Linear Dynamical Systems

Week 3 and 4 - Controllability and State Feedback




Outline of Week 3 and 4

@ Controllable and Reachable Subspaces

@ Fundamental Theorem of Linear Equations (review)
© Various Tests for Controllability

@ Controllable Decompositions

© Stabilizability

@ State feedback controller design

@ Regulation and Tracking control problems



Controllable and Reachable subspaces
Simple lllustration of Controllability
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Controllability

Consider the continuous-time LTV system
i=A{t)z + B(t)u, y=Ct)x+ D(t)u, =€R",ucR"

Using variation of constants formula, a given input u(e) transfers the state
z(to) := mo at time to to the state x(¢1) := z1 at time ¢1,

1 = 6(tr, to)z0 + /t " (b, ) B(r)u(r)dr

where ¢(e) denoted the system'’s state transition matrix.
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Controllability

Consider the continuous-time LTV system
i=A{t)z + B(t)u, y=Ct)x+ D(t)u, =€R",ucR"

Using variation of constants formula, a given input u(e) transfers the state
z(to) := mo at time to to the state x(¢1) := z1 at time ¢1,

ty
o1 = ltnstohao + [ ot D) B(ru(r)dr
to
where ¢(e) denoted the system'’s state transition matrix.

We want to express how powerful the input is in terms of transferring
the state between two given states.

Definition (Controllability)

The LTV? system is said to be controllable at to, whenever there exists a finite
t1 > to such that for any z¢ and any z1, there exists an input u(-) that
transfers xo to x1 at time t;.

Otherwise, the system is uncontrollable at ty.

In the time-invariant case, if the state equation is controllable then it is controllable at every ¢t and for every
t1 > tg; thus there is no need to specify tg and t1. In the time-varying case, the specification of tg and ¢ is
crucial.
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Controllability from the origin

Definition (Reachable Subspace)

Given two times t1 > to > 0, the reachable or controllable-from-the-origin on
[to, t1] subspace R[to, t1] consists of all states 21 for which there exists an input
u : [to, t1] — R¥ that transfers the state from z(to) = 0 to x(t1) = z1; i.e

Rlto, 1] 2 {xl ER™ : Tu(e), o1 = /: ¢(t1,T)B(7)u(T)dT}.
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Subspaces

Controllability from the origin

Definition (Reachable Subspace)

Given two times t1 > to > 0, the reachable or controllable-from-the-origin on
[to, t1] subspace R[to, t1] consists of all states 21 for which there exists an input
u : [to, t1] — R¥ that transfers the state from z(to) = 0 to x(t1) = z1; i.e

Rlto, 1] 2 {xl ER™ : Tu(e), o1 = /: ¢(t1,T)B(7)u(T)dT}.

Controllability to the origin

Definition (Controllable Subspace)

Given two times t1 > to > 0, the controllable or controllable-to-the-origin on
[to,t1] subspace C[to, t1] consists of all states xo for which there exists an input
w : [to, t1] — R¥ that transfers the state from z(to) = 20 to 2(t1) = 0; i.e.,

Clto, t1] £ {xo € R" : Ju(e), 0= ¢(t1,t0)z0 +/t ' ¢(t1,T)B(T)u(T)dT} .
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The matrices C(-) and D(:) play no role in these definitions; therefore one
often simply talks about the reachable or controllable subspaces of the system

i = A(t)z + B(t)u, zeR" ueRF (AB-CLTV)
or of the pair (A(-), B(+)).
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Controllable and Reachable subspaces
Subspaces

The matrices C(-) and D(:) play no role in these definitions; therefore one
often simply talks about the reachable or controllable subspaces of the system

i = A(t)z + B(t)u, zeR" ueRF (AB-CLTV)
or of the pair (A(-), B(+)).

Attention!

Determining the reachable subspace amounts to finding for which vectors
z1 € R™, the equation

ty
gin = / o(t1, 7)B(T)u(T)dr
to
has a solution u(-).

Similarly, determining the controllable subspace amounts to finding the vectors
xo € R™ for which the equation

0 = é(t1, )0 +/tt1 d(t1, V) B(r)u(r)dr <> o = /ttl e Bl

has a solution v(-) = —u(-).



Controllable and Reachable subspaces
Examples and System Interconnections

Parallel RC network

O

Ci /\> (6)) /\>

State space model of parallel electrical network is given as

1 0 1
Sl i E [l
R2Co R2C2
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Parallel RC network

O

Ci /\> (6)) /\>

State space model of parallel electrical network is given as

1 0 1
Sl i E [l
R2Co R2C2

The solution to this system is given by

t—T

O] _ [e @], (" |me
Tq € 1~1.71 R.C
t) = - t et d
(1) [g,;g(t)} LRQCMZ(O) +/O R u(r)dr

RyC>
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Parallel RC network

When the two branches have the same time constant, i.e.

1 1
RO = o, — W we have

z(t) = e “'z(0) + w /O t =Ty (r)dr m

If 2(0) = 0, then z(t) reduces to

We can observe that transferring the system from the origin to any
state with x1(f) = x2(t) is permissible. Hence, the reachable
subspace of this system is

Rto, t1] = {Oé |}:| S R}, Yty > tg > 0.
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Clearly, this is possible only if z(0) is aligned with [1 1]
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Suppose now that we want to transfer (0) to the origin. Then we
need
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Clearly, this is possible only if z(0) is aligned with [1 1]/.The
controllable subspace for this system is

G[to,tl] = {a |}:| Toe ]R} , Vt1 >ty > 0.
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Parallel RC network
Suppose now that we want to transfer (0) to the origin. Then we
need

0 = e=#'2(0) + a(t) m L) —w /0 ety ()

Clearly, this is possible only if z(0) is aligned with [1 1]/.The
controllable subspace for this system is

G[to,tl] = {a |}:| Toe ]R} , Vt1 >ty > 0.

However, we shall see shortly that when the time constants are
difFere.n’F; ie. ﬁ ;é 52102' any vector in R? can t.>e. r.eached .fr.om
the origin and the origin can be reached from any initial condition

in R2: j.e.

R[to, t1] = Clto, t1] = R?
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Examples and System Interconnections

Suspension System

B K B> K>

The steady state space model of the mechanical system is given by

_ b _ k1 0 0 1
mi my 2mq

| L0 0 o ol
- b k 1
0 0 77?1722 7m722 2ma
0 0 1 0 0

where z = [xl To X3 x4]/, and x; and x5 are the spring
displacements with respect to the equilibrium position. We assumed that
the bar has negligible mass and therefore the force u is equally
distributed between the two spring systems.
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Parallel Interconnection

X1 =A1x1+Biu
b+ y

u
ﬁ
X = A2+ Bou
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Parallel Interconnection

N1
X1 :A]J(1+Blu*l/
u + y
+
X = Ao+ Bou
»2

Consider the parallel interconnection of two systems with states z1,z2 € R”.
The overall system corresponds to the state space model:

T = A 0 T+ B U
10 A Bs
The solution to the system when A; = A> = A, By = By = B is given by

z(t) = {ZXZZ% + H /O t e Bu(r)dr.
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Parallel Interconnection

N1
X1 :A]J(1+Blu*l/
u + y
+
X = Ao+ Bou
y2

Consider the parallel interconnection of two systems with states z1,z2 € R”.
The overall system corresponds to the state space model:

T = A 0 T+ B U
10 A Bs
The solution to the system when A; = A> = A, By = By = B is given by
At t
_ |0 [T A(t—7)
z(t) = |:€Atl‘2(():| + [I ) e Bu(r)dr.

This shows that if z(0) = 0, we cannot transfer the system from the origin to
any state with x(t) # x2(t). Similarly, to transfer a state z(to) to the origin,
we must have z1(to) = z2(to).
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Examples and System Interconnections

Y1
X1 =Ax;+Bu
u + Y
T
. i u b4
do = Asxo+ Bou ——={ X1=A1x+Bu X = Ao+ Bau Hy
y2
(a) parallel (b) cascade
Attention

@ Parallel connections of similar systems are a common
mechanism that leads to lack of reachability and
controllability.

@ Cascade connections, generally do not have this problem.
However, they may lead to stability problems through
resonance.
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Examples and System Interconnections

=y
Or
N
_.|_
p——
|

State variable z is the voltage across the capacitor.

If 2(0) =0, then x(t) = 0 for all ¢ > 0 no matter what input is
applied.

This is due to the symmetry of the network, and the input has no
effect on the voltage across the capacitor.
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Given an m X n matrix W

Definition (Image and Rank of a matrix)

The range or image is the set of vectors y € R™ for which y = Wz has
a solution = € R™; i.e.,

InW £ {y ¢ R™: 3z ¢ R",y = Wz}

The image of W is a linear subspace of R™ and its dimension is called
the rank of the matrix W.

Definition (Kernel and Nullity of a matrix)
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The range or image is the set of vectors y € R™ for which y = Wz has
a solution z € R"; i.e.,
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Fundamental theorem of linear equations

Given an m X n matrix W

Definition (Image and Rank of a matrix)
The range or image is the set of vectors y € R™ for which y = Wz has
a solution z € R"; i.e.,

InW £ {y ¢ R™: 3z ¢ R",y = Wz}

The image of W is a linear subspace of R™ and its dimension is called
the rank of the matrix W.

The rank of W is equal to the number of linearly independent
columns of W, which is also equal to the number of linearly
independent rows of W.

Definition (Kernel and Nullity of a matrix)

The kernel or null space is the set
kerW = {z € R" : Wz = 0}

The kernel of W is a linear subspace of R™, and its dimension is called
the nullity of the matrix W.
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Theorem (Fundamental theorem of linear equations?)

For every m x n matrix W,

dimkerW + dim ImW = n.

Strang, Linear Algebra and its Applications, 1988
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Fundamental theorem of linear equations

Theorem (Fundamental theorem of linear equations?)

For every m x n matrix W,
dimkerW + dim ImW = n.

There exists a simple relationship between the kernel and image
spaces. The orthogonal complement V- of a linear subspace V

C R™ is the set of all vectors that are orthogonal to every vector in
V; e,

VL:{xERnil’/Z:O,VZEV}.

Strang, Linear Algebra and its Applications, 1988



Controllable and Reachable subspaces
Fundamental theorem of linear equations

Theorem (Fundamental theorem of linear equations?)

For every m x n matrix W,

dimkerW + dim ImW = n.

There exists a simple relationship between the kernel and image
spaces. The orthogonal complement V- of a linear subspace V

C R™ is the set of all vectors that are orthogonal to every vector in
V;ie.,

VL:{xER”:x’zzo,Vze\?}.

Theorem (Range vs null space)

For every m x n matrix W,

ImW = (kerW’):, kerW = (ImW’')*.

Strang, Linear Algebra and its Applications, 1988
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Reachability and Controllability Gramians

As the name suggests, the Gramians allow one to compute the
aforesaid subspaces.

Definition (Gramians)

Given two times t; > tg > 0, the reachability and controllability
Gramians of the system (AB-CLTV) are defined, respectively, by

WR(to, tl) = ttl ¢(t1, T)B(T)B(T)T¢(t1, T)TdT

t1
Wo(to, t1) = t $(to, 7)B(1)B(1)" ¢(to, )" d7
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Reachability and Controllability Gramians

As the name suggests, the Gramians allow one to compute the
aforesaid subspaces.

Definition (Gramians)

Given two times t; > tg > 0, the reachability and controllability
Gramians of the system (AB-CLTV) are defined, respectively, by

Watot) = [ é(t1.7)B(r)B(r)To(ts, ) dr

to

t1
Wo(to, t1) = t $(to, 7)B(1)B(1)" ¢(to, )" d7

Note

Both Gramians are symmetric and positive-semidefinite n X n
matrices.
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Reachability and Controllability Gramians

Definition (Reachable Subspace, Gramian, Image)

rt
Wr(to, t1) é/ Yot BB et ) dr, mW 2 {y €R™ : 3z €R",y = Wa)
to

Theorem (Reachable subspace)

Given two times t1 >ty > 0,

fR[tQ, tl] = ImWR(to, tl).
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Reachability and Controllability Gramians

Definition (Reachable Subspace, Gramian, Image)

rt
Wr(to, t1) é/ Yot BB et ) dr, mW 2 {y €R™ : 3z €R",y = Wa)
to

Theorem (Reachable subspace)

Given two times t1 >ty > 0,
Rlto, t1] = ImWg(to, t1)-
Moreover, if x1 = Wg(to,t1)nm € ImWgr(to,t1), the control
u(t) = B(t) o(t1, 1) m,  t€ [to, ] (1)

can be used to transfer the state from x(ty) = 0 to z(t1) = 1.
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Reachability and Controllability Gramians

Definition (Reachable Subspace, Gramian, Image)

rt
Wr(to, t1) é/ Y o(t1, BB é(ty, ) Tdr, mW 2 {y € R™ : 3z €R",y = Wa}
to

Theorem (Reachable subspace)

Given two times t1 >ty > 0,
Rlto, t1] = ImWg(to, t1)-
Moreover, if x1 = Wg(to,t1)nm € ImWgr(to,t1), the control
u(t) = B(t) o(t1, 1) m,  t€ [to, ] (1)

can be used to transfer the state from x(ty) = 0 to z(t1) = 1.

Logical idea of the proof.
The proof shall be done in two parts

@ 1) € ImWR(tO,tl) — I € :R[t(htl]

Q@ 1 € ImWR(to,t1) <— I € fR[tmtl]
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Recall

Whlto, t1) = /t " b(tr, TV B(F)B(r) T o(t1, )T dr

u(t) = Bt)T é(t1,t) t € [to, 1]
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Proof: z; € IIIIVVR(tQ,tl) —> I € R[to,tl]

Recall

Whlto, t1) = / " b(tr, TV B(F)B(r) T o(t1, )T dr

to

u(t) = Bt)T é(t1,t) t € [to, 1]

When z1 € ImWg(to, t1), there exists a vector 71 € R™ such that
x1 = Wgr(to, t1)m.

To prove that 1 € R[tg, t1], it suffices to show that the input u(t) does
indeed transfer the state from x(¢p) = 0 to x(¢1) = z1. To verify that
this is so, we use the variations of constants formula for the input

x(t1) = /t 1 o(t1, 7)B(T)u(r)dr

x(t1) = 1 o(t1, 7)B(1) B(r)T o(t1,7) ' dr
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u(r)
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Proof: z; € IIIIVVR(tQ,tl) —> I € R[to,tl]

Recall

Whlto, t1) = / " b(tr, TV B(F)B(r) T o(t1, )T dr

to

u(t) = Bt)T é(t1,t) t € [to, 1]

When z1 € ImWg(to, t1), there exists a vector 71 € R™ such that
x1 = Wgr(to, t1)m.

To prove that 1 € R[tg, t1], it suffices to show that the input u(t) does
indeed transfer the state from x(¢p) = 0 to x(¢1) = z1. To verify that
this is so, we use the variations of constants formula for the input

x(t1) = /t 1 o(t1, 7)B(T)u(r)dr

ty
l’(tl) = ¢(t1, T)B(T) B(T)T(b(tl, T)T’I71 dT = WR(tU, t1)771 =XT1.

to
u(r)
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When x1 € R[to, t1] there exists an input u(-) for which z; = t’;l o(t1, 7)B(T)u(r)dr

We show next that this leads to z1 € ImWg(to,t1) = (kerWr(to,t1))", which
is to say that

zim =0, Vi € kerWhr(to, t1) (2)

To verify that, we pick some arbitrary vector 11 € kerWg(to,t1) and compute
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to

Compute further "
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- / IB(r)T é(tr, 7) T |dr

to



Controllable and Reachable subspaces

Proof: z; € Im‘/VR(to,tl) << I € R[to,tl]

When z1 € R[to, t1] there exists an input u(-) for which z;

- ;01 o(t1, 7)B(T)u(r)dr
We show next that this leads to z1 € ImWg(to,t1) = (kerWr(to,t1))", which
is to say that

#im =0,  Vm €kerWr(to,t1) )
To verify that, we pick some arbitrary vector 11 € kerWg(to,t1) and compute
ty
om = [ u@) B ot ) mar 3)
to

Compute further

ni Wr(to, t1)m = / 1 ni ¢(t1, 7)B(r)B(r)" ¢(tr, ) mdr

to

ty
- / IB(r)T é(tr, 7) T |dr

to
But since 71 € kerWrg(to,t1), we have

t1
0T Wa(to, tr)m = / 1B(r)" é(tr,7) " [Pdr = 0

to



Controllable and Reachable subspaces

Proof: z; € Im‘/VR(to, tl) << I € R[to, tl]
When x1 € R[to, t1] there exists an input u(-) for which z; = t’;l o(t1, 7)B(T)u(r)dr

We show next that this leads to z1 € ImWg(to,t1) = (kerWr(to,t1))", which
is to say that

#im =0,  Vm €kerWr(to,t1) )
To verify that, we pick some arbitrary vector 11 € kerWg(to,t1) and compute
ty
om = [ u@) B ot ) mar 3)
to

Compute further "
W?WR(to,tl)m :/ nfqﬁ(tl,T)B(T)B(T)T(j)(tl,T)de’r

to

ty

= [ 1B ot mlar
to

But since 71 € kerWrg(to,t1), we have

ty

o Watto,tm = [ 1B 60, 1) m|Pdr =0
to

which implies that

B(r) ¢(t1,7)"'m =0, VT € [to, t1].



Controllable and Reachable subspaces

Proof: z; € Im‘/VR(to, tl) << I € R[to, tl]
When x1 € R[to, t1] there exists an input u(-) for which z; = t’;l o(t1, 7)B(T)u(r)dr

We show next that this leads to z1 € ImWg(to,t1) = (kerWr(to,t1))", which
is to say that

#im =0,  Vm €kerWr(to,t1) )
To verify that, we pick some arbitrary vector 11 € kerWg(to,t1) and compute
ty
om = [ u@) B ot ) mar 3)
to

Compute further "
W?WR(to,tl)m :/ nfqﬁ(tl,T)B(T)B(T)T(j)(tl,T)de’r

to

ty
- / IB(r)T é(tr, 7) T |dr

to
But since 71 € kerWrg(to,t1), we have

t1
0T Wa(to, tr)m = / 1B(r)" é(tr,7) " [Pdr = 0

to
which implies that

B(r)T¢(tr,7)"'m =0, V7 € [to, ta].
From this and (3), we conclude that (2) indeed holds.



Controllable and Reachable subspaces

Reachability and Controllability Gramians

Theorem (Controllable subspace)

Given two times t1 > tg > 0
Clto, t1] = ImWe(to, t1)
Moreover, if g = We(to, t1)no € ImWe(to, t1), the control
u(t) = —B(t)" ¢(to, ) no, € [to, t1]

can be used to transfer the state x(ty) = xo to x(t1) =0



Controllable and Reachable subspaces

Controllability Matrix (LTI)

Consider the continuous time LTI system

i = Az + Bu, z €R" ueRF (AB-CLTI)



Controllable and Reachable subspaces

Controllability Matrix (LTI)

Consider the continuous time LTI system
i = Az + Bu, z €R" ueRF (AB-CLTI)

For this system, the reachability and controllability Gramians are
given, respectively, by

f t1—to
Wrlto, t1] = / A=) gBT AT (i —7) g — / At B BT ATt gy
to o
t t1—to
Welto, ta] = / eA(toiT)BBTeAT(taiT)dT = / efAtBBTefATtdt
to o



Controllable and Reachable subspaces

Controllability Matrix (LTI)

Consider the continuous time LTI system
i = Az + Bu, z €R" ueRF (AB-CLTI)

For this system, the reachability and controllability Gramians are
given, respectively, by

f t1—to
Wrlto, t1] = / A=) gBT AT (i —7) g — / At B BT ATt gy
to o
t t1—to
Welto, ta] = / eA(toiT)BBTeAT(taiT)dT = / efAtBBTefATtdt
to o

The controllability matriz of (AB-CLTI) is to be defined by

¢=[B AB A*B ... A"'B]_..

and provides a “simple method” to compute the reachable and
controllable subspace.



Controllable and Reachable subspaces

Controllability Matrix (LTI)

For any two times ty and t1, with t; >ty >0

R[to,tl] = ImWR(to,tl) = Im¢€ = ImWC<t0,t1) E e[to,tl]



Controllable and Reachable subspaces

Controllability Matrix (LTI)

For any two times ty and t1, with t; >ty >0

R[to,tl] = ImWR(to,tl) = Im¢€ = ImWC<t0,t1) E e[to,tl]

Attention

The notion of reachability and controllability coincide for continuous time LTI
system, which means if one can go from origin to some state x1, then one can
also go from z; to origin.

Because of this, one studies controllability for continuous time system, and
neglect reachability.



Controllable and Reachable subspaces

Controllability Matrix (LTI)

For any two times ty and t1, with t; > tg > 0

fR[to,tl] = ImWR(to,tl) = ImC = ImWC<t0,t1) = e[to,tl]

Attention

The notion of reachability and controllability coincide for continuous time LTI
system, which means if one can go from origin to some state x1, then one can
also go from z; to origin.

Because of this, one studies controllability for continuous time system, and
neglect reachability.

Logical idea of the proof.
ontrollable subspace

fR[to,tl] = ImWR(to,tl) = Im¢C = ImWC(to,tl) = G[to,tl]

Reachable subspace




Controllable and Reachable subspaces

Controllability Matrix (LTI)

For any two times ty and t1, with t; > tg > 0

fR[to,tl] = ImWR(to,tl) = ImC = ImWC(to,tl) = e[to,tl]

Attention

The notion of reachability and controllability coincide for continuous time LTI
system, which means if one can go from origin to some state x1, then one can
also go from z; to origin.

Because of this, one studies controllability for continuous time system, and
neglect reachability.

Logical idea of the proof.
ontrollable subspace

fR[to,tl] = ImWR(to,tl) = Im¢C = ImWC(to,tl) = G[to,tl]

Reachable subspace

The rest of the proof shall be done in two parts
@ x; € R[to,h] = ImWR[to,tl] — 1 € ImC.
@ x1 € R[to,tl] = ImWR[to,tl] <— 1 € ImC.



Controllable and Reachable subspaces

Proof: x; € fR[to,tl] = ImVVR[tQ,tl] — 11 € InC

When z1 € R[to, t1], there exists an input u(-) that transfers the state
from z(tg) = 0 to x(t1) = 1, and therefore

ty
xlz/ e =) Bu(r)dr

to



Controllable and Reachable subspaces

Proof: x; € fR[to,tl] = ImVVR[tQ,tl] — 11 € InC

When x1 € R[to, t1], there exists an input u(-) that transfers the state
from z(tg) = 0 to x(t1) = 1, and therefore

ty
xlz/ e =) Bu(r)dr

to

Recall

Theorem (Caley-Hamilton theorem)

For every n x n matrix A,

A(A) = A" + alAn_l + a2An_2 + 4+ an—lA + a'nIan = Onxn

where
A(s) = 8"+ a18" t +ags" 24+ an_15+an

is the characteristics polynomial of A.



Controllable and Reachable subspaces

Proof: z; € fR[to,tl] = ImVVR[tQ,tl] — 21 € ImC

When z1 € R[to, t1], there exists an input u(-) that transfers the state
from z(tg) = 0 to x(t1) = 1, and therefore

t1

x = / e =) Bu(r)dr
to

Using Caley-Hamilton theorem, we can write

n—1
et = Z ai(t) A, vt e R
i=0

for appropriately defined scalar functions ag(t), a1 (t), aa(t), . .., an—1(t).



Controllable and Reachable subspaces

Proof: z; € fR[to,tl] = ImVVR[tQ,tl] — 21 € ImC

When z1 € R[to, t1], there exists an input u(-) that transfers the state
from z(tg) = 0 to x(t1) = 1, and therefore

ty
xlz/ e =) Bu(r)dr

to

Using Caley-Hamilton theorem, we can write

n—1
A=N"a;(t)A’,  VteR
=0

for appropriately defined scalar functions ag(t), a1 (t), aa(t), . .., an—1(t).
Therefore,

ZAZ (/ T (T)d7>



Controllable and Reachable subspaces

Proof: z; € fR[to,tl] = ImVVR[tQ,tl] — 21 € ImC

When z1 € R[to, t1], there exists an input u(-) that transfers the state
from z(tg) = 0 to x(t1) = 1, and therefore

ty
xlz/ e =) Bu(r)dr
to

Using Caley-Hamilton theorem, we can write

n—1
A=N"a;(t)A’,  VteR
=0

for appropriately defined scalar functions ag(t), a1 (t), aa(t), . .., an—1(t).
Therefore,

J2 oty — m)u(r)dr

ZAZ (/t T (ﬂm):c )

to ap—1(t1 — T)u(r)dr

which shows that z; € ImC.



Controllable and Reachable subspaces

Proof: z; € R[to,tl] = ImI/VR[tQ,tl] <— 11 € ImC



Controllable and Reachable subspaces

Proof: x; € fR[to,tl] = ImVVR[tQ,tl] < 11 € InC

When z; € In€, there exists a vector v € R*™ for which

x1 = Co.



Controllable and Reachable subspaces

Proof: x; € fR[to,tl] = ImVVR[tQ,tl] < 11 € InC

When z; € In€, there exists a vector v € R*™ for which

x1 = Co.

We show next that this leads to z1 € ImWg(to,t1) = (kerWr(to,t1))™, which
is to say that

77?.%'1 = 77,1116’0 =0, an S keI‘VVR(t(]7 tl). (4)



Controllable and Reachable subspaces

Proof: z; € fR[to,tl] = ImVVR[tQ,tl] <— 11 € ImC

When z; € In€, there exists a vector v € R*™ for which

x1 = Co.

We show next that this leads to z1 € ImWg(to,t1) = (kerWr(to,t1))™, which
is to say that

77?.%'1 = 77?@’[) =0, an S keI‘VVR(t(]7 tl). (4)

To verify that this is so, we pick an arbitrary vector 71 € kerWg(to, t1).
We saw in the proof of the reachable subspace that such vector n; has the
property that

nrettt=1pB =, V7 € [to, t1].

To verify that, we pick some arbitrary vector 11 € kerWr(to,t1) and compute
t1
[t B oter, ) T mar @
to

But since 71 € kerWr(to,t1), we have

T
Ty m

t1
7 W(to, t1)m —/ i $(tr, ) B(7)B(r)T $(tr, ) mdr
to

t1
= [ 1B@ ot 1) mlar =0

to
which implies that

B(m) é(t1,7)"m =0, V7 € [to, t1].




Controllable and Reachable subspaces

Proof: z; € fR[to,tl] = ImVVR[tQ,tl] <— 11 € ImC

When z; € In€, there exists a vector v € R*™ for which

x1 = Co.

We show next that this leads to z1 € ImWg(to,t1) = (kerWr(to,t1))™, which
is to say that

77?.%'1 = 77?@’[) =0, an S keI‘VVR(t(]7 tl). (4)

To verify that this is so, we pick an arbitrary vector 71 € kerWg(to, t1).
We saw in the proof of the reachable subspace that such vector n; has the
property that

nrettt=1pB =, V7 € [to, t1].

Taking k time derivatives with respect to 7, we further conclude that

(*1)kn,{AkeA(t17T)B =0, V7 € [to,t1],k > 0.



Controllable and Reachable subspaces

Proof: z; € fR[to,tl] = ImVVR[tQ,tl] <— 11 € ImC

When z; € In€, there exists a vector v € R*™ for which

x1 = Co.

We show next that this leads to z1 € ImWg(to,t1) = (kerWr(to,t1))™, which
is to say that

77?.%'1 = 77?@’[) =0, an S keI‘VVR(t(]7 tl). (4)

To verify that this is so, we pick an arbitrary vector 71 € kerWg(to, t1).
We saw in the proof of the reachable subspace that such vector n; has the
property that

nrettt=1pB =, V7 € [to, t1].

Taking k time derivatives with respect to 7, we further conclude that
(~1)Fpf ARe* ™M= B =0,  Vr € [to,t1],k > 0.
and in particular for 7 = t1, we obtain
nmA*B=0, Vk>0

It follows that n{ € = 0 and therefore (4) indeed holds.



Controllable and Reachable subspaces

Parallel RC network example (continued)

The controllability matrix for the network is given by

¢=[B AB]=

1 —1
R1Cy R3C%
1 =1
Ry Co R2C3

_ 1

When two branches have the same time constants, i.e., - = o =
R1Cq RoCo

have 2
¢ {w w2}

W  —w

and therefore
R[to,h] :e[to,t1] = Im¢ = {Oé |:]i:| tOéER}, Vt1 >to >0

. . . 1 1
However, when the time constants are different, i.e. Srren #* o

dot ¢ — 1 _ 1 _ 1 11 20
T R2C?R:C2  RiC1R3C2  RiCiR20: \ RiC1  Ra2Co
which means that € is nonsingular, and therefore

R[to,tl] = e[to,tl] = Im¢ = Rz




Controllable and Reachable subspaces
Discrete-Time Case

Consider discrete-time LTV system

z(t+1) = A@t)z(t) + B(t)u(t), = cR",ucR* (AB-DLTV)

A given input u(-) transfers of state x(tp) = z¢ at time ¢( to the
state x(t1) = x1 at time t; given by the variation of constants
formula,

t1—1

v1 = p(tr,to)zo + Y b(tr, 7+ 1)B(7)u(7),

T=to

where ¢(-) denotes the system'’s state transition matrix.

We want to express how powerful the input is in terms of
transferring the state between two given states.



Controllable and Reachable subspaces
Discrete-Time Case

Definition (Reachable subspace)

Given two times t1 > to > 0, the reachable or controllable-from-the-origin on
[to, t1] subspace R[to, t1] consists of all states z1 for which there exists an input
w: {to,to +1,...,t1 — 1} — R” that transfers the state from z(to) = 0 to

z(t1) = z1; i.e.

R[to,tl] = {1'1 e R": Hu(~),x1 = i ¢(t1,7’+ I)B(T)U(T)} .

T=tg

Definition (Controllable subspace)

Given two times t1 > to > 0, the controllable or controller-to-the-origin on
[to, t1] subspace C[to, t1] consists of all states zo for which there exists an input
w: {to,to +1,...,t1 — 1} — R* that transfers the state from z(tg) = zo to
z(t1) = 0; i.e.,

T=tg

e[to,tl] = {xo ceR": Hu(‘),o = d)(tl,t())m() - 12 ¢(t1,7‘+ I)B(T)’U,(T)} .



Controllable and Reachable subspaces
Discrete-Time Case

Theorem (Reachability and controllability Gramians)

Given two times t1 > to > 0, the reachability and controllability Gramians of
the system (AB-DLTV) are defined, respectively, by

t1—1

R(to, t1) == > ¢(t1,7+ 1)B(7)B(r) $(t1, 7 + 1),
T=tg
t1—1

olto t1) := Y ¢(to, 7 + 1)B(r)B(1) ¢(to, 7 +1)".
T=tg

These Gramians allow us to determine exactly what the reachable and
controllable spaces are.



Controllable and Reachable subspaces
Discrete-Time Case

Theorem (Reachability and controllability Gramians)

Given two times t1 > to > 0, the reachability and controllability Gramians of
the system (AB-DLTV) are defined, respectively, by

t1—1
R(to, t1) == > ¢(t1,7+ 1)B(7)B(r) $(t1, 7 + 1),
T=tg

t1—1

olto t1) := Y ¢(to, 7 + 1)B(r)B(1) ¢(to, 7 +1)".

T=tg

Attention!

The discrete-time controllability Gramian requires a backward-in-time state
transition matrix ¢(to,7 + 1) from time 7+ 1 to time to < 7 < 7+ 1.

These Gramians allow us to determine exactly what the reachable and
controllable spaces are.



Controllable and Reachable subspaces
Discrete-Time Case

Theorem (Reachability and controllability Gramians)

Given two times t1 > to > 0, the reachability and controllability Gramians of
the system (AB-DLTV) are defined, respectively, by

t1—1

R(to, t1) == > ¢(t1,7+ 1)B(7)B(r) $(t1, 7 + 1),
T=tg
t1—1

olto t1) := Y ¢(to, 7 + 1)B(r)B(1) ¢(to, 7 +1)".
T=tg

Attention!

The discrete-time controllability Gramian requires a backward-in-time state
transition matrix ¢(to,7 + 1) from time 7+ 1 to time to < 7 < 7+ 1.
The matrix is well defined only when

z(t+1)=A(r)A(T —1)--- A(to)z(to), to<t<t1i—1

can be solved for z(to), i.e. when all the matrices A(to), A(to+1)... A(t1 — 1)
are nonsingular.

These Gramians allow us to determine exactly what the reachable and
controllable spaces are.



Controllable and Reachable subspaces
Discrete-Time Case

Theorem (Reachability and controllability Gramians)

Given two times t1 > to > 0, the reachability and controllability Gramians of
the system (AB-DLTV) are defined, respectively, by

t1—1

R(to, t1) == > ¢(t1,7+ 1)B(7)B(r) $(t1, 7 + 1),
T=tg
t1—1

olto t1) := Y ¢(to, 7 + 1)B(r)B(1) ¢(to, 7 +1)".
T=tg

Attention!

The discrete-time controllability Gramian requires a backward-in-time state
transition matrix ¢(to,7 + 1) from time 7+ 1 to time to < 7 < 7+ 1.
The matrix is well defined only when

z(t+1)=A(r)A(T —1)--- A(to)z(to), to<t<t1i—1

can be solved for z(to), i.e. when all the matrices A(to), A(to+1)... A(t1 — 1)
are nonsingular.
When this does not happen, the controllability Gramian cannot be defined.

These Gramians allow us to determine exactly what the reachable and
controllable spaces are.



Controllable and Reachable subspaces
Discrete-Time Case

Theorem (Reachable and controllable subspaces)

Given two times t; > to > 0,
fR[to, tl} = ImWR(to, tl),

Moreover
Q ifz1 = Wg(to,t1)m € ImWk(to, t1), the control
u(t) = BO) ¢(tr,t+1)Tm,  t€[to,tr —1]

can be used to transfer the state from x(to) = 0 to z(t1) = z1,



Controllable and Reachable subspaces
Discrete-Time Case

Theorem (Reachable and controllable subspaces)

Given two times t; > to > 0,
fR[to, tl} = ImWR(to, tl),

e[to, tﬂ = Ich(to, t1)
Moreover

Q ifz1 = Wg(to,t1)m € ImWk(to, t1), the control
u(t) = BO) ¢(tr,t+1)Tm,  t€[to,tr —1]

can be used to transfer the state from x(to) = 0 to z(t1) = =1, and

Q ifzo = We(to,t1)no € ImWe (to,t1), the control
u(t) = —B(t)" p(to,t + 1) no, t € [to, t1 — 1]

can be used to transfer the state from x(to) = xo to x(t1) = 0.



Controllable and Reachable subspaces
Discrete-Time Case

Theorem (Reachable and controllable subspaces)

Given two times t; > to > 0,
fR[to, tl} = ImWR(to, tl),

e[to, tﬂ = Ich(to, t1)
Moreover

Q ifz1 = Wg(to,t1)m € ImWk(to, t1), the control
u(t) = BO) ot t + 1)Tm,  tE€ [to,t1 — 1]
can be used to transfer the state from x(to) = 0 to z(t1) = =1, and
Q ifzo = We(to,t1)no € ImWe (to,t1), the control
u(t) = —B(t) ¢(to,t + 1) mo,  t € [to,t1 — 1]
can be used to transfer the state from x(to) = xo to x(t1) = 0.

Logical idea of the proof.

The proof can be done in two parts
@ 1 € ImWR(to,tl) — I € :R[to,tl]
@ 1 € ImWR(to,tl) < 1x1 € fR[to,tl]



Controllable and Reachable subspaces
Discrete-Time Case: LTI

Consider now the discrete-time LTI ststem
tt =Azr+Bu, zecR"uecRF (AB-DLTI)

For this system, the reachability and controllability Gramians are
given, respectively, by

t1—1

Whr(to,t1) = AT BB (AT,
T=to
t1—1

WC(thtl)l — Z Ato—l—TBBT(AT)tO—l—T

T=to

and the controllability matriz is given by

¢=[B AB ... A"B]

nx(kn) *

The controllability Gramian can be defined only when A is nonsingular.



Controllable and Reachable subspaces
Discrete-Time Case: LTI

For any two times t; >ty > 0, with t; > tg +n, we have!

R[to,tl] E ImWR(tmtl) = ImC = ImWC(to,tl) = 6[1&07151].

!The results regarding the controllability Gramian implicitly assume that A
is nonsingular.



Controllable and Reachable subspaces
Discrete-Time Case: LTI

For any two times t; >ty > 0, with t; > tg +n, we have!
fR[to,tl] = ImWR(t()J,l) = Im¢ = ImWC(to,tl) = 6[t07t1].

Attention

In discrete time, the notions of controllable and reachable subspaces
coincide only when the matrix A is nonsingular.

1The results regarding the controllability Gramian implicitly assume that A
is nonsingular.
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Discrete-Time Case: LTI

For any two times t; >ty > 0, with t; > tg +n, we have!
fR[to,tl] = ImWR(t()J,l) = Im¢ = ImWC(to,tl) = 6[t07t1].

Attention

In discrete time, the notions of controllable and reachable subspaces
coincide only when the matrix A is nonsingular.
Otherwise, we have

R[to,tl] = Im¢€ C e[t07t1],

1The results regarding the controllability Gramian implicitly assume that A
is nonsingular.



Controllable and Reachable subspaces
Discrete-Time Case: LTI

For any two times t; >ty > 0, with t; > tg +n, we have!

fR[to,tl] E ImWR(to,tl) = ImC = ImWC(to,tl) = 6[t07t1].

Attention

In discrete time, the notions of controllable and reachable subspaces
coincide only when the matrix A is nonsingular.
Otherwise, we have

R[to,tl] = Im¢€ C e[t07t1],

but the reverse inclusion does not hold, i.e., there are states x; that can
be transferred to the origin, but it is not possible to find an input to
transfer the origin to these states.

1The results regarding the controllability Gramian implicitly assume that A
is nonsingular.



Controllable and Reachable subspaces
Discrete-Time Case: LTI

For any two times t; >ty > 0, with t; > tg +n, we have!

fR[to,tl] E ImWR(to,tl) = ImC = ImWC(to,tl) = 6[t07t1].

Attention

In discrete time, the notions of controllable and reachable subspaces
coincide only when the matrix A is nonsingular.
Otherwise, we have

R[to,tl] = Im¢€ C e[t07t1],

but the reverse inclusion does not hold, i.e., there are states x; that can
be transferred to the origin, but it is not possible to find an input to
transfer the origin to these states.

Because of this, one must study reachability and controllability of
discrete time systems separately.

1The results regarding the controllability Gramian implicitly assume that A
is nonsingular.



Controllable and Reachable subspaces
Discrete-Time Case: LTI

For any two times t; > tg > 0, with t; > to + n, we have

Rlto, t1] = ImWg(to, t1) = In€ = ImWc (to, t1) = Clto, ta].

Logical idea of the proof.

Controllable subspace

Rlto, t1] = InWr(to, t1) = In€ = InWc(to, t1) = Clto, 1]

Reachable subspace

The proof can be done in two parts
@ I € fR[to,tl] = ImWR[to,tl] — 71 € InC.
e x1 € Rtg, t1] = ImWglto, t1] < z1 € InC.
O]

The results regarding the controllability Gramian implicitly assume that A
is nonsingular.



Controllable systems

Qutline of Controllable Systems

© Matrix test
@ Eigenvector test
© Lyapunov test



Controllable systems
Matrix Test

Consider the following continuous and discrete-time LTV systems

i=A)z+ Bt)u | z(t+1)=A@t)z(lt)+ Bt)u(t), zecR"ueR"
(AB-LTV)

Definition (Reachable system)

Given two times t1 > to > 0, the system (AB-LTV), or simply the pair
(A(.), B(.)), is (completely state-) reachable on [to,t1] whenever
R[to, t1] = R", i.e., whenever the origin can be transferred to every state.

Definition (Controllable system)

Given two times t1 > to > 0, the system (AB-LTV), or simply the pair
(A(.), B(.)). is (completely state-) controllable on [to,t1] whenever
C[to,t1] = R™, i.e., whenever every state can be transferred to the origin.

Here, we jointly present the results for continuous and discrete time and
use a slash to separate the two cases.
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The following two statements are equivalent.
@ The n—dimensional pair (A(t), B(t)) is controllable at time t.
@ there exists a finite t1 > to such that the n X n matrix
t1
Woltort) = [ ot BB oftr, 'dr
to

is nonsingular.
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to

is nonsingular.

Proof: 2 — 1.
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The following two statements are equivalent.
@ The n—dimensional pair (A(t), B(t)) is controllable at time t.

@ there exists a finite t1 > to such that the n X n matrix

W to, 1) = /t " 6(t1, ) B(r)B(r) d(t1, 7Y dr

is nonsingular.

Proof: 2 — 1.

The response of (AB-LTV) at ¢; is given as
t1
2(th) = Bt to)ao + / 6(tr, ) B(r)u(r)dr
to

We claim that the input
u(t) = =B'(t)¢'(tr, t)n, 0= Wg" (to, t1)[¢(t1, to) (z0 — 21)]

will transfer xg at time to to x1 at time ¢;.
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Matrix Test

The following two statements are equivalent.
@ The n—dimensional pair (A(t), B(t)) is controllable at time t.

@ there exists a finite t1 > to such that the n X n matrix

W to, 1) = /t " 6(t1, ) B(r)B(r) d(t1, 7Y dr

is nonsingular.

Proof: 2 — 1.

The response of (AB-LTV) at ¢; is given as
z(t1) = ¢(t1, to)zo + /t1 é(t1, 7)B(T)u(T)dr
We claim that the input K
u(t) = =B' ()¢ (tr, t)n,  n=Wg5" (to,t2)[$(t1,t0) (z0 — 21)]
will transfer xo at time to to z1 at time ¢;.From the above, we have

2(t) = $t1,t0)z0 — | B(t, 7)B()B (F)d (1, T)dr x 1

to



Controllable systems
Matrix Test

The following two statements are equivalent.
@ The n—dimensional pair (A(t), B(t)) is controllable at time t.

@ there exists a finite t1 > to such that the n X n matrix

W to, 1) = /t " 6(t1, ) B(r)B(r) d(t1, 7Y dr

is nonsingular.

Proof: 2 — 1.

The response of (AB-LTV) at ¢; is given as
t1
2(th) = Bt to)ao + / 6(tr, ) B(r)u(r)dr
to

We claim that the input
u(t) = —B'O)¢'(tr,t)n, 1 =Wg'(to,t1)[p(t1, t0) (o — x1)]
will transfer xo at time to to o1 at time t;.From the above, we have

2(t) = $t1,t0)z0 — | B(t, 7)B()B (F)d (1, T)dr x 1

= @(t1, to)xo — We(to, t1) W ' (to, t1)[8(t1, to)zo — 71]

n
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Matrix Test

The following two statements are equivalent.
@ The n—dimensional pair (A(t), B(t)) is controllable at time t.

@ there exists a finite t1 > to such that the n X n matrix

W to, 1) = /t " 6(t1, ) B(r)B(r) d(t1, 7Y dr

is nonsingular.

Proof: 2 — 1.

The response of (AB-LTV) at ¢; is given as
t1
2(th) = Bt to)ao + / 6(tr, ) B(r)u(r)dr
to

We claim that the input
u(t) = —B'O)¢'(tr,t)n, 1 =Wg'(to,t1)[p(t1, t0) (o — x1)]
will transfer xo at time to to o1 at time t;.From the above, we have

2(t) = $t1,t0)z0 — | B(t, 7)B()B (F)d (1, T)dr x 1

= ¢(t1,to)mo — We(to, t1) W (to, t1)[¢(t1, to)mo — x1] = 71

n
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We prove this by contradiction.
Suppose We(to, t1) is singular or positive-semidefinite, for all t1 > to.Then
there exists a nonzero constant vector v € R" such that

O Wato, t1)v = 0 = /tl V' é(ty, P B(r)B (7)¢ (1, )vdr

to

ty
:/ 1B (1) (1, 7)v||* dr
to
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Proof: 2 «<— 1 0R -2 — -1

We prove this by contradiction.
Suppose We(to, t1) is singular or positive-semidefinite, for all t1 > to.Then
there exists a nonzero constant vector v € R" such that

O Wato, t1)v = 0 = /tl V' é(ty, P B(r)B (7)¢ (1, )vdr

to

ty
:/ |B' (7)) (11, 7)o dr
to
which implies

B,(T)¢,(t1,7')’l):0 or U’¢(t1,T)B(T) =0 V1 € [to,tl]
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Proof: 2 «<— 1 0R -2 — -1

We prove this by contradiction.
Suppose We(to, t1) is singular or positive-semidefinite, for all 1 > to.Then
there exists a nonzero constant vector v € R" such that

O Wato, t1)v = 0 = /tl V' é(ty, P B(r)B (7)¢ (1, )vdr

to

ty
:/ |B' ()¢ (12, 7)o dr
to
which implies

B,(T)¢,(t1,7')’l):0 or U’¢(t1,T)B(T) =0 V1 € [to,tl]

If (AB-LTV) is controllable, there exists an input that transfers the initial state
at tp to I(tl) =0.
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Proof: 2 «<— 1 0R -2 — -1

We prove this by contradiction.
Suppose We(to, t1) is singular or positive-semidefinite, for all 1 > to.Then
there exists a nonzero constant vector v € R" such that

O Wato, t1)v = 0 = /tl V' é(ty, P B(r)B (7)¢ (1, )vdr

to

ty
:/ |B' ()¢ (12, 7)o dr
to
which implies

B,(T)¢,(t1, T)v =0 or U’¢(t1,T)B(T) =0 VT € [to,tl]
If (AB-LTV) is controllable, there exists an input that transfers the initial state

at to to x(t1) = 0. Then the solution of the state equations is

given by
1

— ty
0= ¢(t1,t0) ¢(to,t1)’l}—|—/ ¢(t1,T)B(T)U(T)dT
N——— to

xo
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We prove this by contradiction.
Suppose We(to, t1) is singular or positive-semidefinite, for all 1 > to.Then
there exists a nonzero constant vector v € R" such that

O Wato, t1)v = 0 = /tl V' é(ty, P B(r)B (7)¢ (1, )vdr

to

ty
:/ |B' ()¢ (12, 7)o dr
to
which implies

B,(T)¢,(t1,7')’l):0 or U’¢(t1,T)B(T) =0 V1 € [to,tl]

If (AB-LTV) is controllable, there exists an input that transfers the initial state
at to to x(t1) = 0. Then the solution of the state equations is

given by
/_’I_ 1
0= 5(er,t0) olto o + [ b(tr, ) B )u(r)ir
N——— to

xo

Premultiplication with v’ yields

0=vv+ v'/(ﬁ(tl,T)B(T)U(T)dT
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Proof: 2 «<— 1 0R -2 — -1

We prove this by contradiction.
Suppose We(to, t1) is singular or positive-semidefinite, for all 1 > to.Then
there exists a nonzero constant vector v € R" such that

O Wato, t1)v = 0 = /tl V' é(ty, P B(r)B (7)¢ (1, )vdr

to

ty
:/ |B' ()¢ (12, 7)o dr
to
which implies

B,(T)¢,(t1,7')’l):0 or U’¢(t1,T)B(T) =0 V1 € [to,tl]

If (AB-LTV) is controllable, there exists an input that transfers the initial state
at to to x(t1) = 0. Then the solution of the state equations is

given by
/_’I_ 1
0= 5(er,t0) olto o + [ b(tr, ) B )u(r)ir
N——— to

xo

Premultiplication with v’ yields

0= v+ / 6(tr, 7)B(r)u(r)dr = [|v]]* +0.

This contradicts the hypothesis v # 0.
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Controllable systems
Matrix Test

Attention!

© We need the knowledge of the state transition matrix which
may not be available

@ Therefore, it is desirable to develop a controllability condition
without involving ¢(t, 7)

@ This is possible if we have additional conditions on A(¢) and
B(t)

© Recall that we have assumed A(t) and B(t) to be continuous.
Now we require them to be (n — 1) times continuously
differentiable.
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Define My(t) = B(t), define using recursion:

M (6) = A M (8) + 5 Mo (0 m = 0,1, (n 1)



Controllable systems
Matrix Test

Define My(t) = B(t), define using recursion:
d

My 1(6) = =A@ Min(t) + 5 M (t); m=0,1,..., (1~ 1)

Clearly, we have

@(ta,t)B(t) = P(ta, t) Mo(t) for any fixed to
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Define My(t) = B(t), define using recursion:
d

My 1(6) = =A@ Min(t) + 5 M (t); m=0,1,..., (1~ 1)

Clearly, we have
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Using
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Matrix Test

Define My(t) = B(t), define using recursion:
d

My 1(6) = =A@ Min(t) + 5 M (t); m=0,1,..., (1~ 1)

Clearly, we have

@(ta,t)B(t) = P(ta, t) Mo(t) for any fixed to

Using
d
%¢(t27 t) = _¢(t27 t)A(t)v
compute
d

= 8lta, 1) B()
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Matrix Test

Define My(t) = B(t), define using recursion:
d

My 1(6) = =A@ Min(t) + 5 M (t); m=0,1,..., (1~ 1)

Clearly, we have

@(ta,t)B(t) = P(ta, t) Mo(t) for any fixed to

Using
(1) = ~6(12, 1 A().
compute
Dot t) BW) = L (612, 0) B) + (00, 0) LB (1)

dt dt dt
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Matrix Test

Define My(t) = B(t), define using recursion:
d

My 1(6) = =A@ Min(t) + 5 M (t); m=0,1,..., (1~ 1)

Clearly, we have

@(ta,t)B(t) = P(ta, t) Mo(t) for any fixed to

Using
(1) = ~6(12, 1 A().
compute
d d d
o [p(t2,1)B(1)] = P [p(t2,0)] B(t) + ¢(t2,t)%3(t)

— olt2.0) |~ AM(0) + 520
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Matrix Test

Define My(t) = B(t), define using recursion:
d

My 1(6) = =A@ Min(t) + 5 M (t); m=0,1,..., (1~ 1)

Clearly, we have

@(ta,t)B(t) = P(ta, t) Mo(t) for any fixed to

Using
(1) = ~6(12, 1 A().
compute
d d d
o [p(t2,1)B(1)] = P [p(t2,0)] B(t) + ¢(t2,t)%3(t)

— 0(t2,0) | ~AOMa(e) + (0] = ot 1)
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Matrix Test

Define My(t) = B(t), define using recursion:
d

My 1(6) = =A@ Min(t) + 5 M (t); m=0,1,..., (1~ 1)

Clearly, we have

@(ta,t)B(t) = P(ta, t) Mo(t) for any fixed to

Using
(1) = ~6(12, 1 A().
compute
d d d
o [p(t2,t)B(t)] = P [p(t2,1)] B(t) + ¢(t2,t)%3(t)
— 0(t2,0) | ~AOMa(e) + (0] = ot 1)

Proceeding forward, we have

C%:L‘i’(t%t)B(t) = ¢(to, t) My, (t);m =0,1,2,...



Controllable systems
Matrix Test

Theorem

Let A(t) and B(t) be (n — 1) times continuously differentiable,

then the n—dimensional pair (A(t), B(t)) is controllable at tq if
there exists a finite t1 > ty such that

rank[Mo(tl) Ml(tl) Mn_l(tl)]:’rl

The above theorem is sufficient but not necessary.
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We show that if the rank condition holds, then W, (¢, 1) is non-singular
for all t > t1.
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for all t > t1.

Suppose not, i.e. Wc(to,t1) is singular or positive semidefinite for some
to > t1. Then there exists a nonzero constant vector v such that

to
Wb, ta)o = 0 = / 1B (7)) (t2, 7)o 2dr
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which implies
B'(1)¢ (ta, T)v =0 or v'¢(t2,7)B(1) =0

for all 7 in [to, t2].
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for all 7 in [to,t2]. Its differentiation with respect to 7 yield as derived
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V' é(te, T) My (7) =0

form=0,1,2,...,n—1, and all 7 € [ty, t2], in particular, at #;.
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We show that if the rank condition holds, then W, (¢, 1) is non-singular
for all t > t1.

Suppose not, i.e. Wc(to,t1) is singular or positive semidefinite for some
to > t1. Then there exists a nonzero constant vector v such that

to
Wb, ta)o = 0 = / 1B (7)) (t2, 7)o 2dr

to

which implies
B'(1)¢ (ta, T)v =0 or v'¢(t2,7)B(1) =0

for all 7 in [to,t2]. Its differentiation with respect to 7 yield as derived
previously

V' é(te, T) My (7) =0

form=20,1,2,...,n—1, and all T € [ty,t2], in particular, at t;. They
can be arranged as

V'p(te, t1) [Mo(tr) Mi(t1) -+ My_1(t1)] =0
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Proof

We show that if the rank condition holds, then W, (¢, 1) is non-singular
for all t > t1.

Suppose not, i.e. Wc(to,t1) is singular or positive semidefinite for some
to > t1. Then there exists a nonzero constant vector v such that

to
o Wo(to, t2)v = 0 = / 1B (r) (t2, 7)o 2dr
to
which implies
B'(1)¢ (ta, T)v =0 or v'¢(t2,7)B(1) =0
for all 7 in [to,t2]. Its differentiation with respect to 7 yield as derived
previously

V' p(ta, T) M (1) = 0

form=20,1,2,...,n—1, and all T € [ty,t2], in particular, at t;. They
can be arranged as

V'p(te, t1) [Mo(tr) Mi(t1) -+ My_1(t1)] =0

Because ¢(t2, 1) is nonsingular, v'¢(t2,t1) is nonzero. This contradicts
the rank condition.
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Example

Consider
t =1 0 0
=10 —t t|lxz+ |1|u
0 0 ¢ 1
We have My = [0 1 1]’ and compute
d [ 1
My = —A(t)MO + —My=1]0
dt
| —t
d —t
My = —A(t)Ml + —M; = t2
dt 21




Controllable systems
Example

Consider
t -1 0 0
= |0 —t tlx+ |1|u
0O 0 ¢ 1
We have My = [0 1 1]’ and compute
d [ 1
My = —A(t)MO + —My=1]0
dt
| —t
d —t
My = —A(t)Ml + —M; = t2
dt 9
(% —1
The determinant of the matrix
0 1 —t
[My My M= |1 0 ¢
1 —t t?—1

is t2 + 1, which is nonzero for all ¢.



Controllable systems
Matrix Test

Consider now the LTI systems

i=Az+Bu /| x(t+1)=Az(t)+ Bu(t), xecR",uecR" (AB-LTI)

e For continuous-time LTI systems R[to, t1] = C[to, 1], and
therefore one often talks about only controllability.

@ A system that is not controllable is called uncontrollable.

@ In discrete time, this holds for t; — tg > n, and nonsingular A.
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Controllable systems
Matrix Test

Earlier, we saw that
ImC = fR[to, tl] = e[to, tl]‘
Since € has n rows, Im€ is a subspace of R"”, so its dimension can be at most n.

For controllability, Im¢€ = R™, and therefore the dimension of Im€ must be
exactly n.

Theorem (Controllabilty matrix test)
The LTI system (AB-LTI) is controllable if and only if

rank® =n

In discrete time, when A is singular, we simply have
ImC = R[to,tl] C e[to,tl]
and
@ rank€ = n — R[to,h] = e[to,tl] =R"
@ rankC <n — ImC€ = R[to,tl] C e[to,t1] =R"
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Given an n X n matrix A, a linear subspace V of R" is said to be A-invariant
whenever for every vector v € V we have Av € V.



Controllable systems

ctor Test

Definition (A-invariant)

Given an n X n matrix A, a linear subspace V of R" is said to be A-invariant
whenever for every vector v € V we have Av € V.

Properties: Given an n X n matrix A, a linear subspace V C R", the following
statements are true.

Lemma (Property 1)
If one constructs an n X k matrix V' whose columns form a basis for V, there

exists a k x k matrix I" such that
AV =VT.
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Definition (A-invariant)

Given an n X n matrix A, a linear subspace V of R" is said to be A-invariant
whenever for every vector v € V we have Av € V.

Properties: Given an n X n matrix A, a linear subspace V C R", the following
statements are true.

Lemma (Property 1)

If one constructs an n X k matrix V' whose columns form a basis for V, there

exists a k x k matrix I" such that
AV =VT.

Proof.
Since the ith column v; of the matrix V' belongs to V and V is A-invariant,
Av; € V.
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Definition (A-invariant)

Given an n X n matrix A, a linear subspace V of R" is said to be A-invariant
whenever for every vector v € V we have Av € V.

Properties: Given an n X n matrix A, a linear subspace V C R", the following
statements are true.

Lemma (Property 1)

If one constructs an n X k matrix V' whose columns form a basis for V, there

exists a k x k matrix I" such that
AV =VT.

Proof.

Since the ith column v; of the matrix V' belongs to V and V is A-invariant,
Av; € V. This means that Av; can be written as linear combination of columns
of V; i.e., there exists a column vector ~y; such that

Av; =V; ViE{l,z,...,k}.
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Definition (A-invariant)

Given an n X n matrix A, a linear subspace V of R" is said to be A-invariant
whenever for every vector v € V we have Av € V.

Properties: Given an n X n matrix A, a linear subspace V C R", the following
statements are true.

Lemma (Property 1)

If one constructs an n X k matrix V' whose columns form a basis for V, there
exists a k x k matrix I" such that

AV =VT.
Proof.

Since the ith column v; of the matrix V' belongs to V and V is A-invariant,
Av; € V. This means that Av; can be written as linear combination of columns
of V; i.e., there exists a column vector ~y; such that

Av, =V, Vie{1,2,...,k}.
Putting all these equations together, we conclude that
[A’Ul sz coo A’Uk] = [V’y1 V’}/Q coo V’yk] <— AV =VT

where all the ~; are used as columns for I'. O
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V contains at least one eigenvector of A.
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Eigenvector Test

Lemma (Property 2)

V contains at least one eigenvector of A.

Proof.

Let ¥ is an eigenvector of the matrix I' corresponding to the
eigenvalue X. Then

AVo=VIv=AVo

and therefore, v := V¥ is an eigenvector of the matrix A.
Moreover, since v is a linear combination of the columns of V/, it
must belong to V. O
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Theorem (Eigenvector test for controllability)

The following two statements are equivalent.
@ The LTI system (AB-LTI) is controllable.

@ There is no eigenvector of AT in the kernel of BT .
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Eigenvector Test

Theorem (Eigenvector test for controllability)

The following two statements are equivalent.
@ The LTI system (AB-LTI) is controllable.
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The following two statements are equivalent.
@ The LTI system (AB-LTI) is controllable.

@ There is no eigenvector of AT in the kernel of BT .

1 — 2 (0] -1 <— 2.
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This means that the null space of € has at least one nonzero vector
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Eigenvector Test

Theorem (Eigenvector test for controllability)

The following two statements are equivalent.
@ The LTI system (AB-LTI) is controllable.

@ There is no eigenvector of AT in the kernel of BT .

1 — 2 (0] -1 <— 2.

Suppose there exists an eigenvalue A7z = Az with x # 0, for which

BT2z =0.Then
BT BTz
BT AT ABTz
e’z = : = . =0. @)
BT(AT)" ! A" 1By

This means that the null space of € has at least one nonzero vector, and
therefore, from the fundamental theorem of linear equations, we conclude that

dimker¢” > 1 = rank€ = rank¢” = n — dimker¢” < n

which contradicts the controllability of (AB-LTI). O
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Proof: 2 = 1 OR -2 «<— -1

To prove this part, firstly we shall show that the subspace ker@” is
AT-invariant.

Subsequently, we use the property 2 to conclude that if (AB-LTI) is not
controllable then there exists an eigenvector of A” in the kernel of BT.

Property 2

V contains at least one eigenvector of A.
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Proof: 2 = 1 OR -2 «<— -1

ker¢T is AT-invariant

Since (AB-LTI) is not controllable, we have

rank€® = rank¢’ < n = dimker¢” = n — ranke” >1
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ker¢T is AT-invariant

Since (AB-LTI) is not controllable, we have
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Indeed, if z € ker¢”, then (7) holds, and therefore

BT AT 0
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z € ker¢? = ¢TATz = . T = .
BT (AT BT (AT "z

But by the Caley-Hamilton theorem, (AT)™ can be written as a linear
combination of the lower powers of AT, and therefore BT (AT)"z can be
written as a linear combination of the terms

n—1

BTz, BTATz,.. ., BT(AT) x,
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Proof: 2 = 1 OR -2 «<— -1

ker¢T is AT-invariant

Since (AB-LTI) is not controllable, we have

rank€® = rank¢’ < n = dimker¢” = n — ranke” >1

Indeed, if z € ker¢”, then (7) holds, and therefore

BT AT 0
BT (AT)? 0
z € kere? — ¢TA Ty = . @ =
BT (AT BT (AT "z

But by the Caley-Hamilton theorem, (AT)™ can be written as a linear
combination of the lower powers of AT, and therefore BT (AT)"z can be
written as a linear combination of the terms
=
BTz, BTATz,.. ., BT(AT)n x,
which are all zero because of (7). We therefore conclude that

z eker¢t — ¢TATz =0 = ATz € kere’.



Controllable systems

Proof: 2 = 1 OR -2 «<— -1

Property 2

V contains at least one eigenvector of A.

Use Property 2

From Property 2, we then conclude that ker@” must contain at
least one eigenvector x of AT. But since €7z = 0, we necessarily
have BTz = 0.
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Eigenvector Test (Elegant restatement)

Theorem (Popov-Belevitch-Hautus (PBH) test for controllability)
The LTI system (AB-LTI) is controllable if and only if

rank [A— X B]=n vieC (8)
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The LTI system (AB-LTI) is controllable if and only if
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which means that the kernel of BT can contain only the zero vector.
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Eigenvector Test (Elegant restatement)

eorem (Popov-Belevitch-Hautus (PBH) test for controllability)
The LTI system (AB-LTI) is controllable if and only if

rank [A— X B]=n vAeC (8)

Proof: Equivalence of rank and eigenvector condition.

From the fundamental theorems of linear equations, we conclude that

T
dim ker |:A B}AI:| = n — rank [A — I B] s VX eC

and therefore the above condition can also be written as

AT _ a1

BT }:0 VA €C,

dim ker [

. AT — I : . ) B
which means that the kernel of [ BT can contain only the zero vector. This means the said condition is

also equivalent to

T
ker |:A B}AI] :{IER":ATI:AZ,BTI:O} = {0}, recC

which is precisely equivalent to the statement that there can be no eigenvector of AT in the kernel of BT . O
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Lyapunov test for controllability

Consider now the LTI systems

t=Ax+ Bu | z(t+1)= Ax(t) + Bu(t), r €R",u€R”

Theorem (Lyapunov test for controllability)

Assume that A is a stability matrix. The LTI system (AB-LTI) is
controllable if and only if there is a unique positive-definite solution W to
the following Lyapunov equation

AW +WAT = —BBT | AWAT —W = —BB” (¢-Lyapunov Eq.)

Moreover, the unique solution to (€-Lyapunov Eq.) is equal to

W= / A" BBTeA dr =  lim Wg(to, t1)
0

t1—to—00

/ W:iATBBT(AT)T: lim  Wg(to, t1) (9)

t1—to—00
7=0
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We use the eigenvector test to prove this implication.
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We use the eigenvector test to prove this implication.

Assume that (€-Lyapunov Eq.) holds, and = # 0 be an eigenvector of AT
associated with the eigenvalue A, i.e., ATy = \z.



Controllable systems

2 = 1 (C-LTI systems)

We use the eigenvector test to prove this implication.

Assume that (€-Lyapunov Eq.) holds, and = # 0 be an eigenvector of AT
associated with the eigenvalue A, i.e., ATz = Xx. Then

(AW + WAT)z = —2*BBTx = —|| BT z|?, (10)

where (-)* denotes the complex conjugate transpose.
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We use the eigenvector test to prove this implication.

Assume that (€-Lyapunov Eq.) holds, and = # 0 be an eigenvector of AT
associated with the eigenvalue A, i.e., ATz = Xx. Then
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where (-)* denotes the complex conjugate transpose. But the left-hand
side of this equation is equal to

(AT YW + WAz = No*Wa 4+ A" Wa = 2Re[Nz*Wa. (11)

Since W is positive-definite, this expression must be strictly negative
(note that Re[A] < 0 because A is a stability matrix), and therefore
BTz #0.
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2 = 1 (C-LTI systems)

We use the eigenvector test to prove this implication.

Assume that (€-Lyapunov Eq.) holds, and = # 0 be an eigenvector of AT
associated with the eigenvalue A, i.e., ATz = Xx. Then

(AW + WAT)z = —2*BBTx = —|| BT z|?, (10)

where (-)* denotes the complex conjugate transpose. But the left-hand
side of this equation is equal to

(AT YW + WAz = No*Wa 4+ A" Wa = 2Re[Nz*Wa. (11)

Since W is positive-definite, this expression must be strictly negative
(note that Re[A] < 0 because A is a stability matrix), and therefore
BTz #0.

We conclude that every eigenvalue of AT is not in the kernel of BT,
which implies controllability by the eigenvector test.
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1 = 2 (C-LTI systems)

Assume that (AB-LTI) is controllable. The previously studied Lyapunov
equation can be written as

ATW + WA =—-Q, A:=AT, Q := BB".

Since A is a stability matrix, A := A7 is also a stability matrix, and
therefore we can reuse the proof of the Lyapunov stability theorem to
conclude that (9) is a unique solution to (¢-Lyapunov Eq.).
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theorem we used the fact that Q = BBT was positive-definite to show
that the solution W was also positive-definite. Here, @ = BBT may not
be positive-definite,
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suffices to establish that W is positive-definite, even if @ is not.
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1 = 2 (C-LTI systems)

Assume that (AB-LTI) is controllable. The previously studied Lyapunov
equation can be written as

ATW + WA =—-Q, A:=AT, Q := BB".

Since A is a stability matrix, A := A7 is also a stability matrix, and
therefore we can reuse the proof of the Lyapunov stability theorem to
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1 = 2 (C-LTI systems)

Assume that (AB-LTI) is controllable. The previously studied Lyapunov
equation can be written as

ATW + WA =—-Q, A:=AT, Q := BB".

Since A is a stability matrix, A := A7 is also a stability matrix, and
therefore we can reuse the proof of the Lyapunov stability theorem to
conclude that (9) is a unique solution to (¢-Lyapunov Eq.).

The only issue that needs special attention is that in Lyapunov stability
theorem we used the fact that Q = BBT was positive-definite to show
that the solution W was also positive-definite. Here, @ = BBT may not
be positive-definite, but it turns out that controllability of the pair (A,B)
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1 = 2 (C-LTI systems)

Assume that (AB-LTI) is controllable. The previously studied Lyapunov
equation can be written as

ATW + WA =—-Q, A:=AT, Q := BB".

Since A is a stability matrix, A := A7 is also a stability matrix, and
therefore we can reuse the proof of the Lyapunov stability theorem to
conclude that (9) is a unique solution to (¢-Lyapunov Eq.).

The only issue that needs special attention is that in Lyapunov stability
theorem we used the fact that Q = BBT was positive-definite to show
that the solution W was also positive-definite. Here, @ = BBT may not
be positive-definite, but it turns out that controllability of the pair (A,B)
suffices to establish that W is positive-definite, even if @ is not. Indeed,
given any arbitrary vector x # 0,

fe%s) 1
2TWax =27 (/ eATBBTeATTdT> x>t (/ eATBBTeATTdT> T
0 0
= 2TWg(0,1)z > 0,

because Wgr(0,1) > 0, due to controllability.
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Lyapunov test for controllability

The result of the above theorem allow us to add a six equivalent conditions to
the Lyapunov stability theorem.

Theorem (Lyapunov stability, updated)

The following six conditions are equivalent.

o
24
o
o

©

The system (H-CLTI) is asymptotically stable.
The system (H-CLTI) is exponentially stable.
All the eigenvalues of A have strictly negative real parts.

For every symmetric positive-definite matrix Q, there exists a unique solution P to the Lyapunov equation

ATp 4+ PA= -Q (Lyapunov Eq.)
. . . - o ATt At
Moreover, P is symmetric, positive-definite, and equal to P := fo e Qe tdt.
There exists symmetric, positive-definite matrix P for which the following Lyapunov matrix inequality holds
ATpP4pPa<o (LMI)
For every matrix B for which the pair (A, B) is controllable, there exists
a unique solution P to the Lyapunov equation

AP+ PAT = —BBT (¢-Lyapunov Eq.)

Moreover, P is symmetric, positive-definite, and equal to
T
P= [ e’ BBTe" Tdr.
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Summary of Controllability Tests

The following statements are equivalent.
@ The n-dimensional pair (A, B) is controllable.
@ The n x n Gramian
t t
We(t) = / e BB'e" Tdr = / AT BB e T gy

0 0
(Gramian - Matrix Test)

is non-singular for any ¢ > 0.

© The n x kn controllability matrix
¢=[B AB A’B .- A"'B] (Matrix Test)

has rank n (full row rank).

@ The matrix
[A— B (PBH Test)

has full row rank at every eigenvalue \ of A.

@ If, in addition, all eigenvalues of A have negative real parts, then the
unique solution of

AW, 4+ W.A = -BB’ (€-Lyapunov Eq.)

is positive definite and can be expressed as W, = 0°° eATBB/epr/TdT.



Controllable Decomposition
Outline of this section

@ Invariance with respect to similarity transformations
@ Controllable decomposition
© Block diagram interpretation

@ Transfer function
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#=Ax+Bu /| xz7 = Ax+ Bu, r€R", ueR"
and a similarity transformation Z = T~ 'z, leading to

t=AZ+Bu, A=T 'AT B=T'B (AB-LTI)
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Invariance with Respect to Similarity Transformations

Consider the LTI systems
#=Ax+Bu /| xz7 = Ax+ Bu, r€R", ueR"
and a similarity transformation Z = T~ 'z, leading to
t=AZ+Bu, A=T 'AT B=T'B (AB-LTI)
The controllability matrices € and € of the systems (AB-LTI) and (AB-LTI),
respectively, are related by
¢=[B AB .. A"'H]

=[r"'B T'AB .-~ T'A"'B] =T"'¢

Therefore,
rank€ = rankT '€ = rankC

1

because T~ is nonsingular.
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by the rank of its controllability matrix, we conclude that controllability is
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Controllable Decomposition

Invariance with Respect to Similarity Transformations

Consider the LTI systems
#=Ax+Bu /| xz7 = Ax+ Bu, r€R", ueR"
and a similarity transformation Z = T~ 'z, leading to
t=AZ+Bu, A=T 'AT B=T'B (AB-LTI)
The controllability matrices € and € of the systems (AB-LTI) and (AB-LTI),
respectively, are related by
¢=[B AB .. A"'H]

=[r"'B T'AB .-~ T'A"'B] =T"'¢

Therefore,
rank€ = rankT '€ = rankC

because T~ is nonsingular. Since the controllability of a system is determined

by the rank of its controllability matrix, we conclude that controllability is
preserved through similarity transformations.

Theorem (Invariance with respect to Similarity transformation)

The pair (A, B) is controllable if and only if (A, B) = (T~'AT, T~ 'B) is
controllable.
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Controllable Decomposition

Consider again the LTI systems
i=Ar+Bu | z"=Az+Bu, xeR"ucRF (AB-LTI)

The controllable subspace € of the system (AB-LTI) is A-invariant and
contains ImB.
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Note

The controllable subspace € of the system (AB-LTI) is A-invariant and
contains ImB.

Because of A-invariance, by constructing an n x 7 matrix V2 whose columns
form a basis for C, there exists an i X 7 matrix A. such that

AV =V A,

2The number of columns of V is 7, and therefore 7 is also the dimension of
the controllable subspace.
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Consider again the LTI systems

i=Ar+Bu | z"=Az+Bu, xeR"ucRF (AB-LTI)

Note

The controllable subspace € of the system (AB-LTI) is A-invariant and
contains ImB.

Because of A-invariance, by constructing an n x 7 matrix V2 whose columns
form a basis for C, there exists an i X 7 matrix A. such that

AV =V A,

Moreover, since ImB C C, the columns of B can be written as a linear
combination of the columns of V', and therefore there exists an 7 X k matrix
B, such that

B=VB..

2The number of columns of V is 7, and therefore 7 is also the dimension of
the controllable subspace.
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Controllable Decomposition

Consider again the LTI systems

i=Ar+Bu | z"=Az+Bu, xeR"ucRF (AB-LTI)

Note

The controllable subspace € of the system (AB-LTI) is A-invariant and
contains ImB.

Because of A-invariance, by constructing an n x 7 matrix V2 whose columns
form a basis for C, there exists an i X 7 matrix A. such that

AV =V A,

Moreover, since ImB C C, the columns of B can be written as a linear
combination of the columns of V', and therefore there exists an 7 X k matrix
B, such that

B=VB..

When the system (AB-LT]I) is controllable, 7 = dim € = n, and the matrix V is
square and nonsingular.

2The number of columns of V is 7, and therefore 7 is also the dimension of
the controllable subspace.
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T:= [anﬁ U7L><(n7ﬁ):|

nxn
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Controllable Decomposition

Otherwise, let U be an n x (n — ) matrix whose columns are linearly
independent of each other and also linearly independent of the columns of V.
Suppose that we define a nonsingular matrix 7" by combining V' and U side by
side:

T:= [anﬁ U7L><(n7ﬁ):|

nxn

We then conclude that

Ac

AT=A[V U] =[AV AU]=[VA, TT*lAu]:{T[O

] TT*lAU}
By partitioning the n x (n — 7)) matrix T~ AU as

A12:|

1 _
T AU—{AM
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Otherwise, let U be an n x (n — ) matrix whose columns are linearly
independent of each other and also linearly independent of the columns of V.
Suppose that we define a nonsingular matrix 7" by combining V' and U side by
side:

T:= [anﬁ U7L><(n7ﬁ):|

We then conclude that

nxn

Ac

AT=A[V U] =[AV AU]=[VA, TT*lAu]:{T[O

| rrav]

By partitioning the n x (n — 7)) matrix T~ AU as

-1 A2
rotau = [
we further obtain
_ Ac A12 _ _ Bc
AT—T{0 Au:|, B—VBC—T{O},
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Controllable Decomposition

Otherwise, let U be an n x (n — ) matrix whose columns are linearly
independent of each other and also linearly independent of the columns of V.
Suppose that we define a nonsingular matrix 7" by combining V' and U side by
side:

T:= [anﬁ U7L><(n7ﬁ):|n><n

We then conclude that

Ac

AT=A[V U] =[AV AU]=[VA, TT*lAu]:{T[O

| rrav]

By partitioning the n x (n — 7)) matrix T~ AU as

-1 A2
rotau = [
we further obtain
_ Ac A12 _ _ Bc
AT—T{0 Au:|, B—VBC—T{O},

which can be rewritten as
Ac A2 1 Be| _ -1
[O Au]_T AT, {0]—T B.

The similarity transformation constructed using this procedure is called a
controllable decomposition.
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Recall®

Ac Aro _ m—1 B. —_ -1
{0 Au]_T AT, [0}_T B. (12)

Theorem (Controllable decomposition)

For every LTI system (AB-LTI), there is a similarity transformation that
takes the system to the form (12) for which

© the controllable subspace of the transformed system (12) is given by

é = Im |:In6<n:| y

and

@ the pair (A., B.) is controllable.

3This form is often called the standard form for uncontrollable systems.
3SMATLAB: [Abar,Bbar,Cbar,T] = ctrbf(A,B,C) computes the
controllable decomposition of the system with realization A, B, C'.
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Proof (Controllable decomposition)

To compute the controllability subspace of the transformed system, we

compute its controllability matrix
e [[B] [Ae An] [Be Ae Ai]" B
0 0 A.||O 0 A, 0
_ [B. A:B. ... AT'B.
10 0 0 '
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Since, similarity transformation preserve the dimension of the controllability
subspace, which was 7 for the original system,

rank® = 7.
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Proof (Controllable decomposition)

To compute the controllability subspace of the transformed system, we

compute its controllability matrix
e [[B] [Ae An] [Be Ae Ai]" B
0 0 A.||O 0 A, 0
_ [B. A:B. ... AT'B.
10 0 0 '

Since, similarity transformation preserve the dimension of the controllability
subspace, which was 7 for the original system,

rank€ = 7.
Since the number of nonzero rows of € is exactly 7, all these rows must be
linearly independent. Therefore

In¢ = Im [Iﬁgﬁ} .



Controllable Decomposition

Proof (Controllable decomposition)

compute its controllability matrix
Ac A12 nt Bc
0 A, 0
0 0 e 0

To compute the controllability subspace of the transformed system, we
é: — Bc Ac A12 Bc
0 0 A,||O
B [BC A.B. ... Ag*ch}
Since, similarity transformation preserve the dimension of the controllability
subspace, which was 7 for the original system,
rankC = f.
Since the number of nonzero rows of € is exactly 7, all these rows must be
linearly independent. Therefore

In¢ = Im [Iﬁgﬁ} .

Moreover,

rank [Bc Ach ot A’gich} =n.



Controllable Decomposition

Proof (Controllable decomposition)

To compute the controllability subspace of the transformed system, we
compute its controllability matrix
é: — Bc Ac A12 Bc Ac A12 nt Bc
0 0 A,||O 0 A, 0
_ [B. A:B. ... AT'B.
o 0 . 0 '
Since, similarity transformation preserve the dimension of the controllability
subspace, which was 7 for the original system,
rankC = f.

Since the number of nonzero rows of € is exactly 7, all these rows must be
linearly independent. Therefore

In¢ = Im [IﬁXﬁ} .

0
Moreover,
rank [B. AcB. -+ AlT'Bc] =n.
But since A. is i X .1, by the Cayley-Hamilton theorem,
rank [B. A.B. --- A!7'B.] =rank [B. A.B. --- Al7'B] =,

which proves the pair (Ac, Bc) is controllable.



Controllable Decomposition
Block Diagram Interpretation

Consider now the LTI systems with outputs

/2t = Az + Bu, y= Cz+ Du, r€R"ueR* yeR™
(AB-LTI)

and let T be the similarity transformation that leads to the controllable
decomposition

Ac A12
0 Au

B,

_ -1
]T AT,

]TlB, . cJ=cT.

Partitioning the state of the transformed system as

z. € R? 2, e R""

its state space model can be written as

] = [ A 2] +[B]w v=tee cafz] v ou



Controllable Decomposition
Block Diagram Interpretation

u

. XC + y
Xe=Acxc+ vi—>

—— Xu:Auxu X >}\/u
u

Figure: Controllable decomposition. The direct feed-through term D was
eliminated to simplify the diagram

@ This figure highlights the fact that the input u cannot affect the z,,
component of the state.

@ The controllability of the pair (A., B.) means that the 2. component of
the state can always be taken to the origin by the appropriate choice of

u(-).



Controllable Decomposition
Transfer function

Since similarity transformations do not change the system's transfer
function, we can use the state-space model for the transformed system to
compute the transfer function T'(s) of the original system

s — A —A12 -1 BC
0 sl — A, 0

T(s) = [C. Cu] { ] D
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Since similarity transformations do not change the system's transfer
function, we can use the state-space model for the transformed system to
compute the transfer function T'(s) of the original system
-1
s — A —A12 B
T(s) = ° D
(s)=[Cec ] { 0 sI—A,) |o]T

Since the matrix that needs to be inverted is upper triangular, its inverse
is also upper triangular, and the diagonal blocks of the inverse are the
inverses of the diagonal block of the matrix. Therefore,

T(s)=[Cc Cu [(SI _OA)_1 (sl—zu)‘l} {BC} P

=C.(sI — A.)"'B. + D.



Controllable Decomposition
Transfer function

Since similarity transformations do not change the system's transfer
function, we can use the state-space model for the transformed system to
compute the transfer function T'(s) of the original system
-1
s — A —A12 B
T(s) = ° D
(s)=[Cec ] { 0 sI—A,) |o]T

Since the matrix that needs to be inverted is upper triangular, its inverse
is also upper triangular, and the diagonal blocks of the inverse are the
inverses of the diagonal block of the matrix. Therefore,

T(s)=[Cc Cu [(SI _OA)_1 (sl—zu)‘l} {BC} P

=C.(sI — A.)"'B. + D.

This shows that the transfer function of the system (LTI) is equal
to the transfer function of its controllable part.



Stabilizability
Outline of this section

@ Stabilizable system
@ Tests for stabilizability

@ Eigenvector test
@ PBH test
@ Lyapunov test

+ Y

— du = Auny ¥ {}
u
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Earlier we saw that any LTI system is algebraically equivalent to a
system in the following standard form for uncontrollable systems:

Zo/er]  [Ae Ara] [ B. ] -
][ A e
(13)



Stabilizability
Stabilizable system

Earlier we saw that any LTI system is algebraically equivalent to a
system in the following standard form for uncontrollable systems:

Zo/er]  [Ae Ara] [ B. ] -
][ A e
(13)

Definition (Stabilizable systems)

The pair (A, B) is stabilizable whenever it is algebraically
equivalent to a system in the standard form for uncontrollable
systems (13) with n = n (i.e., A, nonexistent) or with A, a
stability matrix.



Stabilizability
Stabilizable System

Since for stabilizable systems we have
By /T) = Ay,

with A,, a stability matrix, x,, converges to zero exponentially fast, and
therefore we have

io/zt = Acxe + Bau+d, y=Cexe+ Du+n,
where
d(t) := Aoz (t), n(t) := Cuzy(t), YVt >0

can be viewed as disturbance and noise terms, respectively, that
convergence to zero exponentially fast.



Stabilizability
Stabilizable System

Since for stabilizable systems we have
By /T) = Ay,

with A,, a stability matrix, x,, converges to zero exponentially fast, and
therefore we have

io/zt = Acxe + Bau+d, y=Cexe+ Du+n,
where
d(t) := Aoz (t), n(t) := Cuzy(t), YVt >0

can be viewed as disturbance and noise terms, respectively, that
convergence to zero exponentially fast.

u X y
B (i = Aty |G

T+ L] T+

d n

Figure: Controllable part of a stabilizable system. The direct
feed-through term D was omitted to simplify the diagram
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Eigenvector test for stabilizability

Investigating the stabilizability of an LTI system
i=Ax+Bu |/ zt=Az+Bu, zeR"uecRF (AB-LTI)

from the definition requires the computation of its controllable decomposition.
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Eigenvector test for stabilizability
Investigating the stabilizability of an LTI system
i=Ax+Bu |/ zt=Az+Bu, zeR"uecRF (AB-LTI)

from the definition requires the computation of its controllable decomposition.
However, there are alternative tests that avoid this intermediate step.

Theorem (Eigenvector test for stabilizability)

@ The continuous-time system (AB-LTI) is stabilizable if and only if every
eigenvector of A’ corresponding to an eigenvalue with a positive or zero
real part is not in kernel of B'.

@ The discrete-time system (AB-LTI) is stabilizable if and only if every
eigenvector of A’ corresponding to an eigenvalue with magnitude larger
or equal to 1 is not in the kernel of B’.
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Eigenvector test for stabilizability

Investigating the stabilizability of an LTI system
i=Ax+Bu |/ zt=Az+Bu, zeR"uecRF (AB-LTI)

from the definition requires the computation of its controllable decomposition.
However, there are alternative tests that avoid this intermediate step.

Theorem (Eigenvector test for stabilizability)

@ The continuous-time system (AB-LTI) is stabilizable if and only if every
eigenvector of A’ corresponding to an eigenvalue with a positive or zero
real part is not in kernel of B'.

@ The discrete-time system (AB-LTI) is stabilizable if and only if every
eigenvector of A’ corresponding to an eigenvalue with magnitude larger
or equal to 1 is not in the kernel of B’.

Before seeing the proof, let us recall a couple of things.
Let T be the similarity transformation that leads the system (AB-LTI) to the
controllable decomposition; i.e.,

T |Ae A _ 1 5. |Be| _ 41
A.—{O Au]_T AT, B.—{O]—T B

_ —1
=T "x.
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Proof ((AB-LT]) is stabilizable = every “unstable” eigenvector of A’ ¢ kerB’)

We prove this by contradiction!
Assume that there exists an “unstable” eigenvalue-eigenvector® pair
(A, z) for which

Ar=Xz, Bzr=0 <« (TATfl)/m = Az, (TB)z =0
AIC 0 / / ! /
= , | T = NTx, [BC O]Tx:()
12 Au

AL 0] {ze| | |2 , Te|
= L a2 ] moai]-o

where [z, ]I =Tz #0.

(& u

4 PTIN . .
for the purposes of stabilizability, eigenvalues on the “boundary” are considered unstable.
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Proof ((AB-LT]) is stabilizable = every “unstable” eigenvector of A’ ¢ kerB’)

We prove this by contradiction!
Assume that there exists an “unstable” eigenvalue-eigenvector® pair
(A, z) for which

Ar=Xz, Bzr=0 <« (TATfl)/m = Az, (TB)z =0
AIC 0 / / ! /
= , | T = NTx, [BC O]Tx:()
12 Au

AL 0] {ze| | |2 , Te|
= L a2 ] moai]-o

where [z, a/,]":=T'z # 0. Since the pair (A., B,) is controllable and
Az, = Nz, Blz. =0,

we must have z. = 0 (and consequently z,, # 0), since otherwise this
would violate the eigenvector test for controllability.

4 FTIN . .
for the purposes of stabilizability, eigenvalues on the “boundary” are considered unstable.
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Proof ((AB-LT]) is stabilizable = every “unstable” eigenvector of A’ ¢ kerB’)

We prove this by contradiction!
Assume that there exists an “unstable” eigenvalue-eigenvector® pair
(A, z) for which

Ar=Xz, Bzr=0 <« (TATfl)/m = Az, (TB)z =0
AIC 0 / / ! /
= , | T = NTx, [BC O]Tx:()
12 Au

AL 0] {ze| | |2 , Te|
= L a2 ] moai]-o

where [z, a/,]":=T'z # 0. Since the pair (A., B,) is controllable and
Az, = Nz, Blz. =0,
we must have z. = 0 (and consequently z,, # 0), since otherwise this

would violate the eigenvector test for controllability. This means that A
must be an eigenvalue of A, because

Ay = Ay,

which contradicts the stabilizability of the system (AB-LTI) because A is
“u stable” .

for the purposes of stabilizability, eigenvalues on the “boundary” are considered unstable.
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Al vy = Apy, Ty # 0.
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Proof (every “unstable” eigenvector of A’ ¢ kerB’ —> (AB-LTI) is stabilizable.)

Suppose now that the system (AB-LTI) is not stabilizable.
Therefore A/, has an “unstable” eigenvalue-eigenvector pair

Al vy = Apy, Ty # 0.

o) AL ])
(2] aft]o [0

We have thus far found an “unstable” eigenvector of A’ in the kernel of
B, so (A, B) cannot be stabilizable.

Then,
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Proof (every “unstable” eigenvector of A’ ¢ kerB’ —> (AB-LTI) is stabilizable.)

Suppose now that the system (AB-LTI) is not stabilizable.
Therefore A/, has an “unstable” eigenvalue-eigenvector pair

Al vy = Apy, Ty # 0.

o) AL ])
(2] aft]o [0

We have thus far found an “unstable” eigenvector of A’ in the kernel of
B’, so (A, B) cannot be stabilizable.

To conclude that the original pair (A, B) is also not stabilizable we use
the equivalence shown in part 1 to conclude that

z = (T")"" {0} = [0] =Tz

Then,

Ty Ty

is an “unstable” eigenvector of A’ in the kernel of B’.



Stabilizability

Popov-Belevitch-Hautus(PBH) Test for Stabilizability

For stabilizability, one can also reformulate the eigenvector test as
a rank condition, similar to that for controllability.
Theorem (PBH test for stabilizability)

@ The continuous-time LTI system (AB-LTI) is stabilizable if
and only if

rank [A— X B|=n, VA € C:Re[A] > 0.

@ The discrete-time LTI system (AB-LTI) is stabilizable if and
only if

rank [A— X B|=n, YAeC: |\ > 1.

The proof of this theorem is analogous to the earlier proof, except
that now we need to restrict our attention to only the “unstable”
portion of C.



Stabilizability
Lyapunov Test for Stabilizability

Theorem (Lyapunov test for stabilizability)

The LTI system (AB-LTI) is stabilizable if and only if there is a
positive-definite solution P to the following Lyapunov matrix
inequality

AP+ PA'-BB'<0 | APA'—P—-BB' <0  (LMI)
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Proof (LMI) has positive-definite solution P = (AB-LT]) is stabilizable)

The simplest way to do this is by using the eigenvector test.
Assume that

© (LMI) holds, and

@ =z # 0 be an eigenvector of A’ associated with the “unstable”
eigenvalue \; i.e., A’z = Ax.
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The simplest way to do this is by using the eigenvector test.
Assume that

© (LMI) holds, and

@ =z # 0 be an eigenvector of A’ associated with the “unstable”
eigenvalue \; i.e., A’z = Ax.

Then,
2*(AP + PA)z < 2*BB'z = |B'z||”

where (-)* denotes the complex conjugate transpose.
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Proof (LMI) has positive-definite solution P = (AB-LT]) is stabilizable)

The simplest way to do this is by using the eigenvector test.
Assume that

© (LMI) holds, and

@ =z # 0 be an eigenvector of A’ associated with the “unstable”
eigenvalue \; i.e., A’z = Ax.

Then,
2*(AP + PA)z < 2*BB'z = |B'z||”

where (-)* denotes the complex conjugate transpose. But the left-hand
side of this equation is equal to

(A'x*) Pr + 2*PA'x = N'z* Px + A\z* Px = 2Re[\|x* Px.
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Proof (LMI) has positive-definite solution P = (AB-LT]) is stabilizable)

The simplest way to do this is by using the eigenvector test.
Assume that

© (LMI) holds, and

@ =z # 0 be an eigenvector of A’ associated with the “unstable”
eigenvalue \; i.e., A’z = Ax.

Then,
2*(AP + PA))z < x*BB'z = |B'z|’,

where (-)* denotes the complex conjugate transpose. But the left-hand
side of this equation is equal to

(A'x*) Pr + 2*PA'x = N'z* Px + A\z* Px = 2Re[\|x* Px.
Since P is positive-definite and Re[\] > 0, we conclude that
0 < 2Re[Nz* Pz < | B'z|”,

and therefore x must not belong to the kernel of B’.
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Proof: ((AB-LTI) is stabilizable = (LMI) has positive-definite solution P)
We saw earlier that controllability of the pair (Ac, B:) guarantees the existence
of a positive-definite P, such that

A.P.+ P.A., — B.B. = —-Q. < 0.
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Proof: ((AB-LTI) is stabilizable = (LMI) has positive-definite solution P)
We saw earlier that controllability of the pair (Ac, B:) guarantees the existence
of a positive-definite P, such that

A.P.+ P.A., — B.B. = —-Q. < 0.

On the other hand, since A, is a stability matrix, we conclude from the
Lyapunov stability theorem that there exists a positive-definite matrix P,

such that AuPy+ PuAl, = —Qu < 0.

= P. 0
P =
[0 PPu]
for some scalar p > 0 to be determined shortly, we conclude that
ip 4 PA _ BE - [Ac A2] [P 0 P. 07174, 0] [Be
ARl (i ol s AR (N | A R IS

— _ [ Qe , _PA12Pu} .
_PPuA12 PQu

Defining
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Proof: ((AB-LTI) is stabilizable = (LMI) has positive-definite solution P)
We saw earlier that controllability of the pair (Ac, B:) guarantees the existence
of a positive-definite P, such that

AcP.4 P.A, — B.B. = —Q. < 0.
On the other hand, since A, is a stability matrix, we conclude from the
Lyapunov stability theorem that there exists a positive-definite matrix P,
such that AuPy+ PuAl, = —Qu < 0.
_ P, 0
"= [0 PPu]

for some scalar p > 0 to be determined shortly, we conclude that

AP+PA’—BB':{A” AHHPC O]ﬂpc OHAIF 0]7[36}[32 o]

Defining

0 Ay| [0 pPy 0 pPu] |AY, Al 0
- _ [ Qe , _PA12Pu} .
_PPuA12 PQu

It turns out that by making p positive, but sufficiently small, the right-hand
side can be made negative-definite.



Stabilizability

Proof: ((AB-LTI) is stabilizable = (LMI) has positive-definite solution P)
We saw earlier that controllability of the pair (Ac, B:) guarantees the existence
of a positive-definite P, such that

AcP.4 P.A, — B.B. = —Q. < 0.
On the other hand, since A, is a stability matrix, we conclude from the
Lyapunov stability theorem that there exists a positive-definite matrix P,
such that AuPy+ PuAl, = —Qu < 0.
_ P, 0
"= [0 PPu]

for some scalar p > 0 to be determined shortly, we conclude that

AP+PA’—BB':{A” AHHPC O]ﬂpc OHAIF 0]7[36}[32 o]

Defining

0 Ay| [0 pPy 0 pPu] |AY, Al 0
- _ [ Qe , _PA12Pu} .
_PPuA12 PQu

It turns out that by making p positive, but sufficiently small, the right-hand
side can be made negative-definite. The proof is completed by verifying that

the matrix.
P 0 /
P=T { 0 pPJ T
satisfies (LMI).
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Consider a continuous-time state equation
& = Az + Bu (AB-LTI)
If the input is piecewise constant or
u(k) = u(kT) = u(t) for kT <t < (k+1)T
then the equation can be described by

Z(k + 1) = Az(k) + Bu(k) (C2D)

with A= AT, B = ([ eMat) B = MB.
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Controllability after sampling

Consider a continuous-time state equation
& = Az + Bu (AB-LTI)
If the input is piecewise constant or
u(k) = u(kT) = u(t) for kT <t < (k+1)T
then the equation can be described by

Z(k + 1) = Az(k) + Bu(k) (C2D)

with A= AT, B = ([ eMat) B = MB.

If (AB-LTI) is controllable, will its sampled equation (C2D) is
controllable?

This problem is important in designing so-called dead-beat sampled-data
systems and in computer control of continuous-time systems.
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Controllability after sampling

Let \; and \; be, respectively, the eigenvalues of A and A.

Theorem (Controllability after sampling)

Suppose (AB-LTI) is controllable. A sufficient condition for
(C2D), with sampling time T, to be controllable is that

2mm

|Imag()\l—)\3)|7éT, m:1,2,...

whenever Re(\; — A;) = 0.
For the single input case, the condition is necessary as well.



Stabilizability

Controllability after sampling

Let \; and \; be, respectively, the eigenvalues of A and A.

Theorem (Controllability after sampling)

Suppose (AB-LTI) is controllable. A sufficient condition for
(C2D), with sampling time T, to be controllable is that

2
|Imag(\; — \;)| # % m=1,2,...
whenever Re(\; — A;) = 0.

For the single input case, the condition is necessary as well.

It is straightforward to verify that if A has only real eigenvalues,
then the discretized equation with any sampling period T" > 0 is
always controllable.



Stabilizability

Controllability after sampling

Further remarks:
Suppose A has complex conjugate eigenvalues a + j /5.

@ If the sampling period T does not equal any integer multiple of
/B, then the discretized state equation is controllable.

@ If T'=mm/B for some integer m, then the discretized equation
may not be controllable.
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Note (take it as an exercise)

Since A = eAT | if \; is an eigenvalue of A, then \; := eM7T is an

eigenvalue of A.
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Further remarks:
Suppose A has complex conjugate eigenvalues a + j /5.

@ If the sampling period T does not equal any integer multiple of
/B, then the discretized state equation is controllable.

@ If T'=mm/B for some integer m, then the discretized equation
may not be controllable.

Note (take it as an exercise)

Since A = eAT | if \; is an eigenvalue of A, then \; := eM7T is an

eigenvalue of A.

If T'= mm /3 the two distinct eigenvalues \; = o+ jB and A\ = a — jj3
of A become a repeated eigenvalue —e®” or e®”" of A. This will cause
the discretized equation to be uncontrollable.
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Controllability after sampling

Further remarks:
Suppose A has complex conjugate eigenvalues a + j /5.

@ If the sampling period T does not equal any integer multiple of
/B, then the discretized state equation is controllable.

@ If T'=mm/B for some integer m, then the discretized equation
may not be controllable.

Note (take it as an exercise)

Since A = eAT | if \; is an eigenvalue of A, then \; := eM7T is an

eigenvalue of A.

If T'= mm /3 the two distinct eigenvalues \; = o+ jB and A\ = a — jj3
of A become a repeated eigenvalue —e®” or e®”" of A. This will cause
the discretized equation to be uncontrollable.

Theorem

If the continuous time LTI state equation is not controllable, then its
discretized state equation with any sampling period, is not controllable.
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