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Let kK > 0 be an integer, and let p = p(n) be a
function of n such that p > (6kInn)/n for large
n. Then lim,_P(a> 5) =0
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For every integer k, there exists a graph H
with girth g(H) > k and chromatic number

x(H) > k.
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m k>3, and fix 0 <e < 1. Let p=n"!

m Let X(G) denote the number of short
cycles (of length at most k) in a random
graph G € G(n, p).

= E(X) = Yi, 1B2 < 1570 (n'p) <
2(k —2)n*p~.

= PIX > n/2] < £ < (k — 2)n*1pk =
(k — 2)nke-1,

m Since ke — 1 <0, lim,_ P[X > n/2] =0.
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m Let P be a graph property- i.e. a class of
graphs closed under isomorphism.

m Let p = p(n) be a fixed function. If
P[G € P] — 1, as n — oo, we say that
G € P for almost all G € G(n, p).

m If P[G € P] — 0 as n — oo, we say that
almost no G € G(n, p) has property P.
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For every constant p € (0,1), and every graph

H, almost every G € G(n, p), contains an
induced copy of H.
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We call a real function t = t(n) with t(n) # 0,
for all n, a threshold function for a graph
property P, if the following holds for all

p = p(n), and G € G(n, p).

lim,—[G € P] =0, if p/t — 0, as n — oo and
=1if p/t — 1, as n — oc.
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m Consider a graph property of the form
P={G:X(G)>1} where X >0 is a
random variable on G(n, p). (Example,
connectedness).

= How can we prove that P has a threshold
function t ?

m We study one method here, called second
moment method.

= If we can show that as n — oo, E(X) — 0,
then it means, that almost all graphs have
property P. (Since P[X > 1] < E(X), by
Markov inequality.)

= On the other hand we cannot show
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The Variance 02 of X: 0% = E((X — p)?). It is
a quadratic measure of how much X deviates
from its mean.
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Chebyshev’s Inequality: For all real \ > 0,
2
PIIX —pl > A < 5.



Graph Theory: Lecture No. 37

If > 0, for n large, and Z—i — 0, as n — oo,
then X(G) >0

Since any graph G with X(G) = 0 satisfies
X(G) — 4l = . So, 2
P[XZO]SPHX—MZM]S%HO, as n— 0.
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Given a graph H, let Py be the property of
containing a copy of H as subgraph. H is
called balanced if ¢(H') < ¢(H) for all

subgraphs H' of H.
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If H is a balanced graph with k vertices, and

¢ > 1 edges, then t(n) = n=*/" is a threshold
function for Py.
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If kK > 3, then t(n) = n~! is a threshold function
for the property of containing a k-cycle.
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If T is a tree of order kK > 2, then

t(n) = n*/(=1) is a threshold function for the
property for containing a copy of T.



Graph Theory: Lecture No. 37

If k > 2, then t(n) = n?(*~1) is a threshold
function for the property of containing a K.
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m Let X(G) denote the number of subgraphs
of G isomorphic to H.

= Given n € N, let H denote the set of all
graphs isomorphic to H whose vertices lie
in {0,1,...,n—1}.

= Given H' € H, we write H' C G to denote
that H’ itself is a subgraph of G.

m The number of isomorphic copies of H on
a fixed k set is at most k!.

u |H| < (D! < nk.

= Given p = p(n), let v = p/t, where
t=n k",
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m For each fixed H' € H, P[H' C G] = p since
|E(H")| = .

m E(X) = |H|p" < n*(yn KO =48 — 0, if
v—0as n— 0.
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