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Module 3 : Equilibrium of rods and plates
Lecture 14 : Bending of a rod under concentrated load

The Lecture Contains:

B Bending of a rod under concentrated load

B Bending of a rod under concentrated vertical load

B Euler buckling instability

This lecture is adopted from the following book

1. “Theory of Elasticity, 3 rd edition” by Landau and Lifshitz. Course of Theoretical
Physics, vol-7
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Module 3 : Equilibrium of rods and plates
Lecture 14 : Bending of a rod under concentrated load

Bending of a rod under concentrated load
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At the free end of the rod it is not acted upon by any reaction force. Say at any cross-section at a
length f, from wall, the reaction force is ¥, then from force balance,

FF=R=F => ﬁ:[j (14.1)
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P_r:—Fé: and—E:—Fa

From equation 13.1, KJJ = F . Then from, Af = EEEXE+ECQ§ we have the following:
&L

— ,- -
For a circular rod Qg =1, so that %: EJEXE = B d_rxﬂ .
dl dl dl  dl’
But from equation 13.3, aM _ I7 % ¢, So that
e -
18T AT T T AT (14.2)
di  dI’ dr

Now from the following expression of the tangent to any point on the rod and its derivatives,
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xd—r:—ng(sin E'é'_x—cosﬁé:):Fsm .:E?g_xxe: (14.3b)

?,.
From equation 14.3a and b, we derive,

2
EI% _ Fsin 8 (14.4)
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Putting . = L% and & = ——, we finally obtain,
FLg

dg 1

Equation 8.36 is solved with the boundary conditions:

1

aty =0, g=g/2 andat " =, g=g, and d8/dn =0 (14.6)

Integrating equation 14.5 and using b.c. 14.6,

o :iﬁﬂ;’cos & —cosd (14.7)
dn x

Integrating the above expression we obtain the following integral, known as the elliptic integral

2 x/d fig
i I (14.8)
Ko o Jros8—cosd

and, ,5!{;:.1} is obtained in terms of elliptic functions.

The shape of the rod is finally obtained in terms of dimensionless lengths as:

N, = ISiIlﬂcf?}‘, 7, =Icos§.:1‘;:a
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Module 3 : Equilibrium of rods and plates

Lecture 14 : Bending of a rod under concentrated load

Bending of a rod under concentrated vertical load

STTT7ITTT X

At any cross section, the internal stress is constant and is equal to E: —F%. Similar to earlier

examples, the expression of the tangent to the rod at any location and its derivatives can be written in
terms of the angle &,

- dr — —
z:d—gzsmﬂex+cosﬂey
d’r — —d'e . — —y a8y’
— =lcos8e, —sin Be , |—— —[pin P, +cosfe, | —
CfLE [: ¥ J")dirlﬂ ( ¥ L dﬁ]
T3 _ _ _ _ gt _ _ 2
d—rxd—::(sm Hex+cosﬂey)>< (cosﬂex—sm Eey)d f—(sin Be, +oosfe, o (14.9a,b)
dl db dl dl
48— —
Fx 2 = _Fa xfin 82, +cos 82, )= Fein 6

From equation (14.9)a and b,
2 2
—Efg=Fsm5‘0r Efg+Fsin5=D (14.10)
dl dl

Boundary conditions are:

At L=0: 8=0, L:L,Jza:auandgzu (14.11)

Solution of equation 14.10:
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Multiplying both left and write hand side of equation 14.10

2.:539 48 2F 48

L mat o ji[ﬁ] it

058y =10
dLl | di EI dL

Integrating,

(14.12)
g8
Using boundary condition f, = Lﬂ d= .5' and — =11, we have,
—Ecosﬂn+czﬂ iczgcosﬂu
B B

From equation 14.12 we have,

[d5:| 2 {cosé‘—cosé‘ )

Ef
EF

(14.13)
= L=

cos E—EOSE}

Then, for small g, we have

(14.14)
Foy T
2

The above expression yields a critical force for buckling of the rod under vertical load
Bl
F, — (14.15)
45
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Module 3 : Equilibrium of rods and plates

Lecture 14 : Bending of a rod under concentrated load

Euler buckling instability

Bending of a rod with both ends constrained to be in the same straight line:

F

X

The force balance equation for the above situation can be written as,

2
E —EEOSS'FC =1 (1416)
dL HI
We can integrate this equation using boundary condition that at 7, = %; 8= g and % =1, which
yields ~ =11, leading to
gl oF
— | = —rogd (14.17)
dL H

Notice that equation 14.16 is the analog of oscillation of a suspended pendulum for which the
equation of motion can be written as

2
m%+{mg]sﬁ15=0

The critical load for buckling for the above problem can be obtained as,

I 4 B

. 72 (14.18)
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