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Module 1 : Brief Introduction

Lecture 2 : Stress

The Lecture Contains:

Stress

Surface Traction

Body Forces

Equation of Motion

Simplifications

The Stress Equations of Motion and Equilibrium

Moment of External Forces

Transformation of Stress Components

This lecture is adopted from the following book

1. "Some Basic Problems of the Mathematical Theory of Elasticity" by
N.I.Muskhelishvili

2. "A Treatise on the Mathematical theory of Elasticity"” by A.E.H. Love

3. "Advanced Engineering Mathematics” by Erwin Kreyszig
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Module 1 : Brief Introduction

Lecture 2 : Stress

Stress

For complete specification of the stress at any point in a body, we need to know the force per
unit area across any plane passing through the point and the direction of the force.

For complete specification of the state of stress in a body, we need to know the stress at every
point in the body.

Here we are interested to develop the theory of equilibrium and motion of a body when subjected to
body and surface forces.

Surface Traction

Let's consider a given plane S passing through a point O within a body.

Z

Figure 2.1

Let's say 45 is a small area of the plane which is normal to direction 1. Then if & is a force which
acts per unit area on the plane along the direction 1+, then it has projections X ¥ ,Z  along the

adyn

three axes of coordinates, so that
F=X cos{x,v)+ ¥ cos{y v)+Z  cos{z,v) (2.1)

and the portion of the body which is on the other side of the plane acts along 1+ the following surface
tractions on the element of area 45,

(X.dS, Y,dS, Z.4%) (2.2)
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Body Forces

In addition to the surface tractions, other forces act on each part of a body. These are called the
body forces like the gravity force, intermolecular force. The magnitude of such forces varies
proportionally with the mass of the particle on which they act and their direction depends on the
position of the particles in the field of force.

If (X,Y, Z) are the components of the intensity field at any point and m is the mass of a particle at
that point, then (X, #Y, #2) are the forces of the field that act on the particle forming part of the
body.

Equation of Motion

Body forces applied on any portion of the body is statically equivalent to a single force applied at one
point together with a couple .
The components parallel to the axes of the single force are,

[[[ axaxavaz, [[[erdxavaz, |[[] ozdrdyaz 23

£ is the density of the body at the point (x, y,z) and the integration is taken throughout the volume
of the body.

Similarly the tractions on the elements of area of the surface of the portion of the body are equivalent
to a resultant force and a couple . The components of the force are,

[[x.as5. [[r.as, [[z.@8 (2.4)

where integration is taken over the surface of the portion.

The center of mass of the portion moves like a particle under the action of these two types of forces.
If [fx,f},fz) are the acceleration of the particle which is located at (x,y,z) at time t , then the

equation of motion of the particle are

[[[ et dxdv dz = [ [[ o dxdy ao+[ [ % 45
[[[ of,dxay dz = [[[ o dxdy dz + [ [ 7,45 25)
[[[ edxay dz = [ [[ ezdxdy dz +[[ z,d5

The change of moment of momentum of the portion of the body are

I”,ﬂ(fo —ny}s’xcfy dz =III,G[yE — 2¥ )dxdy cfz+J-J-{yZv —z¥ WS
_I-_I-_I-ﬁ{zfx - IU;}E’X dy dz =I”p{zX— xZ)dx dy ciz+”-[zk’v —xEv}z’S' (2.6)
[[[ olat, -, Yixdy dz = [ [ [ oka -3 )dxdy dz + [ [ (s, - yX, JaS
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Simplifications
At equilibrium the accelerations (f ,_f},fx) are zero.

Secondly, the volume of integration is very small in all its dimensions and ;* be the volume, then
both sides of egn 2.5 in the limit } — 1 results in

[[x.a5=0 [[rds=0 and [[Zd5=0 2.7)
Similarly, eqn (2.6) simplifies to
[[z, —2zr, @5 =0 [[(X, -x2, 15 =0 and [[(xF, —y¥,H5 =0 2.8)

Let's now see how these components of forces will change with change in orientation of the planes. In
order to do that, let's consider the orthogonal rectilinear system

Figure 2.2

£.,7.. X, are the components of the stresses that act on the plane normal to the z axis. While Z_

is the normal stress, ¥..X, are the tangential or the shear stresses. Similarly X, ¥ , 2  and

Xy,}’y,Zy are the components of stresses acting on planes normal to the x and » axes

respectively.

Question is how these stresses are related to the components of stress on the plane normal to ;, ?
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Simplifications (Contd...)

Consider the equilibrium of a tetrahedral portion of the body which has three edges along the three
axes of the co-ordinate and the vertex at which they meet at the origin O. Say 1+ is the direction
normal to the plane ABC drawn away from the interior of the plane. Then the direction cosines of this
plane are cos{x,p}, cog{y,p] and cos{z,p}. Let's say that the plane is at a distance j from origin
O with L —n. If A is the area of this plane then the areas of the remaining faces are

Acos{x,v), Acosly,v) and A cosfz 1) respectively.

When the tetrahedron is small, the traction across the face 1+ be X A, ¥ &, Z & and those on the

remaining faces to be — X A cos[x,v], ...,—Fyﬂ cos [yv] and Z_# cos{z,v],...-
A, =X, cos(x,v]+Xy cos{y v)+X, cos{z,v)
¥ =7 cos(x,v) +7, cos{y, v)+ ¥, cos(z, 1) (2.9)
Z =Z_cosfx, 1/]+EJ, cos{y, 1)+ Z_ cos{z, 1)

by this equation we express traction across any plan through O in terms of the traction across planes
parallel to the coordinate planes.

Now, consider a very small cube with edges parallel to the coordinate axes. The value
_”[yZv — z¥ W& for the cube can be taken as Eﬂ(Z}, —If’x), where } is the length of any edge.

Hence from the results of the last paragraph, we have,

Zy =r.,f,=2Z,and ¥, = Xy. Thus, the number of components that must be specified in order

that the stress at a point may be specified is six, three normal components and three tangential
tractions.
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The stress equations of motion and equilibrium:
Consider equation 2.5 and 2.7, the stress equilibrium relation can be obtained as
[[] ot axay @z = [[ [ ax dxdy dz +
-ll-l-[}f;,f n::c:-s[x, 'LJ}+ X}, cos [y,l,«'}+ A, cos[z, v]}dS

Using Gauss's transformation, the surface integral can be transformed into a volume integral as

j”[i" + a‘;;ﬂ‘ + E"iﬁ' + ok - ngdxdy dz =0

The integration can be taken through any volume within the body and it can not be satisfied, if the
integrand is not zero at every point, so that

ax
My y+a‘¥x+m’—g’x=0 (2.10)
&% e 5.4
If the body is held in equilibrium, then the equations of equilibrium are
Ay, of, ax
P+ L+ X =0
&% the ez
Y
o, +—2+ Gt +0F =0 (2.11)
& & &
Az 82, az
F 2+ E 407 =0
& & &

If, the body has not yet reached equilibrium, then the acceleration at any point (X, ¥, Z)

ay ax 2
Oy O X = o B_i:
A & &
ay 2
aa};" + a; + ai” +of = p% (2.12)
i
a9z, Az B w
+ + + 08 = o—
& & & il
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Moment of external forces:

Let's write the resultant moment about the OX axis of the body forces and the surface stresses acting
on a surface S containing the volume V:

[[[ oz -zryav +|[ bz, -2z, )as = 0 (2.13)

¥ &

Using the relations for 2 and ¥ from 2.7, we have,

JJoz, ~2r s = |

& &

= ”{(ny —z}’x]c-::ls(v,z]HbJZJ, —Z}’J,)EOS(U,J*‘}‘F bz, —z}’x]cos(v,x})dg

y(Zx cosfv,z)+ Z, cosfv, ¥)+ 2, cos{u,x])
- z[:}’x n::os(v,z] +7, cos(v,y] +7F, n:c::s(v, x]}

Now, using of Green's Transformation, we obtain,

Gauss's Transformation

_”{ﬁcos[x,v}+ wcos{y, 1,»']+ {cos{z,v]}dﬂ' = J'”(% +B_¢{I+%}ﬂf

&

Proof of the Green's transformation can be found in Kreyszig

x & x & &
az ar
=10 y{3+az+ y+azx]_z{},+a};+ y+a};]+zy_},x oo (214
s & & & & & &
=[[[{z, -x.}av =0
¥

In order that the last integral(s) is(are) zero in any arbitrary region 1+, we should have,

_”{J/‘Zv —sz}fS=_[H[y[aZ” + 9z, +333J_2[3Fx +3}; N anJ"'Zy _FdeV
5 ¥

Z,=Y, X,=Z, Y,=X, (2.15)

Which implies that

A, X p X
the stress tensor | I, I"y ¥, |is symmetric.
Z, Z 5 Z
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Transformation of stress components:
Actually above discussions can be generalized in the form of following proposition.

Let there be two planes passing through the one and the same point: the projection of stress,
acting on the first plane on the normal to the second plane is equal to the
projection of stress, acting on the second plane on the normal to the first plane .

It should be possible to express the components of the stress at any point with respect to a given
system of axes in terms of those referred to another orthogonal system of axes.

Let 17' be the normal to plane 1. Its direction cosines are -::}:',,5', y'. Then F, be the stress vector

acting on plane 1, its components are,
A, = chlf'+Xy S+Xy
¥,= }’x&'+}”yﬁ'+}’;}*' (2.16)
Z,=Z,0+Z,B4Z,¥

Let ;7 be the normal to plane 2. Its direction cosines are g, & ¥ . Then the projections of

components of #, on normal |,i+ are:

m = X a'+ ¥, 8"+Z ¥"
= (X, a+x, g+X e HY, a4, 84, Ve HE e 2, gz v

(2.17)
:an,la,ll_l_};yﬁﬁll_l_zx:yl})ll_l_xy{ﬁla,ll_i_a)ﬁll]_i_};x{ﬁll})l_l_ﬁy||}+gx{a,|yll+a)l})|}

The above expression is quite symmetric with respectto ', 8.3 and & , 8.3 so that the two
planes can be interchanged without altering the expression, but that proves the proposition.
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Transformation of stress components (contd...)

Let's now consider transition of stress components from one coordinate system X.¥.Z to a new
coordinate system x',y' ,zl. Let the direction cosines of the new system w.r.t the old one is

Lets say, XY, Z,.,X,.F,, Z, represent the stress components in the new system, while,
Xx,}’y ,Zx,Xy,If’x,Zx represent those in the old system. Then following previous discussions,
X, = (E:]X sothat @ =a'=4, & = 8'=m and ¥ ="'z
Then from 2.17,
X=X, +mY, 02+ 2ml X, + 2mnl, + 2012, (2.18a)

Similarly, we obtain other equations,

X' = WX, +mpm ¥, +np, 2, + ey + ol )X, +

(2.18b)
{”2”’31 + 2y ey }Yx + |["3:4-’?1 + 2, ]Zx
If we add the three equations 2.18a and use the following relations,
P 2 il bl et =t 4 nd nl =1
1 ey T 1 2 3 1 2 3 (2.19)

Lemy Hiomy thmy = may tengiy ey =al gyl T, =0
we obtain the following:
X'x.+}’y. +Z. =4, +}’y +2Z,

That is, the expression & = 17, +Ir’y + £ is invariant with respect to transformation of coordinates,

i.e. the sum of normal stress components acting on three mutually perpendicular planes do not
depend upon the orientation of the planes.

Consider again 2.17, if {,#:,2 are the direction cosines of the normal 1., then the equation yields
following expression for the normal stress,

N=PX, +m'Y, +n'Z +2miX, +2mnl, +2niZ, (2.20)

Now consider a vector ﬁ which is of length 2 and has end points as the origin of the coordinate
system and the point & i, ¢ ; then using,
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equation 2.20 yields,

NP = 82X, +y'Y, + 72, + 28yl +2u¥, + 2852, (2.21)

in which jr has a physical meaning, so can not depend on the particular choice of axes and the
quantity =2 does not depend on the choice of coordinates. Consequently, the quadratic

NE® = 2{3[5, L, é’] is an invariant of transformation of coordinates. Then, let us put Afp? — 4.2,
where .2 is an arbitrary constant and it has the dimension of a force. It has the same direction as
that of pF i.e. for a tensile stress it is positive and for a compressive stress it is negative.
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Transformation of stress components (contd...)
Let one end of the vector ﬁ — aq‘ be at the origin O of the coordinate system, then the other end
H{é, W, .;'] of the vector & will lie on the surface 2{3{5,% .;'}: +-% ie.
2 2 2
EX, Y+ L A28 Y, + 208, =t (2.22)
Surface 2.22 is a quadratic with the center at the origin; it is called a stress surface.

A direction with the property that only a normal stress acts on the plane normal to it is called a
principal direction of stress or a principal axis of stress. Corresponding stress is called the principal
stress.

If | select the coordinate axes along the three principal axes of stress, then its equation is known to
have the form:

EEN +E N, + N, = 1

N, N, N, are the values of the quantities .Y, ,}’J,,Ex for the new coordinate axes. These values
are obtained by solving the following equation:

X.-¥N X, X

k4

Y, Y -N % |=-N +0N' +AN+EB=0 (2.23)

where @ =X, +¥,+Z,, A=V'+Z;+X,-1,Z,-ZI.X, -X}7,
andB= B=X VI +2VZ X, -VE - X -XF]

Since A, A, A, do not depend on the choice of the coordinate system, the coefficients 3, A, 5 do

not depend on it, i.e. these quantities are invariant w.r.t. the transformation of orthogonal rectilinear
system of axes.

If the quadric in equation 2.23 are referred to as principal axes, then the tangential tractions across
the coordinate planes become zero. There are three such systems of orthogonal planes which are
called principal plane of stress and the normal tractions are called the principal stresses.
Hence in order to completely specify the stresses at any point in a body we need to know the
principle stresses and their directions.
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