Module 2 : Signals in Frequency Domain
Problem Set 2

Problem 1

Let x(f) be a periodic signal with fundamental period T and Fourier series coefficients ay - Derive the Fourier series coefficients of each of

the following signals in terms of a, :

@ x(t-5) +x(e+y)
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@ 720
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(e) x(3 -1y [ for this part , first determine the period of (3 —13]

Solution 1
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Hence the Fourier series coefficients of Eﬂe{x(f)}are given by
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Hence the Fourier series coefficients of @ () are given by
dr?

) x(?,f_l) = Z ﬂke‘jkw”ﬁr_l)

k=—no

[oa]
_ ket - gk
= Z akej Dol 5

=—tm
= Z ake_ik"ﬂﬂ efkﬁﬂ-“ﬂ:'f I€))
c=-o

Since x(f)has fundamental period T , I(3f _1) has fundamental period E Therefore, from (1) the Fourier coefficients of JC(3E _ 1)
3
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Problem 2

Suppose we are given the following information about a signal x(t) :

1. XiE)

2. x(t) is periodic with period T = 6 and has Fourier coefficients ay .

is a real signal .

3. ®*=0fork=0and k >2 .
xig) - —xiE-3)

17 2 1
(lxtef dz ==
6_J;|x( Iée=3

oy . .
6. lis a positive real number .

= +
Show that x(f.) AEOS(B'C le , and determine the values of the constants A, B, and C .



Solution 2

+

Since x(£) is a real signal, . = a* . But from the given hypothesis, o, = r for k > 2. This implies that a. =
P Y-k -k

for k > 2.

Also, it is given that an = () - Therefore the only non-zero Fourier coefficients are 511 D d . = '91* az and g . = az .
-1 Sy

It is also given that al is a positive real number. Therefore ¢4 ) — "3'1 . Thus we have,

I im A dar
e s
x(t) = ale’ +e T |+ae’ +ae T
4 4
B 2 ot v it
= 2aycos| —t|+ae ’ ta,e
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= 2a,cos Et +a,e 7 +ta,e 7
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Since j?ﬁr and —3’4%1* are both periodic with period 3, we have

e e

x(1 —3)=—2q, cos {%I]+a2gj T +a, e_’f T

But, by given hypothesis we have I(f) - —I(f _ 3) , which implies that

2| ae

Therefore we have,

x(1) = 2a cos [EIJ

Finally, it is given that

15 2, 1
g_L|x(,f)|a1r_E
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61 3 2
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Therefore, I(f) = CO% [Ef] and the constants A =1, B = %and cC=0.
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Problem 3

Consider the signal

FRNIESES
% (8) ={

0, elswhers

Determine the Fourier transform of each of the signals shown in figure below . You should be able to do this by explicitly evaluating only

the transform of %, (.f} and then using properties of the Fourier transform.

o T %
-1 0 1 ;
(a)
xpt+1)  Xs( Xt
-1 0 1 t
(c)
Solution 3
1 _ 1 _ 1 - i) !
P — jaut - —+ _—jat = =11 Jar +. =
00 th(.t)e i ,;I;,Q R ,;I;Q i a1,
~ é,—i.i‘i?-'+1:| -1
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@ x(2) = x(2) + xy(—2)
o L ptg gl
A= Ay G+ 00D —m+ 1) o1

X, (t) X,
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0 1t
(d)
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Problem 4

fey +
A causal stable LTI system S has the frequency response [ { jw) = jo+4

- +5jm
= Determine a differential equation relating the input x(t) and output y(t) of S .

= Determine the impulse response h(t) of S.
= What is the output of S when the input is x(f) = ety () —fa Wy, (17

Solution 4

Jot+d  Yljw)
- +5jm  X{jar)

Hja) =

(@ Y(jo)6 - +5jm) = X{jo)jo+4)

d* d d
Ey(E) + o () + 5 y(f) =  x(2) +dxit
(£} dﬁg.}?() dﬁ)’() dﬁx(j xiz)
®  Hiey-—2tt 4 5

2+ jo)(B+jo) (2+jw) (3 jm)
Multiply both sides by (2 + jﬂJ}l
and set = 2j to get A =2

4
multiply both sides by (3 Jﬂ_‘.l:] and set = 3j to get B= -1

21
(2+ ja)  (3+ jo)

Hija) =

Re) = FH{HGa)) = (227~ ui)



Jm+d 1 1

© @) = H{ja) X (jo) = -
PUa) = HUDK o) = (o)

@A+ )3+ 1

A

+

B

2t G A o) @+ ia)A+m) (24 )

multiply both sides by (2 + JEJ) and set = 2j to get A=1/2

multiply both sides by (4 + jﬂJ}l and set = -4j to get B= -1/2

o 1}2 B ],."2
e e G

y(£) = F UV (Gan) = (0.5 - 0.5 ()

Problem 5

The output y(t) of a causal LTI system is related to the input x(t) by the equation

P 1109 = [ x0)26 - 1ds - x(0
el -

where zisy = o7yt + 38720,
« Find the frequency response H(_jﬂj) = YUEJHXUEJ) of this system.

= Determine the impulse response of the system.

Solution 5

P 10y} = ]‘x(r)z(z —r)dr — x(t)

-

@ ¥ jo)(10+ jag) = X{ jeo) (Z(jai) — 1)

Z( jm) = 1 +3=4+3Jﬂ_}|
1+jﬂ3 1+Jr|r_]|_]
Yl _Z(a)-1_ 342w

H(ja)

ACja) 10+ jo (10+ jan(l+ ja)

3+2jw A B

0 Hijw) - -
(10+jan)(1+ ja)  (10+ jag) (14 i)

Multiply both sides by (1[] +jﬂ_,) and set = 10j to get A =17/9

Multiply both sides by {1+ jar) and set = j to get B= 1/9

172 . 13

HUD = s jm) Trom)

r(e) = PHja)) - (ge-”’ . %e")um

(4+ jai)



Problem 6

Consider the signal x(t) in the figure.

(a) Find the Fourier transform XI:JEJ) of xli.f)'

(b) Sketch the signal
E(t)=x(t)> 3 F(e—4k)
k=-m

(c) Find another signal g (z) such that g I:f-) is not the same as x[;)and

[eal

F(e)=gle)* 2 S(t—4k)

=—ao

f"rk]:}{( -Ek]for all integers k. You should not
2

(d) Argue that, although G(jﬂ_,)is different from X[jm) G(j— =

explicitly evaluate G[jm:] to answer this question.

x(r)
1
! 0 1
t
Solution 6
(a) Consider the signal y[ﬁ) shown below.
1
-A A
7it)
Fig. ()

Now consider convolution of y[i) with itself. Let the resultant signal be = I:r)

. 2(t) = ()= 1)



= [ o(e) (- k) dk

Now, consider ¥ I:k) and ¥ I:f —}:) .

») 1
A k A
Fig (b)
X(j ?Jé'_ﬂm mer and m=in
t-A k t+A
Fig (c)

So,when s 4 c—4  =i«<-24-

= [f) — () as there is no overlap between y(k) and J":f — ,;:) .

When _d=¢4+ 44  =-24=f<0-
r+4

Then. z(g)= [ y(k)y(t-k)dk-
ZA

Here, y[kaland }’(3—;5)21'



r+.d

So. z(t)= J'mk-

=[(] =t+24-

When ;_ 4 4 =iw24

Then, there is no overlap between ¥ (;:) and ¥ [z _;:) .

So, the signal z(t) is

zt)
2ZA
2A 0 ZA
t
Fig. (d)
Now compare 2(3) with the given signal xlii:l' Here x(f)is
x(t)
1
- 0 1
t

Fig. (e)

By comparing, we get 4 _— 1 .

2

So, x[ﬁ)can be thought of as a signal which is a convolution of the signal v[:.ﬁ) with itself, where Vlii:l is



0.5

Fig. (f)

This implies x[.ﬁ) - v[.ﬁ) *v[.ﬁ) .

By Convolution Theorem, the Fourier Transform of x(f) is square of the Fourier Transform of v(;) i.e

Now, consider v(;) . Its Fourier Transform ITfrI:jﬂJ) is

()= | v(e)e s

10 (jm)]= 2(108[¥ (jer)])



Now, consider a signal , where
gnal . (2}

Ve (B)=x(t)*S(t - 4k)

yk[rj=_fx[ij5[r—i—4k)di
= [ x(4)8((r-4k)-1)d

Yo (t) = x (£ - 4k)as ix[i)c‘?(r—i)dizx[r)-

So, ¥, (5) is the shifted version of xli.f) by 4k along the t axis which is shown as

Y lt)

4k-1 4k 4k+1

Fig. (9)

Nows (2] = > »alt)

br=—uo



(c) Any signal which is the shifted version of xl:.t) by 4k on the t axis can be taken as g I:f-) , which satisfies z [5) = gl:a‘.) P Z 5[3 _4;:)

because by the last part we can say that when we convolve z (f) with Z 5(5 _4;{.) , it will result in ;{(r) .

In this case, g[ﬁ) — x[.ﬁ—-’-lﬁ:)’ where ;. - .

(d) By part () ,

glz)=x(t—4n)" where , - 7.

— G(ja;r): }f’(;m)e_jm”



Problem 7

Consider an LTI system whose response to the input

x(t)= [e"r + 2'311{ ()
yit)= [2€—r - 28_4f:|i',£ ()

(a) Find the frequency response of this system.

is
(b) Determine the system's impulse response.

Solution 7

(a) Given:
x(t)= [e"r + e'Ef]u ()
yit)= [Ze_r - 28"”]1',4: ()

The Fourier transform of g_afu (f) [where a=>0] is !

a+ o

So Fourier transform of x(t) is

1 1

X jm)= +
I:jﬂj) 1+jm 24 jm

Similarly, the Fourier transform of output y[t] is

_ 2 z
1+ 4+ jm

F{ja)
Let the frequency response of the given LTI system be g7 I:jﬂj) .

So, by the convolution theorem,

= 3(0)=5(0)h ()

=>Vijo)=X(jo)H{jo)

_ 2 2 {IJFIJH(J’&’)

1+ja:v_4+ja)_ 1+ /o 3+ jo
By solving this, we get

H(jo)- 3[ 3+ jo }

(4 + jm)(Z + jcu)

. 3 3
o) - 2(4+j'w)+ 2(2+ jo)

(b) By taking Inverse Fourier Transform of f(jm) , we get

h(r)= %(e_4r+e_2r Ju2)



Problem 8

Determine the Fourier series representations for the following signals:

(1) Each I(f) illustrated in the figures (a) - ()

All)

v

A AANT

1 t
(b}
x()
7 B & 4 = = A 7 3§ 4 5 & 7 #@ 8§ 1
xif)
A T
-3 . 1 3 5 o
-4 -2 2 4 B t

(d)



4
—|-.5~5*4. {123

-7 -3 -2 -1 4
-1
(e)
(1)
—|_ 2
1
5 4 3 2 - 1 2 3 4
®

) x(f) periodic with period 2 and x(t) = g tfor —1<8<1

) x(r) periodic with period 4 and

Solution 8

€Y
(@) Itis periodic with period 2. So, consider segment between ; = [_1 1].
Let

.X(f) — Z Ckej'ErrF:fIT

I=—m

be the Fourier expansion, where:



Ck:%l) (e 2T gt
[

But, x(r) =t in [_1,1]

=C, =% | e a

¥
1 e"j”hl 1| e 1
B E{I—jﬁk L _§|:(—jﬂ'k)2 L
D+
B i Fric

Substituting in x(t)

x(r) — Z Cke_j:!rr.iif.f'f

I=—oo

(b) It is periodic with period 6. So, consider segment between = [-33]

The function in this interval is:

x(f) =0 —3=f=-2
=f+2 —2=t=-1
=1 —1=<t=1
=—f+2 1=£=2
= 2=1<3

Let

x(1) = Z C e
Pl

be the Fourier expansion, where:

C, :% [ x>

(T
=C, =é l )t =112
(I
For k_f_ﬁﬂ,

17 i
Ck = E:[x(r)e JIRIO g

-1 1 a
=, = %l [(e+2)a ™ ar+ [ e ar+ [ 2- z)e_jmﬁdz:|

-2 -1 1



1| 18 Tk 6 .
EL:EE:E {Cos[frkﬂj— Cos(2mk 3]~ ?Sm[ﬂ'kﬁj}+ Esm[:ﬂ'kﬂj}

3
Tk

[Co.sr (7k /3) - Cos (27k IB)J

Substituting in x(t)

x(r): Z Ckgjzrr.i:f.f'f

k=—o

(c) Itis periodic with period 3, so take the segment j = [_2 1]

The function in the interval is:

X)) =t+2 —2=t=0
=2-2 0=t=1
Let
x(t): Z Ckejzrrif.l"r
F=—o0

be the Fourier expansion, where:

C, :% I (e gt

(7

1
=, = %Lx(zja?z =3
For =0

1] 1
C, - %{j (t+2)e %t + [ (2 Zr)e””"mdr}
]

i
-2

JAzki3
Gy S —
3| 7k Arik? 27k 2722

— J 9 _ LA kel 3
= 2,?Ik+ Py (3 2e +el )

Substituting in x(t)

x(t): Z Ckejzrrif.l"r

k=—m



(d) Itis periodic with period 2. So take segment f .= |:__1 E:|

#H)=8(E)-28(¢-1)

Let

x(H= i C, 1T
f=—co

be the Fourier expansion, where:

1 .
C — I szr.i:‘f.l"rai
T _[ x(t)e

(7

—C, = 3 T (8()-28(-1))dt

-1r2

For 0

32
C, =% | (8()-25¢-1)) 72"

-1i2

C1-2e7
2

Substituting in x(t)

.X(f) — Z ckejﬁrrkﬂ'}"

k=—w

(e) Itis periodic with period 6. So, take the segment # = [_3 3]

Here X(f) will be

= 1 -221-1
=-1 1 =¢<2

=0 glsewhere in[ -3, 3]

i

e

Let

x(t)= i 0, 2T

K

be the Fourier expansion, where:

C, :% [ »e =T

(7



3

:>Cu=%jx(z)dz=o
==

For F=0
1 _, 2 _ 7]
C;zg Iéﬂmm£+j@lkﬂhm%ﬁ
2 1

1| 6(Cos(mk /13— Cos(2mk (3))
6 — 7Tk

= é (Cbs(:rrk f3) —Clog (E;frif f3))

Substituting in x(t)

x(r): Z Ckgjgrr.i:f.f'f

k=—um

(f) Itis periodic with period 3. So, take the segment fe [U, 3]
Here x(ﬁ) will be

xgy=2 O=t=
=1
=0 2t =3

Let

x(f) — k;:mckeﬂxhﬂ'

be the Fourier expansion, where:

1 .
C - I szr.i:‘f.l"rai
T I x(t)e

(7

— e j x(t)dt
3“’3

1
=—x3=1

3
Fork¢0

1 1
Cr= % [2e7 e + | e-fhmdz}
0 1

— Jr (2—3'4352‘."3 +3§|—j23.51."3 _1)
25T

Substituting in x(t)



x(r) — Z Ckejzrrhﬂ"

r=—on

&)
Let

o
— JimitiT
()= Ce
==t
be the Fourier expansion, where:

Ck — l I .X(I)e_jzﬁhr'rfﬂ
T(T:l

Given T:2
= =lj.é'_!cﬁ=l|[é—é'_lj
2l 2
For k#ﬂ
1¢ -
_ =+ _—jm
Cj:—all-lé' = d.f
1
1 e
:_IE f _jrr.i:fdf_
25

I+jnk - e—l—jrr.::

2(1+ juk)

e

Substituting in x(t)

X(I) — Z Ckejzrr.HJ'T

k=—cn

)
Let

x(r): Z Cke_;fbﬁd'ﬂ'
Jr=—wo
be the Fourier expansion, where:
C 1 -2k
o= | a@e dt
T(T.‘J
Given T=4-

1

jCD=E

2
[ Sin(me)de =0
a

For R’ =0



2
Ck = %!Sﬁn (7t) ey

— ii (e}ﬂ e )e—j:‘rhfz
8j 7

1 Ejrrl[E—k]l -1 E—jrrl[2+k]l -1

=— +
87| jm(1-k/2) jm(l+k/2)

e (Y
w2l -4 a2k -4)

Substituting in x(t)

.X(f) — Z Ckejzrr.i:;!.fi"

k=—um

Problem 9

A continuous-time periodic signal x(ﬁ) is real valued and has a fundamental period T=8 . The NON ZERO Fourier series coefficients for
x(f)are specified as

@l=a-1= ] ds=d ;=2

Express x(2) in the form

x)= iﬂk cos{wt+gh)
k=0

Solution 9
x(E) = Z akeﬁmmr
|-
Given that the non zero coefficients are:
A R 4522. a_5=2
== x[:lf) = zl:éj'zrrl:j:ﬂ‘.'? +E_ngi5rm)+j(éj.zmtljtm _I_é‘—j'ﬂ:rl:l:ﬂ‘.'?)
=dcos(Oatl 44+ M+ 2cos(mil4—x/2)

W, =2rkf8=xk/4

Comparing with



x(6) =2 A cos(wt+4h)
k=0)
We get the non-zero coefficients as:
A=2 d=-mi2
A=4. =0



Problem 10

In this problem, we provide examples of the effects of nonlinear changes in phase
{a) Consider the continuous time LTI systemn with frequency response
- jw
Hijw) =
a

where a=0.
jw
what 12 the magnitude of H(je) 7 What 12 <tH(jo) 7 What 15 the impulse responsze of this system ¥
(b) Determine the output of the system of part (a) with a=1 when the inputis

'CosL +Cost+ Cos\f_t
NZ]
Roughly sketch both the input and the output

Solution 10 :

_adjw
@ He)= 2

[Hige)| =

ajw

\_.
e_

_ Jeie]
o+ 3o

2 2
a tw

f 2 2
a tw

Azatsreal and = 0=> Argla-jo) = tan (w/la)

==

{similaly Argiato)= tan o fa)
< H(jw) =

Ztan (w fa)
(5 Hiw)= "‘;Z
() = cos(L

-N'E)+ cost+cosv"3_t

Taking Fourter Transtorm of z(t)

Hfjo) = {5(0)— J§)+ Bl +

ﬁ)+5(w+1)+5(w—1)+5(w—\5)+ a(w+@)}

Cutput response will be the convolution of  =(t) with hit)

Yjw) = X(je). Hijo)

() = %{S(w —%) + 8w + %

J)+§(w+1)+§(w—l)+§(w—yf_)+S(cu+\f_)} acjos
J_aj -V',_a_]

Fljn) = =4 (e + B(w Blw + 1
- {( P e Pt

"

+

R e I)a‘ﬂw( T
a +J at «J,__]

Taking the Fourier transform Inverse of T(jo0) we get wit)

a-iv/3



it . it . . . . .
¥ = 1 e \Ea-_] +e F ﬁa—i—_] +et a—+,J+ et a—-J_ +ehR _a-ﬁj +g —aﬂﬁ
2 -\E at ﬁa—j a-i at] a+J§ i a—j«ﬁ

LR P T SRR L T Y a1 11 - I
y(t) ~LleBe e R +e v'gelhEm L et 2@ | it TR | iRt e +eift M D
2
yit) = %{cos(% - Ztm_l(a}g)) +coslt - 2tan_1(§)) +cos(3 t — 2tan” (?))}

The mnput =) andthe output v(t) are shown below (for a=1): -

Problem 11 :

Consider an LTI system whose response to the input

20 =(et + e ult)

it =(2et - 2e* e

(a) Find the frequency response of this system.

(b) Determine the system's impulse response.

Solution 11 :

(a) Given
(0= [gt + ™ Juit)
gl =[2e* - 2e™* it

The Fourier of e™u(t) [where a=0] ic

aHjo
Zo Fourier tranform of =(t) is
Xy = —— + ——
1+ 3w
Like this the founer transform of output v(t) 15
Tijw) = —2 - —2_
THw  dHw

Let the frequency response of the given L3T system 15 H{jw)
2o by the Convelution Theorem -
as ¥yt = =) *hit)
== Tljw) = K(jw) Hijw)

==

Hjes)

2 2 1 + 1
I+ dHjw 1+ jw 3Hw
By solving this we get: -

Hfjw) = 3 &
(4 + 1) (2 + o)
3 + 3
204+w) 2024w
(b1 By taking inverse founier transform of H(jw), we get:-

Hjow) =

hit) = %(e_“ + e i)



Problem 12 :
Consider the signal x(t) in figure below :

{a) Find the Founer transform 3{jo0) of =z(t).
(b} Sketch the signal

B0 = x(t) * ia(mk)
Jeo

() Find another signal g(t) such that git) 15 not the same as x(t) and

@

) =gt = alt-4k)

—_0

{d) Argue that, although G{jw) is different from {jo), GQK—;)=X(J%) for all integers k. Tou should not explicitly evaluate G{jw) to answer this question.

x(t)

- 0 1

Solution 12 :

(a) Consider the signal y (t) shown below :-

it

Now consider the convolution of y (t) with itself . Let the resultant figure be z (t)

z(g) = y(0) ¥ xl2)

[ st -

Now consider y (k) and y (t-Kk) :



vik} 1

Sowhen tH+A=-A ==t 24,

=t =0 as there 15 no overlap between w{l) and v(t-k).

When AL t+A<h =»2A £t <0 then
i,
zh = lYﬂi)Y(t-k) dk
here (k)= 1 and ¥it-lo=1, s=o
i

)= [1dk
Sh

= [k = t+24

—i

When -4 {t-4 LA =>0 <+t £ 24 then
&
=) = Iy(k) (i) die
th
herewiki= 1 and witk)= 1

s
=z = [1dk =[], =24-t
A

yit - k)

When t-4 > & == t =24 then thereis no overlap between y(k) and y{t-k). 2o,

zity= 0.
o the signal z(t) 13:-

z(t)
2A

-2A 2A

Now compare z (t) with the given signal x (t) .

Here x (t) is :




%(t)

2

By comparing, we get

A= 1/2
So x(t) can be thought of a signal , which is the convolution of signal v(t) with itself where v(t) is :

=

-0.5 o 05
t

== z(t) = w(t) *vit)
By Convolution Theorem, the founer transform of =(t) 13 square of the fourier transform of w(t), 1.&.

H(iw) = [V() |
Mow constder wit)
o its Founer transform V(jw) 15 -

w

Vijw) = Iv(t} et

So X = [Vie]

Sin? (2
o) = 4 —
ol
(b3 £ = 2(t) * iﬁ(t -4k
. —"

Mow consider a signal v, (1) where
¥y () = x(1) * 3t - 4k
() = }x(?\) Bt - h Al dx
= }x(?\) AUt -4k - 2 dh

-
w

v B = xt-4K) as [20) 8(t-2) A\ = x(t)

-m

S0 w, (t) 1z the shifted version of =(t) by 4k along the t axis which iz shovwn as: -



Vi (t)

Now  #0= 35,0
b=
So #it) 13-

(c) Any signal which 13 the shifted version of =(t) by 4k on t axis can be taken as g(t) which satisfies

)= git) * iﬁ(t -4k
k=-m

because by the last part we can say that when we convolve git) with Z 8t -4k, it will result in Z(1). Zo,

b

in this case ;-

git) = =it - 4k) where ke Z

i By part (c)
g2it) = =it - 4n) where ne Z
= Gju) = X(jw) 1+

MNow putw = ?r_2k.

ke w -jx—k-tn
= S = He
'ﬁk jim x
:X(J?) e’ m e Zandm=kn

i e i
Gﬁ%)z XU?) ase?™T =1
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