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Module 4:Renewal Processes and Theory, Limit theorems in renewal theory

Lecture 18:Renewal Process Continued

The Lecture Contains:

B Renewal process(Theorem 4.7)

B Delayed Renewal Process

B Properties of Delayed Renewal Process
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Module 4:Renewal Processes and Theory, Limit theorems in renewal theory

Lecture 18:Renewal Process Continued

Theorem 4.7

mig) 1
In case for a renewal process —~ —* — as { — 00
£ H
Proof 4.7
Step #1

Suppose that s, <o holds and also let us refer to the illustration given in Figure 4.6.

X N1

tune —_

Figure 4.6: Schematic diagram to illustrate the concept asymptotic
rate of progress of and its effect on average rate of occurrence

If you see Figure 4.6 carefully then we know that SXM!H =¢ . So let us take the expectations for

which we have

E|Sy e | = Ele]

Elgz,m::m]: Hy X [myle)+1] > Ele]

i€, tim inf [&{ﬂai
—=w f {{_{X

. 1 . _
Now we need to show that hm |: X{ ]:| = —— , so let us prove the less than inequality, i.e., = .
=m i I'HX
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Module 4:Renewal Processes and Theory, Limit theorems in renewal theory

Lecture 18:Renewal Process Continued

Step #2

Define another renewal process ¥, , i =1,2... and fix a constant Af , such that we have

p % T EEM a=12.
UM X, xM

"
Let 5, = >.% and Ny {t) = sup {?z Dy, 55} . Now if X, is the inter arrival time, then by definition
-1
¥, is also inter arrival time, but which has been truncated by the value of Af, such that
Sy e =L+ M le,

M1+l
SF,N(I:I-H = Z}: ZE+A

i=1

For X, and Sx,x

1 ] 1 -
ﬂ ‘S.\.'I. ] f ‘51.\'5.‘ +1
time R
For ¥, and S},‘H
S T T | | -
0 5}'._‘-1:: r+M 5}'..\'““1
time B
M)+l t 1
Thus from SY’N&}H = Z}: = f+ iif we have [m},[g}+1]g}, =i+ , hence ]:in sup[”gi;{ }:| = #_
izl °° ¥

n n
Now as S, =¥ <8,,=p.% and it would immediately follow that N, {s)= N, {) and
=1 -1
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iy {2) 2 s, {z) . hence lim sup{mz{z}}f_:i and as }f —sco , then g = g, , thus we have

= i '.H}r

=

litnn sup{mXTm}Eﬂi .
e

Hence using lim inf [mz_[ﬁ]:| = 1 and lim sup [_mz [ﬁ]:| = 1 we immediately have —m(ﬁ) — 1
2w £ Ha T i i i i

as

f—0o B

Remember in the sequential problem we are always interested to find the average value of 37 , i.e., as

per the first order asymptotic property we should have f(;,]lfrn}_}n E{N}= L} or else more generally and
2()]_,

L
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strongly we should have the second order asymptotic property as &5[_1) |:
Fi 0
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Lecture 18:Renewal Process Continued

Delayed Renewal Process

In many practical situation one may face a situation where the first interarrival time has a different
distribution from subsequent values. Thus as per the definition given X,m=12.}isa sequence of
independent non-negative random variables with X; having the distribution F;, while X,;, n = 1 has the

)

distributionF;. Let 55 =0, §,, = ZXE-, n =1, then we define Ng(t) = sup{n:5, = t}, such that the
i=1

stochastic process {Np(t),t = 0} is called a general or a delayed renewal process.

Properties of delayed renewal process

1. P|lim {N‘”(t}} —}EJ =1

t—+oa t M

2. P|lim {—E[N’; (r}]} — 1J =1

t—oo H

Note
When F; = F;, then we have the normal renewal process.
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