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4.5 JACOBI ITERATION FOR FINDING EIGENVALUES OF A REAL 
SYMMETRIC MATRIX 
 
Some Preliminaries: 
 

 Let 







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A  be a real symmetric matrix. 
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πθ ≤  for  

       purposes of convergence of the scheme) 
 
Note 
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Thus P is an orthogonal matrix. 
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Thus if we choose θ such that, 

 

 ( ) ( ) 0sincoscossin 22
122211 =−++− θθθθ aaa  . . . (I) 

 

We get the entries in (1,2) position and (2,1) position of A1 as zero. 
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(I) gives 
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where   )sgn(2 221112 aaa −=α   . . . . . (III) 
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and 
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(V) and (VI) give sinθ, cosθ and if we choose 

 

  
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P with these values of cosθ, sinθ, then 

 

 PtAP = A1 has (2,1) and (1,2) entries as zero. 

 

We now generalize this idea. 

 

 Let A = (aij) be an nxn real symmetric matrix. 

 

 Let 1 ≤ q < p < n.  (Instead of (1,2) position above choose (q, p) position) 

 

Consider, 

 

 )sgn(2 ppqqqp aaa −=α   . . . . . . . (A) 
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 ppqq aa −=β    . . . . . . . (B) 
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then A1 = Pt AP has the entries in (q, p) position and (p, q) position as zero. 

 

In fact A1 differs from A only in qth row, pth row and qth column and pth column 
and it can be shown that these new entries are 
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Now the Jacobi iteration is as follows. 

 

Let A = (aij) be nxn real symmetric. 

 

Find 1 ≤ q < p ≤ n such that qpa is largest among the absolute values of all 

the off diagonal entries in A. 

 

For this q, p find P as above.  Let A1 = Pt AP. A1 can be obtained as follows: 

Except the pth and the qth rows and the pth and qth columns  other rows and 
columns  of A1 are the same as the corresponding rows and columns of A, 

         

pth  row, qth column, pth column which are obtained from (E), (F), (G). 

 

Now A1 has 0 in (q, p), (p, q) position. 

 

Replace A by A1 and repeat the process.  The process converges to a diagonal 
matrix the diagonal entries of which give the eigenvalues of A. 

 

Example: 
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Entry with largest modulus is at (2, 4) position. 
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 ∴  q = 2, p = 4. 

 

( ) ( ) 244422 .sgn2.sgn2 aaaaaa qpppqq −=−=α  
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    = 0.44721 
















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0001

P  
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A1 = PTAP will have   a1
24 = a1

42 = 0. 

 

Other entries that are different from that of A are a1
21, a

1
22, a

1
23 ; a

1
41, a

1
42, a

1
43, 

a1
44 ; (of course by symmetric corresponding reflected entries also change). 

 

We have, 

 

 1305.3sincos 412121
1 =+= θθ aaa  

 

44721.0cossin 412141
1 −=+−= θθ aaa  

 

89443.0sincos 432323
1 −=+= θθ aaa  

 

68328.2cossin 432343
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4424

2
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
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00000.168328.2044721.0

68328.2489443.02

0000.089443.0111305.3

44721.021305.37

1A  

 

Now we repeat the process with this matrix. 

 

The largest absolute value is at (1, 2) position. 

 

 ∴  q = 1, p = 2. 

 

441172211 =−=−=−=−= aaaa ppqqβ  
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
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∴  The entries that change are 
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and the new matrix is 
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
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

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


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






−−
−

−
−

168328.221485.039222.0

68328.2417641.018378.2

21485.017641.071484.120

39222.018378.2028516.5

 

 

Now we repeat with q = 3, p = 4 and so on. 

And at the 12th step we get the diagonal matrix 

 



















−
09733.2000

060024.500

0071986.120

00078305.5

 

 

giving eigenvalues of A as 5.78305, 12.71986, -5.60024, 2.09733. 

 

Note: At each stage when we choose (q, p) position and apply the above 
transformation to get new matrix A1 then sum of squares of off diagonal entries 
of A1 will be less than that of A by 2a2

qp. 

 

  


