
Digital Control Module 5 Lecture 8

Module 5: Design of Sampled Data Control Systems

Lecture Note 8

1 Lag-lead Compensator

When a single lead or lag compensator cannot guarantee the specified design criteria, a lag-
lead compensator is used.

In lag-lead compensator the lag part precedes the lead part. A continuous time lag-lead
compensator is given by

C(s) = K
1 + τ1s

1 + α1τ1s

1 + τ2s

1 + α2τ2s
where, α1 > 1, α2 < 1

The corner frequencies are
1

α1τ1
,
1

τ1
,
1

τ2
,

1

α2τ2
. The frequency response is shown in Figure 1.
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Figure 1: Frequency response of a lag-lead compensator

In a nutshell,
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• If it is not specified which type of compensator has to be designed, one should first
check the PM and BW of the uncompensated system with adjustable gain K.

• If the BW is smaller than the acceptable BW one may go for lead compensator. If
the BW is large, lead compensator may not be useful since it provides high frequency
amplification.

• One may go for a lag compensator when BW is large provided the open loop system is
stable.

• If the lag compensator results in a too low BW (slow speed of response), a lag-lead
compensator may be used.

1.1 Lag-lead compensator design

Consider the following system with transfer function

G(s) =
1

s(1 + 0.1s)(1 + 0.2s)

Design a lag-lead compensator C(s) such that the phase margin of the compensated system
is at least 45o at gain crossover frequency around 10 rad/sec and the velocity error constant
Kv is 30.

The lag-lead compensator is given by

C(s) = K
1 + τ1s

1 + α1τ1s

1 + τ2s

1 + α2τ2s
where, α1 > 1, α2 < 1

When s → 0, C(s) → K.

Kv = lim
s→0

sG(s)C(s) = C(0) = 30

Thus K = 30. Bode plot of the modified system KG(s) is shown in Figure 2. The gain
crossover frequency and phase margin of KG(s) are found out to be 9.77 rad/sec and −17.2o

respectively.

Since the PM of the uncompensated system with K is negative, we need a lead compensator
to compensate for the negative PM and achieve the desired phase margin.

However, we know that introduction of a lead compensator will eventually increase the gain
crossover frequency to maintain the low frequency gain.

Thus the gain crossover frequency of the system cascaded with a lead compensator is likely
to be much above the specified one, since the gain crossover frequency of the uncompensated

I. Kar 2



Digital Control Module 5 Lecture 8

−150

−100

−50

0

50

M
ag

ni
tu

de
 (

dB
)

10
−1

10
0

10
1

10
2

10
3

−270

−225

−180

−135

−90

System: untitled1
Frequency (rad/sec): 10
Phase (deg): −198

P
ha

se
 (

de
g)

Bode Diagram
Gm = −6.02 dB (at 7.07 rad/sec) ,  Pm = −17.2 deg (at 9.77 rad/sec)

Frequency  (rad/sec)

Figure 2: Frequency response of the uncompensated system of Example 1

system with K is already 9.77 rad/sec.

Thus a lag-lead compensator is required to compensate for both.

We design the lead part first.

From Figure 2, it is seen that at 10 rad/sec the phase angle of the system is −198o.

Since the new ωg should be 10 rad/sec, the required additional phase at ωg, to maintain
the specified PM, is 45− (180− 198) = 63o. With safety margin 2o,

α2 =

(

1− sin(65o)

1 + sin(65o)

)

= 0.05

And

10 =
1

τ2
√
α
2

which gives τ2 = 0.45. However, introducing this compensator will actually increase the gain
crossover frequency where the phase characteristic will be different than the designed one.
This can be seen from Figure 3.

The gain crossover frequency is increased to 23.2 rad/sec. At 10 rad/sec, the phase angle
is −134o and gain is 12.6 dB. To make this as the actual gain crossover frequency, lag part
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Figure 3: Frequency response of the system in Example 1 with only a lead compensator

should provide an attenuation of −12.6 dB at high frequencies.

At high frequencies the magnitude of the lag compensator part is 1/α1. Thus ,

20 log
10
α1 = 12.6

which gives α1 = 4.27. Now, 1/τ1 should be placed much below the new gain crossover
frequency to retain the desired PM. Let 1/τ1 be 0.25. Thus

τ1 = 4

The overall compensator is

C(s) = 30
1 + 4s

1 + 17.08s

1 + 0.45s

1 + 0.0225s

The frequency response of the system after introducing the above compensator is shown in
Figure 4, which shows that the desired performance criteria are met.

Example 2:

Now let us consider that the system as described in the previous example is subject to a
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Figure 4: Frequency response of the system in Example 1 with a lag-lead compensator

sampled data control system with sampling time T = 0.1 sec. We would use MATLAB to
derive the plant transfer function w-plane.

Use the below commands.

>> s=tf(’s’);

>> gc=1/(s*(1+0.1*s)*(1+0.2*s));

>> gz=c2d(gc,0.1,’zoh’);

You would get

Gz(z) =
0.005824z2 + 0.01629z + 0.002753

z3 − 1.974z2 + 1.198z − 0.2231

The bi-linear transformation

z =
1 + wT/2

1− wT/2
=

(1 + 0.05w)

(1− 0.05w)

will transfer Gz(z) into w-plane. Use the below commands

>> aug=[0.1,1];

>> gwss = bilin(ss(gz),-1,’S_Tust’,aug)

>> gw=tf(gwss)
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to find out the transfer function in w-plane, as

Gw(w) =
0.001756w3 − 0.06306w2 − 1.705w + 45.27

w3 + 14.14w2 + 45.27w − 5.629× 10−13

Since the velocity error constant criterion will produce the same controller dcgain K, the
gain of the lag-lead compensator is designed to be 30.

The Bode plot of the uncompensated system with K = 30 is shown in Figure 5.
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Figure 5: Bode plot of the uncompensated system for Example 2

From Figure 5, it is seen that at 10 rad/sec the phase angle of the system is 139 = −221o.

Thus a huge phase lead (86o) is required if we want to acieve a PM of 45o which is not
possible with a single lead compensator. Let us lower the PM requirement to a minimum of
20o at ωg = 10 rad/sec.

Since the new ωg should be 10 rad/sec, the required additional phase at ωg, to maintain
the specified PM, is 20− (180− 221) = 61o. With safety margin 5o,

α2 =

(

1− sin(66o)

1 + sin(66o)

)

= 0.045
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And

10 =
1

τ2
√
α
2

which gives τ2 = 0.47. However, introducing this compensator will actually increase the gain
crossover frequency where the phase characteristic will be different than the designed one.
This can be seen from Figure 6.
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Figure 6: Frequency response of the system in Example 2 with only a lead compensator

Also, as seen from Figure 6, the GM of the system is negative. Thus we need a lag compen-
sator to lower the magnitude at 10 rad/sec. At 10 rad/sec, the magnitude is 14.2 dB. To
make this as the actual gain crossover frequency, lag part should provide an attenuation of
−14.2 dB at high frequencies.

Thus,
20 log

10
α1 = 14.2

which gives α1 = 5.11. Now, 1/τ1 should be placed much below the new gain crossover
frequency to retain the desired PM. Let 1/τ1 be 10/10 = 1. Thus

τ1 = 1
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The overall compensator is

C(w) = 30

(

1 + w

1 + 5.11w

)(

1 + 0.47w

1 + 0.02115w

)

The frequency response of the system after introducing the above compensator is shown in
Figure 7, which shows that the desired performance criteria are met.
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Figure 7: Frequency response of the system in Example 2 with a lag-lead compensator

Re-converting the controller in z-domain, we get

C(z) = 30

(

0.2035z − 0.1841

z − 0.9806

)(

7.309z − 5.903

z + 0.4055

)
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