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Angular Momentum, Spherical Harmonics, Wigner Eckart Theorem
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1. (a) Prove that % is the generator of infinitesimal translation.

L . e . .
(b) Prove that - is the generator of infinitesimal rotation.

(c) Write the commutation relations for the generators of infinitesimal translations.

(d) Write the commutation relations for the generators of infinitesimal rotations.

(e) Show that the angular momentum vector operator L commutes with the potential energy operator
for a central field.

(f) Show that:

i. J,J,-J3.J,=hJ,
ii. JJ,-J,J =hd_
iii. J,J —-JJ =2n,
iv. J21-11°=0
V. J2-32+nd, =33,
(e) Generate the matrix representation for J%,J_, J,andJ,

() =+ ) §=1 (i) j=>

2. (a) What quantities are conserved in the classical Kepler two body problem?
(b) What are the corresponding symmetries?

(c) What are the physical dimensions of Laplace- Runge-lenz vector A ?

(d) What is the direction of the vector A?
(e) Write down the properties of SO (4) group.
(f) Show that the group generated by L; (i, j =1,2,3,4) constitutes an SO (4) group.

3. (a) Obtain the matrix representation of the rotation operator U, (5¢X)Which brings about a rotation
of an arbitrary function f (x,y,z) about the x axis through the infinitesimal angle (54, ).

(b) Using the relationU, (g, )| 7., jm) Z|7/ jim’)Dy.). (#) , obtain the new state function by the

rotation of the p, orbital about the x axis through the two angles (i) 60" and (ii) 90" . Of course,
you should carry out the sum in the above expression explicitly.

(c) Finally, ensure that the rotated function is normalized.
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4. Lety be the angle between two directions defined by spherical angles 8, and @', ¢". Prove that

|
ZY " ) where nand n"are unit vectors and Y, (n) denotes the spherical

harmonic functlon of the polar and azimuthal angle of the direction of n relative to a fixed coordinate
system. This result is known as the Addition Theorem of Spherical harmonics.

5. (a) Prove that for a C.G. Coefficient to be non zero, m must bem, + m,.
(b) Prove that j is restricted to therange j, — J, < J < j, + J,.
(c) Also, prove that J, — , < j< J, + J,-
(d) Obtain the condition| j, — j,| < j < j, + j,.
(e) Prove that the C.G. coefficients satisfy the condition
@) D Chudomim, | b Jm) (i domum, |y 3, i 'm’) = 6,6

mm,
(i) D (dudmum, |y do Jm) (G domumy | i i 'm) = 60 S
mm,
[Remarks: These relations are known as Clebsh-Gordan Orthogonality relations]

6. Obtain the recursion relations for the Clebsch-Gordan coefficients

(@) \/(j+m)(j—m+1)<mlm2| jm+1>:\/(jl—nh)(jl+r’r11+l)<n11+1,m2| jm)+
\/(jz —m,)(J, +m, +1) (m, m, +1] jm)

(b) \j(j—m)(j+m+1)<mlm2| jm+1>:\j(j1+ml)(jl—ml+l)<ml—1,m2| jm)+
\/( jz +m2)(j2 —-m, +1) <m1’m2 _1| Jm>

(¢) Prove that \2j (s, i = Ji| i, J) = /2] (-1 i - k[, i-1)+

\/(j2+j_j1)(j2_j+j1+1)<111 - 1|JJ 1>

(d) From the condition /2 (j,, j— i, =1/ §, =0 = J(J, = i+ b +1) (o + = &) (o S = 0] §'3),
Determine (j,, j— J,—1]j, j—1),if (j,, j— | ., i) is known.

(e) Prove that

A |

(') <JlE’
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7. (&) Generate the C.G. Coefficients table correspondingto j, =land j, ==
(b) Show that:

i) |@12-1)= \/_[|101 1)+[1-1,10) |
(i)  |(11)2,-2)=[1-11-1)

. . . j1 jz j3 <mlm2| Jm>
¢) The 3j symbol is defined as = - . Show that
(c) J SY [”‘1 m, _mj (_1)JrJz+m( 2 +1)

: j2 jl js _(_1\hthtls jl jz j3
Ol A}
(”)( jz jl J j J1+Jz+13[ J
-m, —-m_-m m m, m
1
2

(iii) (_jj é ;j_(“ +1)(jZJ +1)J

(d) Prove that

(l) (21+1) z ( jl j2 J J( jl j2 j' J 5” 5mm

m, ,m, ml m2 -m ml m2 —-m

(ii)Z(21+1)(rf§1 : ’j( Eok ’j=6m'5mzmz'

m, -m){m, m', -m

8. The Clebsh-Gordan coefficients are related to the Wigner 3j-symbols by the following relation:

(mym, | jm) = (-1)" 1421—+[ bk jj

m m -m

The explicit form of the Wigner 3j-symbols is given by eq (106.4) [page 436] of Ref.2. Use the
formulae to write a numerical algorithm to evaluate the Wigner 3j-symbols and Clebsh-Gordan
coefficients.

9. Using the Wigner-Eckart Theorem (cf. Ref. 4):
(N"Gme [T [ Njm) AkTs, o (N (T NG)
@) |Ail=]i-j]=e
() AmM=m'-m=pu<ow
(c) Establish the dipole selection rules Aj =+1,0. For circularly polarized radiation about z-axis,

w1 =+1=Am. For radiation polarized along the quantization axis, x#=0=Am
(d) Prove that the transition in which j goes from 0 to 0 is forbidden even if Aj =



(e) Show that dipole transition can take place only between states of opposite parity (Laporte rule).

10. (a) A sodium atom having its outer electron excited to a state with n=3andl =1 is placed in a

weak magnetic field. Spectral line A is the result of transition from ‘1%%—%> to 0%%%> and
. . . 13 3 11 1 .
line B is the result of the transition from 1’5'5’_5 to O’E’E’_E wherin the coupled states are

designated as|L.S,J, M ). Find the ratio of the intensity of line A to that of line B using Wigner-
Eckart theorem and the table of CG coefficients.

(b) A sodium atom having its outer electron excited to a state with n=3and| =1 is placed in a weak

magnetic field. Spectral line A is the result of transition from ‘1%§§> to ‘O,E,i,l> and line B is

2 2 2 22

the result of the transition from 1£§—1 to 011—1 wherin the coupled states are

22 2 22 2
designated as| LS,J, MJ> . Find the ratio of the intensity of line A to that of line B using Wigner-
Eckart theorem and the table of CG coefficients.

11. (a) Prove that for an operator to be a scalar it must commute with all components of the total
angular momentum operator J.

(b) If  is a scalar operator then prove that(®,;, | x| @, ) = 43,5 jj'6mm’, where A is the
eigen value of y.

12. Consider spherical component of a vector operator given by
1 . 1 .
1 1 1
Vi =——=(V +1V, ).V =V, VY =E(vx ~iv, )

2

If the vector operator is the total angular momentum J itself then show that:

1 . . . .
1 ‘mHa')'||Jd
\/mﬁ mq”J m><a J H q“a1>
) (a'j'|I|ej)={i(i+D)ns,,5jj'
(c) Prove that for any vector operator V(' j'm'|V |a jm) =C(a" j'm'|J | jm), where C is
independent of mand m'

@ (a"j'm'|J,|ajm)=

(ajm|V.J|a jm)

(d) By setting j'=j and «'=« prove that the constant C is given by C =-——— >
i(i+1)n

(e) Prove that j( j+1)7° (ajm'|V|ajm)=(ajm|V.J|ajm){ajm’'|J|ajm)
(f) Prove that j( j+1)7°(ajm'|V |a jm)=(ajm’|(V.J)J |ajm).
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