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Outline of the talk

@ Message passing algorithm
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Outline of the talk

@ Message passing algorithm

o decoding in probability domain.
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Probabilistic decoding

Theorem:

@ Consider a sequence of m independent random variables
A =[A1, A, ..., An], where P(Ax = 1) = pk. Then

P(A has even parity) = — —|— H 1 —2pk)

and

P(A has odd parity) =

Hl—zpk

l\)ll—l
l\)|l—l
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Probabilistic decoding

¢

Consider the function [ ,(1 — P, + Pjt)

The coefficient of t' is the probability of t i's.

The function []”;(1 — P; — Pjt) is identical except for the fact that

all odd powers of t are negative.

@ Adding these two functions, all even powers of t double up and odd
powers cancel each other.

@ Letting t = 1, and dividing by 2 we get the probability of getting

even ones.

¢ ©

I\.)Ir—t
l\)l

P(A has even parity) =

m
Hl—zpk

(*]

Similarly we can prove

P(A has odd parity) = (1 —2px).

l\)ll—l
l\.)ll—l
—s

x
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=
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Notation

@ Consider the code with parity check matrix, H:

I

I
O = O ==
_ O O =
OO o
O = = O
= O = O
OO = O
o= OO
_ O O O
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Notation

@ Consider the code with parity check matrix, H:

111000 0O
|_I:00011100
1001 0O01O0
01 00 1 O0O0T1

@ c=[co,C1,...,Ch1] is the codeword under consideration.
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Notation

@ Consider the code with parity check matrix, H:

111000 0O
|_I:00011100
1001 0 O0T1O0
01 0010 O0T1

@ c=[co,C1,...,Ch1] is the codeword under consideration.
@ X; =(—1)% € {+1,—1}, the BPSK-modulated version of ;.
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Notation

@ Consider the code with parity check matrix, H:

111000 0O
|_I:00011100
1001 0O01O0
01 00 1 O0O0T1

@ c=[co,C1,...,Ch1] is the codeword under consideration.

@ Xi =(—1)% € {+1, —1}, the BPSK-modulated version of c;.

@ Y: = X; + nj, where n; is zero-mean Gaussian with variance o2.
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Notation

@ Consider the code with parity check matrix, H:

1 1 1.0 0 0 0O
H— O 001 1 1 0O
|11 001 0010
O 1. 0 01 0 01
@ c=[co,C1,...,Ch1] is the codeword under consideration.

@ Xi = (—1)% € {+1, —1}, the BPSK-modulated version of ¢;.

@ Y: = X; + nj, where n; is zero-mean Gaussian with variance o2.

@ Rj={i: hjj =1} = location of 1's in row j of H = the indices of
the bits checked by the j parity check.
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Notation

@ Consider the code with parity check matrix, H:
1 1 1.0 0 0 0O
H— 0O 001 1.1 0O
|1 0 01 0 0 1 O
01 001 0 01
c =|[co,c1,...,Cn1] is the codeword under consideration.

Xi = (—1)9 € {+1, —1}, the BPSK-modulated version of ¢;.

Y; = X; + n;, where n; is zero-mean Gaussian with variance o2.

¢ 6 ¢ ¢

R; = {i: hjj = 1} = location of 1's in row j of H = the indices of
the bits checked by the j parity check.

@ Ci={j: hji=1} = location of 1's in column i of H = the parity
checks involving the it" codebit.
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Notation

Adrish Banerjee

Notation

Adrish Banerjee

® Rji=
o C,\J

° Ry = Rj\{i}

Ri\{i}
C\{J}
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Notation

° Ry = Rj\{i}

o Cij=G\{j}

@ ¢ (i) = k™ bit in the j parity check involving the code bit ¢;. (So
j€ G and k € R;.)
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Notation

o Ry = Rj\{i}

o Cyj=G\{j}

@ ¢ (i) = k™ bit in the j parity check involving the code bit ¢;. (So
j€CandkeR.)

o Yy (i) = (=1)%() 4 n ;(i), received signal corresponding to cx ;(i).
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Notation

® Rni = Ri\{i}
o G = G\{J}
@ ¢ (i) = k™ bit in the j parity check involving the code bit ¢;. (So
jeCand keR;)
J
o Yy (i) = (=1)%() 4 ny ;(i), received signal corresponding to cx ;(i).
® pi=P(c=1]Yi =y)) = P(Xi = —-1|Y; = yj) =
1/(1 + exp(2yi/0?).
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Notation

® Ryni = Ri\{i}

° Cij = G\{j}

@ ¢ (i) = k™ bit in the j parity check involving the code bit ¢;. (So
j€C andkeR.)

o Yy (i) = (=1)%() 4 n ;(i), received signal corresponding to cx ;(i).

° pj = P(ci = 1|Yi = yi) = P(X; = —1[Yi = y;) =
1/(1 + exp(2yi/0?).

® pij(i) = Plex(i) = Llyi;(i)-
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Theorem

@ The a posteriori probability (APP) ratio for ¢; given the received
word y = [yo, y1,- - -, ¥n—1] and given the event S; = { the bits in c
satisfy the parity check constraints involving ¢;}, is given by

P(c;=0ly.S) _ (1—p) Lliec (2 + Trer, (2~ 2p1i))
Pler=1%5) P lee (1 ITien, (1~ 200(1)
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Proof

@ From Bayes' rule:

1—p;
/—’\p—\
P(ci =0ly,S) _ P(ci = Olyi) P(Silei = O,Y)'
P(ci=1ly,S))  P(ci=1ly;) P(Silci=1,y)
—_———

pi
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Proof

@ From Bayes' rule:
1—pj

——
P(ci =0ly,S) _ P(ci = Olyi) P(Silei = O,Y)'
P(ci=1ly,S;)  P(ci=1|y:) P(Silci=1,y)
—_———

pi

@ Let's consider the term P(S;|c; = 0,y). Given ¢; =0, S; holds if
each of w, parity checks involving ¢; has the property that the
w, — 1 bits in the check other than c; have even parity.
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Proof

@ From Bayes' rule:
1—pj

——
P(ci =0ly,5i) _ P(ci =0lyi) P(Silci = O,Y)'
P(ci=1ly,Si)  P(ci=1|y:) P(Silci=1,y)
—_———

pi

@ Let's consider the term P(S;|c; = 0,y). Given ¢; =0, S; holds if
each of w, parity checks involving ¢; has the property that the
w, — 1 bits in the check other than c; have even parity.

@ For parity check j € C;, the probability that the w, — 1 bits other
than ¢; have even parity is given by the lemma to be:

5t 5 [T (1—2pi(i).

i"ER
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Probabilistic Decoding

@ The independence of the y;'s means that the probability that all w,
parity checks involving c¢; are satisfied (given ¢; = 0) is just

P(Si|lci =0,y) = H %"’% H (1 —2pi(i))

jeC N
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Probabilistic Decoding

@ The independence of the y;'s means that the probability that all w,
parity checks involving c¢; are satisfied (given ¢; = 0) is just

P(Silci =0,y) = H %"’% H (1= 2pi;(7))

jeG i"ER;

@ Similar analysis assuming ¢; = 1 yields

1 1 .
P(Silci=1,y) = H 575 H (1 —2pij(i))
TERp

jeq I
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Probabilistic Decoding

@ rj;(x) is the message passed from the j™ check node to the bit node
X,' = X.
rii(+1) = P(Parity check j satisfied|c; = 0, other bits
in check j have distributions given by q)
1 1
= 573 1T @-2g,(-1)).
i/ERJ'\;
and so
rii(—1) = P(Parity check j satisfied|c; = 1, other bits

in check j have distributions given by q)
= P(Parity check j not satisfied|c; = 0, other bits

in check j have distributions given by q)
= 1- FJ',,'(—I—l).
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Probabilistic Decoding

@ gi j(x) is the message passed from the bit node X; = x to the jth
check node.

qij(+1) = P(X; = +1|y;, information from check nodes
other than j® check node).

qi,j(‘|‘1) (1 — p,-) Hj’GC,-\j rj’,i("—l)

qij(—1) pi Iljec,, mi(=1)
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Probabilistic Decoding

For all i,/ such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)

@ Step 0: Initialize:
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Probabilistic Decoding

For all 7,/ such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)

@ Step 0: Initialize:
o Set pi = P(c; = 1]Y; = y;) = 1/(1 + exp(2y:/0?)).
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Probabilistic Decoding

For all i,/ such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)

@ Step 0: Initialize:
o Set pi = P(ci = 1]Y; = y;) = 1/(1 + exp(2y:/0?)).
Q9 q;’j(—{—l) =1 pi.
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Probabilistic Decoding

For all 7,/ such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)

@ Step 0: Initialize:
o Set pi = P(c; = 1]Y; = y;) = 1/(1 + exp(2y:/0?)).
° qij(+1)=1-pi.
° qij(—1)=pi
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Probabilistic Decoding

For all i,/ such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)

@ Step 0: Initialize:
o Set pi = P(c; = 1|Y; = yi) = 1/(1 + exp(2y:/0?)).
° gij(+1)=1-pi
° gij(=1) = pr.
@ Step 1: Pass information from check nodes to bit nodes:
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Probabilistic Decoding

For all 7,/ such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
o Set pi = P(c; = 1|Y; = yi) = 1/(1 + exp(2y:/0?)).
9 q;’j(—{—l) =1 pi.
° qij(—1)=pi
@ Step 1: Pass information from check nodes to bit nodes:
9 rj,i("'l) = % =+ % Hi’eRj\,-(l - 2q/'/,j(_1))
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Probabilistic Decoding

For all i,/ such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)

@ Step 0: Initialize:
o Set pi = P(c; = 1|Y; = yi) = 1/(1 + exp(2y:/0?)).
° gij(+1)=1-pi.
° gij(=1) = pr.
@ Step 1: Pass information from check nodes to bit nodes:
o ri(+1) =3+ 3 Hi’eRj\,(l —2qy,;(—1))
o rji(=1) =1—ri(+1).
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
° qij(+1) = Kij(L = pi) [Tjrcc,, riri(+1)
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
° qij(+1) = Kij(L = pi) [Tjrcc,, rir.i(+1)
° qij(=1) = Kijpilljcc,, rr.i(=1)

J
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
° qij(+1) = Kij(1 = p) [Tjec,, rr.i(+1)
° qij(=1) = KijpiIljcc,, rr.i(=1)
9 Here, the constants K; ; are chosen so as to guarantee that
qij(+1) + gii(-1) = 1.
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
° qij(+1) = Kij(1 = p) [Tjcc,, rr.i(+1)
° qij(=1) = KijpiIljcc,, rri(=1)
9 Here, the constants K; ; are chosen so as to guarantee that
qij(+1) + qij(—1) = 1.
@ Step 3: Compute the APP ratios for each bit position i:
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
° qij(+1) = Kij(1 = p) [Tjec,, rr.i(+1)
° qij(=1) = KijpiIljcc,, rr.i(=1)
9 Here, the constants K; ; are chosen so as to guarantee that
qij(+1) + qij(-1) = 1.
@ Step 3: Compute the APP ratios for each bit position i:

° Qi(+1) = Ki(1 = pi) [1jec, 1.i(+1)
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
° qij(+1) = Kij(L = pi) [Tjrcc,, rir.i(+1)
° qij(=1) = Kijpilljcc,, rr.i(=1)
9 Here, the constants K; ; are chosen so as to guarantee that
qij(+1) + qij(—1) = 1.
@ Step 3: Compute the APP ratios for each bit position i:
° Qi(+1) = Ki(1 — pi) [ [jec, mi(+1)
° Qi(-1) = Kipi[[jec, r.i(—1)
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
° qij(+1) = Kij(L = pi) [Tjrcc,, riri(+1)
° qij(=1) = Kijpilljcc,, rri(=1)
9 Here, the constants K; ; are chosen so as to guarantee that
qij(+1) + gi (1) = 1.
@ Step 3: Compute the APP ratios for each bit position i:
o Qi(+1) = Ki(1 = p) [Tjeq, ra(+1)
° Qi(—1) = Kipi HjeC,- ri(—1)
o Here, the constants K; are chosen so as to guarantee that

Qi(+1) + Qi(—1) = 1.
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Probabilistic Decoding

@ Step 4: Compute the hard decisions and decide if it's time to stop.

6,_:{ 1 if Q(-1)>0.5

0 otherwise.
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Probabilistic Decoding

@ Step 4: Compute the hard decisions and decide if it's time to stop.

6,_:{ 1 if Qi(~1)>0.5

0 otherwise.

o If( ([éo,1,...,E_1]HT = 0) or (Maximum # of iterations reached)
then stop, else repeat Steps 1-4.
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Example
% <11 %
C, | C, | C
% | <7

@ Consider the code with parity check matrix, H:

1110000 O0
H:OOOlllOO
1 0010 O0T10O0
01 001 O0O0T1
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Example

@ Consider the code with parity check matrix, H:

O O ==
_ O O -
SO oo
O = = O
= O = O
(el ]
o= OO
_ O O O

on=8 m=n—k=4, dnn,=3
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Example
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Example

modulation

+1

0 1 1 ’

transmission
2

o =0.5

+0.2

+0.2

-0.9

+0.6

+0.5

-1.1
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Example

Initialization:
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@ gij(x) = 1/(1 + exp(—2xyi/o?)) for each i,j such that h;; = 1.




Example

Initialization:
@ g;j(x) = 1/(1 + exp(—2xyi/0?)) for each i,j such that h; ; = 1.
o qoyo(—l) = q0,2(—1) = 0.310 and qo’0(+1) = QO’Q(—].) = 0.690.
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Example

Initialization:
@ gij(x) = 1/(1 + exp(—2xyi/o?)) for each i,j such that h;; = 1.
® go,0(—1) = qo2(—1) = 0.310 and go,0(+1) = go,2(—1) = 0.690.
@ g10(—1) = g13(—1) = 0.310 and q1,0(+1) = g1,3(-+1) = 0.690.
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Example

Initialization:
@ g;j(x) = 1/(1 + exp(—2xyi/0?)) for each i,j such that h; ; = 1.

® goo(—1) = go2(—1) =0.310 and go,0(+1) = go.2(—1) = 0.690.
) q170(—1) = C]1,3(—1) = 0.310 and CI1,0(+1) = Q1,3(+1) = 0.690.
® g20(—1) =0.973 and g2 0(+1) = 0.027.
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Example

Initialization:
@ gij(x) = 1/(1 + exp(—2xyi/o?)) for each i,j such that h;; = 1.
® go,0(—1) = qo2(—1) = 0.310 and go,0(+1) = go,2(—1) = 0.690.
@ g10(—1) = g13(—1) = 0.310 and q1,0(+1) = g1,3(-+1) = 0.690.
® g20(—1) =0.973 and g2,0(+1) = 0.027.
® g3.1(—1) = g32(—1) = 0.083 and g31(+1) = g3,1(+1) = 0.917.
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Example

) q471(—1) = CI4’3(—1) =0.119 and C]4’1(—|—1) = q4,3(—|—1) = 0.881.
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Example

)] q471(—1) = CI4’3(—1) =0.119 and C]4’1(—|—1) = q4,3(—|—1) = 0.881.
® g51(—1) =0.988 and g51(+1) = 0.012.
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Example

) q471(—1) = CI4’3(—1) =0.119 and C]4’1(—|—1) = q4,3(—|—1) = 0.881.
@ g51(—1) =0.988 and g5 1(+1) = 0.012.
@ g6.2(—1) = 0.832 and g 2(+1) = 0.168.
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Example

@ gs1(—1) = qa3(—1) =0.119 and g4,1(+1) = ga3(+1) = 0.881.
@ gs1(—1) = O 988 and gs1(+1) = 0.012.
® gs2(—1) =0.832 and ge2(+1) = 0.168.
@ g73(—1) =0.992 and g7 3(+1) = 0.008.
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Example

@ Now compute rj;'s from g; ;'s:

wo(+1) = o435 [I (- 2a0(-1)
iI"€Ro\o
= 3+ 50— 2a0(-1)(1 ~ 2q20(-1)
_ % %(1 — 2(0.31))(1 — 2(0.973))
= 0.320.
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Example

@ Now compute rj;'s from g; ;'s:

wo(+1) = o435 [I (- 2a0(-1)
i"€Rovo
= 5+ 501 2a0(-1)(1 ~ 2q20(~1)
_ % %(1 — 2(0.31))(1 — 2(0.973))
= 0.320.

@ In a similar way:
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Example

@ Now compute rj;'s from g; ;'s:

wo(+1) = o435 [I (- 2a0(-1)
iI"€Ro\o
= 3+ 50— 2a0(-1)(1 ~ 2q20(-1)
_ % %(1 — 2(0.31))(1 — 2(0.973))
= 0.320.

@ In a similar way:
o r,1(+1) = 0.5+ 0.5(1 —2(0.31))(1 — 2(0.973)) = 0.32
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Example

@ Now compute rj;'s from g; ;'s:

wo(+1) = o435 [I (- 2a0(-1)
i"€Rovo
= 5+ 501 2a0(-1)(1 ~ 2q20(~1)
_ % %(1 — 2(0.31))(1 — 2(0.973))
= 0.320.

@ In a similar way:
o ro1(+1) =0.5+0.5(1 —2(0.31))(1 — 2(0.973)) = 0.32
o ro2(+1) = 0.5+ 0.5(1 — 2(0.31))(1 — 2(0.31)) = 0.57
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Example

@ Now compute rj;'s from g; ;'s:

I] @-2gi0(-1))

i"€Rovo

+ %(1 ~2q1.0(~1))(1 — 2q2.0(~1))

no(+1l) = +

N~
N+~

=N =

- %(1 — 2(0.31))(1 — 2(0.973))

= 0.320.

@ In a similar way:
o ro1(+1) =0.5+0.5(1 —2(0.31))(1 — 2(0.973)) = 0.32
o ro2(+1) = 0.5+ 0.5(1 — 2(0.31))(1 — 2(0.31)) = 0.57
o rn3(+1) =0.5+0.5(1 —2(0.119))(1 — 2(0.988)) = 0.128
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Example

@ Now compute rj;'s from g; ;'s:

+= ] (1—2g00(-1))

i"€Rovo

+ %(1 ~2q1.0(~1))(1 ~ 2g20(~1))

N~
N+~

no(+1l) =

=N =

- %(1 — 2(0.31))(1 — 2(0.973))

= 0.320.

@ In a similar way:

ro,1(+1) = 0.5+ 0.5(1 — 2(0.31))(1 — 2(0.973)) = 0.32
r2(+1) = 0.5+ 0.5(1 — 2(0.31))(1 — 2(0.31)) = 0.57
r3(+1) = 0.5+ 0.5(1 — 2(0.119))(1 — 2(0.988)) = 0.128
ro(+1) = 0.5+ 0.5(1 — 2(0.083))(1 — 2(0.832)) = 0.223.

o
o
o
9o
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Example

@ Now compute rj;'s from g; ;'s:

no(+1l) = +

I] @-2gi0(-1))

i"€Rovo

+ %(1 ~2q1.0(~1))(1 — 2q2.0(~1))

N~
N+~

=N =

- %(1 — 2(0.31))(1 — 2(0.973))

= 0.320.

@ In a similar way:

o ro1(+1) =0.5+0.5(1 —2(0.31))(1 — 2(0.973)) = 0.32

o ro2(+1) = 0.5+ 0.5(1 — 2(0.31))(1 — 2(0.31)) = 0.57

o rn3(+1) =0.5+0.5(1 —2(0.119))(1 — 2(0.988)) = 0.128
o no(+1) =0.5+0.5(1 —2(0.083))(1 — 2(0.832)) = 0.223.
(

(-1)=1- I’j,,'(-|-1).
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Example

Now compute g; ;'s from r; ;’s:

Goo(+1) = (L—po) J[ rro(+1)
J'€Cno

—  (0.69)r20(+1)
= (0.69)(0.223) = 0.154.

and
Goo(—-1) = po J] rro(-1)
J €Co
= 0.31[‘2,0(—1)
0.31(0.777) = 0.241.
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Example

@ This means

and
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Example

@ This means

and

B 0.154
~0.154 + 0.241

q0,0(—f—].) =0.39
0.241

0.154 4+ 0.241

do,0(—1)

Department of Electrical Engineering Indian Institute of Technology Kanpur Kanpur, Uttar Pradesh India

B 0.154
~0.154 + 0.241

qo.o(+1) = 0.39
0.241

0.154 4+ 0.241

do,0(—1)

o Finally, compute the APP’s:
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Example

@ This means

0.154
1) = —o.
q0.0(+1) = 375410041 — 03
and 0.241
90.0(~1) = 5752 0081 = 0O

@ Finally, compute the APP’s:
o Note: Qi(+1) = g j(4+1) - r;.;(+1), which means

~

Qo(+1) = Goo(+1) - ro,0(+1) = 0.154 - 0.32 = 0.0493

and

Qo(—1) = Go.o(—1) - roo(—1) = 0.241 - 0.68 = 0.164.
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Example

@ This yields the APP

0.0493
Qo(+1) 0.0493 + 0.164
and 0.164
1) = : —0.77.
@(-1) 0.0493 + 0.164
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Example

@ This yields the APP

0.0493
Qo(+1) 0.0493 + 0.164 0.23
and 0.164
Qo(—1) : — 0.77.

= 0.0493 + 0.164

@ The other Q;'s can be computed similarly.
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Probabilistic Decoding

@ The most significant feature of this decoding scheme is that the
computation per digit per iteration is independent of block length.

Adrish Banerjee Department of Electrical Engineering Indian Institute of Technology Kanpur Kanpur, Uttar Pradesh India

An introduction to coding theory



Probabilistic Decoding

@ The most significant feature of this decoding scheme is that the
computation per digit per iteration is independent of block length.

@ Average number of iterations required to decode is bounded by a
quantity proportional to the log of the log of the block length.
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