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Module 1 : Brief Introduction

Lecture 1 : Displacement

The Lecture Contains:

Introduction

Displacement

Homogenous Strain

Analysis of Strain

Affine Transformation

Infinitesimal Affine Transformation

Pure Deformation and Rigid body Motion
Geometric meaning of Components of Strain
General Expression of Strain

Transformation of Components of Strain

Saint-Venant's Condition of Compatibility

This lecture is adopted from the following book

1. "Some Basic Problems of the Mathematical Theory of Elasticity" by
N.I.Muskhelishvili
2. "A Treatise on the Mathematical theory of Elasticity"” by A.E.H. Love
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Introduction:

Soft solid materials are the ones which have modulus upto ~10 MPa; they are elastic or viscoelastic
and they deform easily when subjected to external forces. Engineering materials, such as rubbers and
thermoplastic elastomers, and soft biological tissues, such as skin, cartilage, liver and brain tissue, fall
into this category. Understanding the mechanical response of these materials is important in many
engineering and biomedical applications. The goal of this course is to expose the students and
researchers of these diverse research interests to the principles of mechanics, its rich mathematical
structure and how these tools can be useful for analyzing variety of problems related to soft
deformable materials.

Displacement:

Displacement occurs when particles in a body moves from initial state to a final
state.

If the length of a line joining the two particles remains unaltered in the initial and the final state, then
the displacement is called rigid body displacement.

If the displacement alters this length then the final state of the body is said to be in “strained
state” and the initial state is called the “unstrained state”.

Let X, ¥y Z be the location of a point occupied by a particle which in the strained state occupies a
location: X+, ¥+ WV, Z+ W then 1,V, W are the projections of displacements of the particle. In
simple uni-axial extension along the x axis, displacement of a particle is given by
w=egx,v=0w=10 ,where ¢ is the extension.

In simple shear along the x axis, the planes parallel to the x axis slide past each other so that
particles in plane parallel to x,» remain in that plane. The displacement is then given by
=g, v=0,w=0 where g=2tan &, v=0w=0.
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Homogeneous Strain

If the components of displacements are linear function of coordinates, the strain is called
homogeneous strain.

Analysis of Strain:

Deformation in a continuous body is defined as the change in the positions of the points in the body
so that their relative distances are altered.

Say a point at ( x,y,z ) in the undeformed / unstarined state of the body moves to a unique location (
* *

X, ¥ ,Z*)- Then the co-ordinates x*, _}’*, Z* be a definite function of the coordinates X, }*; Z of

the same point before deformation:

*

X =ﬁ[x,y,z),y*=ﬁl[x,y,z),z* =f3(x,_y,z) (1.2)

where functions fl:-fié:-fE are assumed to be continuous in the region occupied by the body.

Similarly, the coordinates X, ¥y £ are also continuous functions of x* y* z*-
1 1
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Affine Transformation

The transformations of this form are called affine if the coordinates x* ,]f* z* are linear functions of
3 1

the coordinates X, ¥, £

X = {1+a11}x + @y + oz o+ a

*
y = ajnx + [1+a33}y + aypE + b (1.2)
z = anx  +  apy + [1+a33]z + ¢

where 4,,... are constants. Above equations have nontrivial solution for X, ),Z, so that the
determinant

l+a;;  ap 3
D= 291 1+ 299 dag | o 1.3)
31 a3y 1+ dass

Properties:

(a) Inverse affine transformation is also affine, because by solving 1.2 one obtains *; }'; Z in terms of
* * *

X,y .2
x=[1+b11}x + bll}r’ + b13Z

y= bzlx* +{1+bn}_}r’*+ 5332* (1.4)

= b31x* + b32_}’* + {1+b33)2*

(b) Points lying on a plane T] before transformation lies on a different plane H*.
Say Ax+ Bv+ez+ D =10 is the equation of plane TT, then after the transformation they lie on a

different plane _4"x" + B"y" +¢'z + D" = (o, Which is the equation of plane TT".

(c) Points lying on a straight line, which is the intersection of two different planes Hl and HE , will
now lie again on a straight line, which is basically the intersection of two planes Hl and HE .

Hence, any straight segment is transformed into a straight segment and any vector to a vector.
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Affine Transformation (contd...)

Let P = (5, W, ,;’) be the vector which transforms to a vector P = (f*,#ff*, é,* )

If 24, 3. =0 and X, ¥3 £ be the end points of vector E = [é’,w,{) , then

C=X-Xp, W=Yy=yp L =2-Z (1.5)
Similarly

+ * +

* * * E £ *
§=x-xy, ¢ =y -y { =2 -z (16)
* *
Where ={1+ CL'“}JC+ Ay +dzE+a and xn =[1+o:11]x|]+ 120 +c§!132|:|+cl'*etc-
Subtracting one obtains
*
E =(1+ay )&+aw+a3l

! ayd + (1 + 33 )li,{)' + an3d (1.7

L
a31é + agp + (1+as3) L

+

4

It is easy to see that {1+ @y}, @q,... Or in the short form @ +&; are components of a tensor and

since &; is a tensor, then ‘I:j is a tensor.

Note that the components z,,=.2.= are constants.

From equation 1.7, we can conclude that two equal vectors remain equal after transformation and two
parallel vectors remain parallel after transformation with the ratio of their lengths remaining unaltered
due to the transformation.

Hence, it follows that two identical and identically oriented polygons remain identical and identically
oriented after transformation. Since every geometric figure is some form of polygon, it follows that all
parts of a body, independent of their deformations will deform in an identical manner. That is called
homogeneous transformation.
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Infinitesimal affine transformation

A transformation in equation 1.2 is called infinitesimal if .:;:i?.,.:;t,b,c are small quantities so that their

squares and products can be neglected.

As a result, the quantities: x* —X=aX+ay +apz+an

*

* .
¥ —F=agX+any+apztb adz — 7= a0+ agq) + a2+ ¢ Which are the
differences of the coordinates of the same point before and after transformation are also infinitesimal.

It can be shown that result of two infinitesimal affine transformations is also affine.
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Pure deformation and rigid body motion

Point to be noted here is that if the quantities u:I:j are given, the transformation of the coordinates of

a point will not be completely defined, because, &, ¢ will still remain undetermined. But these
guantities do not influence the deformations because they define only the rigid translation of the body.

Let us now define the quantities =8 - & Sy=w —w, &=0 -0 which are

components of vector §‘ﬁ _ ?_ ‘ﬁ or the displacement vector. Then

&&= apd + o + a3l
S = and + ayyw +apnd (1.8)
8L = a3 &+ asgyw +agzd

We want to know the constraints on the tensor -:Ijj that will result in rigid body motion and no

deformation.

Basically we want to find out the condition that the magnitude of the vector ﬁ or the square of its

modulus ‘;_-'::2 = §2 +¥;2 + 4»2 remains unaltered due to the transformation. Restricting ourselves to

infinitesimal transformation, that is neglecting higher order terms,

2 2 7
POP = 00+ wlyw+ 008 = ay &7 +apy” + a3l " +

(1.9)
(12 +ag1)éw + (a3 +as )60 + (g3 + axp )¢
In order that &2 =0, it is imperative that
ap=ap=a33=0 and (ap+ay)={az+as)={ap+a3)=0 (1.10)
which implies that ::I:-J,- = _ajf . Then equation 1.8 can be written as,
do=ql—ry, Qu=ri—pd, &=py—q¢ (1.11)
where  p=a 9= —a493, §=ay3=—43, T =4a31=—-a)3.- These quantities are

infinitesimal angles of rotation about the coordinate axes and are called the components of
rotation.
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Pure deformation and rigid body motion (Contd...)

We can introduce following notations:

11 = Exp, @32 = €Epp, 433 = Ex,

1 1 1 (1.12)
E(-ﬂﬂz +as )= €z = €zp, E(ﬂu +-f131) = €z = €zy, E('ﬂlz +f—‘121] = Epp = Epx
g, are called the components of strain.
Furthermore we can introduce the notations:
1 1 1
p=={an-a3), g=Z{az-an), r=>{en-az) (1.13)
2 2 2
Hence we can divide the tensor @y in following symmetric and anti-symmetric parts:
'5'32 =€_P3+p’ CI13 =€zx+q= lﬂle = E'I}, +r
(1.14)

U3 =€pp — Fy Q3] T €~ 4, Uy =€ =7
Using these definitions of @ in equation 1.8, we have:
d=e L+ exyw+eng'+q§'— ris

Sy = eyl +eppliy +epl +rd— Pl (1.15)
8 = ézx§+€zyw+€zz‘;r+pw_qg

So the original affine transformation can be divided into two parts: Symmetric and Anti-
Symmetric.

eH§+ex},w+em§" gé - ry
Epxl + Epplr + Epz ré— pl (1.16)
Copls + gl + €520 P -qg
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Geometric meaning of components of strain

Let us go back to equation 1.9, under new notations it has the form:

PSP =e bt +ep,ut +e,0% + D by + 20, 8 +2e 00 (1.17)

Consider a vector P (é’, 0, [j) which is parallel to the Ox axis.

gF

. . y! . . _ . Lo .
For this vector: pspF = €H§ which results in ¢, = ? i.e. €, denotes the relative increase in

length of the vectors.

Consider two vectors ﬁ{r}, *;f‘rl:-[:') and ﬁ;{gj 0, ‘;'2) which are initially directed towards » and z,

after deformation turn to vectors E’F(ggl 1y + B '5';1) and 3_32;(@&2 Sur, &y + 5,;2) the angle
? ? E E

T o _
[E - gsz between which is written as:
:’T _ 8585 + {1 + 8yq )8y +801 (9 + 805)
Cos| ==&y |= - - > - > = (119
\(5§1 +{w1 + 8y )+ 8¢ \f@fz + s+ (L7 +803)
For a small Syz ,
& & &
m(ﬂ_ Eﬁ] e, oW wat oty _ Sy O (L.19)
2 107 £ ¥
But for ﬁ‘([y, W, [}} and ﬁ;[r}, 0, &5 } we have from 1.15:
Sy =€ la— PL
(1.20)

Iy = ezl + Py
Introducing this formula into equation 1.19, one obtains &y, = €,, + €, = 2¢

vz = Sy T fy ¥z

The angle Eeyz represents the decrease in angle between the two vectors originally in the directions
Oy and Oz .
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Y
e

X
LBOB'=L00C = ey,

8, = LBOBY% LCOC'=2e,,
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General Expressions of strain:

Let the new position of the point is given in terms of the deformations as

* * *

X =x+u, ¥y =¥+v, Z =Z+W in the strained state.

Consequently, the particle which was on a given curve in the unstarined state, now belongs to a
different curve in the strained state. If j: be a differential element in the original curve, then direction

cosines of a tangent at any point on it are ﬁ d_y % Direction cosines of a tangent on an
ds ds ' ds
_ _ d[x+u) .:f(y +v]| c:f(z+w]|
elemental arc 51 in the strained curve are , \ . Then,

d{x+u) ds dx dudc didy dudz

sy ci'sl ds deds dyds dzds
dly+

(p+v) _ds dy dvde dvdy dvdz w21
sy c;tl'sl ds dxds dyds deds

dfx+w)  ds dr dwds dwdy dwdz
sy e:z’sl cfs a:ixci's dy f,is dz ds

However, the direction cosines are

E:ﬁ, m:ﬁ, :?*z:E
ds ds s Lo
j d{x +1) d(y+v) d{z+w) (1.22)
=—:| H =—:| = ———
1 s 1 s, 1 sy
From the expressions of equation 1,
s [ e;fu] it it
h=—|i1+— |[+m—+n—
dlsy e dy dz
ds | v v v
m = —+m|l+— [+h— (1.23)
c:i-sl o cdy e vd
ds | chw e;iw W
i = [—+m 1+ —
c:i-sl o dy dz
Noting that
£2+m2+ﬂ2=1, £12+m12+ﬂ12=1

we have the following eqn,
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as

where Eoyp - AT the following,
2 OEERE)
Ee=—+—¢|— | | —| +| —
t 2|\ ik ohe A
o 1] Y (Y (awY
Ep =t | F| == | ¥l |
y 2\o) &) o]

. mll[@

& 2

&

-2

)+

®[

)}

2
[ﬁ] = (1 + 26y )_EE +[1 +26pp :]m2 + (1+ EEZZ}HE + 28yt 2800 + 2Exyim (1.24)

(1.25)

- ﬁw 5‘1} 5!4:&4: Emﬁu o o
e @f o @;53 @’52 oy &
o Chi ChiCRE O O Ow Ow
By = —F—tF——+——+—
B & Acoe dcoe o
o 6‘u ﬁum &uﬁu o O

Ty T ay may o
@’5}’@’3}’

We thus obtain the general expressions for the components of strain in terns of the gradients of
displacements.

The left hand side of 1.24 is a constant and the right hand side signifies an ellipsoid. It has the

property that in any direction, the length of its radius is inversely proportional to @ . Such an
s

ellipsoid is called the reciprocal strain ellipsoid .
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Transformation of components of strain:

Consider 1.17, here P&F is a quadratic with respect to .f, .1;;,.-;". But since PAF has a definite
meaning, it should be independent of the choice of coordinate axes or of the transformation of
coordinates.

In other word, if E?x'x' 3 -,E?x'},' ---are the components of strain in the new coordinate system and if

;" w' f:/,“'are the component of the vector P, then we have:
a 2

2 2 2
POP = ey " + @™ + 6,0 + 28, S+ 20, 60 + 28,0

(1.26)
_ Iz IE Iz 1 1 1 1 1
=€ & +€y'}='w te £5 4+ Zex-y- Sur + Eex-z- &8+ Eey-z-a;: £

Now let's say .El, B0 are the direction cosines of the ' axis new coordinate system with respect

to the old one and like wise. We can then develop following table:

x oy =z
)‘:I "El ml F’Il
¥ iy mp m

= .153 Mz F3

(1.27)

The coordinate of the vector £ in the old system can be expressed with respect to the new one as,

C=Sh+wm -+
W= ;"ﬁz +a;.r'm2 +r;"rz2 (1.28)
L=cglstyms+l m

Substituting this into 1.26 and then matching the coefficients for 5'2,_" , flwl,. ..in the left and right

hand sides,

Gty = enﬁﬁ +eyym1‘j‘ + E‘zzﬂlz + Epp M + Eihy + ety

epipt = 2epdaly + 2epmaing + 2e My + ey, (mgn3 + mans )+ (1.29)

E'zx [HE'EE + .7’1352 ) +€I:Ir‘ (£2m3 +£3??22 )

Furthermore we can rewrite 1.17 as,

Ple= ené’g + eyya,ffz + ez,:._f,'2 +2eg o+ 2e,00 + et (1.30)
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where & = ﬁ is the relative increase in length of vector E: (f,i,ff,r;)- Since PEE does not

F

depend on any direction but only its magnitude, hence for every direction, er _ +r:2’ where C is

an arbitrary constant with the dimension of length. If the starting point of P lies on the origin, then its
other end point lies on the surface pd, _ 4.2, or

ené’z +€yy#ﬂr2 +ezzr;"2 28+ 26500 + 2l = c? (1.31)

which is called the strain surface.
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Transformation of components of strain (contd...)

If the axes are so chosen that they coincide with the principal axes of the surface then, 1.32 takes the

form: €1§2 +€2W2+€3‘;2 :,:3, where g, €;, &y are the €., Cpps Coz of the new axes.

Principal axes are the roots of the equation:

& — € 1y &,
& e & e =0
yx J¥ ye (1.32)
- Cry Epp — €

:>~—e3+-15"“£-:2 +he+ec=10

where &= €+ eﬂ, té, =€+ e+ ey is an invariant, since coefficients of 1.32 should be so.

Consider a right parallelepiped having sides OA= -"'11’ OB = jg and OC= 33. Then its volume is
V:EIEEEB. After deformation the right parallelepiped remains a right parallelepiped with sides

i [1+e'1), {4 {1+ ez}, e [1+€3], hence its volume is

= 515253[1+€1}{1+€2}{1+€3} — V{1+€1}{1+€2)[1+€3}=V{1+€1+€2+€3} (1.33)
So that,

e
T =g +e&r +85 (1.34)

Hence /& is the relative expansion in volume or the cubical expansion.

In a more general form, the ratio of a volume element in strained state to unstrained state is given as

chi Gk ki
1+— = —
gc gy &z
1+ 4= @ 1+@ E (1.39)

o &y &

oW o o

- - 14+ —

o gy &z

where A is the cubical dilation.
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Saint-Venant's conditions of compatibility :

We have so far deduced the formula for components of strain to be calculated from the components
of displacements which are functions of the current location {x, v, z] of a point.

Let us now look at the inverse problem: say, the components of strain eyy €YY in a body are

known, then how to determine the components of displacements u,v,w.

This problem can not be solved in a straight forward manner, because, say somehow we are able to
find out the components i, ¥,» | but then if we add an arbitrary displacement to them, then, it does
not change the strain components, because strain does not depend upon the rigid body translation.

Consider the following situation: Let's say we separate an infinitesimal cube from a body and subject
it to deformations resulting in a parallelepiped. We can subject many other cubes to such
deformations. Now we put them all back to the body.

Question is will the adjoining faces and lines will perfectly match without any gaps, after this exercise.
It will almost be impossible to do that. Hence, it is obvious now that components of strain must satisfy
certain conditions in order to result in deformations without discontinuities.

SONCN N
NN NN
A
A
N\
N
s B B
E‘n:a,eyy:a,ﬁz:E,
(1.36)
o _Mfaw vy _1fow ) _1[av+a,¢]
Yoola a) o 2ley &) T 2le &
1{ v Bu l[ﬁu aw] 16w o
Fb=—|——— |, g=—| ——— and p=—|—-—
2\ a0 o AN 2l ey &

where €,.,.. '!exy .- - are single valued functions having continuous second order derivatives.

One has six equations and three unknown functions, which implies that the problem may not have

solutions if €,.,.. . are not subjected to additional conditions.

€y 5o
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Saint-Venant's conditions of compatibility (contd...):

Let V be simply connected region occupied by a body. In this domain (X,Y,2) is the current location of

a point at which &,.,.. .,é‘x}, ;... are given and we need to find out the deformations.

Let 1L {xIZI:-J”IZIJEIII} be any point in V and i,V , Wy are the components of displacement at A{,

and g, 4y, fy are the components of rotation.

Let Ml{x:}’:z} be any other point at V at which we want to find out the components of

displacements. Let as,ar, be a line that joins Af, and M, and lies in V. Then if the partial

derivatives — , —, — are known, then the displacements &, , %y can be found out as,

w=ug+ | [%dx‘+ %dy+%dz]
MEIMI a},

where — =g =&

au —
H,a W—r,g_exz+q

e -0+ [ (eateregdrrent)s | (gt
Myhdy My A

4|l Previous
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Saint-Venant's conditions of compatibility (contd...):
Let us focus on the second integral:

By partial integration:

[ (gaz-rmp)=" [ (rlyi-r)-9d(z1-2))=

My, Mohty

r-2 - [ n-n)dr-ala -2+ _[ (21~ z)dg (1.38)
MDMI

=gof{zi-zn)-m{y -y}~ _[ ({J’l—.l’)ﬂff"—l[21—2)df5f)

Myhdy

Now r:l @—% , SO that,
A

or_1fo%_ o) _1(env, ot o | Pen dey

& 2lacd ax) 2\t vac e fax) & oy

o lrﬁzv 6‘21;,\ lrﬁzv 8 Bu 521?\ & &

| - =2 + -—- = _ ¥ (130)
@az\ax@a@;jzax@eax@a@; o) ox o

o 1 9% P 53 JOw o ow) % aey
2| Bz oy | i vac vl ovac| B oy

And g :l[%_@J so that
AC

8 _1{ o 2wl 1 o O w | B B

o 2oz gt ) 2| @ox o &dx) & &

g _1[ 0% o) 1foh o oPw o) %y By
2| &y oy | 2| Gzby  Gedx Gyt Geox] & ox
oy _1fo%_ow| 1{o%u ow o dw) ey @

bz 2| gt xir) 2l gt @ik iz xBz) & &

Now substituting these expressions into

ar :de+a—ciy+a—dz and g = aq.:ix+%aj#+%dz and equation 1.37 we obtain
& &z & 7
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u{x, r.21) = v +qof{z-zo)-min -yo)+ _[ [UxﬂfHUyabf +szi2)

MUMI
v[xl,yl,zl}:vu+rn{x1—xn}—pn{zl—zn}+ J' (dex+Vydy+Vzdz) (L.40)
MM,
wix,ynz)=w+po{p - )-qola—x)+ [ (W Wy +Wdz)
MUMI

Where,

Ux=en+[y1—y)[ : —§]+{zl—z}[%_a€ ]

Y &

(1.41)
s EE_},(ZI_Z)[%_ J"Z]
& ox o

since t,vg, Wy and pyg,qq, 7 are known at I (g, pg,2p ) then, &y, vy, wy can be found out
using 1.40.

%)
W

=

3

Uy = ey +{J"1‘J’)[

&l

However, it is imperative that By Wy, WY be functions only of (xls.]”lszl) and do not depend upon

the path of integration.

The necessary and sufficient condition that the integral be path independent is that,

[ (veac+Updy+ Updr)=— [ (Uxde+ Updy +Uydz)
MM, MM,

Or, by Green's theorem for integration over a closed curve,
J-(Ux-sfx:+ Uydy+UZdz)= J-J-[% J]-[E‘U Uy ]dy.:iz
o
Uy
ﬂ[

ou, 9, BU, 8, _ (1.42)

& & & ax’ax@;

Analogous conditions are obtained for other equations. These equations reduce to the following six
equations,

(1.43)
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These equations are called the conditions of compatibility of Barré de Saint-Venant.

|| Previous Next||p
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