NPTEL- Aerospace

Module 2: Governing Equations and Hypersonic Relations
Lecture -2: Mass Conservation Equation

2.1 The Differential Equation for mass conservation:

Let consider an infinitely small elemental control volume having dimensions
dx,dy,dz in X Y ,Z directions respectively.
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Fig 2.1 Schematic of the elemental control volume with mass flux
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The flow through each side of the element is approximately one dimensional hence
the approximate mass conservation relation is used here

I(Z—/todv +Z(piAVi)out _Z(piAVi)in =0 (2.1)

The element is so small hence we can assume that density is uniform within the small
elemental volume and thus the volume integral can be reduced as,

[ P gy =P dxdydz
ot ot

cv
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The mass flow terms occur on all six faces which leads to following flux values.

Face Mass Flux Face Mass flux
Y-Z plane pudydz Plane parallel to Y-Z 0
passing through plane and separated Lou +&('D u)dx]aydz
origin by dx
X-Z plane pvdxdz Plane parallel to X-Z 0
passing through plane and separated Lo V+§(p V)dy]axdz
origin by dy
X-Y plane pwdxdy Plane parallel to X-Y 0
passing through plane and separated Lo W+&(p w)dz]dxdy
origin by dz

Introducing these terms in into equation (2.1) we get,

op 0 0 0
—— dxdydz + — (pu)dxdydz + — (pv)dxdydz + — (pow)dxdydz =0
o Xy +8x('0) y +8y(p) y +az('0) y

op 0 0 0
at+a (pU)+ (pV)+ (pW) 0 (2.2)

This is the desired equation of conservation of mass for an infinitesimal control
volume. This is also called continuity equation. As we know the vector gradient
operator as,

V=il 30,2
x oy &

Hence the continuity equation can be written in a comparable form:
0 0 0 = 7
—(pu)+—(pv)+—(pw) =V.(pV
aX(/o ) 6y(/o ) az(p )=V.(pV)
We can write in the compact form as:
op =, .
—+V.(pV)=0 (2.3)
ot
We can as well derive the integral form of the mass conservation equations as

%ﬁ:fpdu+ﬁpv.ds:0 (2.4)

This equation is obtained from the Gauss theorem and is valid for non-moving control
volume.
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Lecture -3: Linear Momentum Conservation Equation

3.1 The acceleration field of a fluid

The cartesian vector form of velocity field that varies in space and time is
V(r,t) =iu(x, y,z,t) + V(X ¥, z,t) + kw(x, v, z,t)

To write Newton’s second law for an infinitesimal fluid system, we need to calculate
the acceleration vector field (&) of the flow which can be given as,

_dV  ~du .dv ~dw
d=—-=1—+]—+k—

dt dt dt dt

Since each scalar component (u,v,w) is a function of four variables (x,yz,t) ,then we
can use the chain rule to obtain each scalar time derivative.

du(x,y,zt) _ou oudx oudy oudz
dt ot oxdt oydt oz dt

du ou ou du ou

— =—+U—+V—+W—

dt ot ox oy oz

du_ou

dt ot

a VN NN W N VW
dt ot OX oy oz ot

+(V.V)u

oV . : :
The term EIS called the local acceleration. The other terms are collectively called

the convective acceleration, which arises when the particle moves through regions of
spatially varying velocity.
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3.1 The Differential equation of linear momentum

Let consider an infinitely small elemental control volume having dimensions
dx,dy,dz in X ,Y ,Z directions respectively. Schematic of such as

¥
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Fig. 3.1. Schematic of the elemental control volume

prdydz

Considering the control volume as shown in Fig. 3.2 for momentum equation we get

ZIE :g(jvpdV)+Z(miv;)out _Z(mi\Z)in (3'1)

Here V is the volume of the elemental control volume.

As the control volume is considered to be so small the integral is reduced to a
derivative

%quﬂzgwmwwm (3.2)

z lf - (\7,0)dXdde + Z (miv;)out - Z (mi\Z)in

R >
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The momentum fluxes at all six faces are

Face Mass Flux Face Mass flux
Y-Z plane puVdydz Plane parallel to Y- - 0 ;
passing Z plane and LouV +&(p uV)dx]dydz
through origin separated by dx
X-Z p.Iane PUVdxdz Plane parallel to X- LW + a (oW )dyldxdz
passing Z plane and oy
through origin separated by dy
X-Y plane pwWVdxdy Plane parallel to X- + 0 -
passing Y plane and LowV +E(pWV)dZ]dXdy
through origin separated by dz

Using the the inlet momentum flux and outlet momentum flux in the above equation
we get

= 0 .7 0 = 0 - 0 -

F=[— +—(puV)+—(pvV)+—(pwV )]dxdydz 3.3
> [at(Vp) aX(p ) 6y(/o ) 82(p )]dxdy 3.3)
Simplification of the right hand side of Eq. 3.3 gives:

.. 0, = 0, o 0 ) S N N N N
— +—(puV)+—(pWV)+—(pWV)] =V[—+V.(pV)]+ p(—+U—+V—+W—
[at(Vp) 8X('0 ) ay(p ) az(p )] [at (V)] p(at x 'y az)

However we know that,

N N N N dV
—+U—F+V—+W—=—
ot OX oy oz dt

Hence we get,
2 7 )42 (o) 42 (o) 2 (oY V224 T (4 8V
[6t(\/p)+6x(puv)+ay(pvv)+az(pwV)] V[at+V-(pV)]+p ™ 3.4)

The first term in above equation is zero due to continuity equation. Hence the
momentum equation (Eq. 3.1) reduces to

SE- p(jj—\t/dxdydz (3.5)
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Equation 3.5 points out that the summation of all the forces acting on the elemental
control volume leads to change in momentum of the element. However, these forces
are of two types viz. body forces and surface forces. Examples of body forces are
gravity and magnetic forces. The only body force we shall be considering in the
gravity for demonstration. The gravity force acting on the differential mass pdxdydz

within the control volume is

—

dF,., = pgdxdydz

grav

Body forces acting on the elements are pressure force and shear stress. The total stress
tensor is,

—pt+7, Z-yx T
oy =| Ty -p+r, T, (3.6)
Ty z-yz —-pt7,

The subscript notation for this stress tensor can be given as in Fig. 3.3,
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Fig: 3.2 Notation for stresses in relation with the control volume
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Lecture -4: Linear Momentum Conservation Equation

4.1 The Differential equation of linear momentum (Continues)

The surface forces acting on the elemental control volume are shown in Fig. 4.1
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Fig. 4.1 Surface force representation for a control volume.

The net surface force in the X direction is given by:

P
dF, . =[0%x . %, 0% qqyavas
’ oy 0z

OX

Which necessarily is,

X

dF op 0
Tt Tt x T A Y
dv  ox  ox oy ™ oz

Where dV = dxdydz
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In the same way we can derive the Y and Z components of surface forces for the
control volume

dF
&H_» 90 +ir +i T, (4.3)
dv oy T oy ¥ oz ¥
E = ap 6 +£z‘ ,+—71, (4.4)
dv oz 8x oy 7 ez

So the net surface force per unit volume is
dF dF
il =-Vp+(—). 4.5
(d v)surf p (d v)wscous ( )

The surface force is thus the sum of pressure gradient vector and the divergence of
viscous stress tensor.

Where the viscous force per unit volume is

dF ~ 0 0 0 - 0 0 0 0
(W)viscous :I(&Txx-i_gryx_'_@_rzx)_kj(_ +——7 + )+k(_ _Tyz+afzz)
(4.6)

dF
=) =V.Z. 4.7
(dv)wscous le ( )
Where

The above term is the viscous stress tensor acting on the element

But we know that the Net force =Gravity force +Surface force

Z F ngrav d surf (48)

The momentum equation 3.5 can be written as,

p(jj—\: dxdydz = pgdxdydz +[-Vp + (S—F ]dxdydz 4.9

)viscous

dv B,
pE—pg Vp+ V.7, (4.10)
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dv v o oV oV
Where —=—+Uu—+V—+wW—
dt ot OX oy 0z

The vector form of the momentum equation (4.10) can be obtained for its scalars as,

op or, Ot Ot ou ou _ou ou
pY, ——+—=+ +—2=p(—+U—+V—+W—)
ox ox oy oz ot oXx oy 0z
op O0r,, Or, 01, N OV v oV
pY, ——+ + + =p(—+U—+V—+W—
oy Ox oy 0z ot ox oy 0z
op or, Or, Or oW OW OW oW
pY, ——+—+ +—2=p(—+U—+V—+W—)

oz ox oy oz ot OX oy 0z

4.2 Consideration of momentum equation

Inviscid flow has no consideration of viscosity. Momentum equation for such flow is
called as Euler equation. Hence the momentum equation or Euler equation is,

The general momentum equation represented by Eq. 4.10 is called as Navier-Stokes
equation where viscous nature of the flow is explicitly considered. The shear stress
terms of that equation can be evaluated for a Newtonian fluid where the viscous stress
is assumed to be proportional to the element strain rates and the proportionality
coefficient as viscosity. This assumption leads to viscous stresses as,

ou ov ow
TXX ILl 8X Tyy /’l ay TZZ ﬂ az
LA PV
ou ow
= = _ + —_—
TXZ X ILI( 62 a )
OV ow
Z-yz sz :u(a_ + ay )
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By using the above relations in the Eg. (4.10) for its components, we get

op o’'u d*u d%u
——+ul 2 T e T2
OX ox- oy° oz

ou ou ou ou
)=p(—+U—+V—+W—)
ot ox oy 0z

PYx

op o’v ov o o N v 0oV
-— )=p(—+U—+V—+W—)

+ U+ —+—
Py M a TP e Yy e

op o*'w  o*w  o*w OW OwW Ow ow
pgz__+ﬂ( 2 + 2+ 2):,0(_+u_+v_+w_)
oz ox* oy° oz ot OX oy 0z

These are the in compressible flow Navier-Stokes equation

For the same control volume, the integral form of the momentum equation can be
derived for the x-directional velocity as,

q._’ﬂ')—a(aptu) do+ @(PV.dS)U = —q.j\;‘séa—zdl) + ﬁpl:b,xdu + I:viscous,x

Y
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Lecture -5: Energy Conservation Equation

5.1 The Differential equation of energy conservation

Consider the schematic of the control volume as shown in Fig. 5.1 for derivation of
differential form of the energy equation.

]

pudydz \,

Fig.5.1 Schematic of the elemental control volume
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[ou + 9 (,ou)dx]dydz
OX

— X

o
N

We can write the energy conservation equation for this fixed control volume as

Q—Ws—Wv Zg[iepdV]+l(e+£Jp(\7 . ﬁ)dA

)
(5.1)

Where
Q = Rate of head added to the control volume

W s =0, Rate of shaft work done. It is zero in general for the hypersonic applications.

Wy =Rate of viscous work done

So the energy equation can be written as :

O-Wy =E(pe)+§(pu§)+%(pv§)+a_i(pwg)} dxdydz

(5.2)
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Where §=e+£
o

We can simplify the above equation using the mass conservation equation which leads

to following as the energy equation.

. oW, :(p%mvm pvv]dxdydz (5.3)

To evaluate Q we neglect radiation and consider only heat conduction through the
sides of the element. The heat flow by conduction follows Fourier’s law:

e (q=-kVT
Where k = coefficient of thermal conductivity of the fluid.

The details of heat fluxes from the surface of the element can be derived using the
demonstration shown in Fig.5.2

/o EETEE TSRS E TS 71
e R
// dX // :
_ kaT I"/ """"""" 1/ : +8qx dx
T —————» | ! o
| : |
1 : 1
: dy :
! | ] > W, +—=dXx
! ’
W, _p: : 7 X
l_ ______________ JI// dZ

Fig 5.2: Control volume with the x-directional heat flux

Where

g, = Heat flow per unit area

w, = viscous work per unit area

w, = —(UTxx +VT, +WTXZ)

: aq, 94, oq =
So Q=—-| = +—L+—2 |dxdydz = —V.gdxdydz 5.4
Q [ x oy j y gdxdy (5.4)
=— LA +—=% |dxdydz = -V.(kVT ) dxdydz 55
Q [ oy e | (kVT ) dxdy (5.5)
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The neat viscous work rate

: ow
W, = o, +—L+ ow, dxdydz
ox oy oz

W, = {&(UTW +Vr, + wrxz)Jri(wyx +vr, +WTVZ)+%(UTZX +Vr, +WTZZ) dxdydz (5.6)

W, =-V.(V .z, ) dxdydz

(5.7)
By using equation (5.6) and (5.7) we can rewrite equation (5.5) as:
Q-W, = (p%+\7.Vp + pV.\7j dxdydz
_ ~ ~ de - -
V.(kVT ) dxdydz + V.(V T )dxdydz = [pa +V.Vp+ pvVV j dxdydz
?.(k?T ) + ?.(\7.1.. ) = (p% +V.Vp+ pV.\7j
! dt (5.8)

Where
e=0 +%V 20z
U =internal energy

We can as well derive the energy equation in the integral form for the same control
volume as

ﬁaf;HHV;Hdwﬁgv{p[eﬂ;Mdu-ﬂijqpdu+§z_£':fv.(PV)du—{:.!':jp(Fb.V)du—Qw SSSSS W, =0 (5.9)

v
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Lecture -6: Species Conservation Equation

6.1. Species continuity equation

Apart from the mass, momentum and energy conservation equations, species
continuity or conservation equation is an important equation for hypersonic flowfield
with dissociated gas or ionized gases. Presence of strong bow shock ahead of the body
dissociates or even ionizes the air. This dissociated air or mixture of gases or ions
flow over the object of interest. Hence, conservation of mass for each component of
the mixture should be accounted. Typical species continuity equation given by Eq. 6.1
is similar to the mass conservation equation. Hence procedure to derive this equation

would same as that of the mass conservation equation.

o(pm) + d(pum) + d(pvm;) + o(pwm, ) " o(pY;) + a(p Vi) + o(pw,)
ot OX oy 0z OX oy 0z

adpm) &
A LT v .
ot P

Here m;V; is the diffusive mass flux of species ‘i’ due to concentration gradient of the

same in the mixture with velocity ‘V;’.

Same equation can be written in integral form as well for the elemental control

volume in the flowfield as

%cﬁ:ﬁpmidv + gﬁf),omﬁ.dSﬂ + 4j'>,omi\7i dS=0

%ﬂjﬁpmidv + <ﬁ>pmi\7.d§ + <ﬁ>pmi\7i ds = <ﬂ:_f>v‘vidv (6.2)

Here, subscript ‘i’ is for a particular specie and m; is the mass fraction of the a specie

given by m; = pi/p;
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This term represents the mass fraction of a particular species in the given control
volume. Therefore, first term on left hand side of Eq. 6.2, represents rate of change of
mass of a particular species in the control volume. The balance for this mass for the
control volume is represented by rest of the terms on left hand side and term on right
hand side. Second term on left hand side provides the balance through convection by
the virtue of gross fluid motion while third term provides the balance through
diffusion of mass due to concentration gradient of that particular species. The term on
right hand side provides the reason of either generation or consumption of the species
due to chemical reaction in the given control volume. In the absence of chemical
reaction or for non reacting mixture of gases, the species continuity equation can be

expressed as,
0 o .
aﬂ;&/’midV + {_,Bpmiv asS + (j}ﬁpmivi dS=0

In the present analysis it is assumed that the effect of pressure and temperature on
mass diffusion flux velocities (u;, vi) is small. Hence these fluxes are neglected. Only
the effect of concentration gradient is considered on the mass diffusion fluxes.
Diffusion fluxes are calculated by Fick’s law, which gives the mechanism of mass
diffusion in microscopic point of view. This law correlates mass diffusion flux with

concentration gradient as

om.,
pl i 10 12|: ax:|

om
ivi =~ D12 —
PV 1% { Py }

where D1, is binary diffusion coefficient of species one and two and u; and v; are the
diffusion velocities in x and y directions, respectively. The binary diffusion

coefficient is function of molecular diameters and temperature.
The above set of governing equations involves two diffusion parameters, which are

viscosity and binary diffusion coefficient. In case of single specie, viscosity as the

function of temperature can be calculated by Sutherland’s formula as,
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1+S
:T3/2
# {T+S}

where S is the Sutherland’s constant, which depends upon the fluid. In case of

multiple species, viscosity can be calculated by Wilke’s mixture rule, as

X
;UZZ HiNi

in(ﬁu

where ¢j; is collision integral, X; are mole fractions and p; are species viscosities. The

calculation of mixture viscosity needs the viscosity of individual specie. We can find

various ways to calculate viscosity of specie using Sutherland’s formula.
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