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o VE——-—.—...
Unconstrained Multivariable Optimization:
Gradient Based Methods

Week 7: » Today’s Topic:

» Cauchy’s method
»Newton’s method
»Marquardt method

» Conjugate gradient method

» General concept of gradient based methods
» Cauchy’s steepest descent method

"1 NPTEL ONLINE

. IIT KHARAGPUR CERTIFICATION COURSES



Gradient of a Function

The gradient of a function is an n-component vector given by:

Vi =

nx1
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Important property of gradient:

If we move along the gradient direction from any point in n dimensional
space, the function value increases at the fastest rate. Hence the gradient
direction is called the direction of the steepest ascent. However, the

direction of steepest ascent is a local property not a global one.

Gradient-based methods use derivative information of the function to
determine the search direction. When derivative information are
available, these methods are much faster compared to the Direct Search

methods.
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O V——
Gradient Based Methods

First order methods:

First order methods use only gradient of the objective function to determine the search
direction. For example: Cauchy’s Steepest Descent Method.

Second order methods:

Second order methods use both gradient and Hessian of the objective function to
determine the search direction. For example: Newton’s method
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E——————.
Numerical Computation of Derivatives

The first and second derivatives can be computed using the central difference formula as

given below: ) 1 1
df  flx; +Ax;)— flx; — Ax;) O f _ flxi+Ax)=2f(x;)+ flx; — Ax;)
o, 2Ax, ox Ax?
J° f :[f(x,- + A, x; + Ax;) = f(x; +Ax;, x; — Ax)) Numerical computation of
Ix;0x; ' ' gradient is often required.

= f(x = A%, X; + M)+ f(x; = A, x; = Ax)) | /(4Ax,Ax;)

The computation of first derivative requires two function evaluations with respect to each
variable. So for an n variable problem, 2n function evaluations are required for computing
the gradient vector.
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o VE——-—.—...
General Steps of Gradient Based Methods

Step —1: Estimate reasonable starting point x'*.
Setiteration counterk =0

Step — 2 : Computesearch direction s™ Different methods

_ determine the step length
Step — 3:Check for convergence. % and search direction sK

Step — 4 : Computestepsize ¢ in the direction s differently.
Step—5: Update: x“* = x% +a®s®
Step—6: Goto Step —2
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O VE———
Descent Direction

Consider the following unconstrained optimization problem: Q(llg? f (X)

At any k-th iteration the next point is given by: (k™) — x(k) 4 o K)gk)

Here sk is a search direction and o is the step length (positive).

If skisadescentdirection: f(x**")< f(x") = fxN +a™s™)< f(x")
By Taylor series expansion:

(k) (k) (k) (k) (k)
fOX)+a™ (VE(X)-s7) < (X)) Dot product is less than zero.
= Vi (x®).s <0 This is the condition for the
descent direction.
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O VE———
Descent Direction

Condition for descent direction: Since the gradient vector represents the
direction of steepest ascent, the negative of
v (x%).s% <0 the gradient vector denotes the direction of

the steepest descent

The magnitude of the vector ~ Vf (x*))-s™ for a descent direction s specifies
how descent the search direction is.

If 5% =_vf(x®) is used, the quantity Vf (x®)-s® is maximally negative.

Thus, the search direction s% =—Vf (x™) is called steepest descent direction.
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o NEE————_—.
Cauchy'’s Steepest Descent Method

In Cauchy’s method, the search direction at any point is the negative of the gradient of
the objective function: s®) — _vf (X(k))

At each iteration, we update: y(k*) — () 4 o (K)g(k)

We determine a® such that f(x*1) is minimum along vf (x®)) using an appropriate
unidirectional search method. This minimum point becomes the current point and the
search is continued from this point.

Algorithm stops when the magnitude of the gradient vector becomes very small. Note
that improvement at every iteration is guaranteed due to descent property.
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o NEE————_—.
Cauchy’s Steepest Descent Method: Algorithm

Step —1: Estimate reasonable starting point x*; Maximum number of iterations, K __;
Termination parameter ¢; Setiteration counterk =0

Step — 2 : Compute VT (x*)
Step — 3:Check for convergence: if HVf (x(k))H < ¢, Stop
Eleseif k > K ., Stop; Elsegoto Step—4
Step —4: Computear™ such that f (x*“™) = f (x* —a™Vf (x*)))is minimum
)

Step-5: If Hx(k)u

<¢g,Stop; Elsesetk =k+1andgotoStep—2
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Cauchy’s Steepest Descent Method: Features

Improvement at every iteration is guaranteed.

Cauchy’s method works very well when the starting point x(© is far away from the
optimum point x*.

As the current point becomes close to the optimal point, the magnitude of the
gradient vector becomes very small. Thus the new point created becomes very close
to the current point. This slows down the rate of convergence.
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o NEE————_—.
Cauchy'’s Steepest Descent Method: Example

Minimize £ (X, X,) = X, = X, + 2X7 + 2X,X, + X

0
starting from the point X® { }

0
Solution: . of [0x, _ 1+4x, +2X,
of 1ox, | |—=1+2X +2X,
Iteration - 1: The gradient of f is given by: 1
Vi, = Vi (X?) = J

-1
Therefore, S© =-Vf, = L }
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o NEE————_—.
Cauchy'’s Steepest Descent Method: Example

To find XM, we need to find the optimal step length A,*. For this, we minimize

f(X?+2,59)=f [{8} + A L_lD = f(~4y, A,) = A — 24, with respect to A,.

. : . 0 -1 -1
since I — 0 at A, =1, weobtain: XYW =X9 4+ 2SO =| "|+1 T|=
dA, ol |1 | |2

0
Now, Vi, = Vf (X®) ={ J # {O} Thus X® is not optimum.

We proceed to the next iteration.
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o NEE————_—.
Cauchy'’s Steepest Descent Method: Example

Iteration - 2: Now, Vf, = Vf (x®) = 0.2
Pl —-0.2
W _ _
ST =-Vi = H Since the components of the

gradient at X®@ are not zero,

() @y _ f(_ =512 21 —
Tominimize f(X™+4S™)=f(-1+4,1+4) =54 -24 -1 we must proceed to the next

we set % =0. This gives A = 0.2, and hence iteration.
_1 11 -08 Repeat this process until the
X® =X+ 278V = L }O.ZH = L ; } optimum point x* is found.

. |-1.0
X =
1.5
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o VE——-—.—...
Optimization in Chemical Engineering
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o VE——-—.—...
Unconstrained Multivariable Optimization:
Gradient Based Methods

Week 7: » Today’s Topic:

» Cauchy’s method
»Newton’s method
»Marquardt method

» Conjugate gradient method

» Cauchy’s steepest descent method (cont’d)
» Conjugate gradient method
(Fletcher-Reeves method)
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Cauchy’s Steepest Descent Method

The steepest descent method zigzags its way towards the optimum point.

Each step is orthogonal to previous step.

Update rule: x** = x® 4 o®g®)
df

a™ isobtained by minimizing f (x* +a%s™). We setd— =0
(04

Upon differentiation : Vf (x"‘) SN )T s =0
= Vf (x"‘”’ )T s =0

Sinces*™® = —Vf (x“*V), we get (s** )T s =0,

Thisresultistrueonlyif thelinesearch is performed exactly.
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I
Gradient Based Methods: Role of Step Length

The update rule of a Gradient Based Method requires a step length controlling the
amount of gradient updated to the current point at each iteration. A too large step
length can lead to divergence. A too small step length takes longer time to converge.
Backtracking line search and exact line search are two methods to find step length.
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Cauchy'’s Steepest Descent Method: Scaling

Consider the two quadratic functions:

Larger is the value of the parameter a,
more elongated are the contours of the
function f, and slower is the
convergence rate.

X3
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f=x+ax;

Speed of convergence is related to the condition number of Hessian matrix. The condition
number of a symmetric positive definite matrix is the ratio of largest to smallest

eigenvalues. For a well conditioned Hessian matrix, the condition number is close to unity.
Then the contours become more circular and the steepest descent method works best.
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Eigenvalues are 2 and 2a.
Thus, the condition number =a

Convergence is fastest whena =1
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.
Cauchy'’s Steepest Descent Method: Scaling
For the function f =x?+ax? we can define new variables y, and Y, as follows:
=%, Y, =vax,

Then redefinefas: ¢ = yf + y22 The condition number of the Hessian of this new
matrix will be 1. Then the contours become circular
and the steepest descent method works best.

In general, if for a function f(X), we scale the variables as: X = Ty, then the new function is

g(y) = f(T,y); Gradient: Vg =T'Vf; Hessian: V2g=T'V2f T

Usually T is chosen as a diagonal matrix such that Hessian of g has condition number close
to unity.
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o NEE————_—.
Cauchy'’s Steepest Descent Method: Comments

Cauchy’s steepest descent method works well when we start far from optimal point.
It has linear convergence.

If an exact search direction is made at each iteration, two consecutive search directions
will be orthogonal to each other.

In most implementations, the search directions are scaled such that the length of the
search vector S is 1. For minimizing a function, we can achieve this by defining:

o __ Vi)
oo

If the objective function is not convex, we can find local minima.
We may also get stuck at a saddle point.
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The Conjugate Gradient Method
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o VE——-—.—...
The Conjugate Gradient Method

The steepest descent method works well when we start far from the optimal point. But the
convergence becomes very slow as the optimal point is approached. The convergence
characteristics of the steepest descent method can be improved greatly by modifying it into
a conjugate gradient method. This was first proposed by Fletcher and Reeves (1964).

The conjugate gradient method can be considered as a conjugate directions method that
uses the gradient of the objective function.

Any minimization method that uses the conjugate directions is quadratically convergent.
Such methods will minimize a guadratic function of n variables in n steps or less.

1, T
f(x) =5 AX+D X Here A is positive definite matrix.
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o VE——-—.—...
The Conjugate Gradient Method

Powell’s conjugate direction method requires n single-variable search per iteration.
We then find new conjugate direction at the end of each iteration.

Therefore, to find the minimum of a quadratic function, in general, Powell’s

method requires n? single-variable search.

But if we use the gradients of the objective function, we can set up a new
conjugate direction after every single-variable search, and hence we can achieve

faster conve rgence.
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o VE——-—.—...
The Conjugate Gradient Method

The conjugate gradient method combines current information about the gradient vector
with that of gradient vectors from previous iterations to obtain the new search direction.

The proposed search direction for this method is a linear combination of the current
gradient and the previous search direction.

VT fk+1ka+1 S(k)

+ Vf + i

v

Note that conjugate gradient method is a first-order method. This method represents a

major improvement over steepest descent method with only a marginal increase in
computational effort.
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o NEE————_—.
The Conjugate Gradient Method: Algorithm

Step-1: Start with an arbitrary initial point X°.
Step-2: Set the first search direction S°=-V f (X% = -V f,
Step-3: Find the point X! according to the relation X' =X’ + 4;S°
where A," is the optimal step length in the direction S°. Set k=2 and go to next step.
Step-4: Find V f, = V f(X¥), and set ¢ ) _ Vi +M3(k)
VA
Step-5: Compute the optimum step length A, " in the direction Sk and find the new point
X = X0 4 275
Step-6: If convergence (small value of gradient) is achieved, stop.
Otherwise set the value of k=k+1 and go to step 4.
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o VE——-—.—...
The Conjugate Gradient Method Vs Steepest

Descent Method

Steepest descent Conjugate gradient
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o NEE————_—.
The Conjugate Gradient Method: Example

Minimize £ (X, X,) = X, = X, + 2X7 + 2X,X, + X

0
starting from the point X® { }

0
Solution: . of [0x, _ 1+4x, +2X,
of 1ox, | |—=1+2X +2X,
Iteration - 1: The gradient of f is given by: 1
Vi, = Vi (X9) = J

-1
Therefore, S© =-Vf, = L }

"1 NPTEL ONLINE

. IIT KHARAGPUR CERTIFICATION COURSES



o NEE————_—.
The Conjugate Gradient Method: Example

To find X®, we need to find the optimal step length A,*. For this, we minimize f(X® +4,5)
with respect to A,.

Now, f(X© +4,S@)= f [m + 4, L_lD = f (-4, 4)

Evaluate f(=A,,4,) =4, — A, + 245 =24 + A¢ = A, — 21,
0 -1 -1

Set - _ 0 and we get 4, =1. Thus, X =X+ 2°SO =| “|+1] " |=
dA, ol 1 | |1

-1
Now, Vi, = Vf(X®) = { J.

We proceed to the next iteration.
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o NEE————_—.
The Conjugate Gradient Method: Example

Iteration - 2:
2 T T
S® — _yf, 40l [V _SO: Here, [V, :{1 } {1 }: 2 and |Vf,| = {_1} {_1}: 2
V| U “U
Therefore, S® = —Vf, + HVle SO = {_l} + (gj {_1} = {0} Note, Vf, = Vf (x'?) = {0} ;
e U2l 0
To minimize f (XY +4SY)=f(-11+24) =44/ -24 -1 IVE|[ =2; |VH,| %=
we set ar _ 0. This gives 4, =0.25, and hence Thus, $ =0
dﬂl No search direction to reduce f

further.

X® = X® +2'SY = L_l} + 0.25{

o |

ol
2] |15] Thisisthe optimum.
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Optimization in Chemical Engineering
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o VE——-—.—...
Unconstrained Multivariable Optimization:

Gradient Based Methods

Week 7: > Today’s Topic:
«» Cauchy f’ method > Newton’s method

»Newton’s method

»Marquardt method

@»Conjugate gradient method
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O V——
Newton’s Method: Second-Order Method

As we have seen in Cauchy’s method, negative of gradient points
directly toward the minimum only when the contours of the
function f is circular.

Thus, in general, negative gradient may not be a good global
direction for any arbitrary nonlinear function.

Newton’s method uses information about second derivative to create search direction
and achieve faster convergence. In other words, information about the Hessian of the
objective function is used. Thus, it is possible to take into account the curvature of f(x)
(objective function surface) and identify better search directions than can be obtained
using only gradient information.
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Newton’s Method: Basic Idea

The basic idea of the classical Newton's method is to use second-order (quadratic)
approximation of the function f(x) about the current search point xX.

f.a J

F(x) % T XY+ VT (X )AXE +%(Ax")T H (xX) AX"

Here H(xX) is the Hessian matrix.

k) i1

The idea is to determine the optimal solution to the approximate function and use
this point to determine a search direction. If the approximation is of high quality,
the search direction will also be of high quality.
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Newton’s Method
Consider the second-order Taylor expansion of a multivariable function f(x) about the

sk
current pointX* () ~ f(X)+ V7 f (x)AX +%(Axk)T H (X ) AX"

The minimum of this quadratic approximation of f(x) can be obtained by differentiating
the equation with respect to each of the components of AX and equating the resulting
expressions to zero. This is First Order Necessary Condition (FONC).

Vi (x) = VE (X) + H (x*)Ax =0 where [H(x¥)]? is the inverse of
L ) — ) the Hessian matrix H(xX). Here, H
= X=X =AX = —[H (x )} VE(x) is assumed to be non-singular.

If H(xX) is positive semi-definite, the approximate function will have a minimum at:

1
X = x* —[H (Xk)] Vf(x)  Thisis recursive formula for Newton’s method.
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o NEE————_—.
Newton’s Method: Compare With 1D Search

_ k k k
VI (X)=VI0C) + HE)AX =0 where [H(x¥)]? is the inverse of

— X _xk = AxK = _[H (x")}_1 VT (x¥) the Hessian matrix H(xX).

Note that we have solved for a vector, Ax, which has both a step length and direction.
Also, the search direction is valid both for minimization and maximization.

Compare with one-dimension search (single variable unconstrained search):

1 gk _ f'(x")
f”(xk)
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o NEE————_—.
Newton’s Method: Modified Update Rule

-1
Classical Newton’s Method: X' —x“ = Ax" = —[H (Xk)] v (x)
If f(x) is actually quadratic, only one step is required to reach the minimum of f(x).

For a general nonlinear objective function, however, the minimum of f(x) cannot be
reached in one step. The Newton step change may be large when we are far from
optimum and there is a chance of divergence. Thus, we can modify the above
equation (search direction) by introducing the step length parameter (a):

XM —x* = AXK = - [H (xk)}_1 VT (x¥)

By performing one-dimensional line search, we can choose ok such that f(x**1) is
minimized. This will ensure descent: f(x**1) < f(xk)
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E——————.
Newton’s Method: Algorithm

Step —1: Estimate reasonable starting point x; Maximum number of iterations, K __;
Termination parameter ¢; Setiteration counterk =0

Step — 2 : Compute Vf (x*)

Step —3:Check for convergence: if HVf (x(k))H < ¢, Stop

Eleseif k > K ., Stop; ElsegotoStep—-4

max ?

Step —4 : Computear™ such that f (x*) = f (x<k> —a® |V (xk)]‘1 i (x("))) is minimum

‘X(kﬂ) _x(® H

Step-5: If ‘ Hx(k)u

<g,Stop; Elsesetk =k +1 andgoto Step—2
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Newton’s Method: Example - 1
Minimize f(X,,X,)=4X’ +X5 —2XX, starting from the point X© {ﬂ

Now,
of 10X, 8x,—2x, | [6 17 T=11 To
Vf X(O) — = 1 2 = 1: 0 0: = =X*
(X7) {Gf/axj {2x2—2x1_ {O} X0= X0+ AX MJ{—J {0} X
8 -2 (1/6 1/6
©y _ - _
H(XY) = {_2 2}, H*(X?) = 16 2/3} Tocheck thisisoptimal, evaluate
Witha =1, \%i (X(”):Ff/axi}
1/6 1/67[6 1 10 Jao
AX® = —[H (XOV] Vi (X©@) =— _| _
(B ) L/e 2/3}{0} {—J _| P =H
2X, — 2% ”_ 0
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Newton’s Method: Quadratic Convergence
Minimize f(X,,X,)=4X’ +X5 —2XX, starting from the point X© =m

We haveseen:

oot FY

Newton’s method shows quadratic convergence.

X

For a quadratic function, Newton’s method will
Minimization of a quadratic function requires only conyerge n _One Iteration starting from any
one step arbltrary point.

—[H] " v

"1 NPTEL ONLINE

. IIT KHARAGPUR CERTIFICATION COURSES



Newton’s Method: Is Inverse Always Required?

Newton’s method involves inverse . 1/6 1/6776 1
of Hessian matrix. This may be  Ax° = —[H (x(o) )] Vi (X?) = _{ H } :{ }
computationally expensive. 1/6 2/3][0 -1
The matrix inversion is not necessarily required. Instead, we can solve the following set

of linear equations:

f Y ARk — G 8 -2]Ax | [6
VI (X) =V (X")+H(X")AX" = 5 9 Axg =10
= H(x*)AX* = —Vf (x¥)
A s s = A =-1 Ax, =-1
Note, Vf (X(O))z{o}; H(X(O)):{ , _2} We obtained the same results

using matrix inversion
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Newton’s Method: Example - 2

Minimize:  f(X) = 0.527 + 2.522
7 x
VIX) = {5;9}
[oﬁf a2 f ]

ir dg}dy

fjl?,.rfj':r'
C |0 %% 5 1 5 0
anlll,;{lzxﬂ H'Vf(X, L] L]%HS]:[D]

Quadratic function converges just in one iteration.
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D
Newton’s Method Converges in One lteration for
Quadratic Functions: Proof

Let the quadratic function be given by  f (x) = EXT Hx+B'x+C
2
The minimum of f (x) is given by: Vf = Hx+B =0
= x*=-H B

Now we can write from the recursive formula: x** —x* = —[Hk ]_l Vi,

ktl _ ok g1 k
X7 =x"—H (HX " B) where x¥is the starting point for the k-th iteration. Thus,

— X1 =—H'B=x* the above equation gives the exact solution
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o NEE————_—.
Newton’s Method: Disadvantage

Newton's method, when it converges, converges at a faster rate than first-order
methods. However, it has the following disadvantages:

1. The method does not necessarily find the global solution if multiple local
solutions exist, but this is a general characteristic of gradient based methods.

2. It requires matrix inversion or solution of a set of n symmetric linear equations.
Thus the method may be computationally expensive.

3. ltrequires both first and second partial derivatives, which may not be available
always.

4. Using a step size of unity, the method may not always converge.

5. The method is generally sensitive to initial starting point.
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o VE——-—.—...
Optimization in Chemical Engineering

_ <1~ NPTEL ONLINE
| IIT KHARAGPUR ' CERTIFICATION COURSES



https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwianIOq7cfaAhUKRY8KHQe9DNUQjRx6BAgAEAU&url=https%3A%2F%2Foptimization.mccormick.northwestern.edu%2Findex.php%2FQuadratic_programming&psig=AOvVaw3J5Rr5kS0uGIClCwbf4Oc2&ust=1524279258486514

-

)
7 4
q.. é

l«;:r
S PTEL ONLINE

N
CERTIFICATION COURSES

Rl

IIT KHARAGPUR

-
S
"

b 1

o

" -

]
g
el

,f

=
-‘-.'-‘-

NPTEL

OPTIMIZATION IN CHEMICAL ENGINEERING

Unconstrained Multivariable Optimization: Gradient Based
Methods
(WEEK — 7: LECTURE - 34)

Dr. Debasis Sarkar
Department of Chemical Engineering
Indian Institute of Technology Kharagpur



o VE——-—.—...
Unconstrained Multivariable Optimization:

Gradient Based Methods

Heel »Today’s Topic:
@»Cauchy’s method
> thod
@»>Newton’s method Marquardt metho
»Marquardt method

@»Conjugate gradient method
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o VE——-—.—...
Newton’s Method: Not a Descent Algorithm

Far from the minimum, Newton’s method can either go uphill or down. In other words,
Newton’s method is not a descent algorithm because f(x**1) < f (xK) is not guaranteed.

This can be remedied by modifying the increment step in Newton’s algorithm so that it
is a partial step in a descent direction.

To generate a descent direction we can define the search direction
il
AXS == H(x) | VE(x)
using a symmetric positive definite matrix F which is a good approximation of H. We

then take a sufficiently short step in the direction: Axk = —[F(xk)]_l vi (Xk)
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Newton’s Method: Not a Descent Algorithm: Improvement
1. Introduce the step-size parameter: X —x* = Ax* = —" [H (Xk)}_1 Vi (x°)

2. Ensure that the search direction is a descent direction to the function f at x*. This

means, we must ensure _
VET ([ H() ] v (x) <0

If the search direction is a descent direction, then the line search will result in a new
point with f (xk*1) < f (xX). If the Hessian matrix H is positive definite, its inverse will also
be positive definite, and the above condition for descent direction will be satisfied. One
scheme is to replace the Hessian with a symmetric positive definite matrix FX such as:

where Ak is chosen such that all the eigenvalues of Fk are

K k k
7 SRIEC)A greater than some scalar § > 0.
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o VE——-—.—...
Marquardt’s Method

The steepest descent method works very well (rapidly reduces the function value for

minimization problem) when the initial vector (initial guess) Xkis away from the optimum
point X*.

The Newton’s method, on the other hand, converges very fast when the initial vector XX is
close to the optimum point X*.

The Marquardt’s method (1963) combines both the steepest descent method and
Newton’s method and take advantages of both the methods.

In Marquardt’s method, initially Cauchy’s steepest descent method is followed and then
Newton’s method is adopted.
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o VE——-—.—...
Marquardt’s Method

-1
The Marquardt’s method uses the search direction as: S(Xk)z —[H (x) + A" IJ VT (x9)

Here we take the step length ok = 1 because in the above equation Ak controls both the
direction of the search and length of the step. Here | is the identity matrix.

To begin the search, we set A to a large value, say 10%. Then, initially the Hessian matrix
will have little effect on the determination of search direction and the method will be
similar to Cauchy’s steepest descent method.

[HEO)+ 21T VE () 2 [ 2°1] v () = [% | ij (x°)
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o VE——-—.—...
Marquardt’s Method

-1
The Marquardt’s method uses the search direction as: S(Xk)z —[H (x) + A" IJ VT (x9)

The search direction s(x¥) becomes a steepest descent direction for large values of A%, In
the Marquardt method, the value of A is taken large at the beginning and then it is
gradually reduced to zero as the number of iterations increases.

-1
The large value of A makes all the eigenvalues of the matrix [H (x)+ A" |] positive and

thus makes the matrix | H(x)+ 2" I]_1 positive definite. Then the search direction will
always point in a descent direction.

VT () [H(x) + 241 ] v (x) <0
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o VE——-—.—...
Marquardt’s Method

-1
The Marquardt’s method uses the search direction as: S(Xk)= —[H (x)+ A" |] VT (x¥)

As the value of A decreases from a large value to zero, the characteristic of the search
direction s(x%) changes from those of the steepest descent method to those of the Newton
method. The transition of from Cauchy’s steepest descent method to Newton’s method
depends on the intermediate solutions.

After the first step, we test for descent. Thus we check: is f(x!) < f(x%)?. If the step is
success, we set A1 < A% and iterate. For this, we define y (0 <y < 1) and set Al =yA°.

Otherwise, we set A% > BA%, where > 1, and compute S(x) again.
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o VE——-—.—...
Marquardt’s Method: Algorithm

O<y<Lp>1
Termination parameter &; Setiteration counterk =0; A% =10* (a large number)
Step —2: Compute Vf (x*))
Step — 3 :Check for convergence: if HVf (x(k))H < ¢, Stop
Eleseif k > K

Step —1: Definestarting point X ; Maximum number of iterations, K

max ?

Stop; Elsegoto Step —4

Step —4: Compute s(x*) =— [ H(x*)+ 4% I]_l Vi (x®)

Set x** = x® 1 g(x™))
Step—5: If f(x*")< f(x*) gotoStep—6; Elsegoto Step—7
Step—6:Set A% =42%: k =k +1; andgoto Step—2
Step—7: Set A% = 1% and go to Step —4.
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o NEE————_—.
Marguardt’s Method: Advantage/Disadvantage

Major advantages:

Simplicity

The descent property

Excellent convergence near optimal point x*

Absence of line search

The method has been used extensively with problems where f(x) is a sum of
squares

SR

Disadvantage: B
The need to compute Hessian H and S(Xk)z —[H (x)+A° I] VT (x9)
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o VE——-—.—...
Marquardt’s Method: Example

Minimize  f (X, X,) =X, — X, + 2% +2XX, + X; starting from the point X© =m
Consider: A° =104, y=0.5, =2, termination criterion € = 104
Solution:

Iteration - 1: The function value f, = f(x°) =0
The gradient of f is given by:

- 4 2
o | GTie | T2 The Hessian,H(XO):{ }
of 10X, | | —=1+2X +2X, 2 2
B 0) _ 0 o 0

X=X +5(X°)

[VE| = @2+ (-1)? =2 =1.414 > ¢
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o VE——-—.—...
Marquardt’s Method: Example

Iteration — 1 (Cont’d)

Now, X" =X°+s(X°)

H(X0) = {4 2} Vf(X(O’):[l} m {—0.998} {—0.998}
) =/ [+10 =10

0 1.000 1.000
S(X°)=—[HX)+2°1] Vi (X°)

[ Test for descent:
H } 10 {1 Oﬂ'l 1 } f = f(X*)=-1.9997x10" < f,
0 1] [ Convergence: |[Vf,|=1.414> ¢
4+104 T Since we are moing in descent direction
2 +1o4 =1 and convergence has not been achieved,
10+ —0.998 set A' = 0.51° =5000 and proceed to
1.000 the next iteration.
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o VE——-—.—...
Marquardt’s Method: Example

Iteration - 2:
Now, X* =X +5s(X")
4 0.9998 —0.998 —0.1999
H (X' ; VE(XD) = =10"| " |+10°
(X = { :| (X {—1.0000:| 1.000 0.2000
s(X!) = [H (XY + 2] V(XY _ 04| 729986
. 3.0000
1 07" [0.9998 |
+5000 Test for descent:
0 1|| [-1.0000 2 .
» f, = f(X?)=-5.9977x10" < {,
{4+ 5000 2 } {0-9998 } Thus, we are moving in a descent direction.
2+5000] |-1.0000 If convergence has not been achieved,
4 —0.1999 set 1> =0.51" = 2500 and proceed to
0.2000 the next iteration.
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o VE——-—.—...
Marquardt’s Method: Example

Iteration - 3:

Find the gradient of f at X2. Then compute X3 as follows:
s(X?)=-[HX})+A21] Vi (X?)

X3 = X2 +5(X?)

If f(X°)< f(X?),thenset 1> =0.51° and proceed to next iteration.
If f(X°)> f(X?),thenset 1 =21 andset:

2\ _ 2 2,7t 2 Iterations continue until
S(X )_ [H(X )+4 I} VE(X) convergence is achieved.

X® =X*+5s(X?) againcheck for descent
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o VE——-—.—...
Unconstrained Multivariable Optimization:

Gradient Based Methods

Week 7: > Today’s Topic:
@»Cauchy S method »Quasi Newton method
«»Newton’s method > Trust region method
@»Marquardt method :

>MATLAB f trained optimizati
@» Conjugate gradient method or unconstrained optimization
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Quasi-Newton Method

The basic iterative process used in the Newton’s method is given by

X x* = AxK = —[H (xk)]_1 VE (x*)

where the Hessian matrix [H] is composed of the second partial derivatives of the function
f and varies with the current estimate for a general nonlinear objective function f. Note
that for a quadratic function, [H] is a constant matrix.

The basic idea behind the Quasi-Newton or variable metric methods is to approximate

either [H] or [H]* by another matrix, using only the first partial derivatives of the objective
function f.
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Quasi-Newton Method
If [H]%is approximated by[B], we can write yk+ _ yk — Axk — —[H (xk)]_1 Vf (x*) as:

XM —x* = AXK = —a*[B*]IVF (X¥)

Thus the search direction skis: s =—[B*]Vf (x“)
Note that Steepest Descent method is a special case of above equation with [B] = [l].
Two popular methods:

» Davidon-Fletcher-Powell (DFP) method
» Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
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VS,
Quasi Newton Method

These methods approximate the Hessian matrix using only the first partial derivatives of
f(x). Define:

Ag* =V (x) = VI (x¥)
H(x*)=H* (approximation of H(x"))
AI:IK _ |:||<+1 _ |:|k

Basically, the methods update an estimate of the Hessian matrix, or it’s inverse. Two
particular updating mechanisms are:

» Davidon-Fletcher-Powell (DFP) method

» Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
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VS,
Quasi Newton Method

Two Updating Mechanisms:  (Ref: Edgar and Himmelblau)

Davidon-Fletcher-Powell (DFP) Method:

k kKT “TKT-1 A K KNT F gk -7 NOTE: In both DFP
[AHF] = AX k(ATX )k _HT A (ég ) [H ] and BFGS methods,
(AX")" Ag (Ag“) [HT Ag* the Hessian matrix
method updates
Broyden-Fletcher-Goldfarb-Shanno (BFGS) Method: remain positive
: T Pk K T Pk definite. have this
A|:|k _ Ag (Ag ) . H" AX (AX ) H property.

C(AGF)TAXE (AXK)T HKAXK
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Trust Region Method

All gradient based methods use:  xK*) = yx(&) 4 5 K)gk)

1. Choose a search direction sk that will produce descent
2.

Here emphasis is on
finding the descent

Perform a line search along this direction
direction

Trust region methods use the following strategy:

1.

Form a “trustworthy” or “safe” approximation of the function f(x) in a “trust region”
(neighborhood of the current estimate) in which the current approximation of f(x)
produces descent

Find the minimum of the approximation Here emphasis is on

finding a trustworthy
approximation to f(x)
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o NEE————_—.
Trust Region Method

Newton or Quasi Newton Method: min m(x* +s) = f (x*) + Vf (x“)s JrisT H*s
2

Trust Region Method: The model m(xk+s) is an approximation of f{(X*+s): m(x*+s) = f(xk+s)
Alternate problem formulation may be:

min m(x* +5) = f (<) + Vi (x")s+%sTH"s

subject to|s| < &,
Here 6, is the trust region of the model m(x), i.e. the region where we trust the model is valid.
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o VE——-—.—...
MATLAB Optimization Toolbox

We will discuss two MATLAB functions from the Optimization Toolbox to solve
unconstrained optimization problems:

Tfminsearch: Gradient free, uses only function value (implements simplex method)

fminunc: Uses gradient, implements various methods such as Quasi-Newton
method, Trust region method, etc.
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E——————.
MATLAB Optimization Toolbox: fminunc

A Basic call of fminunc:

fminunc seeks a minimum.
If you want to maximize a function,

[x,fval] = fminunc(@objfun,x0) code -f in the function file (objfun)

Without any extra options the syntax is:

where

objfun: name of a function file supplied by you in which the objective function is
coded. You can give any other name.

x0: a column vector of starting values (initial guess)

X (1st output): optimal solution vector (column vector)

fval (2nd output):  optimal function value
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E——————.
MATLAB Optimization Toolbox: fminunc

Syntax

X
X

fminunc(fun,x0)
fminunc(fun,x0,options)

[x,Ffval] = fminunc( )
[x,fval ,exitflag,output] = fminunc( )
[x,fval,exitflag,output,grad,hessian] = fminunc( )
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E——————.
MATLAB Optimization Toolbox: fminunc

Example: The Rosenbrock Function

f(x,X%,) =1OO(x2 —~ xf)2 +(1-%)

Gradient:
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E——————.
MATLAB Optimization Toolbox: fminunc

Step-1

You first have to code the objective function. Open a new M-file in the editor and type in:
function [T, gradf] = objfun(x)

T = 100*(x(2) - x(VDM2)M2 + (1-x(D))™2;

gradf(1l) = -400*(X(2)-x(L)"2)*x(1)-2*(1-x(1));

gradf(2) = 200*(x(2)-x(1)"2);

The first argument T is the value of the function at the input vector X. The 2nd output
argument, gradft, is the gradient vector of ¥ (column vector), evaluated at X

Save the file under any name - here we choose ob j fun.m. Note all MATLAB functions will
have extension .m.
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E——————.
MATLAB Optimization Toolbox: fminunc

Step-2

We have to tell MATLAB to use gradient information. This is done by specifying one of the
optimization options, and the program has to be informed that it has to use this option.
The general syntax is

>> options=optimset("GradObj","on");

>> [x,fval] = fminunc(@objfun, x0, options)
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E——————.
MATLAB Optimization Toolbox: fminunc

Step-2

We have to tell MATLAB to use gradient information. This is done by specifying one of the
optimization options, and the program has to be informed that it has to use this option.
The general syntax is

>> options=optimset("GradObj","on");

>> [x,fval] = fminunc(@objfun, x0, options)
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E——————.
MATLAB Optimization Toolbox: fminunc

More Options:

opt = optimoptions(@fminunc, ...
"Display”,"iter",... % shows output at each iteration step
"gradobj®,"on",... % use analytic gradients

*"Algorithm®, "quasi-newton”, ...
"HessUpdate®, "bfgs”, ... % set the Hessian-update to BFGS

"TolFun®,1e-08,... % main tolerance (gradients)
"TolX",1e-08, ... % x-change tolerance

"Maxlter®,300,... % max iterations

"MaxFunEvals*® ,500, ... % max function evaluations
"DerivativeCheck”,"on" ... % check our analytic gradients
);
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E——————.
MATLAB Optimization Toolbox: fminunc

x0 = [-1.5; -4];
[xhat, fhat, flag, out, ghat, hhat] =
fminunc(@rosenbrock,x0,opt);
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o VE——-—.—...
MATLAB Optimization Toolbox: fminunc

First-order

Iteration Func-count f(x) Step-size optimality

Results: 0 1 3912.5 3.76e+03
1 2 1536.63  ©.000266312 786

. ° 2 3 1135.01 1 673
Algorithm: Quasi Newton Method: ; A 650.297 . 510
4 5 309.937 1 377

CheckGradients Information > & 6e.3901 ! 244
6 7 2.43146 1 55.4

Objective function derivatives: 7 8 .0148755 1 3.e2
Maximum relative difference between supplied 8 ° 0.00703328 1 .18
9 11 9.00693671 10 9.515

and finite-difference derivatives = 9.18616e-09. 10 13 00530386 10 0.625
CheckGradients successfully passed. 11 15 9.000918213 0.5 0.549
12 16 0.000408093 1 .61

13 17 2.15428e-05 1 0.0491

14 18 4.86863e-07 1 ©.0251

15 19 5.33201e-09 1 9.00221

16 20 2.83783e-13 1 1.76e-05

Local minimum found.

Optimization completed because the size of the gradient is less than
the selected value of the optimality tolerance.

<stopping criteria details>
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o VE——-—.—...
MATLAB Optimization Toolbox: fminunc

xhat =
1.000e
1.0000e
fhat =
2.8378e-13
flag =
1
out =
struct with fields:
iterations: 16
funcCount: 20
stepsize: 1.0617e-04
1ssteplength: 1
firstorderopt: 1.7588e-@5
algorithm: 'quasi-newton'

Results:

message: 'Local minimum found.<<Optimization completed because the size of
the gradient is less than<the selected value of the optimality tolerance.<<Stopping
criteria details:<<Optimization completed: The first-order optimality measure,
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E——————.
MATLAB Optimization Toolbox: fminunc

Now use Trust Region Algorithm:

opt = optimoptions(@fminunc, ...
"Display”,"iter", ... % shows output at each i1teration step
"gradobj*,"on",... % use analytic gradients

*Algorithm®, “trust-region”, ...
"HessUpdate®, "bfgs®,... % set the Hessian-update to BFGS

"TolFun®,1e-08,... % main tolerance (gradients)
"TolX",1e-08, ... % x-change tolerance
"Maxlter®,300,... % max i1terations
"MaxFunkEvals® ,500, ... % max function evaluations

"DerivativeCheck®,"on" ... % check our analytic gradients
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MATLAB Optimization Toolbox: fminunc

Norn of - First-onder Trust Region Algorithm:

Iteration f(x) step optimality CG-iterations
8 3912.5 3.76e+@3
1 §.24001 §.24401 5 1 . . . . .
3 6. 20801 B S 1 fminunc stopped because the final change in function value relative to
3 6.24001 1.97893 5 L its initial value is less than the selected value of the function tolerance.
4 5.58743 8.492732 14.3 a . . . .
< < 41817 o 085464 <18 . <stopping criteria details>
6 3.65108 8.08864831 6.89 1 xhat =
7 3.19595 8.246366 6.28 1
g 2.76465 @.492732 17.1 1 1.0000
9 2.@0507 @.189746 4.57 1 1.0000
10 2.00507 @.578825 4,57 1
11 1.71896 @.1231823 3.33 @
12 1.37804 ©.246366 8.39 1 fhat =
13 @.978233 @.118359 2.73 1 1.5226e-19
14 @.9782332 @.26408332 2.73 1 flag =
15 8.848752 8.8615915 1.67 a 3
16 @.663205 @.123183 3.18 1
17 @.582988 @.212685 7.32 1 out =
18 0.288515 0.118991 1.07 1 struct with fields:
19 @.232956 @.246366 7.67 1 iterations: 27
28 8.8959621 @.184984 8.451 1 funcCount: 28
21 ©.9718443 @.246366 6.71 1 stepsize: 1.3917e-85
22 8.8179744 8.8284931 @.201 1 cgiterations: 23
23 8.015862 @.223585 4.8 1 .
24 8.800254866 8.8257771 8.9156 1 firstorderopt: 1.5332e-08
25 6.254440-06 8.0349246 @.0996 1 algorithm: 'trust-region’
26 3.86852e-11 ©.888513953 6.24e-86 1 message: 'Local minimum possible.<<fminunc stopped because the final
27 1.52262e-19 1.39171e-05 1.53e-08 1 change in function value relative to #its initial value is less than the selected
Local minjmum possible. value of the function tolerance.<<Stopping criteria details:<<Optimization stopped

NPTEL ONLINE

IIT KHARAGPUR CERTIFICATION COURSES




o VE——-—.—...
MATLAB Optimization Toolbox: fminsearch

function T = rosenbrock(x)
% % Returns the Rosenbrock function value
% % Note: x should have two elements.

f = 100*(x(2) - x(1)"2)"2 + (1-x(1))"2;
end

X0 = [-1.5; -4];
opt = optimset("Display”,"i1ter”,"TolX",1e-08, ...
"TolFun®,1le-08, "Maxlter"® ,500, "MaxFunEvals® ,1000) ;

[xhat, fval] = fminsearch(@rosenbrock,x0,opt)

"1~ NPTEL ONLINE

. IIT KHARAGPUR CERTIFICATION COURSES



o VE——-—.—...
MATLAB Optimization Toolbox: fminsearch

Results:
Iteration Func-count min f(x) Procedure
0 1 3912.5 99 192  9.32149e-18 contract inside xhat =
1 3 39125 initial simplex 100 194 6.88373e-18 contract outside
2 5 3754.02 expand 1.0000
3 7 3226.45 expand Optimization terminated: 1.0000
a 9 2923.97 expand the current x satisfies the termination criteria using OPTIONS.TolX of 1.000000e-08
5 11 2160.55 expand and F(X) satisfies the convergence criteria using OPTIONS.TolFun of 1.000000e-08
6 12 216055  reflect fval =
7 14 2004.75 reflect
8 16 139074  expand 6.8837e-18
9 17 1390.74 reflect
10 19 513.088 expand
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Optimization in Chemical Engineering

_ <1~ NPTEL ONLINE
| IIT KHARAGPUR ' CERTIFICATION COURSES



https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwianIOq7cfaAhUKRY8KHQe9DNUQjRx6BAgAEAU&url=https%3A%2F%2Foptimization.mccormick.northwestern.edu%2Findex.php%2FQuadratic_programming&psig=AOvVaw3J5Rr5kS0uGIClCwbf4Oc2&ust=1524279258486514

	OptLecture 31
	Slide Number 1
	�Unconstrained Multivariable Optimization: Gradient Based Methods�
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Descent Direction
	Descent Direction
	Cauchy’s Steepest Descent Method
	Cauchy’s Steepest Descent Method: Algorithm
	Cauchy’s Steepest Descent Method: Features
	Cauchy’s Steepest Descent Method: Example
	Cauchy’s Steepest Descent Method: Example
	Cauchy’s Steepest Descent Method: Example
	Optimization in Chemical Engineering

	NewPart_OptLecture 32
	Slide Number 1
	�Unconstrained Multivariable Optimization: Gradient Based Methods�
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Optimization in Chemical Engineering

	OptLecture 33
	Slide Number 1
	�Unconstrained Multivariable Optimization: Gradient Based Methods�
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Optimization in Chemical Engineering

	OptLecture 34
	Slide Number 1
	�Unconstrained Multivariable Optimization: Gradient Based Methods�
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Optimization in Chemical Engineering

	OptLecture 35
	Slide Number 1
	�Unconstrained Multivariable Optimization: Gradient Based Methods�
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Optimization in Chemical Engineering


