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N-stage transition probability

Consider the following, i.e., at time + = 41, the process is at state j, (say state number f), while at time
t = (m +n), itis at state j, (say state number jj). Then the probability that from state number f to

state number jj is given by P[me =3|Xm =;g]= pi(:}’ where

pi(;u'l} =Py = P[Xxul =j|Xm :i]
p{?} = P[Xm+2 :j|Xm :i]

Pictorially we have the following diagram (Figure 1.16) to illustrate the one dimensional stochastic
process.

| | | |
| | | | I

1 m+l m+2 .. m+n

fime frame ——
Figure 1.16: lllustration of concept of transition matrix
Here the blue lines are .E.l}z ..=P[X = '|}f ='] or (.13'= ) =P[}f =i = ] as
p;; p;g A =1 pg.ﬁ; p_j'.‘:- w+d mel = S

m+l

the case may be, while the red line denotes, P[}{ = ;c|}{m :;‘], which can be expressed as one

W+l
stage transition probability values as the case may be. Finally the green line denotes 4, and in order
to avoid confusion we consider the initial and final states as i and j ONLY.
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Few relevant information which is important

Consider Bi are mutually exclusive and exhaustive events, such that Z Bz' = Q, which is the sure
i

event, i.e., technically the whole of the sample space and also assume &, BJ,- =g, Vi, jel istrue.

Now suppose 4 and ¢ are events, such that we write 4 as 1= A > B=X (4 B Then what
Wi Wi

may be of interest to us is to find F[4C"|= pHZ (4B, }}ﬂ = Zw; Hlan )]

wi

Now due to the fact that A=A 2,5 =7 (4 B) s true, we can write the following, i.e.,
v v
Z P[ﬂ ™ &, ]= ZP[ALBE. ]>< P[Bi], so with conditional probability P[ﬂ|{_‘,’] now becomes
i

wi

Plap]= %;P[ﬂwi,r:*]x Az lc]

Pictorially we can denote this as following as shown in Figure 1.17.

Figure 1.17: lllustration of the concept of conditional
probability and joint distribution

Hence we can write
P[X”‘”‘ :j|Xm :I-]: pi(:} :ZP{XMH = j=Xm+1 :kP{M :i]as
[

P[Xm+x = -Jr|"'{m :j=Xm+1 = k]xP[XmH :"FCP{M :3]

Il
=[]

= ZP[XM+?¢ :j|Xm :j’XM+1 = "?c]xpi.t :ZPE_I}KP;‘,&
k k

= z PE_I} * P
3
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-1
Hence: pi(:}: ZPE; }XP:'J:-,.
kel
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So generalizing we can write

2y _ (3 _
pi:?l}—p p;; Zp.igxp:k p{;

kel

ZP@ * Py and so on.

s

_'_

| 1 | m+n

thy Ii1‘I_J'J'.' Hi

time frame

Figure 1.18: Movement from jth to jt* state through an arbitrary jt*®
position at any point of time between ¢ such that 1y <t < (m +n)

Figure 1.18 thus shows how the stochastic process starts at ;" state at time 3 and finally goes to j&*

state at time 41 + - What is interesting to note it how does this transition takes place. A general
understanding of the stochastic process movement would make it clear that the process could have
arbitrarily been at j;t" state at say any point of time  between 4 and s + 11, i-€., ;1 < & < 1 + 1, and
the colour scheme of red, blue and green should make this arbitrary movement clear.

P11 P1z o
Using matrix notation we already have P = (pz-}-} = ( Pa1 22 ) such that p2 = (p"‘_} ) where it

means the element in the p2 matrlx and not that we S|mply multiply pij X pij. Thus it means that

23
= P % P. Similarly we have F‘y ZF‘:& “Fg’, hence p2=pP x P x P.Thus generalizing we

E_ mmm
have# =F*"*F and also Pt ptwp" = proXp X pXonp .Here it must be

u Hmes

® !;:wes o] !;MES
remember that we are considering there is no structural breaks or change in the underlying distribution
e, A, {x}i F},{y]. If that occurs then some where we would have the transition probability matrix

general structures as different, i.e., for t = m, m+1,..., m* we have 7, (;;} as the underlying distribution,

and afterwards from t = m*+1, m*+2,..., m*+n the distribution is F},(y)

Hence the basic thing required is to know the one step transition matrix is pij.

If PlX,=i]=a and P= ( ) are given then [Xn = ;‘]: EP[Xn =44, = J’I], i.e.,
Je=r

[ ] ZP XP[‘T{ =ilx, = ]

Jerl

= Z.ﬂj ey p[‘?:!) ,

Jerl

Thus we have the probability in terms of intermittent probability and the transition matrix
|| Previous Next||p
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Classification of the states of a Markov Chain

In this classification we will mention state j as being accessible from another state i, i.e., 1 — j if
pg’;:' = pi(;} = (1 for some 5 = [, here 5, denotes the y stage transition. In case if it not, then the state |

is not accessible from state i.
Example 1.12

Let us consider a conditional probability matrix as given below

oo O O
o T T - B
[ e T

Few observations from Example 1.12

e Then if the question is asked, is state 3 accessible from state 1, the answer is No.

« No state can be reached from state 1, i.e., state 1 is like a sink as 41 = 1 and it is called the
absorbing state. Similarly once you reach state 4 you remain in that state for ever as Pas = 1
and it is also called the absorbing state.

o Similarly Pa1 = Paz = Paz = 0.

e It is possible to go from state 3 to state 1, i.e., 3 to 2 to 1, but reverse is not possible.

e In case we have i —* j as well as j —*i, then the two states are communicating between
themselves. So in the example given above we have

e Pz >0 as 2 leads to 3 and also P32 = 0 as 3 leads to 2, hence state 2 and state 3 are
communicating states.

« A set of states in a Markov chain is said to be closed if pij = 0 for i T C and j | C, what ever the
set C be.

« If a subset of a Markov chain is closed then the subset also forms a Markov chain

« If a Markov chain has no closed subset, i.e., if the Markov chain is itself not closed, then the
Markov chain is said to be irreducible.

« Further more if  — 7 and j — k&, it implies that ; — -, which means we are only required to

show that p! = ) for some n > 1.

Note
Now suppose we know that pi(:l} = [1 and _,?_:.Ef:;!:' = [ and since pg‘L:’ XPE-EE} = [J, then from Chapman
Kolmorogrov equations we can show that ; —s %, is true, i.e., pi(;l} = as i—j and j—k are

both true and this statement that ; — k is true will hold for some n 3 1. For the interested readers we
would advice that rather than panic they should wait till we cover the simple proof of Chapman
Kolmorogrov equations.

Consider a fixed, but arbitrary state ; and suppose at time # = ( it is at state j, i.e., Xg = i, and also
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define fi"”} = Pffirst time return to i state occurs in n steps}, 1-€., at the nf" step | am back at state
i.
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Recurrence

Consider an arbitrary state, j, which is fixed, such that for all integers, n = 1, we define:
j;:’ = P[}{x = g,Xv 2i,v=12¥ n- 1_|}{|:| = j], which is basically the probability that after having

started from the ;¥ state it comes back to P[}f =H|r'|Xm =j] state for the first time ONLY at the

M+R
»™ transition. The definition makes it clear that ful =p; and pl = E:u{fz':{ ® p:.’:‘k} for n = 1, and
we also define fE.E' = [ Now let us consider the simple illustrations (Figure 1.19 and Figure 1.20).

states R
Figure 1.19: Movement from ;% state back to j& state considering that
there may or may not be any reoccurrence or visits to jt® state during
the time period 5

Reoccurrences

0 n, k ng My 1

time —_—
Figure 1.20: Movement from ;th state back to " state considering that

there may or may not be any reoccurrences or visits at :*" state in
between

From both the figures (Figure 1.19 and Figure 1.20) it is clear that X; =i and X, =i and the first
return to state ; occurs at i* transition. If this return is denoted by event X, , then the events £

{k 12K ,,:3} are mutually exclusive.

Now the probability of the event that the first return is at the j#* transition is _;f;:" which we already

know. Now for the remaining {;g —k) transitions we will only deal with those such that .{, =i holds
true. In case it does not, we will not consider that.
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So we have
P[Ek]= PLﬁrS.E return is at & .ﬁrc;uzs:iﬁimz|X =1.‘J>< P[X , =1.‘|XD =1‘]
v P[E,] =fE x pok for 1 =k = n and we also have 7 =1

Hence

plt = PriX, =ilX, =1}

= % _, P{first time return to i state occurs inm®" step} x PriX, =ilX,, =i}
4||Previous Next||p
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Let us pictorially illustrate the concept in Figure 1.21, where we start at ;% state at time y = (j and after
n = n time it come back to ;" state. If one observes closely the main difference with Figure 1.18 is the
fact that here we denote the states while in Figure 1.18 it was the time which was depicted along the
line.

Xu Xm Xﬂ

E'.Il i 1 th E_'.r il

states I

Figure 1.21: Illlustration of return of the stochastic process to "
state exactly at end of 4 time

The colour scheme in Figure 1.21 is quite easy to understand if we concentrate on the fact that it can
be green line starting at jt% position at = = © and returning to ;t" position at -= — == for the first time.
While the blue would denote that reaches " position once at y; — 3 time and then again the stochastic
process continues till it reaches jt* position at 5y = 5 for the second time. Continuing with the same
logic we can have such visits to jt% position many number of times but remembering that ;&% position is
reached at n = g, i.e., X,, = i.

Then we have

n
z'.:!.”:' = Z _;‘;':”‘:' % p!'.:f‘”‘:' , from which it is easy to note that
=1

pP= = plifory = 1
P = 0 g0+ £ for 2.
Utilizing this two formulae we easily get
p| p|
5 =p - f¥ % pf
Furthermore through simple induction we can show that

f..:,,j. _ P-LEH} B fi{l} v PLEn_ﬂ _ f':::} " PEEH_:} . fi.ia} % P:l;n—ﬂ::' _ f;:n_l}PlEﬂ

1 11

So the probability that the systems ever returns to its original state ; iS given fi= Z__f;[”:'

n=1

Hence
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« fi =1 b that the system returns to state i in a certain number of steps
« f; = 0 b that the system never returns to state I

« f; <1 b that the system may or may not returns to state i in a certain number of steps

One can understand that these transitional probabilities are dependent on (i) initial and final states and
(ii) time of transition from the initial to the final states, i.e., ﬁ.‘fj"*l = f.j, An), where #()is of some

function form of ;, j as well as difference in time periods.

4|l Previous Next||p
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Wald's Equations

¥
Consider Z;'s be the sum of random numbers random variables (r.v's), i.e., Z, = ZJ{I and remember
-

that X'z are ii.d random variables (r.v's), then E{ZJ: E{}’}x E{X!.]. The basic concepts of Wald

are the founding stones based on which the rich branch of Sequential Analysis (Sequential Estimation,
Sequential Interval Estimation and Sequential Hypotheses) have developed.

Now if we have E{Xu = 1] =1, then E[Xx} = {.5,;". Without repetition we would like to mention that for

the interested readers we would advice that rather than panic they should wait till we cover the simple
proof of Wald's equations. Remember the importance of this equation stems from the fact that one

can also find variance which is given by V{XM] = E[‘V{Xﬁ |‘T{M_1}]+ V[E{Xx L}{M_l}].
Stationary transition probability

When the one state transition probabilities are independent of time, i.e., 5, we say we have a Markov
process which has stationary transition probabilities.

Thus if p;.’”"'l =p;; then we all know the transition probability matrix is denoted as
1 Pz
P=|pPa1 Paz ) ie, P = ||pz'_;|'|| and this is the Markov matrix or the transition probability

matrix of the process. So generally the {j + 1)t" row of p denotes the distribution or the collection of
realized values of X, ., under the condition that ¥, =i. If the number of states are finite then the

transition probability matrix, F = "}‘;J " is a square matrix. Also it would be true that we have

N p; =0 ¥i,i=012K
(i) Z32op; =1, i=012K
mntl _

Now the whole process, i.e., p;; = p;; = PriX,+1 = jlX,, =i} is known if we know the value of

A, or more generally the probability distribution of the process.

Assume P[Xu :1‘]: Py, given which we want to calculate P[XU =i, X, =K X, = im] which is

any probability involving Xj,, Xj., --» X7,_, X;. such that using the axioms of probability.

Thus

P[Xu =iy, 4 =5,K 4, :ix]: "‘D[Xx =ix|XD =ip.4 =85, 4, =ix—1]

1.1
x Xy =i =4 K Ky =] @

By definition of Markov process we also have
P[X:u =ix LXD =iD’X1 =IIIFI{ ’Xx—l = I.:'e—l]z HXH = 3.:'¢|‘E,'r:'¢—1 = 3.:'4—1] (1'2)
Substituting (1.2) in (1.1) we have
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PriXo =10 Xy = i, o, Xy = ind = Diy_ g X Prifp=io X1 = iy, e o Xy = i}
Further more in the next step we have
PriXo = ig,Xy = By, oo, Xy = 10} = Piy_ g X Pin_gin_. X Pri¥o = io, Xy =iy, e, Xyyg = 15}
Using induction we finally have
PriXo =ig Xy = iy, o, Xoy = Ind = Diy_ g X Pty ginoe X oo X Pigiy X B

To make things better for understanding and also to bring into light the usefulness
of Markov chains we give few more examples which we are sure would be appreciated by the readers.

4|l Previous Next||p
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Examples 1.13

Let £ be discrete random variables such that the realized values of & £ K , are non-negative integer

values, such that P[§ = i]: a; = (1 and Zf_-;,r!. =1 We must remember that the observations are
i=1
independent. From this £ we define two Markov processes which are.

Case 1: Consider X, # =0,1,2E such that £, = £, and assume (which is not at all difficult to do

so considering that is the initial conditions for any process which is known beforehand) X, = &£, , then
0 @
the Markov matrix is given by F =k, @ --+||, where the fact that each row is exactly equal due to

the simple fact that the random variable %, , is independent of X,

Case 2: Another class of important Markov chains is seen when we consider the successive partial
sums, . of &'=, i =12 »n, ie, 5, =& +&, +K + £, . By definition we have 3, = (1. Then the

process XH =1, is a Markov chain and we can easily calculate the transition probability matrix as

Pl = |, =i]= Ple +K + &, = & +K + & =1)= Plg, = i -]
{a i Jor j2i

0 Jor i
Here we use the independence of .jz.

Thus writing the transition probability matrix we have it of the following form, which is

If the possible values of the random variables are permitted to be both positive as well as negative
integers, then instead of labeling the states by non-negative integers, as we usually do, we may denote
them with the totality of the state space, which will make the transition matrix look more symmetric in
nature, such that we denote it like
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where PE=k|=a, 20, k=0+L£2K and Yl =1
Fom—2

|| Previous Next||p
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Examples 1.14

Consider a one dimensional random walks, whose state space is a finite or infinite subset w2 +1,F &
of integers, such that a particle at state ; can in a single transition move to ; —1 or ; 4+ state or it
can remain at the same state, ;. Now all these three movements has some probability such that we

P, n=0, ¥i=12K ,and p, +g,+r =1. It is also true that p, +# =1. So that we have (i)

P[Xhlzi—l]:gi, (i) P[Xm :i]:r; and P[Xm+lzi+l]:pi. It is obvious that g, =0, # =0

and g, +# =1, hence given these set of information one can write the transition matrix as below

mop 00 0 0
n n om0 0 0
0
0

0 g, n p 0
F=|0 gz 5 P

0 dy N Py

0 0 0 g 7

Let us consider a gamble as an example of simple random walk. Suppose that we have two persons,
say Ram and Shyam with initial amounts of A and B INR with them respectively. Consider the

probability of Ram winning one unit from Shyam is z, and the corresponding of losing one unitis g,
where i =1 and 7, =0. So in case if we denote X, the fortune of Ram after n such change in
position, then {Xx} clearly denotes a random walk. It is very easy to see that once the state reaches

either O or [ﬂ + B}, the process remains in that state. This process is known as the gambler's ruin, and
in that case the transition probability matrix is given as shown below

1 0 0
i a rs)
0 iy F P
Pe . ; ) .
0 Farz1  Faen  Farm
0 0 0 1

Different variants of this game can be constructed so that we have different examples of random walk,
some of which are briefly discussed below in order to motivate the reader in the application aspect of
random walks.

4|l Previous Next||p
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Case 1. Suppose that Ram has A amount of money and Shyam has infinite amount of money and
they play this gamble using an unbiased coin. In that case the transition probability matrix looks as

given below
1 0o 0 0o 0o 0 0o 0 0
a l 0 l 0 O S N VN
2 2
oo l 0 l a0 o 0
P= 2 2

o 0 o 0 o 0 l a l

2 2

Case 2: Suppose that Ram has A amount of money and Shyam has B amount of money and they
play this gamble using an biased coin, such that the probability of Ram winning one unit of money is 2
and losing one unit of money is & . In that case the transition probability matrix looks as given below

Lo T e B S Y
o T e BT o

Lo T o T

T T o T T
fon T T o T )

b T e B e B

[ o B o S e S S

A+ B+Lk (A B+1)

Case 3: Suppose that Ram has A amount of money and Shyam has B amount of money and they
play this gamble using an biased die, such that the probability of Ram winning one unit of money is
when numbers 1 or 2 come, losing one unit of money is when numbers 5 or 6 come, and the outcome
of the game being a draw when numbers 3 and 4 come. In that case the transition probability matrix
looks as given below
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1 0 0 0 0 0 0
UlllUD 0
3 3 3

UDlllD 0
ZNEEEE

o o 0 - - = 0
3 3 3

S 0

o 0 0o 0 0 0 . 1

d||Previous Next||p
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Examples 1.15

The significance of random walks is not only apparent in different examples of gambling, but also is also
evident (due to the reasonable and good discrete approximations) to many physical process which are
to do with diffusion of particles, or particles which are continuously colliding and being randomly
bombarded, say for example gas particles in a gas chamber which we can for theoretical situation
considering as adiabatic (i.e., no heat is being transferred into or out of the system) process, such that
when a particle collides with another particle or with the wall of the container it rebounds with the same
level of total energy. Thus as the particles are subjected to collisions and random impulses then its (any
single particle) position fluctuates randomly but it does describe a continuous path. For simplicity if we

consider the future position to be dependent on the present position, then the process denoted by %,

is such that {Xt} is Markovian, where ¢ is the time. A discrete approximation to such a continuous
motion corresponds to a random walk. A classical example is the symmetric random walk, where the
state space is denoted is the totality of all integers and if the general transition probability matrix values
p ifj=i—1

p ifj=i+1

r ifj=1
0 otherwise

or elements is given by P = p =0 where p =0, p=0, 2p+r=1, and for the

symmetric random walk we

have lr‘:l:-_:l,.p:l

Now the question which is apparent is the fact that why are random walks so useful? Apart from the
above examples which are all related to gambling, can we find some interesting examples of random
walks? The answer is yes. Apart from gambling (which by itself is very interesting and exciting), random
walks are frequently used as approximations to describe a variety of physical process, e.g., diffusion of
particles. Let us give an example where we consider a gas particle in a box as shown in Figure 1.21,
whose initial position is A (Xa, Ya, Za) Which are given by the Cartesian coordinate system X, Y and Z.

Now consider after some time the gas particle is at position B (xg, Yg, Zg)-

O (0,0,0) 3
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Figure 1.21: A gas molecule moving randomly inside the chamber
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As this particle is subjected to random collision and impulses, which happens due to the particle being
bombarded by all other gas particles, as well as the wall of the container, hence its position changes
randomly, though the particle as such can be described by its continuous path of movement. With the
important assumption that the future position of the particle, i.e., say B depends only on its present

position, say A, then the process denoted by .Y, is such that {X,

time. A discrete approximation of this continuous process is provided by the random walk, and a
classical discrete version of the Brownian motion is provided by the symmetric random walk. A
symmetric random walk is a Markovian chain where the state space is the continuous real line (we
consider a simple example here on), and the transition probability is given as below, i.e.,

} is Markovian, and # here is the

pifj=i—1
p ifj=i+1 _
P = Fimt i,j=0,%1,42,...where p =0, =0, 2p+r=1, and for the symmetric
T ifj=
0 otherwise
random walk we have » =11, p:%

What is important to note about the stochastic process is the initial condition, based on which we can
find all the characteristics of the process. Now consider the transition probability matrix given as

nop D0 000D
0 #n p 0 0 0
0 ¢ »n p 0 0
F=|0 g; A Py U .|| ,such that in case
0 dy Py
0 0 0 0 g n

m=1,and p, =0, then state 0 is the absorbing state, such that once the process reaches state O it
continues staying there. Now when 1y = 1, and py = 0, then state 0 acts as a reflecting state, like a
molecule rebounding after hitting the wall (Figure 1.22).
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A A;

0 (0.0.0)S

As
Figure 1.22: A gas molecule moving randomly inside the chamber but

rebounding from the walls

|| Previous Next||p
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Module 1:Concepts of Random walks, Markov Chains, Markov Processes

Lecture 2:Random Walks

Transition probability matrices of a Markov chain

A Markov is completely defined by one step transition matrix and the specifications of a probability
distribution on the state of the process at time t=0. Given this, what is of main concern is to calculate

the n-step transition probability matrix, i.e., P(”:': ||P{';’ " where P:'?;' is the probability that the process

goes from state ; to state i in x transitions, thus we have E{: = P[}{xm :j|};’m :j]and remember

this is a stationary transition probability.

Theorem 1.1

If one step probability matrix of a Markov chain is F = "EJ” then Pé”:' = ZE;P; for any fixed pair of

nonnegative integers y and g, satisfying » +s = »#, where we define

Proof of Theorem 1.1

The proof is very simple. Consider the case when, x = 2, i.e., the event when we move from state ; to
# in two transitions in mutually exclusive ways such that the first transition takes place from ; to i
state and then from j to j state. Here £ =012/ . Now because of Markovian assumption the

atasa

probability of first transition from state ; to state ; is £, and that of moving from state } to Jj is Psg

If the probability of the process initially being at state ; is g Iy then the probability of the process being

at state j attime = is given by pyp = ijﬁi = P[Xx = E:]. What is of main interest to us is to find
J=a
EI_P Fi.. and for doing that we need to describe few important properties of Markov chain, which we

now again do in order to have a better understanding of this process.
Properties

= State j is accessible from state ; if for some integers » = (1, E{?}f‘ =[], which means that state

# is accessible from state ; if there is positive probability that in a finite transitions state i can
be reached starting from state ;.

= Two states, ; and 7, are each accessible to each other then the two states are said to
communicate and the notation is as follows, i.e., i * 7. In case two states do not

communicate then either (i) %T‘ =10 forall =0 or (i) ﬁf =10 for all ;=1 or both are true.

= Property of communicative (one should remember that communicative property is an
equivalence relationship)

= Reflexivity : e, § e
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= Symmetry : Incase 1 <* j then j&>1

= Transitivity : In case i <% j and j+«<> k&, then ; «» . Now as i<+ j is true hence

there exists an integer n, such that j‘-‘f‘; = (. Also 1<% j being true, there exists an
o

H ol H»+n Il o]
integer m, such that Ej-'s-, = [J. Consequently we have Ex = ZP;: = P:: = P{? = F,";-'x =

ra=ll

d||Previous Next||p
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Lecture 2:Random Walks

Examples 1.16

Let us consider the example given below

0 1 2 3 4 5
0 1 0 0 0 0 0
1 Yo 0 Yo 0 0 0
2 0 Yo 0 Y2 0 0
3 0 0 Yo 0 Yo 0
4 0 0 0 Yo 0 Yo
5 0 0 0 0 0 1

From the matrix above we can easily find out the equivalence classes as: {g},{1,2,3,4],{5}-
Examples 1.17

In case the matrix is of the following form as shown below:

0 1 2 3 4 5
0 0 1 0 0 0 0
1 Yo 0 Yo 0 0 0
2 0 Yo 0 Yo 0 0
3 0 0 Ya 0 Yo 0
4 0 0 0 Yo 0 Yo
5 0 0 0 0 1 0

Then the equivalence class is only one and it is {,1,2,3,4,5}
Equivalence class and Irreducible Markov chain

Let us now partition the totality of the states into equivalence classes, such that the states in
equivalence class are those that communicate with each other. A Markov chain is irreducible if the
equivalence property or relation induces only one class, i.e., all states communicate. Thus in
irreducible Markov chain all the states communicate with each other. For the example given below,

i.e.,

P o T o B B
EETL T e T o B

P o T e R o B
CEI o T R o T o
PP T B o B
b T e T e B

[ o T e T o S e B o'

We have three equivalence classes, which are {0}, {1,2 K {4+ 5 -1}}, {4+ E]} . such that
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1) (12X {4+ 5-1}—{0]

2) 12K fd+5-1)} = {{4+B)]

3) {0} ={12K [A+5-1)}

4) {4+ B} = (2K [4+ 5-1))
{

5) {1L.2K (A+B-1} = {12K (4+5-1)}

true

true

false

false

true

4|l Previous
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Module 1:Concepts of Random walks, Markov Chains, Markov Processes

Lecture 2:Random Walks

Periodicity

If we denote the period of state 7 as d(j) , then it denotes the greatest common divisor (also known
as HCF) of all integers 3 =1 for which E::‘ = []. In case E::‘ =0, ¥ n=1, then we define d(j}: 0.

For the case when the transition probability matrix is denoted by

nop 0 0 0
n 1 op U0
42 B Py 0
=100 ¢ 5 p
0 O 0 g n Py
0 g 7

.|| such that » = 0, then periodicity of each state is two (2).

Now in case if due to some reason ; = [J for some ; —;*, then periodicity of every state, i, is one (1)
The periodicity of the following case, where the transition probability matrix is as given

1 0
0 1
F= has the periodicity of each state as n.
0 0 1
0 0
. . ;

|| Previous Next||p
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Theorem 1.2
1) If i €, then 2{i)=a{})

2) If any state ; has the value of periodicity as ,;1‘(3'] , then there exists an integer N (depending on j3),

such that for all integers » = 7, E}i"”“'("} =0
3) If E}’:‘ =1, then ﬂf’f””“‘m = [1 for all n (positive integer) sufficiently large
A Markov chain for which each state has periodicity of one (1) is called aperiodic.

Generating functions
Let us first define the concept of general generating function. In case we have a sequence, [‘E;] then

the generating function, E;?{s} is defined as ﬁ?{g} = ZP{? w5 for the case when |3| < 1.Hencein a

n=l]

oo

similar manner the generating function for the sequence Lf;] i# j,is given by B {5} = qu” wE,
el

|s| <1
We know that if we have (i) A{s}z iak xgt, |.5'| <1 and (i) 5’{5}: ibl ws, |.5'| < 1, then we can

frmil il
write the product of ﬂ(.g'] * B[s] as given below, i.e.,

Als)x Bls)= (gak < S*J < [ib; < s-‘]

I=0

= by + {czlb,:, + blc;tn]s + (ﬂzbu +ahy +agdy }.5'2 +E

=35 % {Z ﬂj_,_z;.H.J
=0 7=

= Y5t where ¢, =agd, +ab,  +K +ak
Kmil

n

n

Let us identify @,'s with the £#'s and the &'s with the F's and if we compare F'=3" fi x B~
D

for » =1 with ¢, =aub, +ab, | +K +a b, we immediately obtain F,(s)x B{s)= B {s)—1 for

1
<1 or Bls)=— ey <

M
One should remember that E}":Zﬁ xfﬁ.’?'k for =1 is not valid for n = 0 and using simple
Kl

arguments we have
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forizji az0

R

Rl

where _f; is the probability that the first passage from state ; to state ; occurs at the i transition.

Again fi? =0 ¥i,j,and utilizing A{s]xﬁ’{s] = (i ay, xss;]x (ib; ® SIJ , we can easily show that
kall Fr
F=3fixF " foriz ;i n=z0 canbewritenas B{s)= Ffs)x Pyls), |s| <1

v
K]

oo

We say a state j is recurrent iff Zﬁ: =1, i.e.,, a state is recurrent iff the probability is 1 so that
H=l

starting at state ; it will return to state ; after a finite number of transitions. A non-recurrent state is

said to be transient.

|| Previous Next||p
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Module 1:Concepts of Random walks, Markov Chains, Markov Processes
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Before we proceed with some proves relevant for our stochastic processes we need to see and
understand two important proves, which are stated as Lemmas (Lemma 1.1 (a) and Lemma 1.1 (b))
below.

Lemma 1.1 (a)
If &, converges (i.e., ) then it implies (i.e., =) lim axs |=%a, =a
é & "{: (Wl = el E k. RZ:-D i

Proof of Lemma 1.1 (a)

What we will prove here is lim
= 1-

Zﬂs; e (sj’ - 11 =1 (see carefully this is what we have to prove as
k=0

written above)

@ a
Since ng converges then for any ¢ = g one can find y{g) such that Z @l = (E] holds true for all
k=0 K

values of prf = pr, then choose that N and write

E‘:a"’ x(s* —qz

i%ﬂs"—lﬁ ia’k x[s"’—q

fmB741
A ]
=3 (.S'R' —11+L2akx (sj’ —1)‘
=l -7+l

Now for [ <z <1 we have

E:ak x(s*’ —qii|ﬂk><(sk —1)|
0 kel

2T
= 3 | ¢ |sk— 1|
Fomll

£M><N><|5N—1|,where M=Exﬁrpk|{m

& being sufficiently close to 1 we have

%ak = (.95" - 1)
kil

£
-::[5] [this can be arbitrarily done considering any combination of #f and jf¥, such

o
&
that Zak b (s”’ — q can be made lesser and lesser to [E]]
ki)

o

Now we need to find the second term which is Zak ® (sk - 1), hence we have
P |
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=d7+] =041 ¥ =k r=k+l
- 1 = - & k-1
— + —_— —_— -
=|Za -1+ 3 Safet-s
=2 +1 LA )

&
Look carefully and we immediately note that the first term is bounded by (Z]xlg‘v*l —1|, while the

S i]<(2

. &
second term is bounded by | — | ™1 Hence we have
4 [T

Combining these two we have LE dy ® [Sk - q < £, provided = being sufficiently close to 1.
-]

|| Previous Next||p
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Module 1:Concepts of Random walks, Markov Chains, Markov Processes

Lecture 2:Random Walks

Lemma 1.1 (b)

i—=1- bl FUET)

w w o7
(b) If @, =0 and lim (Zﬂk xs”‘] = =00, then 3 a, = lim (ZGRJ
k=11 L]
Proof of Lemma 1.1 (b)

oo oo
Since Z'ﬁk w5 izak for (I « g <1, hence the case of @ = to is obvious. In case ¢ = oo, then by
k= Kl

=] n e
our hypothesis Z.gkxsk <g<mfor 0og <1, hence Yla g for 0oz <1.Nowas ¥z, isa
=0 &=l =)
monotone increasing function in # , hence it has a finite limit which will be equal to ¢ . Here remember

we utilize the result proved from (a).
d|lPrevious Next|[p
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