Assignment - 2
Differential Calculus in Several Variables March 21, 2016
1. Let U CR*” and f : U — R™ Write f = (f1,f2, ", fm)
where f; : U — R. Prove that f is differentiable at X, € int U if
and only if each f; is differentiable at Xy. Express Jf(Xj) in terms of
Vfi(Xo), i=1,2,--- ,m.

2. Let f, g be differentiable functions from R™ to R™. Assume that
f is differentiable at Xy, f(Xo) = 0 and ¢ is continuous at X,. Let
h(z) = g(X) - f(X). Prove that h is differentiable at Xy and compute
its derivative.

3. Let f(xz,y) = (sinzcosy,sinxsiny,coszcosy). Compute the
Jacobian.

4. Prove that given a point X, € R" there is no real valued function
on R” such that D,f(X,) > 0 for every direction v € R". Give an
example such that D, f(Xy) > 0 for a fixed direction u and any point
Xo.

5. Let f be real-valued function differentiable at X, € R"™ and
IVf(Xo)|l # 0. Show that there is one and only one vector Y, such
that [Dfx,(Yo)| = [[Vf(Xo)| # 0.

6. Compute V f(z,y) at those points in R? where it exists.
2?2 log(z? +y?) if  (x,9) # (0,0
(2 f(x,y>={ @y) 1 @) 20,0

0 otherwise
. 1 .
xysin - if (x,y) # (0,0)
b JY) = oty )
(b) flw.y) { 0 otherwise

7. Given f : R? — R define F(r,0) = f(rcosf,rsinf). Compute
first and second order partial derivatives of F' in terms of those of f.
Verify that ||V f(rcos6,rsinf)|? = [3E(r,0)]2 + 525 (r,0)]2.
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8. Assume f : R?> — R be a differentiable at each point of R2. Let
g1, g2 are defined from R? to R by

a(z,y,2) =2+ + 22, golz,y,2) =z +y+2

Let g : R = R?, g(z,y,2) = (9,y,2),92(x,y,2)) and h = fog.

Show that
VA = 4G g + 40N s+ 3L

9. Let U C R™ be an open set and f : U — R satisfies f(AX) =
Af(X) forevery X € U, every A € R and some p > 0 such that AX € U.
If f is differentiable at X, € U show that XV f(X,) = pf(X).

10. Let f: R — R? be defined by f(t) = (cost,sint). Show that the
mean value formula f(y) — f(z) = f'(2)(y — =) does not hold.

11. Show that any open connected set in R™ is polygonally connected;
meaning, if U C R" is open connected and X,Y € U then there exists
Zo = X,Zy,Zy, -+ Z = Y such that X and Y can be connected by
lines starting from Zy to Z; then Z; to Zs so on and finally Z,_; to
L.





