4.6 The Q R decomposition:

Let A be an nxn real nonsingular matrix. A matrix Q is said to be an
orthogonal matrix if QQ'=1=Q'Q. We shall see that given the matrix we can find
an orthogonal matrix Q and an upper triangular matrix R (with r; >0) such that
A=QR called the QR decomposition of A. The Q and R are found as follows:

Leta®:a®@: ... . a™ be the columns of A
q¥:q@; . , g™ be the columns of Q
rD@ . ™ be the columns of R.

o]
QA
—
1
o
=
™
—~
v9)
N

We want A = QR.

Comparing 1% column on both sides we get
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a® = QR ’s first column
=ruq® by (D)

0%, =lrua®], =lafla®,

=ry [ r;>0 and ”qluz =1by(A)
Or, = Ha(l)Hz and q¥ = ria(l) ................. (E)
1
giving 1% columns of R and Q.
Next comparing second columns on both sides we get
a® =0 =r, qP +rpg? ... *)

Therefore from (*) we get

(39,49) =1, (q®, ") +1,, (g, q®)
=1, (@%,09)=|a¥]"> =1oy(A)

and(g®,q® )= Oby(B)

rzzq(z) =a® - rlzq(l)

0 119, = 1.0,

01y = [a® =1, qW) (G)

and

q® = i[a(z) - rlzq(l)] ...................... (H)
r22

(F), (G), (H) give 2" columns of Q and R. We can proceed having got the first i
- 1 columns of Q and R we get i columns of Q and R as follows:

Iy :(a(‘),q(l)); [, :(a(l),q(z)) .............. [y :(a(i),q(i‘))
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q® :r—[a(') —r,q¥ -rq?........ —r,,q" )]
Example:
1 21
A=|1 0 1
0 11

1% column of O and R

My = a(l) =12 +1% =42
2

1
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W- 1 o_|_ 1
q¥=—aW =] =
ry 2
0
2" column of O and R:
1
2\ | 2 ,
(.0 ~0))_ 1 0_ _
rlz—(a q )— 0| =||=-==+2
1| V2 || V2
2 1 1
rZZ:Ha(Z)—lzq(l)sz o|-[1 =[ -1| =+3
1 0 , 1 ,
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3" column of O and R:

1
N2l
_ (4 4®))= -
r. =(@®,q®)=||1],|—=||=-2=42
13 ( q ) \/E \/E
Ul o
1
M3 = (a(s),q(Z)): ﬁ
ry = Ha(3) -r,q% - r23q(2)H
1
N1, x/ﬁ
=ll1]-l1]-—|-—
0 V3| 43
1
V3 ),
_1
V3
N N yzﬂ
J3 9 9 9 3 3
2
NEW

and
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q® = _[a(s) —r,qW - r2Sq(z)]
33
1) |- L
3 NG
_N3l 1| L
J2| 3 NG
2| |y
3 NG
111
A &
1
2 BB NE]
V3 43 V3
and
121
QR=|1 0 1|=A
011

giving us QR decomposition of A.

The OR algorithm

Let A be any nonsingular nxn matrix.

Let A =A; = Q; R; be its QR decomposition.

Let A2, = R1 Q1. Then find the QR decomposition of Az as A2 = Q2 R2
Define Az = R, Q3 ; find QR decomposition of Az as

As = Qs Rs.
Keep repeating the process. Thus

Ar1=Q1R:
A, =R; Q1
and the " step is

Ai = Ri1 Qi1
A=QiR;
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Then A; * converges’ to an upper triangular matrix exhibiting the eigenvalues of
A along the diagonal.
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