Digital Control Module 9 Lecture 1

Module 9: State Feedback Control Design
Lecture Note 1

The design techniques described in the preceding lectures are based on the transfer function
of a system. In this lecture we would discuss the state variable methods of designing controllers.

The advantages of state variable method will be apparent when we design controllers for multi
input multi output systems. Moreover, transfer function methods are applicable only for linear
time invariant and initially relaxed systems.

1 State Feedback Controller

Consider the state-space model of a SISO system

x(k+1) = Ax(k)+ Bu(k) (1)
y(k) = COx(k)

where x(k) € R", u(k) and y(k) are scalar. In state feedback design, the states are fedback to
the input side to place the closed poles at desired locations.

Regulation Problem: When we want the states to approach zero starting from any arbitrary
initial state, the design problem is known as regulation where the internal stability of the system,
with desired transients, is achieved. Control input:

u(k) = ~Kx(k) (2)

Tracking Problem: When the output has to track a reference signal, the design problem is
known as tracking problem. Control input:

u(k) = —Kx(k) + Nr(k)

where r(k) is the reference signal.

First we will discuss designing a state feedback control law using pole placement technique for
regulation problem.

By substituting the control law (2) in the system state model (1), the closed loop system
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becomes x(k+ 1) = (A — BK)x(k). If K can be designed such that eigenvalues of A — BK are
within the unit circle then the problem of regulation will be solved.

The control problem can thus be defined as: Design a state feedback gain matrix K such that the
control law given by equation (2) places poles of the closed loop system x(k+1) = (A—BK)x(k)
in desired locations.

e A necessary and sufficient condition for arbitrary pole placement is that the pair (A, B)
must be controllable.

e Since the states are fedback to the input side, we assume that all the states are measurable.

1.1 Designing K by transforming the state model into controllable
canonical form

The problem is first solved for the controllable canonical form. Let us denote the controllability
matrix by Ugs and consider a transformation matrix T as

T=UsW
where -~ ~
Ap—1 Qp_o -+ a1 1
Ap_9 Gp_z --- 1 0
W= : : : Do
aq 1 .- 0 0
|1 0O - 0 0

a;’s are the coefficients of the characteristic polynomial |21 — A| = 2" +a; 2" +- - -+ a,_12+ay,.

Define a new state vector x = T'X. This will transform the system given by (1) into controllable
canonical form, as

%(k+1) = A%(k) + Bu(k) (3)
You should verify that
[0 1 0 0 ]
0 1 ... 0 8
A=T71AT = | : : : | andB=T"'B=|.
0 0 0 o1 1
| —n —Gp-1 —Op-2 ... —a1]

We first find K such that u(k) = —K%(k) places poles in desired locations. Since eigenvalues
remain unaffected under similarity transformation, u(k) = — KT ~'x(k) will also place the poles
of the original system in desired locations.
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If poles are placed at z1, 2o, ...., 2,,, the desired characteristic equation can be expressed as:

(z—2z1)(z—2)...(z—2,) = 0
or, 2"+a2" '+, . +a,124+a, = 0 (4)

Since the pair (A4, B) are in controllable-companion form then, we have

0 1 0 ... 0
0 0 1 ... 0
A—-BK = z : S :
0 0 0 ... 1

| —(an — k) —(an_1 — ks) R (U En)_

Please note that the characteristic equation of both original and canonical form is expressed as:
2] — A|=|21 — Al=2" + a1 2" ' + ... + a,=0.

The characteristic equation of the closed loop system with u = —KX is given as:

2"+ (ag + k)2 (ag + hno1)2" 2+ (an + k) =0 (5)
Comparing Eqgs. (4) and (5), we get
kn =01 —ai, kn1 = as —as, ki = o, — ay (6)
We need to compute the transtormation matrix 7' to find the actual gain matrix K = KT

where K = [ki, ko, ..., knl.

1.2 Designing K by Ackermann’s Formula

Consider the state-space model of a SISO system given by equation (1). The control input is
u(k) = —Kx(k) (7)
Thus the closed loop system will be
x(k+1) = (A — BK)x(k) = Ax(k) (8)
Desired characteristic Equation:

2] —A+BK|=|2I—A] = 0
or, (z—2z1)(z—22) - (z—2,) = 0

or, 2"+ M+ . ta,1z+a, = 0
Using Cayley-Hamilton Theorem

A" + o AV a1 A+l =0
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Consider the case when n = 3.

~

A = A-BK
A’ = (A—BK)*= A> -~ ABK — BKA— BKBK = A®’—- ABK — BKA
A= (A-BK)> = A°— A’BK — ABKA — BK A?

We can then write

asl + oA + A2 + A3
or, asl +as(A— BK)+a;(A> — ABK — BKA) + A* — A°BK — ABKA — BKA? =
or, asl + asA + a1 A + A> — uBK — ey ABK — ayBKA — A>BK — ABKA — BKA*> =

I
o o

Thus

$(A) = B(weK + o KA+ KA%) + AB(ayK + KA) + A°BK
OéQK + OQKA + KA2
= [B AB A’B] a K+ KA
K
K + a KA+ K A?
= Uc o K + KA
K

where ¢(.) is the closed loop characteristic polynomial and Ug is the controllability matrix.
Since Ue is nonsingular

oK + o KA+ K A?
U51¢(A) = a K + KA
K
K + o KA+ KA?
or, [0 0 1] UF'¢(4) = [0 0 1] oK+ KA
K

or, K [0 0 1] Uz ¢(A)

Extending the above for any n,
K=[00 ... 1]U;'¢(A) where Uy = [B AB A’B ... A" 'B]
The above equation is popularly known as Ackermann’s formula.

Example 1: Find out the state feedback gain matrix K for the following system using two
different methods such that the closed loop poles are located at 0.5, 0.6 and 0.7.

0O 1 O 0
x(k+1) {0 0 1 |x(k)+ |0]u(k)
-1 -2 -3 1
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Solution:
0 1
1 -3
-3 7

The above matrix has rank 3, so the system is controllable.

0
Uc= 1|0
1

Open loop characteristic equation:
or, 22 +322+2:4+1=0
Desired characteristic equation:

(z—0.5)(z—06)(z—07) = 0
or, 22 —182°4+1.072—-021 = 0

Since the open loop system is already in controllable canonical form, T' = I.
K =las—a3 ag—as a; — a4
where, a3 = —0.21, as = 1.07, oy = —1.8 and a3 =1, as = 2, a; = 3. Thus
K=[-121 —093 —A48]

Using Ackermann’s formula:

L [-2 -8 -1 2 3 1
U51:—1—3—1 0l=1(310
-1 0 0 100
p(A) = A*—18A* +1.07TA 0211
-1 -2 -3 0 0 -18 0 1.07 0
= |3 5 7 |4+|18 36 54 |+| 0 0 1.07
—7 —11 —10 —54 -9 —10.6 ~1.07 —2.14 —3.21
—021 0 0
+1 0 —021 0
0 0 —021

—-121 —-093 —438
= 4.8 8.39 13.47
—13.47 —22.14 —-30.02

Thus

= [100]¢p(A) =[-121 —0.93 —48|
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Example 2: Find out the state feedback gain matrix K for the following system by converting
the system into controllable canonical form such that the closed loop poles are located at 0.5
and 0.6.

x(k+1) = [‘01 :ﬂ x(k) + m u(k)
Solution:
ve= 1 o)

The above matrix has rank 2, so the system is controllable.
Open loop characteristic equation:

or, 24+32+2=0
Desired characteristic equation:

(z—0.5)(z—06) = 0
or, 22 —1122403 = 0

To convert into controllable canonical form:
31
[l
The transformation matrix:

e R

1 =211 0 1 1
Check: i
1 10 1 15 _ |0
T AT—{_2 3] T B = 1
Now,
041:—1.1, 04220.3, 01:3, CL2:2
Thus

We can then write

K=KT'=[-17 -41] l_ll (1)] =[-24 —4.1]

Taking the initial state to be £(0) = [2 1], the plots for state variables and control variable
are shown in Figure 1.
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Plots for state variables and control variable
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Figure 1: Example 2: Plots for state variables and control variable
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