Module 2 :

“Diffusive” heat and mass transfer

Lecture 15:

Heating of a finite slab
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Consider heat conduction in y- direction in a finite slab of thickness 2b, initially at a

uniform temperature of To.

The governing equation is given as

T T
L a 8_2 (1)
ot oy
—
The initial and boundary conditions are 2
¥y —
Att=0=T=T, forally
Aty=tb=T=T, (1>0)
Here we assumed that symmetry will hold for all t Fig. 1 Finite slab of
thickness 2b

00 0°6
Solve —=— (2)

or On

Considering dimensionless parameters

T -T t . . .
0=-—1—, 77:1, r:a—z(non-dlmnesmnal tlme)
L-1,"" b b

o thermal diffusivity

So the new I.C. and B.Cs are

Atr=0=60=1
Atn=11=6=0
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Solution by separation of variables

Let’ssay, 8(n,7)=f(n)g(7) ©)

Substituting eqgn. (3) in (2), we get

2
ld_g:ld J;:_CZ (4)
gdr fdn
d_g:_cz
dr
" g:AeXp(—CZT) (5)
2
d ]::_sz
dn
o f=BsinCn+DcosCn (6)

where C,A,B,D are constants

6, hence fmust be symmetric, therefore B =0

FromB.C n=11=6=0

DcosC=0, andD =0

Therefore
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C:(n+%]7r wheren=0, 1, £2,.....

The general solution is

+00 2
0=>0,=> AD, exp{—(n +%) 71'22':|0COS(I’1 +%me 7)

+0 2
or 0= E, exp{—(rﬁ%j EZT:IOCOS(I’I-F%jﬂ'I] (8)

n=—00

D

—(n+1)

with E, = 4,D,+ A,

Determine E, by using I.C.

1:iDn Cos(n+%j7m 9)

n=0

Multiplying both sides of egn. (9) by cos(m +%) zndn and integrate from -1 to +1, we

get

1 1 © +1 1 1

j cos(m +—]fz77d77 = ZDnI cos(m + —] zne cos(n + —j zndn
_1 2 7 2 2

(10)

Therefore,
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D =" (11)

The final solution is

_ = (-1)" 2
d =22(—)exp —[n+£j ﬂzizt cos(:w%ﬂ
7=l 1 2) " b 2) b

(3]

s

3

(12)

The infinite series, in egn. (12) converges rapidly at long times. For short times

convergence is slow. But then the solution to the semi-infinite slab (egn.,

Y
0=1—ecr may be used.
f ( T(ﬁj) y
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Center of slab surface of slab
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The solution can be extended to a three dimensions for a rectangular block of dimensions

a, b and c. It is the product of three solutions of the form of eqgn. (12)
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T,-T(x,y,z) _ Siii (_l)m+n+p
71_7(') m=0 n=0 p=0 m+1 7’l+£ p+1 72_3
2 2 2
(3] (3] (3]
m+—_— n+— p+—
xexp| — 2) N 2) N 2) | e,
aZ bZ CZ
e e G e G
XCOS| m+—= |=——=cos| n+= |==cos| p+= |—
a 2) b c
(13)

A similar result applies for cylinders of finite length.

NPTEL, IIT Kharagpur, Prof. Saikat Chakraborty, Department of Chemical Engineering



