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Module 2:Poisson Process and Kolmorogov equations

Lecture 7:Poisson Process Continued

The Lecture Contains:

B Waiting time distribution

B Few important and interesting properties of Poisson process

B Derivation of correlation coefficient of Poisson process

B Interarrival times conditional distribution

B Few important and interesting properties of interarrival times conditional distribution
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Module 2:Poisson Process and Kolmorogov equations

Lecture 7:Poisson Process Continued

Waiting time distribution

Now let us consider the distribution function of 5, = Xy + X7 + ---+ X,,, which is the waiting time for
the occurrence of n number of events (which is deterministic) in a probabilistic time frame, say t.

Now the nf® events occurs prior or at time t iff the number of events occurring by time t is at least 1,
i.e., the following holds true, i.e.,

Nitl=ne s,=t
Thus
P{S, =t} =P{N(t) = n}
ie., Fs,(t) = 1 — Fy)(n), where P{S, =t} = Fg, (t) and P{N(t) = n} =1 — Fy(n(n)

Thus:

Fo (t+06t)—F (£)) d
{ (t+4t) — ot } a5 %)

P{t =5, =t+6t} = PIN(t) —n— 1,1 event in the time interval (t,t + &t)} + o(t)
= P{N(t) —n — 1}P{1 event in the time interval (t,t + 6t)} + olt)
= P{N(t) —n — 1} % P{1 event in the time interval (t, t + 6t)} + olt)

b ARt o A8t
(n_i}l Abt T+a(t}

fs,(t) = lim

Sr—0

Thus:

%an(t} = fgn(t}

- |éP{s,.} o |Pis,, =t + 58t} — P{S, =t}
which implies lim = lim
GE—=0 Gt=0

&t &t
1 (at)n1 Adt
. a—Ar Aar_ —
fs, () = 11m Lte ey ¥ 2 T + rJ( }]
-1
= Ae— At a2
(n—1)

Using the fact that X, n = 1,2,3 ... are i.i.d exponential random variables with mean ;-1 we show §_

has gamma distribution with y; and 7 as the parameters, hence the probability density function is of the
—az Ldg) "“‘-_

form
Ae =gy

Note

e Remember that the exponential distributed discussed here is also referred to as the gamma
distribution wit h parameters X and 1.
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e From the reproduction property of gamma distribution one notes that if }{lwﬁ(}.., 1), then
S, ~G(A,n).
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Few important and interesting properties of Poisson process
Property 2.1

= . .
K, t=0} is a Poisson process with rate A. Furthermore assume that the

e Suppose
probability
of an event being recorded is P and M(t) is the number of recorded events in {0, t]. Then

M(t) is a Poisson process, i.e., {M{t),t = 0}, with rate Ap.

Proof of property 2.1
PIMt)=n}=%7Z,PIMtl=nX{t)=n+r}
= Y PIX() = n + r}P{M(t) = n[X{t) = n+r}

e E_‘}'t':?;t}n” +
= E=D—I:n+r}: Y (Hn r}pn(j_ - IJ':]“"
= E_;I.t ':;npt}nzm ;;lt':l_P:'}r

n! r=0 r!

— E_;lt ':.Jn[Jt:-"n e}ltl:j_—p:l
n!

[ n
= E_-_;J-'P —I‘;LFT}

n.

Property 2.2

 Suppose {X(t),t = 0} is a Poisson process with rate 3. Furthermore consider events are of
two types which are say
Type | (male) and Type Il (female), with corresponding probabilities of p and (1 — p).
Thus we have ¥(t) = X, (1) + X, (1)
and here ¥, (t) is of Type I while ¥, (t) is of Type II.
Then both ¥, (t) and ¥, (t) will be Poisson process with rates
Ap and A1 - p} respectively and they would be independent.

Proof of property 2.2

P{X(t) = mX;(t) =n} = T, PLG(D) = m X, (D) = n, X() = k)

=P{X(t) = m+ n}PX;(t) = m,X,;(t) = n|X(t) = m + n}

E_‘}'t':lt}m"'“

=5 x (- p)®

(m+nl

_ e~ P ()™ " e M- Bl e 1 —p) 0

m! n!

=P{¥ (t) = m} = P{X,;(t) = n}
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Property 2.3

Suppose we have two independent Poisson process denoted by X,(t),t =0} and Lt =0}
with respective rates of 3, and 3, then [X(t),t = 0} is a Poisson process with rate (3, + 3,)-

Proof of property 2.3

P{X(t) = n} = P{¥ () + X;(t) = n}

=V PO =r X0 =n—r =% P =rPX;t)=n—r}

==

B Z E—.?;-_t (llt} r E!_‘J“"‘t(lg t} {a—r)

r! (n—r)!

r=0

B e~ lhat il 45 000 n (A0 (A nT
- n! r=0i, #2080 (n—r)!

Let us consider

A DT (A0 (-1 P gt )T
e e L e
{(2s 42 )d}0r! (n—r)! r (As+2g) (Aat+dz)

n
?" ..-1'1 n—r
YOt <)
=T + A + A4
S S }n—i
Sl A, A+ A

Thus

g":)"—+}'1)ril:.l-_+.h}t}“

M

P{X(t)=n}=
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Property 2.4

Difference of two independent Poisson process will NOT be Poisson process.

Derivation of correlation coefficient of Poisson process

Suppose {¥(t),t = 0} is a Poisson process with rate 3, then the correlation coefficient between ¥ (t)

and X(t + s) is given by { i }}_ﬂ.
LT+E

Proof
We know that EfN{t)} = At VIN(t)} =2t EfN(t+ s} =t +s) and V{N(t +s5)} = Alt + 5)-
Furthermore we know that:

cor{X (), X(t + 5)}

Px(x(r+s) = VDT < VX + 5]
_EX(2),X(t +5)} — E(X(0)} x E{X(t +5)}
B JVIXOIX VXt +5))
_E XEHx(t+s) X))+ X)) - At x At +35)
B JAEX AL +5)
_E XX (t+5) - X))+ X2 (t)] — At = At +35)
B JAEX At +5)
_EX(@)} xEX ()} + EX(e)} — At x At +5)
B JALX A+ 5)
3 Afts+ At + ()2 —(At)2 — Alts
B JAEX At + 5)
[t
4 (s
[ |
Note

This correlation is known as auto-correlation.
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Interarrival times conditional distribution

Suppose that you are the marketing executive of firm selling specialized engineering lubricants. To
reconsider your company's marketing strategy you are keen to understand the sales figures in details
and hence count the number of times of the occurrence of your sales figure crossing a certain value,
say Rs. 1,00,00,000. Furthermore you know that the distribution of the sales figures crossing this value
is Poisson distributed and that exactly one such event has occurred within time ¢, say till the month of
June for the financial year starting April. Now we know that a Poisson process has the property of being
stationary with independent increments, hence in each interval of a 3 month period, i.e., [0, 3], which
is of equal length, the probability of the sales figure crossing Rs. 1,00,00,000 is equal. Hence it would
mean that for ¢ = 3 we would have

P;K-_ g N(t)=1]

P{X; <s|N(t) =1} = e

3 P{1 event in[0,5)} % P{1 event in[s,3)}
B P{N(t) = 1}

Jpe—hig—Alz-8)
3he—EX

E
3

Few important and interesting properties of interarrival times conditional
distribution

Property 1

In general we have P{X; < s|N(t) =1} =f
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Property 2

Thus given N(t) = n the p arrival times denoted by 8,55 ey Sy have the same distribution as the order
statistics corresponding to p, independent random variables uniformly distributed in the interval (, t).

Proof of property 2

Let Q0 <ty =<ty < «.-.< t, ., =t and also assume h; are small increments of time such that
t;+h; <tje i=1,...,n This conceptis explained in the following Figure 2.7.

| | | | | .
0 t t t L
D A S—
T J 7 &
S, S S4
Figure 2.7: Concept of conditional distribution of arrival times

Hence:

Plt; =§ =t; +h,t; =5 =t, +h,,..,t, =5, =t +h,[N(t) =n}=

P{exactly 1 event occursin [t;,t; + hy], exactly 1 event occursin [t,,t, +

h;), ... ..., exactly 1 event occurs in [t,,t, + h, ], 0 event occuts elsewhere in [0,t] }

Plt; =§ =t; +h,t; =5 =t,+h,,..,t, =S, =t +h,[N(t) =n}=
.J.h;e—}_h‘_x?-hze"}hﬂx...xﬂ-hne"‘-ﬁﬂxe‘i':t‘h‘-‘hz‘""ﬁﬂ:' - ? ?

AL AE0
n!
ie.,
Dies 28,20, +hy 1325: 2tathotn 252t +heN(D) =0} n!
h.hg.-hy T
lim [Pit._gs._st._+h._,tz5555t5+h1,....,tn55n5tn+hnINI;t}:n_:-] _ lim {n_}
hs—0ho—0..hp—0 hshg.~hp hy=0hy—0. hy—0 0

[ ]
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