Module 7

Lecture 7. Statistical parameter estimation



Parameter Estimation

Methods of Parameter Estimation

1) Method of Matching Points
2) Method of Moments

3) Maximum Likelihood method

6. — Population Parameter

0 — Sample Parameter

Unbiased estimation of parameter:An estimate of a parameter 6,
Is said to be unbiased estimate, if E(6i) =@
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1) Method of Matching Points

In a data set, 75 % values are less than, It is assumed to follow the distribution,

%
f(x) = =

; X>0, estimate the parameter 6.

X X _/9
. PIX<3]=0.75 =F(x= [f(x)x :jee

0

dx

— X

e %%
O (—%9)_o

P 7 x/ __
.1-e =0.75 or é— 1.3863 or

=1e

0 =2.164
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2) Method of Moments

Given a function f(4,....... ,0,,X) and values @.,....... 0

we need to find X, X,,.ceenn.... X

Generate number of equations by taking moments of the distribution

~(x=6,)°
Take, any distribution, like f(x) = (2H922)_%e 20, -a < X<+«

Take the 1st moment = Mean about the origin

a -(x-6,)°
E(X) = u = [x(B)dx = [ x(2[16,2) e 2 dx

24

—(x-06,)

= (21_[6’22)% 'f xe 2% dx
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2) Method of Moments

Contd...

substituting, y = ((X - 9%)
2

X=0,y+6

dx = 6,dy
E(X) = 0, +9e29dx
(0= i[O+
E(X) = =

[As odd multiplier, h(-y) =-h(y)

o,
=0+ —=—+2[] =6,
V2Tl
6 =E(X)=pu
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2) Method of Moments

Contd...

Second moment about the mean,

E| (X-u)° | = j X — )2 (x)dx

—(x- 91)2

j(x WP (2116.2) e 2% dx

-

Substituting, 6, = u

_“ and we will get,

X
ane RNCY
2
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3) Maximum Likelihood method

Sample,

] > =1 : » We have the following, f(x;;0) f(x,;0) f(x;;0)

pé.) ﬂ'.) f(x.;0) — pdf evaluated at x = x.

* Product of f(x;0) x ......... x f(X5;0) 1s"likelihood" = L
* |If L(Xx ;6 )>1(x;6), then 4 isthe estimate preferred,

which maxmizes the likelihood function.
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3) Maximum Likelihood method Contd...

* Because In(L) is an increasing function of L, it reaches maximum value

oIn(L) _

at the same pt., as In(L) does,

= (When there is no other method feasible, this method is best one)

f(x)=pe ;x>0 pisa parameter

(X0 Xy e X, — Sample available;
AL =F(x, BYx T (Xy, BYX T (X B) X e <f(X_, B)
= pe M xpe e x ... x Be %

= gre fatet e o gng T | (formulation of likelihood function)
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3) Maximum Likelihood method

Contd...

Now set L maximum

n

~In(LE=Ening - ﬁegx

6'212') =0 as we want to set the value of g
~0In(L) _E_Z”:X 0
B T
n 1 — : :
S p = = (—j X = Arithmetic average

Max. likelihood estimate
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3) Maximum Likelihood method Contd...

1 [ x-uY
f n
(X)= \/ﬁgeXp{ %( o j} X.
— =l _y
[Take, o as parameter not S.D. and  also] ©' 4 n ”
L= f(x,u,0)f (X, 1,0)......... f(X,, w,o) = - n eXp{_%(Xi_'uj]
( 2]_[0) o
n 2y _1/N\ Xi_'uz
or In(L)=—§|n(2H0)— %;( > j
onlL) _o_9nL) oot & o Now
oIn(L) o X — U
=0=Y|5 2 2 (X ) =0
g z( - j S(X 1)

Module 7



3) Maximum Likelihood method Contd...

— —

f(x)= \/%G exp{—%(X?TﬂTJ

[Take, o as parameter not S.D. and u also]

s L= (X, u,0)f (X0 f,0). f(x ,u,0) =

o)

orhﬂU=—ngHaﬂ—j%§1K_ﬂj

o) _, _ain()

set 1 & o ,Now

ou oo

oin(L) | (X —u

op _O_;( o’ j
S Y% —p) =0
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3) Maximum Likelihood method

Contd...

or u=
n
and aln(L):O:_E(M_{o;j_
ou 2\ 2]1o
n PRY:
or -E—I— (X 3/U) ~0
(o) i1 (o)
Z(Xi_ﬂ)z
or o° ="
n

[But it is not the best method.

L
2

Zn: (X, — ,ugz (-2)

i=1 O

It depends upon situation]
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Highlights in the Module

< In hydrology, most of the phenomena are random in nature.

E.g. rainfall-runoff model

» Random variables involved in a hydrological process may be dependent or
independent.

» The ‘random variables’ X & Y are ‘stochastically independent’ if and only if

their ‘joint density’ is equal to the product of ‘marginal density functions’.

O Joint density function : Simultaneous occurrence

 Marginal density function : Distribution of one variable irrespective of the value

of the other variables

J Conditioned distribution: Distribution of one variable conditioned on the other

variable.
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Highlights in the Module Contd...

*» Measures of Central Tendency:
»Mean
» Arithmetic average (for sample)
»Mode
»Median

s Measures of Spread or Dispersion:

»Range [(xmax-xmin)] »Standard deviation,

»Relative Range [=(range/mean)] > Coefficient of variation

>Variance
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Highlights in the Module Contd...

“* Measures of Symmetry:
» Coefficient of skewness,

> Kurtosis

ssCorrelation coefficient shows the degree of linear association between

two random variables

% Commonly used distributions in hydrology :

> Normal distribution » Gamma distribution

> _ . . t.
»  Uniform distribution Log-normal distribution

e » Extreme value distribution
» Exponential distribution
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Highlights in the Module

Contd...

** Methods of statistical parameter estimation
1) Method of Matching Points
2) Method of Moments

3) Maximum Likelihood method
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