Module 7 : Design of Machine Foundations

Lecture 31 : Basics of soil dynamics [ Section 31.1: Introduction ]
Objectives
In this section you will learn the following
& Dynamic loads

& Degrees of freedom



Module 7 : Design of Machine Foundations

Lecture 31 : Basics of soil dynamics [ Section 31.1: Introduction ]

Introduction
Dynamic loads

The foundations are subjected to static or dynamic load or combination of both. The static loads are imposed
on the foundations slowly and gradually in such a way as to avoid any vibration of the foundation soil system.

The dynamic loads are time variable load, e.g. Earthquake, impact, blast loads etc. Displacement and stresses
are time dependent. The inertia forces are part of the loading system.

But all the time varying activities are not dynamic such as filling of reservoir or construction activities etc. the
dynamic loads lead to vibration of the soil and foundation system.

In this, Work done = Potential energy + Kinetic energy,

Displacement is connected to the stiffness of the structure and acceleration is connected to the inertia of the
structure.

D’'Alambert's principle:

A system may be set in state of dynamic equilibrium by adding to the external forces a fictitious force which
is commonly known Inertia force. The resulting displacements are associated with accelerations which
produce inertial forces resisting the acceleration.

Degrees of freedom

This can be defined as number of independent coordinates required to completely specify the response of
vibrating system.

For a single particle, there are 3 h(Fz: E E F (Forces in x,y,z directions).
oy

For a rigid body, there are 6 Ta(F's : E E. FE (Forces in x,y,z directions), 1M IH’LI, I (Moments in Xx,y,z
HER L | Hn? : I

directions).

DOF is not intrinsic property, if DOF g are less than infinity then it is a discrete system and if DCOFg are

tending to infinity then it is a continuous system.



Module 7 : Design of Machine Foundations

Lecture 31 : Basics of soil dynamics [ Section 31.1: Introduction ]

Fig. 8.1 Different degrees of freedom
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Recap
In this section you have learnt the following.
& Dynamic loads

& Degrees of freedom
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Objectives

In this section you will learn the following
& Undamped free vibration

& Undamped forced vibration

& Damped free vibration

& Damped forced vibration

& Undamped free vibration system
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Undamped free vibration :

Free vibrations means the structure is disturbed from equilibrium and then vibrates without any applied
forces. The damping forces cause the dissipation of the motion. It is undamped i.e. the coefficient of damping
“c”=0. This system is also called as a Single Degree Of Freedom system.(SDOF).

Fig. 8.2 Undamped free vibration
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Undamped forced vibration :

In this external force f(t) is applied and coefficient of damping “c” = 0.

Fig. 8.3 Undamped forced vibration
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Damped free vibration :

In this no external force is applied i.e. f(t) = 0 and damping is present i.e. coefficient of damping “c” # O.

Fig. 8.4 Damped free vibration
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Damped forced vibration :

In this external force is applied i.e. f(t) # 0 and also damping is present i.e. coefficient of damping “c” Z O.

Fig. 8.5 Damped forced vibration
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Undamped free vibration system
The governing equation is,

mx+ k=0 T )

where,

m is the mass of the system,

k is the stiffness of the system,

X is the displacement of the system and ,

x is the acceleration.

Solving as a initial value problem, the boundary conditions are,

he initial displacement and velocity is given as,
x(0) = x, and x(o) = x,

Where,

Xy is the displacement at time (t) =0 .,»".' and is the velocity at time (t)=0.
1]
Substituting in equation (1), x(t) = & ,we get,

2
ms E.Sf+k€.f:0
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If Ee:.f = 0, i. e. trivial solution.

So, nontrivial solution is,
a —
me* + k=0.

i .
SE=4,— =Xl
i
where,

¢1dis the natural frequency of the system (rad/sec).

General solution is,

x(r) = Ae'™ + Be™7™ .

Applying boundary conditions,

x(0) = x, and :;:(G) = X

Substituting in equation (2),

o)=x,=A+ 5
:::(r::)= Io=ie{A-E)
As . and I. are real values ,
a 0
Imaginary (x,)= 0= Imaginary (A+ E)

Reai(x,)=0=Real(4d- E)
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Where, A and B are complex conjugates.

BE=za-if A=a+i8

St = (et 1,2 (cos 4t Hisin g2) + (=18 (cos 4t —isin 42)
Cx(t) = (i e+ (-1 g e™

Cx(t) =2 aeos gt — 2 4%n g2

soxlE) = o cosad + X0 sin o
W

Alternatively,

x(t) = a cos ¢}t + b sin ¢t
where, s = +i ¥

It can be represented as shown in fig.

Xp=Rcos fgand,

o =Rsin @
o

Fig. 8.6 Representation of solution
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substituting in equation (3),
X(t) =R cos @ cos &M + R sin § sin &

=Rcos ( f&t— @)
tan 6 = Iﬂmwhere, R=
A

Fig. 8.7 Displacement (x(t)) vs time (1)

i k
Sow= | —
m

Which is independent of the initial conditions, it is called as Natural frequency of the system.

T = Z_ﬂ. is the natural period of the system.

&
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Recap
In this section you have learnt the following.
& Undamped free vibration
& Undamped forced vibration
& Damped free vibration
& Damped forced vibration

& Undamped free vibration system
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Objectives

In this section you will learn the following

& Damped free vibration system
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Xy _ 2mE
X 115—52

It is measure of decay of successive max amplitude of viscously damped vibrations & expressed by the eq &
in which X g & X 1 are two peaks amplitude.

&é=In

This property is useful in practice because we can find out damping ratio of any material.
x, _ 2WmE

In =
h+m \/1 . az

Where X, = Initial Displacement

Xn+m = Displacement after n+m Cycle
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Recap

In this section you have learnt the following.

& Damped free vibration system
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Damped free vibration system

Refer fig.
The governing equation is,

mx+ecx+hkx=0

where,

m is the mass of the system,

k is the stiffness of the system,

X is the displacement of the system

, is the velocity and, x is the acceleration. Fig. 8.8 Damped free vibration

X system

Solving as a initial value problem, the boundary conditions are,
The initial displacement and velocity is given as,

x(0) = x, and ;;:(G) = ¥
Where,

Xgis the displacement at time (t) =0 and J«'.' is the velocity at time (t)=0.
]

S+ —x+—x=0
m m

Substituting in the above equation, 5 = E , i.e. undamped natural frequency.
"
. C .
S+ X+ w2 =0
m
The solution is in the form of x(t) = &

c
32+—3+a312]25’=ﬂ
m
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If Ee:.f = 0, i. e. trivial solution.
So, nontrivial solution is,

&
F+s+m?|=0
i
5 — n C‘z &]12
L2 2m ™ Vam?
Materials Damping ratio ( &) values
Concrete 0.05 to 0.07
Steel 0.01 to 0.02
Aluminum 0.001 to 0.01
Soil 0.1to 0.2

There are three possibilities,
Case 1) 5= &

2m
So,

Critical damping constant , = (2m 3, ),

Damping ratio ( é:) = (c¢/ £,). For different materials .é‘values are given in table 8.1.

Damped natural frequency ( mm) = a, ﬂ_é:z , where ¢, is the undamped natural frequency of the

system.
Table 8.1 Different values of Damping ratio ( éf)

Note: For soil é:values are high i.e. soil is a good damper.
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Case 2) 5§ = §and root are real (i.e. é‘>1)

&, 1 & ?
S = £+ t -4 Sa=—=1= -4
L2 Tam T2 me “h o1 2m- 2Vm? %

,
847 —fam tm o1

827 —¢ o) + @),
So, final solution is,

Sx()= g (x, cosha 't + Msinh o, t

o,

Case 3) 5 # &;and root are complex (i.e. é’<1)

. c? Cmi=0
T al,
2
- Z 2
= + -
L2 9m 4 “h

31?2 = —é: &} £ &3, The different responses are given in fig.
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{(a) Undamped ( £ =0)

(b) Underdamped (0< &<

(c) Critically damped (£ =1)

{d) Critically damped (£ >>1)

Fig. 8.9 Different responses
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Undamped: where, é’zo, practically not present.

Under damped: It is a oscillatory damped motion and é‘is between o to 1. All practical vibration examples
are mostly under damped.
Over damped: Here, §>1. It is decay without any oscillation. E.g. Door damper, music system cassette box,

galvanometer and ammeter (needle should not move from one side to another side, it should move in only
one direction).

Critically damped: Here, é::l.lt is the smallest value of the damping necessary to prevent the oscillation
when system is under going damped free vibration. It is very difficult to achieve it practically.
Damped Force Vibrations Under Harmonic Excitations:

mX + C<+ Kx=Pcosit < =natural frequency
£+ Cg+wix=Ecosat ¢, =2.mw,
X+2Ew X+ wox=Ecosit =& =iy

Let é‘< 1.0 Under Damped Conditions, Practical Case

Generalized Solution
X() = CF + PI

X(® = €[ A cosw,, .t + Bsinw,,.t]=CF

Here Woq = damped natural frequency

_ (Pim)Cos(h.t-8)
x(t)= SOl H e

— -1 28w A
0 =tan [wi—:ﬁ]

i, ==x(tiy

[%r] ros(A1-8)

Z(t)p = — =Dynamic Displacement
Ed “'vT.]
P Pm P

——=——=—=3¥, =5tatic Displacement
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Frequency Ratio

f'=—
W

h

%, . cos(ht— )
-1+ (28

Amplitude  of K;:(t) =DMF

st

e (t:I =

1
JA-r27 + 28

Because of Harmonic Excitation in Static, It gives displacement in that direction.

DMEF =

Fig 8.10 Graph between DMF Vs Frequency Ratio
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Rotating Mass

fig 8.11 model representing rotating mass
mE+ Cx+ K =med? (sindt)  med? = QSinAt
Fsin(At—6)

R ey
6=tan"! [E
1-r14
% (=30 sinAt— )
S Q/K
JA-12) + 28y
[me?@]
o b
JA-r?)? +(28r)’
3 I

r:i
Wﬂ

ml'él - J(l_rz)ﬂ +(2£:,I’)2
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Fig 8.12 Graph between DMF Vs Frequency Ratio
Logarithmic Decrement

Fig. 8.13 Graph showing the decrement of amplitude with time
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