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Module 3 : Equilibrium of rods and plates
Lecture 12 : Bending of a rod by couples applied at its end

The Lecture Contains:

B Bending of a rod by couples applied at its end

This lecture is adopted from the following book

1. “Theory of Elasticity, 3 rd edition” by Landau and Lifshitz. Course of Theoretical
Physics, vol-7
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Module 3 : Equilibrium of rods and plates

Lecture 12 : Bending of a rod by couples applied at its end

Bending of a rod by couples applied at its ends:

O é”) ~7

r
X

The rod is placed horizontally and is bent by applying a couple at its end as shown in the figure. In
the small bending limit, the rod is stretched in the convex side, whereas in the concave side it is
under compression. The neutral surface lying in the (17 plane separates these two regions.

Here by small bending we mean that the deformation as well as the strain is small. Similar to bending
of plates, external forces on the sides of the rod are small with respect to the internal stresses, so

that at its sides, we have ¢, 22, = ) which ultimately results in that the all the components of the
stress tensor except ¢r_ is zero. Let there be a small element 4= lying along the 7 axis at a

distance = from the neutral surface. On bending the length of this element becomes 4z'. The
elements - and 4z' lie on arcs of radii @ and g — » respectively. Then it can be easily shown

that
n_
dz'= — xdz:[l—%]dz (12.1)
so that the relative expansion is ©= = (dz'~dz)/ dz = —x/ R . We now find a_ as g_ =-Ex/&.

The resultant traction over any cross-section is ” dex ¢ and it is equal to zero if the z axis

coincides with the line of centroid of the normal section. The component of the couple about the =z

. - o B Ei .

axis vanishes. However, that about the ¥ axis is nonzero and is _”—.:i’x dy or — where [ is
R

the moment of inertia of the section about an axis through its centroid parallel to the » axis. Two
more components of the strain tensor besides g are non-zero: they are,

By =8, =OXIR (12.2)

w
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Lecture 12 : Bending of a rod by couples applied at its end

Other components of the strain tensor are zero, so that:
the v du w v Ow
—t—=—+—=—+4+—=10 (12.3)
& & & & &

Integrating, the displacements can be given as

u=$(22+mg—qp2:], p=TY =X (12.4)

R’ R
The formulae for the displacements show that the cross-sections remain plane but the planes are
rotated so that they pass through the centre of curvature. Shape of the cross-sections is changed.
For example if the cross sections initially are rectangular with boundaries x =ta, w=%48 in a
plane £ = }¥, these boundaries will become the curves given respectively by,

]
¥ P 2 -
rFEi-———a - :D, F :F—zl:] (125)
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For a rod with rectangular cross-section (sides &, &) the principal moments of inertia are

3
_as _af (12.6)

S R b

For a rod with circular cross-section, with radius # , the moment of inertia is

1= (12.7)
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The energy of a bent rod

We have so far discussed the bending deformation of only a small portion of the rod; however as we
discuss the deformation whole through the rod, we will immediately see that the deformation does not
remain small, rather the rod undergoes large bending deformations. Furthermore bending of the rod is
also accompanied by some torsion, so that the rod undergoes both bending and twisting
deformations.

e

=

To describe the deformation we divide the rod into infinitesimal elements each of which is bounded by

two adjacent cross-sections. For each such element we choose a co-ordinate system S 7 ';so that
in the un-deformed state all these systems are parallel to each other and their ¢ axes is parallel to
the axis of the rod but in the deformed state the co-ordinate system for each element is rotated
infinitesimally relative to each other.

Let ,:1‘,;3 be the vector of the angle of relative rotation of two systems at a distance 4§} apart along the

rod. The infinitesimal angle of rotation can be regarded as vector the components of which are the
angles of rotation about the three axes of co-ordinates. We define a vector

O=dgidl (12.8)

which is the rate of rotation of the co-ordinate axes along the rod. If the deformation is pure rotation,
then = is the vector parallel to the axis of the rod and is magnitude is the torsion angle Qg =7T.If

the plane of bending is £ the rotation is about the # axis, i.e. ¢ parallel to the 7 axis.
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Let the unit vector ; is tangential to the rod. Then the derivative ; ;4 is the curvature to the line:

dtidi=1/R-

The change in a vector due to infinitesimal rotation is the vector product of the rotation vector and the
vector itself: jz = ggx ¢, or dividing by 4

diidl =Cixt (12.9)
Vector multiplication by ; gives

ixdiidl =ix0xi=C 1)1k Q)=0-if T)
or

G=ixdildl+i ) (12.10)

Since the tangent vector points in the direction of the ¢ axis of the rod, ;_5: Qg. Say the unit

vector ,, points to the principal normal: w = R dffdl, then we have:
Q=txniR+10, (12.11)

The unit vector ;.. ., ¢ @ is a binormal vector with components Qg ,ﬁ? so that its magnitude is equal

to the curvature 1, & . For plane curves, binormal vector is the unit vector normal to the plane.
Principal normal is the usual normal to the curve directed towards the center of curvature at that
point. Since the elastic energy of the rod is a quadratic function of deformation, in this case it will be
function of the components of the vector . However, these terms should not contain the

expressions Q; ﬁg and Q,}Qg as they are dependent on the direction of the faxis. Finally if we
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have £ and ¥ axes coinciding with the principal axes of inertia, then we should not have also the
term Q,}Q; .The total energy of the rod then consists of that due to torsion about the {axis and

bending about the £ and 7 axes:

1 1 1
R .= I{E LEC] + Efgﬁﬂj s Ol Yal (12.12)
The moment applied about the £ axis, ML, =d¥F . f.::::’ﬂg = Cﬁg. Other components of the
moment, can similarly be obtained as,
M; :Eflﬂg, M,} :EIEQ,} (12.13)
And the elastic energy in terms of the moments are,
M OMEP M
Fos = I’i 24 —fy (12.14)
2LE 2LE 20
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