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Module 4 : Nonlinear elasticity

Lecture 27 : Theory of incremental stresses (Contd...)

The Lecture Contains

B Theory of Incremental Stresses (Contd...)

1. "Mechanics of Incremental Deformations” by M.A. Biot.
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We now establish the equations of equilibrium in incremental stress field.

L J

Figure 27.1

In the X, ¥ plane we consider a body outlined by a contour C. The initial stress on the body are
311,322 =31:4' If X and Y are the components of body force per unit of mass and if p is the density of
the medium before deformation, the initial stress components will satisfy the equilibrium relations,
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A point P of the material originally of coordinates x,» moves to a point P' of coordinates £ 1 after
deformation. We denote by E:nx,by the x and y components of the force E acting at a point P' of the

boundary per unit area after deformation. This force is acting on the solid inside the contour C'.
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Figure 27.2

Then we can think of equilibrium of a triangular element adjacent to the boundary as shown the
figure,

b ds's Oudy — Ordé 072
byds'=aydy—a_dé

Considering that other external force acting on the body are the body forces, we can write the
equilibrium relation

[b.ds+ [ [ (& m)e'ds'=0

[o,d5+] _l-ll"l[é,?;a]p'dSE 0

el

(27.3)

Notice that here “z'” denotes the length of the contour and “ 5'" denotes the area of the surface
area. Substituting the expression in equation 13.9 in 13.10 and the using following expressions for

d& and dn

e e
cfé = [1+E]dx+§dy

2 ~ (27.4)
dn=—dx+|14+— |dv
(5 e
We obtain the following expression for the first integral in equation 27.3:
(27.5)
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Following the law of conservation of mass, we can write ©'dS"= @dS = odxdy . We then convert
the line integral to surface integral using Green’s theorem to obtain the following expression:

af—f, &) —au) 8{—a —f,
!j{a{% [1+§} -a,, EJ —5[% =% (1+E]de+f[§,?}‘]p}dxdy= 0

o —(. ) —au) a(—av —f, &
!I{E{J‘“ [1+§J— a,, E}@[J‘*’" "% (1+§Ddx+ }’{é,?}‘}p}cx’xdy— 0

Since the integrand in the above equation should be zero, we obtain the following stress equilibrium

(27.6)

equation

3o, Ba,. _ _ _ _
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When we substitute the expressions for g, , ¢, and g, from equation 26.7 in 27.7, we obtain the
expressions which are in terms of the initial stresses and the incremental stresses:

& a 5 & 5 the hy
a—;l"' %_ Ea {Slzm}+§[{311 - Sn}m]*'a(gn 5_ 51 5}‘
2 the e
g[ 115_312 3 ]+,G[X{§,?g]—X[x J’]]: 0
. (27.8)
& & a e i
§+§+2§(312m)+§[(311 Sn)m]"'a(gug_ 22 5]
& the s
5[312 a_gn a)"‘ﬁ’[}’(é n)-Ylx F]]:D
Writing the incremental body forces as,
AX = x(&,n)- X{(x,»)
AY =¥(&7)-Ylxy) (27.9)
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