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 Module 10:Application of stochastic processes in areas like finance
 Lecture 36:Black-Scholes Model

 

Stochastic Differential Equation

Consider . Moreover partition the interval  into 

 and define , where .

Now by Rieman Integral we know that , where .

Moreover .

Using the fundamentals mentioned above we can easily obtain the following which is 

 and also define 

Its Calculus

Without any loss of generality assume  and define 
 where  is the standard Brownian motion.

Furthermore we may write .

Using some calculation we can show that the BS model differential equations is
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Black-Scholes Model

Important : In Black-Scholes model the main assumption is the fact that Brownian Motion
process, i.e., log normal distribution, where  is the price of stocks.

The main parameters for the BS model are:

1. So = Stock price and this is known

2.  = strike price and this is known
3.  =  interest rate and this is known
4.   = time period and this is known
5. = volatility and this is unknown

One should remember that the main component in the model is , but the bottle neck is the fact that 
 which is the volatility is stochastic.

Two key assumptions is Black Scholes Model

1. Log normal prices
2. Volatility constant i.e., it is independent of time

Now recall that  and consider that

, if  which implies that 

 

 

     

, assuming 

Now generally if  is there, then we have the following

 

NOTE

If there is no drift then the expected time to reach  is .
If there is drift then the expected time to reach  is finite

 
 
 
 
 
 
 
 
 
 
 
 

 

 



Objectives_template

file:///E|/courses/introduction_stochastic_process_application/lecture36/36_5.htm[9/30/2013 1:09:55 PM]

 Module 10:Application of stochastic processes in areas like finance
 Lecture 36:Black-Scholes Model

 

Suppose at  the process is at the origin and let  denote the probability of being  step up
after  trials

 which is easily understood from Figure 10.13

Figure 10.13: Movement of stock price according which can be considered as
random

Thus:

Let the time between step be  and let the jump size be  Here  which is a constant is equal to .

Hence we have , i.e.,

.

First set  and  and let us also consider . Then we can easily prove that 

 

 
 
 
 
 
 
 
 
 
 
 
 

 

 



Objectives_template

file:///E|/courses/introduction_stochastic_process_application/lecture36/36_4.htm[9/30/2013 1:09:55 PM]

 Module 10:Application of stochastic processes in areas like finance
 Lecture 36:Black-Scholes Model

 

Using first order expansion we have

                           

                                       

                                     

           

                                      

Let us now first divide both sides of the equations with  and take limits as . Furthermore we also
divide and simultaneously multiply the first term and the second term on the right hand side of equality
by  and  respectively. This results in the following form which is as follows

                                     

This is the fundamental partial differential equation (PDE) for pricing derivatives under the underlying
assumption that logarithmic price of the underlying financial asset has Brownian motion.

In case one is interested to understand how the theoretical relationship between  and  varies then
Figure gives a fair idea how that behaves.

Figure 10.12: Illustration for PDE for pricing derivatives

Recall from Markov Chain Theory that . Now consider a simple random walk with

equal probability of a step up and step down i.e., 
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Now let us extend these concepts just discussed for the case when we have the figure given as

Figure 10.11: A stock and its increase and decrease of price

For the Figure we select  and  to be small, such that  (a constant), and this  is variance

per unit time. Hence it turns out that this random walk converges to a Brownian motion as .

Thus:   where  and  have their usual meaning.

Using Taylor series expansion we get .
Which results in 

                                                                 

Now when time is taken as 1 we have the following , as true. In
the general case when the time period is , the equation takes the following form which is 

                                        .
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Thus we have the following

Now if we have only  and  movement then the equation reduces to

Thus we should have an unique value of , say  such that the following holds true: 
. In fact it can be easily proved for the case when we have only two

sates, i.e.,  and , then .

Furthermore combining we can easily see that

Thus we have

   and as  one easily obtains

In general  and it reflects the risk premium example. In case , then we operate in the risk
free environment and in that case  is termed as the risk-neutral probability measure. In general
using this value of  (whether risk free or not is immaterial) we can obtain the discounted expected
value of the future claim.
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The Lecture Contains:

Black-Scholes Model

Two key assumptions is Black Scholes Model

Stochastic Differential Equation

Its Calculus
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