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Module 3 : Equilibrium of rods and plates
Lecture 17 : Longitudinal deformation of plates

The Lecture Contains:

B Longitudinal deformation of plates

B Large deflection of plates

This lecture is adopted from the following book

1. “Theory of Elasticity, 3rd edition” by Landau and Lifshitz. Course of Theoretical
Physics, vol-7
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Module 3 : Equilibrium of rods and plates

Lecture 17 : Longitudinal deformation of plates

Longitudinal deformation of plates

Here we consider longitudinal deformations of plate subjected to either forces applied at the edges or
by body forces applied on its plane. These form a special class of problems in which the plate does
not undergo bending. Since the plate is sufficiently thin the deformations may be regarded as uniform
over its thickness, the strain is then only a function of the X, ¥ coordinates. The boundary conditions
on both the surfaces of the plate are &y = Tpz =Tz = 0. In fact these conditions should hold
even when surface forces are applied on the plate, because these forces are still smaller than the
internal longitudinal stresses. Hence we have,

ey =€y =0, ez = ('?r,c +eﬂ,) (17.1)

—&r

Substituting these expressions into those of the non-zero components of the strain tensor, we have,

E E
Ty = (e +Epp ). Tpp = 7 (pp +®yy), Ty = {1+J]é'1y (17.2)
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If = and £, oare the components of the external body forces applied per unit area of the plate, the

general equations of equilibrium are,

sl
Fz[%+ I:rm']+P =
&y

(17.3)

which when combined with equation 10.17 to result in the following equilibrium relation in terms of the
deformations in the plate.

2 2 2
Eh 1232“+ 1 a;‘+ L 9% lip —0
-t &l 2l+a)z? 2l-o)ody

; ) ; (17.4)
Eh 123§+ 1 a;’+ 1 LM+f::,,,=|::1
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Problem 3
Determine the deformation of a cylinder rotating uniformly about its axis.

AR

5T a0 :>{)1+2,H}i 194ru) + o0 r=0 (17.5)

b arhr A

Boundary condition: ¢r, =10 for = &
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Lecture 17 : Longitudinal deformation of plates

Large deflection of plates

The theory described in the above two sections are applicable only for small deflections in which " <} .
Here we will derive relations for large deflection of the plate, so that ¢ = /. It should be mentioned here
that # must still be small with respect to the lateral dimension of the plate, /7 <«}. While for small
bending of the plate, { goes from positive to negative, so there is a neutral surface inside the plate, for
large deflection, however, bending is also accompanied by stretching, so that there is no such existence of
a neutral surface within the plate. Hence, the total energy of the plate in this case includes the pure
bending energy and also the energy due to the stretching. In the last two sections we have already
considered the two situations of pure bending and pure stretching of the plate; here we will use these
results for deriving the equilibrium relations for large deflection of a bent plate. For us, the plate is very
thin, a two dimensional surface, and its struction across its thickness is not important. Let i, ¥ be the in
plane displacements along the x and ¥ directions respectively and ¢ is the transverse displacement due

to its bending. Then an element of length 4l = 'Il;.;xz +dy2 I is transformed into an element of length "
whose square is given by e _ (cx +du] + (ay +.:1"v]2 +.:f.§,'2' Substituting in this expression,

i, :%dx+%dy dv—ﬁdx+ﬁdy and &&= Ii'r.:f +%dy yields following expression for p2
o ay ox 5, ox y

2 () + 2 ()’ +[%]2 (d)’ +%}2 (@) +

ait =gt 4| X ¥ O
B By a8
o (ane) + S ana) + S 2 ke a76)
a 8¢ 1 S v acec
R e Ew (Ex] (dx)? +2 5%@] (@) +2(§+§+§EJ( x edv)
= di? + 22, (dx)? + 26, (dy)? + 22,5 () (17.7)

Here we have neglected other quadratic terms in derivatives of displacements 1 and . The same can not
be done for { as there is no corresponding first order term. These expressions for the components of
strain tensor can now be used in equation (10.17) for finding the expressions for the components of
stresses. The corresponding expression for stretching energy is estimated from the following integration

1 . .
an'err:h:'ng :Igﬂggaﬁgmﬁdf( i, §=1x,p) over the area of the plate while the bending energy (

Fbendfng) is obtained from the equation (10.5).

The total free energy of the plate wundergoing large deformation is obtained as,

FPI - F.S‘f.?‘é‘ﬁc.;zmg +Fbend:’ng
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The condition of minimum energy requires that 55';;.3 + &7 =0, where 77 is the potential energy of

the external forces and AL7 =—_|'P5.§,'.:£f. After some algebraic manipulation, the details of which will

not be discussed here, following equations are obtained for finding the displacements 1, v and ¢ :

ol pl X, a§+}f %2 Y, ‘5'+1r’ % p (17.8)
Ax ax T Sy x Ty
ax, iy
3 — L4 L % =
* ay (17.9)
ar.
dr  av
We can introduce the stress function
2 2 2
5} A 5}
Xx:—z:r, }’}1 =—I, Xyz——l)
e B Sy
and simplify equation (10.13a) as,
2 2 2 2 2 2
Dﬁzé._kaga?rafag_za Ia.;': (17.10)
Ay Axt At Ay oxcy Sxdy

Let us write the strain components in terms of stresses:

Xy —aty Y, — (1+ )X
= ——t =t T o TS
o I woT g T g

In which we can substitute the expressions for the strains from equation 17.6
2
1(acy 18ty a8y
+-|=| == -ag—=
2hay)  Elax?r  af

&
&y
p 2 2
%Jrl[%] _ljetx_ 0% (17.11)
dr 2\ Ox E ayz Ay d
S
&
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O E

+
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+

Deriving the three equations of 10.26 by & /av*, 5°/ax* and — 3° /ax@y respectively, we obtain,

A RE R
ayz gx 24 ok Ea},z @,2 A

(17.12)
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x| Bx Pxdy| B Gxiy|oxiy
By adding these three, we obtain,
airais (aic ’
Ayt E - =0 (17.13)

Equations 17.10 and 17.13 represent the complete system of equations for solving problems of large
deflections of thin plate. These nonlinear set of equations are called Foppl-von Karman
equations. These are not amenable for solving analytically except in some one dimensional cases,
so that one needs to use numerical or semi-analytical techniques to handle them.
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