1.6 DOOLITTLE’'S LU DECOMPOSITION

We shall now consider the LU decomposition of a general matrix. The
method we describe is due to Doolittle.

Let A= (a;). We seek as in the case of a tridiagonal matrix, an LU decomposition
in which the diagonal entries /; of L are all 1. LetL = (/i) ; U= (u;). Since Lis a
lower triangular matrix, we have

[ =1.

li=0ifj>1i; and by our choice, I,
Similarly, since U is an upper triangular matrix, we have

uj =0 ifi>].
We determine L and U as follows : The 1° row of U and 1% column of L are
determined as follows :

n

a;y = Z L1 U

k=1

i1 u11  since [ = 0 for k>1

= un since /1. = 1.
Therefore
ull = ail
In general,
n
a;; = ), Iy
k=1

= lyu;.  since fi = 0 for k>1

= Uy since /11 = 1.

Thus the first row of U is the same as the first row of A. The first column of L is
determined as follows:

n

aj = Z | Ui

k=1
= Ijl U1y since uy,. =0 if k>1
= Ijl = a,-llull ......... (||)

Note : uj; is already obtained from (I).
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Thus (1) and (Il) determine respectively the first row of U and first column of L.
The other rows of U and columns of L are determined recursively as given below:
Suppose we have determined the first i-1 rows of U and the first i-1 columns of L.
Now we proceed to describe how one then determines the i row of U and i™
column of L. Since first i-1 rows of U have been determined, this means, uy; ; are
all known for 1<k<i-1;1<j<n. Similarly, since first i-1 columns are known
for L, this means, li are all knownfor1<i<n;1l<k<i-1.

Now

n
a; = Z Iikukj
k=1
Z Ly Uy since [ = 0 for k>i
k=1

= L uy + 1y
k=1
i-1
= I,kukj + UIJ since [ = 1.
k=1
i-1
= Uy = ay - LUy ()
k=1

Note that on the RHS we have a; which is known from the given matrix. Also the
sum on the RHS involves [ for 1 < k < i-1 which are all known because they
involve entries in the first i-1 columns of L ; and they also involve uy; ; 1 <k <i-1
which are also known since they involve only the entries in the first i-1 rows of U.
Thus (Il) determines the i™ row of U in terms of the known given matrix and

guantities determined upto the previous stage. Now we describe how to get the
i"™ column of L :

n

a; = Z | U

k=1
i
= > l,uy Since uy = 0 if k>i
k=1
i-1
=2 U U
k=1
1 i-1
= IJ,——{aJ,—ZIJkum} ..... (IV)
U k=1
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Once again we note the RHS involves uj, which has been determined using (I11);
aj which is from the given matrix; /x; 1 < k <i-1 and hence only entries in the first
i-1 columns of L; and uy;, 1 < k <i-1 and hence only entries in the first i-1 rows of
U. Thus RHS in (IV) is completely known and hence I, the entries in the i
column of L are completely determined by (IV).

Summarizing, Doolittle’s procedure is as follows:
lii=1; 1% row U = 1° row of A ; Step 1 determining 1° row of U and
lh = ap/un 1% column of L.

For i > 2; we determine, (by (Ill) and (1V)),
i-1

Uy = ay - kZ i Uy =i, i+, i+2, ... n
=1

(Note for j<i we have uj = 0)

1 i-1
s =u—|:aji _Z Ijkuki:|;j:i,i+1,i+2, ..... n
i

k=1

(Note for j<i we have [; = 0)
We observe that the method fails if u; = 0 for some i.

Example:
Let
2 1 -1 3
|-2 2 6 -4
| 4 14 19 4
6 0 -6 12

Let us determine the Doolittle decomposition for this matrix.

First step:
15 row of U : same as 1° row of A.

Therefore U = 2 ‘U12=1:U13=-1;Us = 3

1 column of L:

li = 1;

lop = ax/up =-2/2 =-1.
l31 = asfun =4/2 = 2.
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|41 = a41/U11 =6/2 =3.

Second step:
2" row of U : u, = 0 (Because upper triangular)

Uoo = Ao — |v21, Upp =2 — (-1) (1) = 3.
Uo3z = Aoz — |v21, Uiz =6 — (-1) (-1) =5.
Uog4 = Aog — |v21, Uia=-4-— (-1) (3) =-1.

2" columnof L: 13, =0 (Because lower triangular)
l22 = 1.
l32 = (@32 — l31 U12) /U2
=[14 - (2)(1)])/3 = 4.
l42 = (@42 — l41 U12) /U2
=[0-(3)(1))/3=-1.

Third Step:
3" row of U: uz =0 (because U is upper triangular)

usx =0
Usz = asz — 31 U1z — 132 U2s
=19-(2) (-1) — (4)(5) = 1.
Usg = @34 — 31 U1a — 132 U2a
=4-(2)R3)-AH(1) =2

3" columnofL:1l;3=0 (because L is lower triangular)
3 =0
l33 =1
la3 = (A43 — la1 U1z — |42 U23)/ U3s
=[-6-(3) (-1)-(-1) )1
=2.




Fourth Step:
4" row of U: us, =0

Usz =0 (because upper triangular)
Uaz =0
Ugq = Q44 — a1 U1g — la2 Ugg — la3 Uszs
=12-3)(3)-(-1) (-1)-(2) (2

=-2.

4" column of L : 114 =0 =154 =134 Because lower triangular

laa = 1.
Thus
1 0 0O 21 -1 3
T e I L P V)
2 4 10 001 2
3 -121 00 0 -2
and
A=LU.

This gives us the LU decomposition by Doolittle’s method for the given A.

As we observed in the case of the LU decomposition of a tridiagonal matrix;
it is not advisable to choose the | as 1; but to choose in such a way that the
diagonal entries of L and the corresponding diagonal entries of U are of the same
magnitude. We describe this procedure as follows:

Once again 1% row and 1°' column of U & L respectively is our first concern:
SteQ 1: ainn = |11 U11

Choose I, =4[y it = (sgn-a, lau
n

Next & = lekukj =lWjas 1, =0 for k>1
=}

a., .
:uij: 1] L

Thus note that uy; have been scaled now as compared to what we did earlier.
Similarly,

35



|, =2

j1
) ull

These determine the first row of U and first column of L. Suppose we have
determined the first i-1 rows of U and first i-1 columns of L. We determine now

the i" row of U and i column of L as follows:

n
a; = Z Ly Uy

k=1
i

= Z Iikuki forly =0 if k>i
k=1
i-1

= Z Iikukl + IIIuII
k=1

Therefore

i—-1
lu; = a; _Z L Ug = Py, say
k=1

Choose I = /| pi| =

Ui =—Sgn R, |pi|

i1
a; — Z i Uy
k=1

n i
3 = Ll =D Ll Ty =0 for k>i
k-1 k=1
i1
= Ly Uy + 15Uy
k=1

i-1
= Uy = (aij _Zlikukjj lii

k=1

determining the i row of U.

n
a; = lekuki

k=1
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1
=
c
=,
+
c

i-1
= |J-i :[aji - Ijkukij uii ,

k=1

thus determining the i column of L.

Let us now apply this to matrix A in the example in page 32.

First Step:
|11u11 =a; =20 I11 = ‘/E;ull = \/E

1 1 3
u. =—2=_"4 :_3:—_;u =14 ==
12 |11 \/E 13 |11 \/E 14 |11 5

2
| =22L = —_—_ = —\/E
21 u, \/E
a 4
L =2a- % o5
31 ull \/E
a 6
| =4 -~ = 3\/5
41 Ull \/E
Therefore
|11 :\/E
|21 __\/E
I, =242
I, =32

Second Step:

|22u22 =ay ~ |21u12
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s
V3
/

I/ WA
o, =2 —Imum)/zz

I I
/—\

Jé AE
Therefore
U, =0;U,, =~/3;U,, 53 _ﬁ
| :(asz |31u12)
32
Uy,
[t/
V2
/3
=43
= (a42 B |41u12)
u22
o-(e2)( |
J3
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Therefore

|
I
|
|

EN

Third Step:

|33u33 =85~ |31u13 _|32u23

bl

=1
Ol =Luy =1

W = (834 _|31u14 _|32u24)
34 |33

Jeerf (5] /

=2

DU;, =0Ug, =0 U =L U, =2

= [ =11l —I42u23]A3
[t/

=2

Therefore

|13
|23
|33
pe

N P o O
- 1
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Fourth Step:

| 4aUss = @y = gUyy =1 Uy =1 43U,

a5

=-2

Ol :\/E;u44 =-\2
Uu, =0u, =0,u, =0;uy, =-y2

l, =0
l,, =0
l,, =0
ly = 2

Thus we get the LU decompositions,

1 1 3
o L1t 3
V2 O 0 O 2 2 2
Lo¥2 3oy 5 5 L
/2 43 1 0| NEREE
32 -3 2 2 o 0 1 2
0 0 0 -2
in which  [I;| =|u;|, i.e. the corresponding diagonal entries of L and U have the

same magnitude.
Note: Compare this with the L and U of page 35. What is the difference.

The U we have obtained above can be obtained from the U of page 34 by

(1) replacing the ‘numbers’ in the diagonal of the U of Page 34 by their square
roots of their magnitude and keeping the same sign. Thus the first
diagonal 2 is replaced by J2: 2 diagonal 3 is replaced by /3, third

diagonal 1 by 1 and 4" diagonal —2 by -v/2. These then give the
diagonals of the U we have obtained above.
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(2) Divide each entry to the right of a diagonal in the U of page 35 by these
replaced diagonals.

Thus 1° row of the U of Page 34 changes to 1% row of U in page 40
2" row of the U of Page 34 changes to 2™ row of U in page 40
3" row of the U of Page 34 changes to 3" row of U in page 40
4" row of the U of Page 34 changes to 4™ row of U in page 40

This gives the U of page 40 from that of page 35.
The L in page 40 can be obtained from the L of page 35 as follows:
(1) Replace the diagonals in L by magnitude of the diagonals in U of page 40.
(2) Multiply each entry below the diagonal of L by this new diagonal entry.
We get the L of page 35 changing to the L of page 40.
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