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Module 6: Navier-Stokes Equation
Lecture 17: Tubular laminar flow and Hagen-Poiseuille equation

B Steady-state, laminar flow through a horizontal circular pipe
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Module 6: Navier-Stokes Equation
Lecture 17: Tubular laminar flow and Hagen-Poiseuille equation

Steady-state, laminar flow through a horizontal circular pipe
r

i
P, - b _______ rf F@ .-;r - - - é_ - -p,
bz

(Fig. 17a)

Assumptions: p = constant; 55: % (.) = 0; 2D flow: V; = O (no swirling, circulation)

- oV () =7
We are interested in solving
V, (xr)=7
Continuity: A.V = 0
ov, 1 2
—+ ——(rVr)=0
gX r 51"[ )

Fully developed flow : (V, = V_(x))
Therefore, r v, = C
But v, = O atr = R (No- slip condition)
v, = 0 everywhere.

So, the problem is reduced to solving v, ().
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Module 6: Navier-Stokes Equation

Lecture 17: Tubular laminar flow and Hagen-Poiseuille equation

NS (X-direction):

(BV av, Eﬁ.-') dp o9 (= ﬂHua( BVK)
il P
at | *ax |t ar ax = Pex ar\" ar
From the formulation of the problem 15t, 2nd and 3" terms on the LHS are zero.
_ wd f dvy
0= + r dr ( dr )
r- ap .
0=———pgsinf
direction: ar P8
O- 1 ép
0=—-_—— pgcost
direction: S TE

Note: p =p (x1,8)
Re-look at last two equations.

d g . . .
. a—p and 5_[:' depend on gravity. There is no viscous effects
r a

ad . _—
. a—p depends on viscous forces only. There are no gravitational effects.
X

Therefore, define non-gravitational pressure, so that
p(x) = p(xr,8) + pgrsin®
or p(x,1,8) = p(x) — persin®
Check: this definition of p(x) or p(x,r,8) satisfies the above momentum-balance equation.
Therefore, B_p = d_p
dx dX
Substitute,

integrate twice to obtain

Vi =
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Module 6: Navier-Stokes Equation

Lecture 17: Tubular laminar flow and Hagen-Poiseuille equation

Apply BC1: r, = 0: % = () (symmetric BC)
r
r=ER, V., = 0 (No slip BC)

V()= 5 (1) = Vo (1)

2u
where, V. = — PR’ = APRY AP =P, — P,
'Y max 4“ 4“]-_. r 1 2
Note that velocity profile is parabolic in the tube.

Calculate,
Q = volumetric flow rate

=VaR = [ Ve(r)2Frdr

You should be able to show that

Viax = 2 v
v APR?* (P, —P,)R?
Or, ? — _max _ = ( 1 ‘:]
SuL Sul
Re-arrange,

Ap  8uV _ BuQ  32uV
L R* ®R* D?
This equation to calculate pressure-drop in a horizontal pipe of Length L and inside-diameter D, for a
viscous incompressible fluid flowing under steady-state fully developed laminar condition, is known
as Hagen-Poiseuille equation
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