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Wavelets

o Fourier transform analyzes frequency resolutions, but not time

« Wavelets analyze a function in both time and frequency domains
¢ Good time resolution and poor frequency resolution at high frequencies
« Good frequency resolution and poor time resolution at low frequencies

o Wavelets are useful for short duration signals of high frequency and long duration signals of
short frequency

« Wavelets are generated from a mother wavelet function 1
« Zero mean (oscillatory, i.e., wave nature): [ 1(z)dz =0
o Unit length: [ 4?(z)dz =1

e Basis functions are generated by scaling (s) and shifting ( | ) the mother wavelet

it = 75 ()
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Discrete Wavelet Transform (DWT)

o« DWT generates a set of basis function or vectors
e Two functions:
« Wavelet function
¢ Scaling function
« Space spanned by n = 2! basis vectors at level jcan be spanned by two sets of basis
vectors 4 and ¢ atlevel j — 1

« 1fand gare wavelet and scaling functions respectively

« DWT generates basis vectors for wavelet and scaling functions at different levels
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Haar wavelets: Example
« Compute sum and difference between each consecutive pairs of entries (and scale)

e Repeat the steps for the sum coefficients

fﬂ = {215: S: g: ?: 4: _1: 1}‘

1
fa :E{2+5,3+9,?+4,_1+1,2_ 58-0,7—4,-1—1}

_{? 17 11 0 -3 -1 3 —2}

E,E?E!E?ﬁ?ﬁ!ﬂ,ﬂ
{35 13 -10 11 -3 -1 3 —2}
fo=

{24 11 —-10 11 -3 -1 3 —2}
fi=

Eﬁiﬂﬁ: 9 :?:ﬁ:ﬁrﬁrﬁ

o Length is preserved: ||fo|l2 = 15.524 = || fa||=

« Invertible: f5 is losslessly obtained from fg
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Haar wavelets: Theory

« Wavelet (/) and scaling ( ¢*) functions:

+1 when D<z<1/2
w(x)=4¢ —1 when 1/2<z<1
0  otherwise

1 when 0<r<1
o) - { S7s
« Shifting (i) and scaling (j ):

‘l.'t‘j,i(ir]=2”21ﬂ{2jm—i] j=0,... i=0,....,27-1

pii(r) =2%9(9x —4) j=0,... i=0,...,27 -1
e Binary dilation (scaling) and dyadic translation (shifting)

« Coefficients corresponding to 1/ ; are averages or sum coefficients

« Coefficients corresponding to ¢; ; are differences or detail coefficients

file:///C)/Documents¥%20and%20Settings/iitkranal/M y%20D ocuments/Googl €%620T al k%20Recei ved%20Files/ist_data/l ecture35/35_5.htm[6/14/2012 3:54:25 PM]



Objectives_template

Module 7:Data Representation

Lecture 35: Wavelets

Prev topic = MNexttopic Prev page
Hext page

Matrix form
o 104,44 etc. form the basis vectors

 Only 1n,n is needed since others are expressed in terms of . .

« When size of vector is = 27 | j levels of basis vectors are needed

o There are 2771 4292 1 ... 4 29 =27 _ 1 pasis vectors corresponding to detail

coefficients and 1 basis vector corresponding to sum coefficient at {jth level
. Transformation matrix H has these basis vectors as columns

« Transformed vector ' = w.H for data (row) vector v
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Matrix form

o 104,44 etc. form the basis vectors
 Only 1n,n is needed since others are expressed in terms of . .

« When size of vector is = 27 | j levels of basis vectors are needed

o There are 2771 4292 1 ... 4 29 =27 _ 1 pasis vectors corresponding to detail

coefficients and 1 basis vector corresponding to sum coefficient at {jth level
. Transformation matrix H has these basis vectors as columns
« Transformed vector ' = w.H for data (row) vector v
o Each step can be defined as multiplication by a matrix
« Composition of these matrices gives the final transformation matrix
e H is orthonormal
H-!'=HT

e Hence, inverse operation is easy
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Haar wavelet matrices

Ho

oo oo o ofg
o oo ogg ==

S e =T ===
oo oo o ofly

o oo oGy = =
o oS- oo

SSfre e e e
HL‘H.—-EGEEEE

f2 = fa.Hs
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Haar wavelet matrices

H,

EEEEHI—‘HI—'EE
cooo o oy
coe g = =
Coor~ o0 oo
cCo-o oo oo
cHoo oo oo
o= =T = - R - R - -
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Haar wavelet matrices

S
Il
oo o oo oY

coo oo ofyly
cCoo+HoDOo OO
cCo-HoDooO OO
oroocoo oo
Foo o000 OO

D oo oo+ o O
cDoo oo o O

fo = fi.Ho
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Haar wavelet matrices

1 1 1 1 A
G B B
L 0 = 0 1] 0
-1 1
= 0 1] 1] 0
o = 0 0 ﬁ: 0 0
Hy = Hy.H,.Hy = % E p X 0 DE L
21{5 2/2 2 2
1 =1L p 1 0 n =X 0
2{:‘; 2,/ 2 2
1 =1L g = q 0 0 L
24/ 2472 2 W2
4 =L 0 = 0 n =1
L 2/2 24T 2 N
fo = fa.Ha

Inversely, = fo.Hy ' = fu.Hg‘
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Dimensionality reduction using Haar wavelets
o Retain sum and lower level detail coefficients

e For example, retain 1 sum (at level 0) and 3 detail (1 at level O and 2 at level 1) coefficients

« Contractive
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Dimensionality reduction using Haar wavelets
o Retain sum and lower level detail coefficients

e For example, retain 1 sum (at level 0) and 3 detail (1 at level O and 2 at level 1) coefficients
« Contractive

« Alternatively, for a database of objects, retain those coefficients whose variances are highest
« Another option is to zero out coefficients whose absolute values are below a threshold

« What happens when dimensionality is not a power of 27
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Dimensionality reduction using Haar wavelets
o Retain sum and lower level detail coefficients

e For example, retain 1 sum (at level 0) and 3 detail (1 at level O and 2 at level 1) coefficients
« Contractive
« Alternatively, for a database of objects, retain those coefficients whose variances are highest
« Another option is to zero out coefficients whose absolute values are below a threshold
« What happens when dimensionality is not a power of 27

« Pad zeros at end: latter half becomes less important

« Pad equal amount of zeros in each half: should be done recursively
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Dimensionality reduction using Haar wavelets
o Retain sum and lower level detail coefficients

e For example, retain 1 sum (at level 0) and 3 detail (1 at level O and 2 at level 1) coefficients
« Contractive
« Alternatively, for a database of objects, retain those coefficients whose variances are highest
« Another option is to zero out coefficients whose absolute values are below a threshold
« What happens when dimensionality is not a power of 27

« Pad zeros at end: latter half becomes less important

« Pad equal amount of zeros in each half: should be done recursively
« Interestingly, shuffing the dimensions produce different wavelet coefficients

« How to shuffle to satisfy some critera?
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