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Module 2 : Solid bodies in contact with and without interactions

Lecture 5 : Rigid flat punch

The Lecture Contains:

B Rigid Flat Punch
B Frictionless Punch

B No slip Boundary Condition

B Axi-symmetric loading of an Elastic half-space

This lecture is adopted from the following book:

1. "Contact Mechanics" by K.L.Johnson
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Module 2 : Solid bodies in contact with and without interactions

Lecture 5 : Rigid flat punch

Rigid flat punch

Consider now the problem of a frictionless rigid punch which presses an elastic half space. Since the
punch is rigid, the surface of the elastic solid must remain flat where it is in contact with the punch. In
addition to that we assume the condition that the punch does not tilt, so that the interface remains
parallel to the undeformed surface of the solid. So our first boundary condition is

v| ,op=cONnstant = 7, (5.1)

We can consider following situations:

(a) Surface of the punch is frictionless, so that g{x)=0 (5.2a)

(b) Friction at the interface is sufficient to prevent any slip ”L

=d
between the punch and the surface of the solid: =0 7 (5.2b)

(c) Partial sip occurs to limit the tangential traction |q {x}| = pp(x) (5.2¢)
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Module 2 : Solid bodies in contact with and without interactions

Lecture 5 : Rigid flat punch

Frictionless punch
The boundary conditions:

v| ;—g= constant, g{x) =0 (5.3)
In equation 4.30 we can substitute for g(_'_::} as

g(s)= __TE
2(1—122) Ar (5.4)

Which results in the following expressions for the normal component of stress

o

F [x] = e (az B xz)uz (5.5)

The constant C is estimated by

2 T dx «
P: _I-F(x)iﬁ::if_l- )1.-‘2 :E which giVeS C: P}T (56)

- ETERE

The pressure distribution is given as,

Pl ——E (5.7)
ﬂ{ﬂ'z - xg}l-"ﬁ .

Equation (5.7) shows that the pressure reaches a theoretically infinite value at the edge of the punch
X=*ua
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Lecture 5 : Rigid flat punch

Frictionless punch (contd...)

The displacement of the surface outside the punch can be calculated from

2(1-o) 2 1-2a){1+a) | | a
v|2=n=—%__[:p(s}1n|x—s|ds+( 2]; } _Lq[s}ds—{q[s]cﬁs +0
(5.8)
2(1—02) a P
=— I 1uln|x—s|ds+if2
AE —.:1:-‘?'((1 —.S'E)
or
2(1—02)9 L (2
V|z=U:52_T1n E+ a—z_l

The expression for the surface gradient can be obtained as:

3| 2(1—02]5* :
&  omE [

which shows that the surface gradient at x = +x is infinite.
We find the tangential displacements under the punch as,

=}

u|z=n :—{1_20—}{1+J} Tp(s}ds—_l-p(s}ds +

2E
-a ¥ (5.9)
__{1-2q) {1+J]Psin_1 (f]
2K e

For a compressible material, ~ « (1.5, the points on the surface moves towards the center of the
punch, which can be reduced and completely prevented if there is sufficient friction on the surface.
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Module 2 : Solid bodies in contact with and without interactions

Lecture 5 : Rigid flat punch

No slip boundary condition:

Let's say that the surface of the solid adheres completely onto the punch, so that there is no slippage
of the solid, then we can have the following boundary condition:

Hl,.p =4, and v _,=4d, (5.10)

Where 4, and g, are the displacements of the punch.

We can then write following coupled equations for the displacements from equation 4.27, in which the
slope of the displacements underneath the punch are zero:

T; Sg @ = 2{[11 _L:}r}p (=)
(5.11)
|

Adding the two equations, we can have

R ) e e

Equation 5.12 is of the general form

AT F(s) 2(1 - o)
Al A g, A= —F
F[x}+ﬁ__|- = ds=0 1 =20)
Which has the solution,
A ! [cx+x]’v
Alxy=- i,
T

idi—1
id+1

]
Where, 277 and (7 = I F(x).:fx

-

So the solution is obtained as,

p{x)+ig(x)= 2(1-9) el [a+x]”}, ??=%T1n{3—4¢:r]

(3-4a) ;rr(.:zz _Xz)uz <
(5.14)
= 2(1_5} FHig cos{ﬂln[a+x]}+isin{$1n[a+x]}
[3_4J}u2 N(ﬂz_xz)uz = .
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Module 2 : Solid bodies in contact with and without interactions

Lecture 5 : Rigid flat punch

Axi-symmetric loading of an elastic half-space
Concentrated normal force, point loading
The biharmonic equation can be written as
2 2 2
# 10 & |[dp 108 2
—_—t——t— —';é+ ¢I+ ¢ =1 (5.15)
art oror i)t ror gl

The solution of the biharmonic equation has been obtained, and following are the stress and the
displacements components,

2
L B

F 1 = =
Hy=——[1-27) & ——-—-—
= }{r‘z or® 93}
7 =- 3P 27
EFTQ
3Prz
-2tz (5.16)
% 2 of
and

=i Z_ (1- EJ}"G z
| o o
P |z 2[1—-::!’]
= & 4> 7
dr | o o
At the surface, i.e. at z =10
u:—i{(l—za}l}
Armes »
P |2{1-o)
p=—" g 7
drgs r

The equation shows that the profile of the deformed surface is a rectangular hyperboloid which is
asymptotic to the undeformed surface at large distance from the point of application of the load.

(5.17)

file:///DJ/Dr.AK %20Ghatak/Dr.AK %20Ghatak/mechanics_soft_matrial/lecture5/5_5.ntm[4/26/2013 3:37:38 PM]



Objectives_template

“H

4|l Previous Next||p

file:///ID}/Dr.AK%20Ghatak/Dr.AK %20Ghatak/mechanics_soft_matrial/lecture5/5_5.htm[4/26/2013 3:37:38 PM]



Objectives_template

Module 2 : Solid bodies in contact with and without interactions

Lecture 5 : Rigid flat punch

The stress and the displacement for a distributed load on an area:

We want to find out the surface depression at a location B {x, y] and stress distribution at an interior
point A due to a distributed pressure p{é,?}‘} acting on the surface area S. We can change to a
polar coordinate {s, .;aﬁ} with origin at B, hence the pressure acting at an elemental area Cis

equivalent to a force psds dg .

The displacement of the surface at B due to this force can be written from equation 5.17, by putting
{s, .;Ef'] The displacement at B, due to the distribution of load over the whole area S is given by,

1— -
v, =2—;£_£p(s,¢}dsd¢=ﬁ [t d)dsas (5.18)

The stress components at A can be found out by integrating the stress components given in equation
5.16.
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