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Basic Concepts of Optimization — |l

Week 4:

» Equality constrained problems: Introduction
»Variable elimination method

»Method of constrained variation

»Lagrange multipliers

»General Nonlinear Programming Problems
» Kuhn Tucker conditions

Today’s Topic:

Equality constrained problems
dVariable elimination method
Method of constrained variation
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O VE———
Unconstrained Vs Constrained Problems

Unconstrained optimization finds the minimum of a

function under the assumption that the decision variables

can take on any possible value.

But generally, additional constraints exist that limit the mxin f(x)st. x€B
range of feasible values for decision variables.

What is the f(x)=(x—4)"

min f(x) minimum for  sybjecttox >5
What is th Answer: 5
: {3 > the f (x) = ()(_4)2 ? Note that X = 5 is not a stationary
minimum for - .
point for unconstrained problem.
Answer: X =4 f'(5)=2(x-4)|,.s=2
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Unconstrained Vs Constrained Problems

Find Minimum

| !
/ Constrained

minimum
fx)" - (0.5<x<1.5)

Find Maximum

—Unconstrained
 minimum
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Equality Constrained Problems: Problem Statement

Problem Statement:

minimize  f(x) min f (x)
subject to: hj(x) =0Vi=1,2,...m or subject to h(x) =0
x €R”
i X, ] Note that m <n. If m > n, then the problem will be over-defined
" and there will be no solution.
2
X=1. The function of multiple variables, f(x), may be subject to one or
more equality constraints of many variables. These equality
| %n constraints may or may not be linear.
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o VE——-—.—...
Equality Constrained Problems: Method of Solution

1. Variable elimination method
2. Method of constrained variation

3. Method of Lagrange multipliers
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O V——
Variable Elimination Method

An equality constrained optimization
problem can, in principle, be solved by
converting it to an unconstrained problem

minimize  f(x)
subject to: hj(x) =0Vi=1,2,...m

by explicitly eliminating m independent x €R”
variables using the m equality constraints.
Example:
min f (X) = 4% +5x; +10
X1 Xp
m)  Use: 4T

s.t. 2x, +3X, =6

Now the optimality criteria for unconstrained problems can be used to find the optimal
solution. You can use both necessary and sufficient conditions.
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Geometric Interpretation of Elimination Method
f (X) =4x’ +5x; + 10

Jf(x) hx)
| s N(x) = 2%, +3x, =6
— The objective function is the surface of a
paraboloid in three-dimensional space.
*2 |'
| The projection of the intersection of the
1.285 % paraboloid and the plane representing
Contoursof the constraint onto the f(x,) = x, plane is
X) projecte 9 oo
oiltopl.hélxl—xz a parabola. We then find the minimum of
plane

the resulting parabola.

Xy
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Method of Constrained Variation

Xz

Let us consider a two-variable function with )

a single equality constraint:
Minimize f(x,,X,)

subject to h(x;,x,) =0 P 0 |
If f(x,,X,) has a minimum at X = (x,",X, "), @ necessary condition l
_ — x *y. of of
Is that the total derivative of f(x;,x,) must be zero at (x,",X,): df = —dx, +—dx, =0
0%, OX,

Since h(x,",x,”) = 0 at the minimum point, any variations dx, and dx, about the point
(x,", X,") are admissible variations if the point lies on the constraint. That is:

h(x,”+ dx,, x,” +dx,) =0
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o NEE————_—.
Method of Constrained Variation (Cont’d)

The Taylor series expansion of the function h(x,” + dx1 , X," + dx,) = 0 about (x,", X,") gives:

h(x *+dx, , X, +dx,) =h(x", X, )+—(x1,2)dx1+ ( “x,")dx, =0 Wheredx, and

dx, are small
i * X)) = dh=ax + Max —o * X
Since h(x;", X,") =0, a X, + & X, = at (X;", X,)
This is the condition that must be satisfied for all admissible variations.
If we assume: ©0h/0Ox, =0 we can write dx, = _—Gh /0%,
oh/ox,| . .
(X %)

The equation indicates that once variation along x, (dx,) is chosen arbitrarily, the variation
along x, (dx,) is decided automatically to satisfy the condition for the admissible variation.
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o NEE————_—.
Method of Constrained Variation (Cont’d)

oh/o 5 o
Now combining df :%dx1 +§—::2dx2 =0 and dx, = — 8h/8))((z (X2 %, )dx

dx, =0

— df:[af ~oh/ox, afj

0%, oh/ox, ox,

%)
The above equation represents constrained variation of f. This must be satisfied for all
values of dx,. Since dx, is arbitrary (may be positive/negative), we must have

[af oh of 8hj

_ yy
OX, OX, OX, OX

* *
Xy, %z)

This is the necessary condition for (x,", x,") to be an extreme point (maximum or minimum).
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Method of Constrained Variation: Example

The necessary condition for (x,, x,") to be an

Consider again: ] : L )
extreme point (maximum or minimum) is:

min f (X) =4x’ +5x> + 10 of of
X, %o ( ) Xl 2 of oh of oh —:8)(1, —:10)(2

_ — =0 dx, OX,

s.t. h(x) = 2x, +3x, =6 OX OX, OX, O% )| . .
o) oh oh
D
— = 2
3(8x )~ 2(10x,) =0 I;rom, h(x) = 2x, +3Xx, =6 *
— 24, —20%, =0 %+3x2 . Now, X =22 - 5(1'285) ~1.071
20X, 5X,

=X = > = - — X; _ E —1.285 NOTE: The same solution was also obtained

when we used Variable Elimination Method.
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o VE——-—.—...
Optimization in Chemical Engineering
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o NEE————_—.
Basic Concepts of Optimization — |l

Week 4:
& »Equality constrained problems: Introduction
& »>Variable elimination method
& »Method of constrained variation
»Lagrange multipliers
» General Nonlinear Programming Problems
» Kuhn Tucker conditions

Today’s Topic:

ULagrange multipliers
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o NEE————_—.
Method of Lagrange Multlpllers

The method of Lagrange multipliers gives a set of necessary
conditions for candidate optimal solutions of equality-constrained
optimization problems.

In this method, an equality-constrained problem is converted to an
equivalent unconstrained problem with help of certain unspecified
parameters known as Lagrange Multipliers.

Joseph-Louis Lagrange
Each equality constraint is associated with a Lagrange multiplier. (1736-1813)
Their values depend on the form of the cost and constraint
functions. If the functional form of a constraint changes, the value
of its Lagrange multiplier also changes.
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o VE——-—.—...
Method of Lagrange Multipliers: A Single Equality

| min f (x,.x,) =onstraint
Consider: X1, %2

s.t. h(x;,X,)=0
The method of Lagrange multipliers converts this constrained problem to the following

unconstrained problem: | (x,, x,, 1) = f (X, X,) + Ah(x,, X,)

Here the unconstrained function L(x,,X,,A) is known as the Lagrangian function, and A is an
unspecified parameter known as Lagrange multiplier. There is no sign restriction on
Lagrange multipliers.

If for a given value of A* the unconstrained minimum of L occurs at x* and x* also satisfies
h(x*)=0, then x* minimize the original unconstrained problem: Min L(x*,A*) = Min f (x)
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o VE——-—.—...
Method of Lagrange Multipliers: A Single Equality

Constraint (Cont’d)
The Lagrangian function:  L(x, X,,4) = f (X, X,) + Ah(X, X,)

- i L

Considering L as an unconstrained a—(Xl,Xz,/l)— (X1 Xz)+l (X1 X,) =0
: OX,

function of x,, x,and A, the

necessary conditions for its i(xl, X,, A) = _(xl, X, ) +,1_(x1, x,) =0

extremum can be written as:
Solve

e % x oL
Let the solution be:(xl,xz,i ) a(xllXZI/l’):h(xllXZ):O simultaneously
This is a candidate solution.

If Hessian matrix of L at the solution is positive definite, the solution is a local minimum.
If Hessian matrix of L at the solution is negative definite, the solution is a local maximum.
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o NEE————_—.
Method of Lagrange Multipliers: General Problem

Consider: Minimize f(x) X = n-vector
subjectto h;(x) =0, j=1,2,...,m

L is now a function of (n + m) unknowns:

L(X, %o Xy Ay Apyeen A) = T(X) + A0 (X) + A0, (X) +... 4+ A 0 (X) = f(x)+Zm:/1jhj

The necessary conditions are given as:
Solution to the set of

M oh. tions:
AN+ 2 5 x=0, i=12,..n j=12..m e
ox;, O o OX X A
oL _ h(x)=0, j=12..m NOTE: There may be multiple . X? 1= 2,.2

;) ’ T solutions. Also, numerical methods ;
may be required for solution. X, | | A |
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Method of Lagrange Multipliers: General Problem:

Vector Notation
mxin f (X), X e R"

subject to: h(x) =0, m constraints (m < n)
Define the Lagrange function: L(X,A) = f (X) +A"h(x), A R"
The stationary points are obtained from:

V.L(x,A)=V_ f(X)+A"Vh(x)=0
V,L(X,A)=h(x)=0
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Lagrange Multipliers: Geometric Meaning

min f (X, X,) = (X, —1.5)% +(x, —1.5)? N ox —15), L~ o(x, ~15)
X1, Xp 5X1 5X2
subjectto: h(x,X,)=X+X,—2=0 o, oy
X, ox, X5 Minimum point C

. . . . A f=0.75 x* = (1,1)

Solution: X% =1 X, =1, A =1 At optimal point C (1,1): A\ f(x*) =05
: : : -1 .

At optimal point, the gradient of the Vf(X*){_J _____
objective function and the gradient of the Vh(x*):H N
constraint function are along the same line ! . Feasie region
and proportior.lal. to .each other. The | VE (x*) + AVh(x*) = 0 Ly i.w 5 X1+x2—?==ﬂx1
Lagrange multiplier is the proportionality — VF (x¥) = —AVh(x*) ° : 2\ 3
constant. B

Compare point C and D: Cis optimal, not D
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o VE——-—.—...
Sign of Lagrange Multipliers for Equality Constraints

Equality constraints can be multiplied by -1 ﬂ:z(xl—l 5). 9 _o(x 1.5
- ).~ ,—1.

without affecting the minimum point: % X2 Note the change
oh oh

: ===
Tlx? f (Xl’ XZ) = (X1 —1,5)2 + (X2 —1,5)2 0%, oX, xkz o OB Minimu:n_pointc

' . At optimal point C (1,1): A ‘ ,(;:};g;)
subjectto: h(x,X,)=—%—-X,+2=0 1] \ '

*\ 2

The optimum solution is same: x =1, x; =1 Vo) = N N P N A
But Vh() =| i o

ut now, ] Vh(X*) = Feasible region:

=1 v (0N line A-B

Thus the sign of Lagrange multiplier e o e
isreversed: A" =-1 VE(X*)+ AVh(x*)=0 . 2\ ’

A is free in sign, sign depends on formofh V() = =AVh(x*)
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I
Economic Interpretation of Lagrange Multipliers

The Lagrange multiplier, A, represents the effect of a small change in the
constraint on the optimal value of the objective function.

min f(X,...,X,) min f (X)

' s.t. h;(x) =b;,

s.t. h;(X,...%,)=0, J=1..m

Note the change in the RHS of the constraints. Then it can be shown that: ZT = A
J

Rate of change of optimal value of f with respect to b is given by the optimal value

of the Lagrange multiplier. The change in the optimal value of the optimal function

per unit increase in the RHS constant of a constraint is given by the Lagrange

multiplier. This is known as the shadow price.
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o VE——-—.—...
Optimization in Chemical Engineering
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o NEE————_—.
Basic Concepts of Optimization — |l

Week 4:
& »Equality constrained problems: Introduction
& »>Variable elimination method
& »Method of constrained variation
& »>Lagrange multipliers
» General Nonlinear Programming Problems
» Kuhn Tucker conditions

Today’s Topic:

dGeneral Nonlinear
Programming Problems

Winequality constraints
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General Nonlinear Programming Problems

The general form:

Equality constraint
h(z) =10

Minixmize f (X) X= [X1’ sz ----- | Xn ]T Inequality constraint
Subject to g;(x) <0 for j=1,2,...,p >
h(X)=0 fork=12,...m

Feasible set
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O VE———
Active and Inactive Constraints

An inequality constraint J; (X*) < 0 is said to be active (binding) at a
feasible point x* if the constraint is satisfied as g;(X ) <0 .

The inequality constraint is inactive (nonbinding) at x* if 9 (x)=0

An equality constraint  h (X) =0 is always as active at any feasible
point.

The constraints active at a feasible point x* restrict the domain

of feasibility in neighborhoods of x*, while the inactive constraints
have no influence in neighborhoods of x*.

At x*, g, is active constraint, g, and g; are inactive constraints. 81(x)=0

g,(x)=0
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o VE——-—.—...
Regular Points

Consider:  min f (X) e Fx)
X s.t. g(x) <0
s.t. h(x) =0 h(x) = 0

A point x* satisfying the constraints h(x*) = 0 is said to be a regular point of the feasible set
if f(x*) is differentiable and gradient vectors of all constraints at the point x* are linearly
independent.

Liner independence means that no two gradients are parallel to each other, and no gradient
can be expressed as linear combination of others.

When inequality constraints are also present, then for a point to be regular, gradients
of all of the active constraints including inequalities must also be linearly independent.

- NPTEL ONLINE

. IIT KHARAGPUR CERTIFICATION COURSES



I
Theorem: Lagrange Multiplier

Consider: mxin f(x) — Minimize f(x) X =[X, Xy, X, 1
s.t. h(x)=0 Subject to h (x)=0 for k=1,2,.....,m

Assume x* is a regular point of h(x) = 0 and let x* be a local extremum of f subject

to h(x) = 0. Then there exists m unique Lagrange multipliers A € R" such that

oL(x, 1) af(x) Z PR oh; (x)

VL(X*’A) = Vf (X*) +ﬂTVh(X*) =0 & ox 2. i ox =0 i=12,..,n
oL(x,4) _ .
vy —hj (x), j=1...,m

]
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o VE——-—.—...
Lagrange Multipliers: Inequality Constraints

Minimize f(x) X=X, Xpyeeroy X ' The inequality is of < type. The value
Subject 0 g, (x) <O for j=12,.....p of g can be zero or negative.
We can convert such a constraint to
an equality constraint by adding a

: “slack variable”. This slack variable
"o | s | conduson
must be > 0. (x) <0
02=0 g=0 Constraint satisfied, active 9 -
(Tight constraint, no “slack”) =g, (X) + O.J_Z )

02>0 <0 Constraint satisfied, inactive
2 Note: o >0
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o VE——-—.—...
Lagrange Multipliers: Inequality Constraints

Minimize f(X) X =X Xy yeeenny x T’ Minimize f(x) X=X, X, X '
Subject to g;(x) <0 for j=12,....p Subject to g;(x)+o° =0 for j=12,....,p
p
Define the Lagrangian: L(X,4,0) = f(x)+Zﬂ,j (gj(x)+o-j2)
j=1

If x* is a regular point, then the first-order necessary conditions for x* being an extremum
can be obtained by setting the gradient of L to zero.
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Lagrange Multipliers: Inequality Constraints
The Lagrangian: | (x,1,0) = f(x)+Zp:ij (gj(x)+aj2)

Ifx"=[x,”, x,”,...x "]isaregular point that is a local minimum of f(x), then the
necessary condltlons are:

Wﬂ,@a] =0, j=12,.,p

m oa . O .

aL()é’/I’G) = ag(x) +> A gj_(x)zo i=12,...n : (switching condition)
% oo % (gradient condition) _ o

OAD) g (0ot =0, 12D A0 Il (e
8&] J J 1 1 1"

o720, j=12,.,p Note: Lagrange multipliers for g < 0 are nonnegative.

(non-negativity) If g;< 0, thenA;=0 If g;=0, then A; = 0
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o VE——-—.—...
Non-negativity of Inequality Constraints

For a minimization problem, if the inequality constraints are of g < 0 type, then the
corresponding Lagrange multiplier are nonnegative (A > 0).

Let x* be local minimum. Constraint type: g;(x) < 0. Consider the first-order
perturbations for f and g at the local minimum for feasible nonzero perturbations:

o df (X «~  dg(x’
Necessary condition: FO)—-1(x)= ofx )AX+02 g(x)-g(x)= gofx )AX+02
oA 19 _g :dféxx)szo :>dgd())(()Ax£O
OX OX
>0 <0

In case of minimization problems, if the constraints are of the form
Hence, A >0 g(x) 2 0, then A; have to be non-positive (A; < 0).
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o NEE————_—.
Non-negativity of Ineqguality Constraints (Cont’d)

For a minimization problem, if the inequality constraints are of g < 0 type, then the
corresponding Lagrange multiplier are nonnegative (A > 0).

Also note the following:

p
Having A;> 0 ensures that L= f (X)+Zﬂf. (gi(x)+0i2) has a well defined minimum.

i=1

If 2; < 0, we can always make L smaller due to the presence of Ao’ term.
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Inequality Constraints: Necessary Conditions:

: Alternate Form
L(X,Z,O'):f(x)+Z),j(gj(x)+0'j2) Min  f (x) X =X, Xpereen X T

st.g;(x)<0 for j=12,...,p
0 1=12,..,n

m oa .
oL(x,4,0) _ of (x) +Z}‘J 9;(x) _
OX ox, = OX

aL(X’/LO-)=gj(x)+aj2=0, i=12,...p _
04 < 9;(x)<0, j=12,..,p (feasibility condition
O'f >0, j=L12,..,p
oL(X, 4,0 ) )
( ) = 2ﬂ’jo-j =0, J ey p Qljgj =0, J =12,.., P (switching condition)
oo

J

2,20 j=12,.,p
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o VE——-—.—...
Inequality Constraints: Necessary Conditions:

Alternate Form (Cont’d)

Min f(x) X =X, Xy e, X '
X Necessary conditions:

st.g;(x)<0 for j=12,...p

oL(x,4,0) _ af (X) +Zm: a0 ag;(x) _

J
The Lagrangian: 0X; o 7 0

p (gradient condition)
L(x,2,0)=f(x)+Y 4(9;()+07)
j=1

0 1=12,...n

9;()<0, J=12,..P (feasibility condition
4;9;=0, J=12,..,p (switching condition)

4,20 J=12...,P (non-negativity condition)
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Optimization in Chemical Engineering
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o NEE————_—.
Basic Concepts of Optimization — |l

Week 4:
& »Equality constrained problems: Introduction
& »>Variable elimination method
& »Method of constrained variation
& »>Lagrange multipliers
@>General Nonlinear Programming Problems
» Kuhn Tucker conditions

Today’s Topic:

AKuhn Tucker conditions
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General Nonlinear Programming Problems: Review

The general form:

Equality constraint
h(z) =10

Minixmize f (X) X= [X1’ sz ----- | Xn ]T Inequality constraint
Subject to g;(x) <0 for j=1,2,...,p >
h(X)=0 fork=12,...m

Feasible set
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Equality/Inequality Constraints: Necessary Conditions

Equality constraints
Min f(x)

The Lagrangian:L(x,2) = f (x)+ >_A4;h,
j=1

Necessary conditions:

oL
A —’ X) =0,
% Xi() Z ()
|_1,2,...,n 1_1,2,...,
oL )
—:h X =0, =1,2,...,m
o7, ; () j

" IIT KHARAGPUR

Inequality constraints
Min f(x) X =X, Xy ooy X, I
st.g;(x)<0 for j=12,....,p

L(x,4,0) = f(X)+Zp:/1,-(9j(X)+GJZ)

=1

The Lagrangian:

Necessary conditions:

m.o 00 (X
aL(x,/l,a)zaf(X)+Z/1ng_():o, i=12..n
8Xi aXi =l aXi
9;()<0, J=12,..,p If we sum up these necessary

4,9;,=0, j=12,..,p
4,20 j=12,..,p

conditions, we get Karush —
Kuhn — Tucker (KKT) conditions
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D
Karush — Kuhn - Tucker (KKT) Conditions

Minimize f (x) X=X, X0 %, T The Lagrangian:
Subject to g;(x)<0 for j=1,2,...,p L(X,u,Vv) = f(X)+ZV (x)+Zu g,(x)
h(x)=0 fork=12,...,m
1. Gradient conditions:
oL(x",u", v of (X) Lo (X)) & L 0g;(X)
- +Z j +Z j

OX; OX, = OX; OX,

= L(X,u,v) = f(x)+v h(x)+u g(x)

=0,1=12,..

2. Feasibility check: 4. Non-negatlwty of Lagrange ;"> j=12,...p
. _ multipliers for inequalities: .
9;(x)<0, j=12..p

. _ 5. Regularity check: Gradients of active constraints
h(x)=0 1i=12,..m

must be linearly independent.
3. Switching conditions: U;9; =0, J=12,...p
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Karush — Kuhn — Tucker (KKT) Conditions: Theorem

Let x* be a regular point and the local minimum for

the given NLP problem. Then there exists Lagrange

Subject to g;(x) <0 for j=12,...,p multipliers v* (a m-vector) and u* (a p-vector) such

h(x)=0 fork=12,..,m that the Lagrangian function L is stationary with

respect to x, v, u at the point x*. For x* to be

L(X,U,V) = f(X)+Zm:Vihi (x)+Zp:ujgj(x) stationary, the following conditions must be satisfied.
=1 j=1

Minimize f (x) X=X, X, X |

OO W) _O10) | o 0D 2 08,0) oy

Ox, ox g7 o g7 o
(x)<0, j=12,.., o -
g,(*) _J p uig, =0, j=12,.,p
hi(X)=O, |:1,2,...,m u’_‘>0, j:1,2,...,p
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Karush — Kuhn - Tucker (KKT) Conditions: Observations

The KKT conditions are first-order necessary conditions for optimality. The points
satisfying KKT conditions are called KKT points.

The KKT conditions are not applicable at the points that are not regular. At irregular
points, the use of KKT conditions may yield candidate minimum points — but the
Lagrange multipliers associated with the constraints may not be unique.

Any point that does not satisfy the KKT conditions cannot be a local minimum
(maximum) unless it is an irregular point. Note that KKT conditions are not
applicable for irregular points.
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KKT Conditions: Geometric Interpretation

m P
—Vf (X)) =D ViVh(X)+ D uiVg(X)
=1 =1

At the optimal (here minimum) point x, only
the active constraints (g, and g,) are
important.

The negative gradient of the objective function
can be written as a non-negative sum of the
gradient of the active constraints.
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KKT: Second Order Necessary Conditions

Let x* satisfy the KKT conditions for the general NLP problem. Define the Hessian of

the Lagrange function L at x* as: . 5
2 2 *\72 v
i i=

Let there be nonzero feasible directions, d # 0, satisfying the following linear systems
at the point x*:

thTd =0, j=12,...m
Vg'd =0, forallactiveinequalities (for those j with g j (x)=0)

Then for x™ to be a local T2y g * Second-order necessary
minimum, it must be truethat: Q=d V°L(x)d >0 condition
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KKT: Second Order Sufficient Conditions

Let x* satisfy the KKT conditions for the general NLP problem. Define the Hessian of

the Lagrange function L at x* as: . 5
2 2 *\72 v
i i=

Let there be nonzero feasible directions, d # 0, satisfying the following linear systems
at the point x*:

thTd =0, j=12,...,m
Vg'd =0, forallactiveinequalities (for those j with g j (x)=0)
Alsolet Vg'd <0 for those active inequalities with u; =0.

Then x* is a local minimumif: Q=d'V°L(X)d >0 Second-order sufficient condition
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E——————.
Karush — Kuhn - Tucker (KKT) Conditions and Convexity

If x* is a local minimum for a convex function f(x) that is defined on a convex
feasible set S, then it is also a global minimum.

If both the objective function and the feasible region are convex, then the
NLP problem is a convex problem.

For a convex problem, we are assured that a global minimum exists and that

any point x* that satisfies the first-order KKT conditions will be a global
minimum.
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E——————.
Karush — Kuhn - Tucker (KKT) Conditions: Example - 1

Min £ (6, %,) = X2 — X, The Lagrangian: L =(x12 —x2)+u1(1—x1)+u2(x12 +X; —30) +V(X, + X, —6)

st. g,=x-1=0
92:30_)(12_)(2220 2% —U, +2xu, +v, =0 ul(l—xl):O

—1+2%x,u,+v, =0
h, =% +X,—6=0 TRl Y U, (X +x2 =30) =0

‘ 1-x <0

Min f (X, X,) = X — X, X, +x5-30<0 -
X% Y 620 v = freein sign
st. g, =1-x<0 X F% 0=

u,u, >0

g, =% +x:-30<0
h=x+x,-6=0

"1 NPTEL ONLINE

. IIT KHARAGPUR CERTIFICATION COURSES



o VE——-—.—...
Optimization in Chemical Engineering

A0 v ;
e (S — )

L e T SN |
-

Thank You %

% <1~ NPTEL ONLINE
| IIT KHARAGPUR ' CERTIFICATION COURSES



/

-

-

.-L..{?

:Qé'af

l«;:r
S PTEL ONLINE

N
CERTIFICATION COURSES

S
"
b 1
o
" -
]
g
el

=) IIT KHARAGPUR

/

=
-‘-.'-‘-

NPTEL

OPTIMIZATION IN CHEMICAL ENGINEERING

Basic Concepts of Optimization — Il
(WEEK - 4: LECTURE - 20)

Dr. Debasis Sarkar
Department of Chemical Engineering
Indian Institute of Technology Kharagpur



o NEE————_—.
Basic Concepts of Optimization — |l

Week 4:
& »Equality constrained problems: Introduction
& »>Variable elimination method
& »Method of constrained variation
& »>Lagrange multipliers
@>General Nonlinear Programming Problems
A& > Kuhn Tucker conditions

Today’s Topic:

AKuhn Tucker conditions:
Examples
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General Nonlinear Programming Problems: Review

The general form:

Equality constraint
h(z) =10

Minixmize f (X) X= [X1’ sz ----- | Xn ]T Inequality constraint
Subject to g;(x) <0 for j=1,2,...,p >
h(X)=0 fork=12,...m

Feasible set
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D
Karush — Kuhn - Tucker (KKT) Conditions

Minimize f (x) X=X, X0 %, T The Lagrangian:
Subject to g;(x)<0 for j=1,2,...,p L(X,u,Vv) = f(X)+ZV (x)+Zu g,(x)
h(x)=0 fork=12,...,m
1. Gradient conditions:
oL(x",u", v of (X) Lo (X)) & L 0g;(X)
- +Z j +Z j

OX; OX, = OX; OX,

= L(X,u,v) = f(x)+v h(x)+u g(x)

=0,1=12,..

2. Feasibility check: 4. Non-negatlwty of Lagrange ;"> j=12,...p
. _ multipliers for inequalities: .
9;(x)<0, j=12..p

. _ 5. Regularity check: Gradients of active constraints
h(x)=0 1i=12,..m

must be linearly independent.
3. Switching conditions: U;9; =0, J=12,...p
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o NEE————_—.
Inequality Constraints: Example - 1

Minimize f(x,,X,)= (X —1.5)* +(x, —1.5)° Define Lagrangian:
Subject to g(X,y) =% +X,—2<0 L(X, %, 4,0) = f(Xl’Xz)+/1(9(X1’Xz)+O'2)
Necessary conditions: = L=(x—15)" +(x,-1.5)" + A(x, + X, —2+0°)
L o o(x,—1.5)+4=0 4 equations, 4 unknowns: X;, X,, 4, &
2 Nonlinear equations — multiple solutions possible.
oL
ox, 206, ~1.9)+ 4 =0 Look at the switching condition: 2Ac = 0. EitherA=0,0rc=0
2—'/‘1=x1+x2—2+o-220 Case-A
oL First set 0 = 0. That is inequality is active: g=0
e A=t Solution: x*, =1, x*,=1, 1*=1>0, 6*=0
1>0 o2=0 This is a stationary point of L - so candidate minimum point.
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Inequality Constraints: Example - 1 (Cont’d)

Necessary conditions:

Look at the switching condition: 2Ac = 0. EitherA=0,0orc=0

oL
a_Z(xl—l.S)+ﬂ—O Case - B
Now set A = 0. - L Ve o <
oL _ 2(x, —1.5)+ 1 =0 Now §etA 0. That is mequahty;{s |nact|v2e g<0
OX, Solution: x*; =15, x*,=15, A*=0, 04=-1%20
ﬁ=X1"'Xz—2"'0'2=0 . : : o : :
oA This is not a valid solution as it violates the inequality
g_'— — 216 =0 constraint at point x* because g=-0% =1 >0
O

A>0; o?=>0
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Inequality Constraints: Example: - 1. Geometry

Minimize f(x,X,)= (% —1.5)" +(x, —1.5)°

Xl,XZ

Subject to g(x,y) =X +X,—-2<0

The feasible region for this inequality
constrained problem is the line A-B and

the region below it.

Note: at optimal point:

'

" IIT KHARAGPUR

2(x, —1.5)

2(x, —1.5)

|

{

|
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st.x,+X,—-2=0

A
A
Optimal point: C \
2

Min (x, —1.5)* +(x, —1.5)?

Xo Minimum point C
f=0.75

x* = (1,1)
f(x*) = 0.5

Feasible region:
line A-B

X1+XZ—2=0

T I > X4
1 2\ 3

CERTIFICATION COURSES



o NEE————_—.
Inequality Constraints: KKT Conditions: Example - 2

Minimize f =x2+2x2+3x2 oL
R Minimize f =x>+2x5+3x’

subject to & S =N =@y <12 ' =X, —X,—2%,—12<0

i g, =
_ _3x. < subjectto ™
g, X1+2X2 3X3 8 J gZ:x1+2X2—3X3—830

The Lagrange function:

Lz(xf +2X5 +3x§)+u1(x1—x2 — 2%, —12)+u, (X, +2x, —3%, —8)
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Inequality Constraints: KKT Conditions: Example - 2
L:(xf+2x§+3x§)+u1(x1—x2—2x3—12)+u2(x1+2x2—3x3—8)

of g g 2X; +u, +u, =0 (1)
S TUge TRl 0 -

5Xi 5Xi 5Xi 4Xz _u1+2u2 =0 (2)

i=1,2,3 6x; —2u, —3u, =0 (3)

u, (X, — X, —2%x, —12) =0 4)

u,g; =0 ‘ U, (X, +2X, —3x, —8) =0 (5)

g. <0 ‘ X —X, —2X;,—12<0 (6)

: X, +2x, —3x, —8<0 )

u, >0 ‘ U =0 (8)

u, >0 (9
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Inequality Constraints: KKT Conditions: Example — 2 (Cont’d)
From (4): [ujgj — O] Either u, =0 or (x, — x, —2%, —12)=0
Casel: U, =0
From (1), (2) and (3), we get: X =X, = —u??, X ==

Put these in (5) and we get:  uZ +8u, =0, = u, =0o0r —8

From (9) | U; =0 | we canwrite: u, =0

Therefore, x* =[0,0,0] This solution set satisfies all the conditions.
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Inequality Constraints: KKT Conditions: Example — 2 (Cont’d)
Case2: X —X;—2%—12=0
—u, —u, u —2u, 2u +3u,

_ . 2 4 3
Using (1), (2) and (3), we have: — 17u, +12u, = —144

—12=0

Since bothu; =0 and U, =0 | jtis not possible that 17u; +12u, =—144

Hence the solution set for this optimization problemis: x* =[0,0,0]
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Inequality Constraints: KKT Conditions: Example - 3

Consider the following problem. Does the point = = (71,Z3) = (7,6) satisfy KKT

condition?
min 6(x; —10)2 +4(z9 — 12.5)? Check feasibility:
s.t. 73 +(z9 — 5)? < 50
z? +373 < 200 q1(z)=0<0
(@1 -6 +3 =97 g2(z) = 43 < 0
g3(z) =0<0

Note: First and third constraints
(g,, 85) are active. Second
constraint (g,) is inactive.
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Inequality Constraints: KKT Conditions: Example - 3

Compute gradients at = = (z1,72) = (7,6)

OR
Vgi(z) = ( 124

" IIT KHARAGPUR

)

Note: First and third constraints (g,, g;) are active. Second
constraint (g,) is inactive. Gradients of g, and g, are linearly
independent. So the point is a regular point and KKT will

apply.

Also note that Lagrange multiplier for inactive
constraint should be zero. For others, it will be non-

negative.
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Inequality Constraints: KKT Conditions: Example - 3

Check the gradient condition at * = (¥1,Z9) = (7.6
o 5 s 7= (T1,7) = (7.6) Note that Lagrange
")

+U, =2 +u2%+u3%=0, i=12 multiplier for inactive
X X X X constraint should be zero.
For others, it will be non-

() (% )me(a) e ()= ()

u=0 ug = 0.

The solution of the system is: @ = (@1, @2, ) = (2,0,4)  Thus:

The point = = (x1,72) = (7,6) satisfies KKT condition and is a candidate for an
optimal solution for the problem.
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D
Inequality Constraints: KKT Conditions: Example - 3
Minxignize f(x,y)=2y-x°

Subject to g, =x*+y*<1 Formulate the Lagrangian function.

g,=x2>0
g3:y20

The Lagrange function:

L :(Zy—x2)+u1(x2 +y? —1)+u2(—x)+u3(—y)
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