E + 31 +4C < 5,200 (assembly time)
E,I,LC > 0
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Examples: Wilson Doors, Multiple goals

Goal 1: Achieve total sales of at least $180,000

Goal 2: Achieve exterior doors sales of at least $70,000
Goal 3: Achieve interior doors'sales of at least $60,000
Goal 4: Achieve commercial.doors sales of at least $35,000
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Examples: Wilson Doors, Multiple goals

« Deviation dT+ -
variables dr =

de =

amount by which the total sales goal is underachieved
amount by which the total sales goal is overachieved
amount by which the exterior doors sales goal is
underachieved

amount by which the exterior doors sales goal is
overachieved

amount by which the interior doors sales goal is
underachieved

amount by which the interior doors sales goal is
overachieved

amount by which the commercial doors sales goal is
underachieved

amount by which the commercial doors sales goal is
overachieved
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Examples: Wilson Doors, Multiple goals

« Multiple goals

70E + 1101 + 110C + d; —d; = 180,000 _ (total sales goal)

70E + dz — dg = 70,000 . (exterior doors sales goal)
1101 + d, — d,+ = 60,000 - (interior doors sales goal)
110C + d. — dg =85,000 (commercial doors sales goal)

® Objective function

Minimize total underachievement of goals = d; + d. +d, + d.~
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Examples: Wilson Doors, Multiple goals

subject to

70E + 1101 + 110C + d; + d; = 180,000

70E + dZ + dg = 70,000
1101 + d, + d,’ = 60,000
110C + dg + dg = 35,000
4E + 31 + 7C < 9,000
2E + 41 + 3C < 6,000
2E + 31 + 4C < 5,200
E, I, C, dr, dr, de, de,

d, d,, de, de > 0
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(total sales goal)

(exterior doors sales goal)
(interior doors sales goal)
(commercial doors sales goal)
(steel usage)

(forming time)

(assembly time)
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Examples: Wilson Doors, Multiple goals
Formulating a weighted model

1 — Achieve total sales of at least $180,000 5
2 — Achieve exterior doors sales of at least $70,000 1
3 — Achieve interior doors sales of at least $60,000 1
4 — Achieve commercial doors sales of at least $35,000 1

® Objective function

Minimize total weighted
underachievement of goals = 5d; + dg + d, + d
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. - Total sales goal is weighted 5 Interior doors sales goal is Commercial doors sales goal is
Exam ples . WI Ison Qmes as much as other goa|s> Qverachieved by $28,000. underachieved by $13,000.
Doors, Multiple goals

A B c B F G H I J K L N o P

1 Wilson Doors (Weighted GP #1)
2
3 E [ C\| & & & d' d o’ de i’
Under Over Under Over Under Undet  Over
ach ach ach ach ach Owrach ach ach
Extonor Wtenor Comm | total  total exter exter  wter ntes comm  comm
4 doors  doOfs  (oors |\sakes sales doors doors d00rs doors doors  dooes
5 ! Sclutian value 1000 .00 §00.00 200.00{ 000 000 000 000 000 2800000 1300000 0.00
5  Goal weights \5 1 1 1 13000 00}
I Constraints: Achieved
8 |Total sales goal 70 110 110 1 1 180000 00 =« 1300004 180000.00
9 |Extence doors goad | 70 1 1 7000000 = 700004 7000000
10 | intecior doors goal 10 1 -1 S000000 =  &0000) B8OO0 0O
11 | Comm doors goal 110 1 -1 3500000 , = 350004 22000.00
12 Stesl usage 4 3 7 \ TBOO00/ <= 9000
13 | Forrming time 2 4 3 580000/ <= 6000
14 | Assembly time 2 3 4 520000 <= 5200
15 E x| LHS | Sign RHS
16
17 f :‘ ; |
18 Set Cbjectve: |35 &l

Entries show how
much of each goal
has been achieved.

19 v
20 Tot " Max M m P
21

22| Lty Changng yarable Colr: {

2 -
So9LES

2] |mss:as &

ﬂﬁ Subject o #w Coret ants:

- P8 EME 11 = SO5E 50511 4

3‘: ML MM <= SO 50514 'J 404 I

All goals are expressed
as = constraints, using
the deviation variables.

Model includes three
resource constraints and
four goal constraints.
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Total sales goal is now
underachieved.

Examples: Wilson
Doors, Multiple goals

IIT KHARAGPUR

Total sales goal is weighted
only 2.5 times as much as

Commercial doors sales goal ii

other goals. now fully achieved.
i KA 1T B3 il J K L M [N] O P
1 |Wilson Doors (Wei ted GP #2)
2
3 E I c dr ' | df" | dg | dg" | dr di dc | dc*
i Under Over Under Over Under Under Over
ach ach ach ach ach Overach ach ach
Exterior Interior Comm| total total exter exter inter inter 'comm comm
4 doors = doors door sales sales doors doors doors doors doors doors
5 | Solution value 1000.00 64242 318.18[4333.33 0.00  0.00 | 0.00 0.00_ 1066667 0.00 0.0
6 |Goal weights 25 1 1 1 10833 33]
_7 |Constraints: 4 A Achieved
8 |Total sales goal 70 110 110 1 -1 y 4 N 180000.00| = 180000 175666.67|
9 |Exterior doors goal| 70 1 T4 4 70000.00) = = 70000f 70000.00
10 |Interior doors goal 110 y . i -1 60000.000 = 60000 70666.67
11 |Comm doors goal 110 | 1 -1 3500000 = 35000 35000.00
12 Steel usage 4 3 7 L A 8154 55| <= 9000
13 |Forming time 2 4 3 y A | 5524 24 <= 6000
14 |Assembly time 2 3 4 5200.00 <= 5200
15 Solver Parameters i _X_‘ LHS Sign RHS
16 -
a7 -
18 Set Objective: $M$5 |
19 X
20 To: " Max  Min " Value OF o
21
22 | By Changing Variable Cells:
23|
2*4’ I$B$5:§-$5 g
gg Subject to the Constraints:
97 $M$8:4M$11 = $0$8:$0$11 -
= MS12:6M614 <= $0812:60614 - L’
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S E——-—.—....
Examples: Wilson Doors, Multiple goals

« Formulating a ranked goal model

Goal 1: Achieve total sales of at least $180,000
Goal 2: Achieve exterior doors sales of at least $70,000
Goal 3: Achieve interiordoors sales of at least $60,000

Goal 4: Achieve commercial doors sales of at least
$35,000

Goal 5: Achieve steel usage of as close to 9,000 pounds
as possible
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Examples: Wilson Doors, Multiple goals

« Formulating a ranked goal model

— Lower ranked goals considered only after higher
ranked goals are met

Rank R;: Goal 1
Rank R,: Goal 5
Rank R;: Goals 2, 3, and 4

® New deviation variable

ds = amount by which the steel usage goal is underachieved
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Examples: Wilson Doors, Multiple goals

Objective function

Minimize ranked deviations = R,(d; ) + R,(dg) + Ry(dg + d, + d¢)

subject to

70E + 1101 + 110C + d; + d; =
AE + 31 + 7C + dg -

70E + dg + dg =
1101 + d, + d,’ =
110C + dg + dg =
2E + 41 + 3C <
2E + 31 +4C <

E, I, C, dr, dr, dg, d, dg,
de, d

o
v
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180,000
9,000
70,000
60,000
35,000
6,000
5,200

0

(total sales goal)

(steel usage goal)

(exterior doors sales goal)
(interior doors sales goal)
(commercial doors sales goal)
(forming time)

(assembly time)
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Examples: Wilson Doors, Multiple goals

Objective function — first LP model

Minimize rank R, deviations = d;

Objective function — third LP model
Minimize rank R; deviations = dg + d, + d¢

Additional constraints

d =0 (optimal value of rank R, goal)
dgs = 0 (optimal value of rank R, goal)
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Examples: Wilson
Doors, Multiple goals

IIT KHARAGPUR

A B c D E|F| 6 | H| 1 J K L | ™ N | O = Q
1 |Wilson Doors (Rank Ry Goals Only) Rl R el (5 o s dT)
2
3 E ! C | dr df dg  dg  de dr dr dc” dc* @ank R, goal is fully achieved)
Under Over Under Under Over Under Under  Over
ach ach ach ach ach ach Owerach ach ach
Exterior Interior Comm | total total steel exter exter inter inter comm comm
4 doors  doors doors | sales sales usage doors doors doors doors doors | doors
j Solution value 1000.00 800.00/200.00| 0.00 | 0.00 |1200.00 0.00 ' 0.00 | 0.00 28000.00 13000.00 0.00
6 |Objective coeff 1 0.00|
7 Constraints: Achieved
8 |Total sales goal 70 110 110 1 -1 180000.00 = 180000] 180000.00,
9 |Steel usage goal 4 3 7 1 ; 9000.00 = 9000]  7800.00|
10 |Exterior doors goal | 70 N T 70000.000 = 70000 70000.00
11 |Interior doors goal 110 | y 1 -1 60000.000 =  60000| 88000.00
12 |Comm doors goal 110 ‘ 1 -1 | 35000.00 =  35000) 22000.00
13 |Forming time 2 4 y 4 W 5800.00 <= 6000
14 |Assembly time 2 3 4 | A { 5200.00 <= 5200
ol Bl | Ui s s
16 y
A7 - 7 Entries show how
18] Set Objective: BN | much of each goal
19 b has been achieved.
5[1]‘ To: " Max Value OF: |0
gg By Changing Variable Cells:
2| BT B
25 | : R
26 ‘ Spettolhe Corlrabe Model includes five goal constraints
27 gg?ﬁff:;gfs%is” Add and two resource constraints.
28
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Examples: Wilson
Doors, Multiple goals

IIT KHARAGPUR

| A 3 e | DI _E F G|l H | L M N ol P a
1 Wilson Doors (Rank R; Goals Only) Rank R; goal is to
N minimize ds.
3 € I € | o gr ds ~ de de 4 S do de Rank R, goal is also
Under Over Under Under Under Owver Under Over fully achieved.
ach ach ach ach Owerach ach ach ach ach

Extenor Intenor Comm | totad  total  steel exter  exter inter  inter  comm comm
4 doors dooes  doors | sales  sales usage doors  doors  doors  doors  doors  doors
5 |Soluton value 1900.00 466.67 0.00 | 0.00 433333 0.00 000 6300000 8666.67 0.00 35000.00 0.00
6 Obpctive coeff 1 0.00]
7 Constraints: Achieved
§ Total sales goal 70 110 110 1 1 180000 .00 160000} 184333 33!
9 |Steel usage goal 4 3 7 1 9000 00 9000] 9000 00
10 Extenor doors goal ] V 4l 1 4 7000000 = 70000} 133000.00]
11 |intenor doors goal 110 1 41 6000000 =  6D00O) 5133333
12 |Comm doors goal 110 1 -1 | 3500000 = 35000 0.00]
13 |Formung time 2 4 3 566667 <= 6000
14 | Assembly time 2 3 4 520000 < 5200
15 g A LHS  Sign RHS
s =
17 2
19 goal is fully unsatisfied.
2}? To: " Max i~ ‘u‘ ln
22 v Changing Variable Cel:
gi {sssoass 7
2%
2% Sidnect %o Pw Corntrants:
21 E4S -0 — N N
28 P11 <~ PIPI dy set to its optimal value of
o PUSNLE = IR PE12 |\ zero (from Rank R; solution).
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Examples: Wilson

Rank R3 goal is to minimize
(dg + di+ dg).

Doors, Multiple goals __A [ - S - B - < S L |m] N ol e @

1 \Wilson Doors (Rank R; Goals Only)

2

3 E | Cc dr | & | ds | dg de” dr d dc” dc*

B Under Over Under Under Over  Under = Over Rank Ry goal cannot be

ach ach ach | ach Overach Under ach ach ach fully achieved.
Exterior Interior Comm | total total steel exter exter achinter inter comm comm

4 doors = doors doors | sales sales usage doors doors doors doors doors  doors
5 |Solution value 1694.74 421.05 136.84| 0.00 | 0.00 | 0.00 0.00 48631.58/13684.21 0.00 19947.37  0.00

6 |Objective coeff 1 1 1 33631.58]

7 |Constraints: A Achieved
8 |Total sales goal 70 110 110 1 -1 180000.00 = 180000) 180000.00
9 |Steel usage goal 4 3 7 1 9000.00, = 9000y 9000.00
10 |Exterior doors goal | 70 M. V' 400N 70000.00 = = 70000| 118631.58
11 |Interior doors goal 110 4 4 1 1 60000000 = 60000 46315.79
12 |Comm doors goal 110 | 1 -1 35000.000 =  35000] 15052.63
13 |Forming time 2 4 A 548421 <= 6000

14 |Assembly time 2 3 4 5200.00 <= 5200

L Solver Parameters x| LHS Sign RHS

16

A7

18 Set Objective: g6 |

19

20 To: " Max + Min C Value OF: |0

21|

2| By Changing Variable Cells: /@? and dg both set to zero

23 — (from Rank R and R, solutions).

= 5: 5

2 |s8$5:qms: B

,gg, Subject to the Constraints:

2 S5 = |

28 $N$13:8N$14 <= §P$13:4P$14

2 $NSB:4NS12 = $PSB:PS12 change |
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Plot of a Goal Constraint

X

Goal: x; + x> + iy — v = 60

Target (goal)

‘ 51 NPTEL ONLINE
IT KHARAGPUR " CERTIFICATION COURSES



Designating Priority and Direction

X2
Minimize Pyuy
Subject to
&0 x1+x2+l_}1_v]=60
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Plot of the Hard Constraint and the Feasible Solution Space

X2

50

Feasible
solution
space
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The Acceptable Region after Adding the First Goal Constraint

X2
50
Accep_;table 3 %‘
region o
20
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S E——-—.—....
The Second Goal Is Added to the Graph

X2

Acceptable
region

X1
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The Third Goal Is Added, but It Doesn’t Change the Solution

X o
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Plotting the Acceptable Region

0| g n |
50 50 C
40
3
V'
e A
P
B B
Vs ¥
0 0 x 0 20 40 X
(a) (b)
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Excel Worksheet for Robinson Chemical Company Problem

E Microsofl Fxoel - chil

A5 Data  Windoee  Hedp

=SUMPRODLUCTIET: k<7, §6514: 5514

a2 T | © [ = [ F e [ 5 [ 1 T X DN W | § — 1 1

L [Rebinson. Chamieal Dfanvuficurig Company = C0n5|der|ng Only
| 5 |varinbles [ 3 13y L ra ) wx e ki) o o

C o oo | Coompoias Al Lab ok Labor | MlacHine |Machina | Demand | Demnand |Damadd |Datazod | Left-Fansd | Foght. Prlorlty 1
| 4 | L 200 Usdar  Over |Eis. Oodar [Bre, Dwea | o, Dider | w, Sivey | 3e; Tinder |30 Qe | Tatal Haord Jidke
Ohjactiva

| 5 | ComERrinnt L N oo o o
e - (Minimizing

2 |Laborhouars a = L L 100
| # |Mackuiss hows ] S 1 L 180 L b
T — — : 2 ] abor
=

:f -::::u:;l:ﬂlrnhl : 352 IJI:I521532 e [ Dpl I:\I")ﬁ T-'I.Dﬁ“r: Dl‘;_;.ﬂl_"r?ﬁ'% Underutlllzatlon)
L5 | i ctirm ol 000 |

L& rd |
s v ’ & Goal
| L} A 7.
En N
= o
Ea A N
| 25 | 2 v

o4 \Sha-atl.{ShE-atz.{Shaatar.{Ehaet4fnﬁheet545hEatﬁ? _li:/ | sl

Mf ]

I /

Priority 1 goal is ity 1 I = SUMPRODUCT ied to Left-hand-side
satisfied Lh=0 is id y (BF (K7, “| LS - LM total for
= D5 = D14 SBS5I4 : 5K514) constraint 1

NPTEL ONLINE

| IIT KHARAGPUR : CERTIFICATION COURSES




Parameters Screen for Robinson Chemical Company Problem

Solver Parameters |X|
et Target Cell: | FEFSEN 5% L_soe_] Objective function
Equal To: O™ ®mn (O vake of: I 5 o
B Changing Cells: - : e COﬂSIderlng Only
s Priority 1
Subject to the Constraints: Cptions . . . .
Decision (Minimizing Labor
37 <= M3
$t$;:$L$1T=?$M$E:$M$11 and deviation U d . | . .
— variables nderutilization)
Delet
? \ Goal
Goal Hard Check “Assume Linear
constraints constraint Model" and "Assume
(constraints 2-5) (constraint 1) Nonnegative”
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Excel Worksheet for Robinson Chemical Company Problem

et = s [ R i i R e T |

| 1 |Rokbinson Cherical Mamufaciuring Coerpany E
2
Ewn; XL =3 iy vl Uﬂ . v: - ] V3 14 "1 - . . . .
B i ol v oo o el gl ) ol =W I Considering Priority 1
Ohjectve
| 5 | Coefficient | | | | | .« . o .
e — . E— — (Minimizing Labor
S |Machina bomrs 3 S6 L LEO 120 o .
e —— s e B o D Underutilization) and
1z
o . . oV . . e e e .
e - R TR B S Priority 2 (Minimizing
|5 Objactive Walus 000 | Y A WY
i | S { — .
& N Machine Hour
|20 | | +_ L I~ ong o
al
. - i Underutilization) Goals
24 LN | |
25 ATl
« v i Sheeti JSheeta [ Sheets { Sheetd 3, sr-em,%ﬁ B T e S —— 31!

Raaty . N O 7

Priority 2 goal is Priority 2 goal is = SUMPRODUCT

satisfied u; = 0 considered, and priority (B7 : K7, SBS4 : SKS14)

=F5+ F4 1 goal is satisfied 4= 0 copied to cells L8 : LT
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Excel Solver Parameters for Robinson Chemical Company Problem

Solver Parameters |§| ..
— Objective
Sek Target Call: HEE1S | Solve function
Equal To: OMax &Moo O¥aluscfh: |0 — in.
By Changing Cell: [Cl—] [mln UZ} . 3 c c
T (e ] Considering Priority
Subjet to the .:.msmmt Decision and 2 (Minimizing
e e ——— A\ A Machine Hours
fLFEELE Ll = fMfatmEil hariga oy .
Underutilization)
-Qelete . .
- Goal While Ensuring
| That Priority 1 Goal
Goal constraints Hard Priority 1 Is Satisfied
(constraints 2 constraint goal is met.
through 5) (constraint 1) =0
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Excel Solver Parameters for Robinson Chemical Company Problem

Solver Parameters |§| N
: — Objective
Sek Targat Call: E function
Eual To: Omax Mo Ovalueck: |0 | -
By Changing Cells: 13 0
4B 4gKEd — Bl [ s
Subjed ta the Constraints: Options
igﬁi 1) A |_hdd — _Decision and
3147 <= 7 ————————————y deviation
L35:5L511 = $M$5:5ME11 —
s = o = habes
-
I
Goal constraints Hard Priority 1& 2
(constraints 2 constraint goals are satisfied
through 5) (constraint 1) u=u=0

Considering Priority 3
(Minimizing the
Unsatisfied Demand
for Compound 200)
Goal While Ensuring
That the Priority 1 and
Priority 2 Goals Are
Still Satisfied
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Excel Worksheet for Robinson Chemical Company Problem

[ (=]

e —————— “Considering Priority 4 Goal

e N (Minimizing  Unsatisfied
bmm T N Demand for Compound 200)
e \ 'TV_—_‘__?' While Ensuring That Priority
e ]| 1 (Minimizing Labor
S ~&H Underutilization), Priority 2
= < NS \ (Minimizing Machine Hour
= N Priority 3  (Unsatisfied
Prcrty 4 gos s ot priry 4 godl Lefe= band sde cotd, Demand for Compound 200)

SHsxH4 fo cells L8 : L1 Goals Are Satisfied
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Excel Solver Parameters for Robinson Chemical Company Problem

Solver Parameters

=
_ E Objective
Sek Targat Call: E function
FoualTo: QM ©da Ovsluech [0 | —* =0 Considering Priority 4
h . |E: . . . . . .
B Changing Ce (Minimizing the Unsatisfied
4BHL4 4414 ER

Demand for Compound 100)

Subjed: to the Constraints: -thinns . .
W$11 =0 ] becisonand | G0al  While Ensuring that
§F$14 =10 } - ] o .. ..
$3$14=10 Changs deviation Priority 1, priority 2, and
1147 <= 147 variables iori | ill
S454LE11 = dMgE Mg 11 PI"IOFIty 3 Goals Are Sti
B Satisfied
|
Goal constraints Hard ny=w=u3=0
(constraints 2 constraint Priority goals
through 5) (constraint 1) 1,2, 3 are met
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Excel Worksheet for Robinson Chemical Company Problem

h I H I [ o 1T E 1 T R S I | T | B I )
L | Redinsem Cledcal Fiaroubhebecdes O o mpoamy F—
=2
S| Voo e b | =3 1 ] ho-] ] 3 L] Ly v
Ceorrpeorred. aarrpeoerred. | Leakecr Leator | Plawc b IMlachin: |TFemaod Demasnd Cemand Cemand Teft-Heand Bighd-
4 100 =00 Trd=r Dreer B, Toder | Hes, Dver | 1) Tndee | W) Oose | Wy Oosder | X Oeme | Tokal Hand Side
Dt
5 | Coprfficiens 3as = 25 1.5 =0
[ [ 1
F | Mixing madscial E] 3 Ls0 150
= | Labeos Teowmes = = 1 -L Lo 100
P | Eaching bowes a3 as 1 -1 L= 1=0
L0 | Diemaaond < L0OO 1 2 1 1 40 40 |
LL | Dewmnd <2210 1 . B 1 -L S0 S0 =
L= y N y .
LS | Voriakles =y | LB | e | L] = 144 4
L4 | Salutbon el [Y==] =0 [5] 150 o0.o0 ol & ao| [5] a oo
LS | Covece v Vadhuo | 1350000 4 ~ 4 A
L&
L7 A A 4
LE
LS
=0
=L .l 4
.:{3 —_— —
= A =
24
E3 A — =
H 4 » My Sheetl f Shests FSheata tqj.sha-atﬁ.{ﬁ =N i B i = |
A=y Nl
Cell Copied to Formula
L7 L& : LT = SUMPRODLMNCT (B7 : K7, SBS - S5KS514)
Bl1% = SUMPRODLKCT (B4 : K14, B5: K5)
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Business Analytics for Management Decision
NonlinearProgramming

Rudra P. Pradhan
Vinod Gupta School of Management
IIT KHARAGPUR

" NPTEL ONLINE

| IT KHARAGPUR : CERTIFICATION COURSES



S E——-—.—....
Nonlinear Programming

« Objective function and one or more constraints may be nonlinear
 Difficult to solve

« Optimal solution not necessarily a carner point

« Local verses global optimization

« Starting point influences solution
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Nonlinear PYrogramming

Nonlinear Constraint

Nonlin !
Feasible

Region
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anction Curves

Nonlinear
Objective




S E——-—.—....
Nonlinear Programming

Y ~ : o :
S Linear Objective Function
~
~e”
SO _
S Global Optimal
~ Local Optimal Solution \\\ Solution
. ® &

/, ~ N < N
~< ’ o
/‘\ A ’ -~
2 : : @’ ~ ’ Level

© 4 Starting point(Cxmay \\I{ Objective
lead to local optima ~
: : 2 ~ Function
point(A) firs JRe \4/ Lines
’ S
Starting point() i NS,
D may lead to _>' Nonlinear
global optimal // Feasible
pomt@ first // Region

/

, 1 NPTEL ONLIG
T KHARAGPUR " CERTIFICATION COURSES



Nonlinear Programming: Pickens Memorial Hospital

* Profit contribution and decision variables

Profit contribution per medical patient = $45 + $2M
Profit contribution per surgical patient. = $70 + $3S + $2M
Profit contribution per pediatric patient = $60 + $3P

where

M = number of-medical patients admitted
S = number of surgical patients admitted
P = number of pediatric patients admitted

"1 NPTEL ONLINE
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S E——-—.—....
Nonlinear Programming: Patient mix problem

Number of x-rays/patient 1 3 1 560 x-rays
Marketing budget/patient $3 $5 $3.5 $1,000
Number of lab tests/patient 3 3 3 140 hrs

Time required per lab-test (in hours) = 0.2 + 0.001M
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Nonlinear Programming: Pickens Memorial Hospital

Objective function

Maximize profit = ($45 + +$M) x M + ($70 + $3S + $2M) x S
+ ($60 + $3P) x P

= $45M + $2M2+ $70S + $3S2 + $2MS

+ $60P + $3P?2
subject to
M+S+P < 200 (total patient capacity)
M+3S+P < 560 (x-ray capacity)
3M + 5S + 3.5P < 1,000 (marketing budget, $)
(0.2+0.00IM) x (BM + 35S+ 3P) < 140 (lab capacity, hrs)
M, S, P > 0
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S E——-—.—....
Solution: Pickens Memorial Hospital

These are the only three decision
variables in the model.
f A | B8 | € | b | E|F |61 H | J | K | L |
1 Pickens Memorial Hospital (NLP)

2 %
1 Entries in columns E to |
3| M S P are'nonlinear terms.
4
: 4
6

Entries in this row
are functions of the
decision variables.

Medical Surgical Pediatric K

7 M s P M| 82 PNy MS | MP
8 Variable terms =B5 =C5 =D5 =B5%2 =C52 =D5'2 =B5*C5 =B5°D5
9 |Profit 45 70 60 2 3 3 2 =SUMPRODUCT(B9:19.5858:558) |
10 | Constraints: A W
11 |Total patients 1 1 1 s ) ¥ =SUMPRODUCT(B11:111,5B$8:5188) <= 200
12 X-ray capacity 1 3 1 h N =SUMPRODUCT(B12:112,$B%8:5I$8) <= 560
13 Marketing budget |3 5 35 =SUMPRODUCT(B13:113.9B$8:51$8) <= 1000
14 |Lab hours 0.6 0.6 0.6 0.003 0.003 _ 0.003 |=SUMPRODUCT(B14:114,5B%8:5I88) <= 140
5] LHS Sign RHS
All entries in column J are computed
Gsing the SUMPRODUCT function. )/

NPTEL ONLINE

IIT KHARAGPUR : CERTIFICATION COURSES




S E——-—.—....
Solution: Pickens Memorial Hospital

) A B c D E F G H | J K L
Pickens Memorial Hospital (NLP Solution #1)

1
:; = = — Optimal solution obtaine
{ - - when initial values in cells
4 Medical Surgical Pediatnic B5:D5 are set to zero.
Values in row 8 are \ 8 [Number of patients | 2000 ' 18000 000
computed from &
values in row 5. ! M S P W S i MS___MP
B Variabla terms — 7000 | 16000 000 400 00"32400,00 0,06 360000 000
9 Proit $45__ S70 %60 82 83 23 $116.700.00]
10 | Constraints:
11 Total patients 1 1 1 20000 <= 200
12 X.ray capacity 1 3 1 56000 <= 560
13 | Marketing bodgst | 3 5 35 96000 <= 1000
14 |Lab hows 0.6 0.6 06 0003 0003 0003 13200 <= w0
15 LHS Sign RHS
16
O ]
18| 1
19/ St Clmcttve: ] All entries in column J
Only cells B5:D5 are the 2 are computed using the
Qhanging Variable Cells. 211 e & pay e OF [ values in row 8.
- By Changng Variable Cels:
24 -~
o | 454045 i
% ||
28 | BT e =] 2 |
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Solution: Pickens Memorial Hospital

Checking this box \
enforces the non-

negativity constrainty

| IIT KHARAGPUR

hd Load/Save
[V Make Unconstrained Variables Non-Negative
Select a Solving Method: |GRG Nonlinear -] Options
d 2 Y

Solving Method

Select the GRG Nonlinear engine %emmatare th nonlinear, Select the LP Simplex
engine for linear Solver Pr ect the Evolu engine for Solver problems that are
non-smooth,
A Click this arrow and \
select GRG Nonlinear
as the solving method.
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Solution: Pickens Memorial Hospital

_4] A B c | o |[E|F|] 6 | H | J K|L|
1 Pickens Memorial Hospital (NLP Solution #2)
- | Solution now recommends
g M S P admitting only pediatric
4| Medical Surgical Pediatric patients. - - -
5 Number of patients| 0.00 |_0.00 | 200.00 ] ; ‘ Optimal solution obtained
6 NI 5 when initial values in cells
— - B5:D5 are set to M = 100,
7| M S P___M s¥ WP TMs Mmp S =0, and P = 100.
8 |Variable terms 0.00 000 ' 200.00 0.0040:00 40000.00 0.00  0.00
9 |Profit $45 $70 $60 $2° 33 $3 $2 $132.000.00]
10 |Constraints: . N
11 |Total patients 1 1 1 | N 20000 <= 200
12 |X-ray capacity 1 1Y 200.00 <= 560
13 |Marketing budget 3 5 35 N\ 700.00 <= 1000
14 |Lab hours 0.6 0.6 0.6 0003 0.003 0.003 120.00 <= 140
15| LHS _ Sign RHS

IIT KHARAGPUR
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Screenshot 6-8C




S E——-—.—....
Solution: Pickens Memorial Hospital

Select the GRG Nonlinear
tab in the Solver Options
window.

w
X

All Methods GRG Nonlinear l Evolutionary I

Convergence: 0.0001
— Derivatives
& Forward O Central

— Multistart

Use Multistart
Check this box to geﬁ Population Size: I 100
Solver to automatically
try different starting Random Seed: } o
values for the decision
variables. / [FlirRequire Bounds on Variables!

Check this box and provide
lower and upper bounds for
each decision variable.
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I
Nonlinear Programming

e Characteristics of Nonlinear Models

— Have one or more nonlinear components which cannot be
handled by linear programming techniques.

— Require nonlinear programming procedures which involves
obtaining the first derivative of the objective function,
finding all solutionsfor.which the first derivative is equal to
zero, and then checking second derivative conditions to
ascertain the nature of the zero points (e.g., a local
maximum or a local minimum).
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U-Shaped Cost Function

TC

Minimum TC

0 Qo Q
Optimum order quantity
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lllustrations of Local Maximum and Local
Minimum Points

f(x) fx)
dy
dx = O
|
[
[
| |
I dx |
: |
I I \
Local X / Local X
minimum maximum
(a) (b)
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Illustrations of Local Maximum and Local

Minimum Points (Contd.)
)

dy 0 :

dx T
I
I
I
1
! X

Local Local Local
minimum maximum minimum

()
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Volume—Price Relationship for the X-Tech Inc. Problem

500

Number of units sold

Volume
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Graph of the Profit Function for the X-Tech Inc. Problem

| IIT KHARAGPUR

2000 -

1500

1000

Profit

500 -

—1020
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| IIT KHARAGPUR

Worksheet for the One-Decision-Variable,
Unconstrained Problem (X-Tech Inc.)

A E e o [ E F [ © H |
1 |¥-Tech Incorporated m
2
3 Volume 225
|4 | Price 11
5| Fixed Cost 20
B Varahble Cost 2.
= Profit [_zo0s
3
E] =
KL L 7Y
11 )
L12] V4 N 4
[E]
14 '\
15| 4 Y N
1E
17
| 1B A W |
[E]
20 | el
M 4 v nlSheet1 {Shaote  Shoatd 4 Shootad Shoota 7 1= =]
El
Cell Copied to Formula
7 =C4*C3 —C3%=C6 —C5
c3 =500 — 25 = C4
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Parameter Specification for the One-Decision-
Variable, Unconstrained Problem (X-Tech Inc.)

Solver P t <
g~
Set Target Cell: 7 | Solve function
EualTo:  @OmMex OMa Ovwaweo: [0 | 5
By Changing Cells:
$Cé4 3 Gues:
[ Gl [ e ] v 4 Decision
Subject to the Constraints: -'I : variable
$cH4 >0 NS
4 Delete |
Click on options
Nonnegativity to ensure that
constraint for “Assume linear
decision variable model” box is
not checked
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The Optimal Point Lies within the Feasible Solution Space

Fix)

Feasible
solution - x =C
space
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The Optimal Point is on the Boundary of the Feasible Solution Space

Fifx)

Feasible
soluticon —— x —
space

‘ 51 NPTEL ONLINE
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The Global Maximum Can Be at the Point Where x=C

Fx)

Local - Global

maximum maximum

Y
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Graph of the Profit Function and the Feasible Space for the X-
Tech Inc. Problem

2000 — ———
1500

1000

Profit

500

n 14 17 20
Price
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Worksheet for the One-Decision-Variable, Constrained
Problem (X-Tech Inc.)

A B e © E [ F E H T 4 [ K =
1 |X-Tech Incorporated 1
P
| WVolume 300
4 Price =
5 Fixed Cost 20
|51 Wariahle Cnstl 2 &
= Profit 17aa]
E]
=] =
| 10| & N4 4
11
12 |
15 P A
14 [
15 I
| 16 | o N/
| 17 | WA
1B |
IE
| =0 | | -
W 4 * [y Shaotl % Choet2 4 Shootd £ Shools 7 Shoots 7 1= il | =1
Raady ) raLr
Cell Copied to Formula
c7 =C4*=C3 —C3x6 —C5
C3 =500 — 25 = C4

NPTEL ONLINE

| IIT KHARAGPUR : CERTIFICATION COURSES



Parameter Specification for the One-Decision-Variable,
Constrained Problem (X-Tech Inc)

constraint for
decision variable

Price =8
constraint

"1 NPTEL ONLINE
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Solver Parameters Profit
Set Target Cell: $C 47 = S function
Equal To: & mMax O mMin O vwalveor: |0 | [ Close l

By Changing Ceflis: |
[$cea (Z=al | £ Guess | Decision
Subject to the Constraints: - - # m variable
scs1 <=5 | .
$C$4 >=0 =
[ gee )
Nonnegativity




Graph of the Profit Function and the Feasible
Space for the X-Tech Inc. Problem

2000 -
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Worksheet for the Two-Decision-Variable, Unconstrained

Problem (Imaging Equipment)

A S = T | = | [ I E | F | T = T
1 | Sakabicon to the Imaging Equipeoeent FProtleon [Exacople 953 |
2 | Tocomstraned Problesn with Two Wanables
3
P Edodel 1 (2A13  Wlodel = (hA20
5 [Thember of TTnits S0, 0oy L Oy, Oy
B
Fa Tl % ) Y b = s T
B |[Wariable Terooes S0 000 100 0D SO0 D02 S0 002 SRe 9% =
9 |Frwemaes St . N T2
10 [ Wariable Cost y . 4 - Ot 0.3
11 |Fooed Cost y PN 1100
12 L
[ o NS »
|13
s y 4 .
= 8
17
| 18 VN J__
1= -~
M 4 o mh Sheetl £ Shestz { Shestd { Shests ) Sheets & i E S ] =)
Faady A\ W 4 [l
Cell Copied to Formmula
Bs = B5S
Lt - =5
D= =BS5S = (5
E= =BS5S + BS
= =5 = 5

o
w

= SIUh PRODUCT (B9 - 9, B8 - C8) +
SIpA PRODAMWCT (D& : F8, D10 : Flo) — 11

| IIT KHARAGPUR
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Parameter Specification for the Two-Decision-Variable,
Unconstrained Problem (Imaging Equipment)

Profit
Set Target Cell: ) [_sobe ] function
Equal To: ®max Omn O yalue of: 'C] [ Close |
By Changing Celis: ¥
|$845:$C3S : ‘ Decision
Subiject to the Constraints: 4 N7 b Options variables
$8$5:$C$S >= 0 S INasd ]
(oo )
b Delete

Nonnegativity
constraint for
decision variables
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O VE——
Worksheet for the Problem with Two Decision Variables and a

°
S| =
N = = =] = = = =] 0 —
h | Saobhrmiom to the T absy Fresh I s o dorasot Problesns (Exoarmple 9-8)
Z | Umecomnstramyesd Problemn withh Twe Variables
=
4 Froll-Chy =My | Stick -Ka
= Tl e oof Tlevits =l =M ninlu} Lo Terwe Foeoguorred Terme A oealable
L =]
L e o =, 3"
E=) S mranibde Terme Ho.ooo L= R Ll e R T i P e ]
= Fewrerne=s 3= = L8
ao Warmalle Clost — O D= —Cn NS . N S
a1 Fo=cd  ost Y . | 1S5S0
12 Eoachans Taoe =0 =0 &£ y 4 SS D S0
e S i
14 y . S |4
15 7 . N W,
15 §
17 o N
L= V N h o
I ] She=atl Sreatz ) Siweetd J SheatS f SheaelS i E == 1
Aok rara
el Formmula
L=y o} = Sk PRCOIDANCTT [E-'IZ T2, BS 'l::'.il
Bs = B5
= = 5
D= = B5 = BS
E=2 = TS W 5
B13 = SUUMMPRODILCT (B9 1 9, BE 1 8) + SURMPRODILUICT (D& : F&, D1 : FlO) — 11
= This formuula is also in thye formula bar
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Parameter Specification for Two Decision Variables and a

Single Equality Constraint Problem (Daisy-Fresh Co.
Deodorant Problem)

— — Profit
SetTarget Cel: | FETHICHN [Teo) [_sove ] function
EqualTo:  @Max OmMn Ovyaeof: |0 |
By Changing Cells: 4 N p
: %l
I$B$5 $C45 Decision
Subject to the Constraints: N\ \ 4 variables
$8$5:$C45 >=0 i
Pl o (Lad ]
Change
(e
Machine time Nonnegatmty
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decision variables
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Constraint Problem (East-West Company Computer
Cfnrm&:nhlem\
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Cell Formmula
B& = B5
= 5
Ds = D5
Es = D5+ D5
Bla = SUMPRODLMCT (B9 : ES, BS : ES)
F1o = SUMPRODLMCT (B1O 1 D0, BS 1 D5)
F11 = SUMPRODLMCT (BT : D11, BS : D5)
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o ...
Parameter Specification for the Two-Decision-Variable,

Multiple-Constraints Problem (East-West Company
Computer Storage Problem)

Solver Parameters
. Profit
EI: T;a.lr:get CE":E} =‘!.CI ! Solve function
ual To Max Min Yalue of;
By Thanging Cslk: - 4 AV 4
BSOS 5] [0 Guess ] Deci]
. . ecision
Subjed: bo the Corstrairks P N7 ptions .
8459086 =0 variables
$04E == $ioflF
$F$1|:| 4= $G$]|:| Q'EII'II:IE
$F$11 <= 3GH11
o
. . . , Minimum DVD
Nonnegativity Machine time Labor time oduction
constraint constraint constraint P ]
requirement
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Summary

* Graph of an Integer Programming Problem (IPP)

e Solving an IPP using Branch & Bound Method

e Solving an IPP using Enumeration Method

* Formulation of Goal Programming Problem

* Plot of Constraints & Feasible.Solution Space

* Similarities & Differences between Linear & Non-Linear Programming
e Optimal Solutions of Non-Linear Programming Problems
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Key Terms
* Pure-Integer Problem e Acceptable Region
* Mixed-Integer Problem * _Feasible Solution Space
* 0-1Integer Problem ¢ Local Maximum
* Bound e Local Minimum
* Branch e Global Maximum
* Relaxed Optimum * Lagrange Multiplier
* Tree Diagram * Unconstrained Problem
* Soft Constraints e Constrained Problem
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