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Wavelet Transform

|

* Decomposes signal into
two separate series

7 N\

* Single series to » Double series to
represent most represent refined
coarse version version

| |

e Scaling Function » Wavelet Function



Framework

* Gave us power to move up or down the
ladder

* We can now indeed zoom-in or zoom-
out of any part of the signal

* This makes the entire analysis ‘scalable’!

* Scalability stems out of multi-resolution
framework !
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Framework

1
fi(x)eV;, Scale oF

Normalization .
: __— Orthonormal basis
@” (21 x—k)}

f ()= a;,2"2¢(2' x—K)

a, :j f(x)2% (27 x—k)dx



Test Signal
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Vanishing moments
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Correlation
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How Fourier Works!!
COS(2’7Z'8ﬂ)

|
3

v[n] = 0.6sin(273n) + 0.8 cos(27z8n)




How Fourier Works!!
cos(278n) < Y[/n], cos(2z8n) >

. OOO4e-:003 /7 : , .
y[n] 0. 6S|n(27z3n) +0. 8003(27z8n)




Moments

* The moment of order m, of function f(x)
on (a,b) can be given as

b
I\/Im:jxmf(x)dx



Application

* Detecting hidden jump discontinuity
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Application

* Detecting hidden jump discontinuity
* Let’s integrate
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e Cusp jump at t=0.5
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Application

* Detecting hidden jump discontinuity

e Let’s integrate again

f(t) = j h(t)dt = -

* Appears smooth

3
t—,O£t<i
0 2
3 2
t_! +t—1,l£t<1
6 2 2 82
to eye



0.045

Application o=

0.025 -

* Detecting hidd |
* Let’s integrate oo

0.01

0.005 -

1]

| | | | |
0 100 200 300 400 a00 B0

3
t—,0£t<i
f@©=[hydt=1  ° 2
t t° t 11
-——+———,—<t<«1
6 2 2 82

* Appears smooth to eye



Application

* Detecting hidden jump discontinuity

0.5

0.4

0.3

02

0.1

0

-0.1

-0.2

03

0.4

-0.5

100

200

300

400

0.14

01

0.08

0.06

0.04

0.02

500

GO0

]

|
100

I
200

I
300

I
400

500

600

0.045

0.04

0.035

0.03

0.025

0.02

0.015

0.01

0.005

100

200

300

400

a00

GO0



Application

* Detecting hidden jump discontinuity
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Coefficients

* Who gives us coefficients of scaling
equation!?

* Haar r
I, 0<£zx< %

h(t) =9 -1, 3<z<1

L 0, otherwise

. I, 0<z<1
ﬂ(f){ |

0. otherwise
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In search of coefficients

* We can thinks of using three guiding
theorems !

e Theorem |I:

For the scaling equation ¢(x) = > h,v2¢(2x —k), with
k

non-vanishing coefficients {h }" , only for N <k <M,
Its ¢(x) 1s with a compact support contained in interval [N, M ]



In search of coefficients

* We can thinks of using three guiding
theorems !

e Theorem 2;

If the scaling function #(x) has compact support on
0<x<N-1landif, {#(x-k)} are linearly independent,
thenh =h(n)=0, forn<0and n> N -1.

Hence N is the length of the sequence.



In search of coefficients

* We can thinks of using three guiding
theorems !

* Theorem 3:
If the scaling coefficieents {h }
satisfy the condition for existence and
orthogonality of #(x), then

P(X) =" 9,v26(2x k)

where, g, = +(-1)"h,_,

and, Tgp(x-l)¢(x- K)dx =5, =0,1 =k



Properties of scaling coefficients

2. ) ho, = L
2k — \/§



Properties of scaling coefficients

4, Z ‘h-k‘g — 1

5. > hi—athie = 010

0. ZQfZ-A;_th-k—Qj = 0
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Lets derive PI 1. > /u= V2
o(t) = hvV20(2t — k)

[ owdt =3 chv2 [ oa)da

k

[ o(t)dt =1  Normalization !!
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Lets derive P5 5 D Tu—2hie = dig
= hV2¢(2t — k)
ke

change of the variable t in ¢(t) to z = 2771 — [,

Ot = 1) = Z hiV20(2(277 4 — 1) — k)

k=—oc

change in the index k& tom = k+21.

H(27 M —1) = Z BV 20(27t — 21 — m + 21)

m=—0o

— Z [ QJ\fo(z?f—m)

m=—0o



Lets derive P5 5 2 hw—ahu = dig

Cﬁ(QJ'_l]‘ — Z) = Z hm 21\/70(2’%_ N — m —|—2Z)
- Z / bm—21 \/5@-’5(2‘?;15 — -'m_,)

(Zj 1IL—Z Z hgl 25‘\/7(3(2“}?— )

M= —2C
do this we multiply both sides of the above equation by ¢(t), and

integrate from —oo to oo, allowing the exchange of the integration

/x OGNt = S he 2;/ Vo) (27t —k)dt

o k=—oc
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Lets derive P4 4. ) |lu]" =1

special case of [ = 0 gives the property 4
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Lets derive P3 3. 3 hopss = —
ets derive : Qk+1 — \/§

010 = Z 2hy_grhy =2 Z hisorhy

010 = 2 Z hog-+orhog + 2 Z hok+1+20oK+1

k=—00 k=—00

Y 0o=1=2Y Y [honsahor + hors142hop+1]

[=—0oc [=—oc k=—0¢



Lets derive P3 3. 3 hopss = —
ets derive : k1 — \/§

I = L hor| L hogyo1) + Z hok+1] L fgkey1+21]

k=—oc [=—00 h=—0C [=—nc

Z hogyor = Z hoy = Z hop = A

[=—00 [=—0oc [=—0oc

> >4 >
Y hogsogr = Y hoysi = Y hyt1 =B

[=—n0 [=—0o¢ [=—nc



Lets derive P3 3. 3 hopss = —
ets derive : k1 — \/§

1 = Z: hay, L hay + Z hog41 L hag 41

h=—0oc k=—00 f=—0x h=—oc

| = AA+ BB = |A]* + | B2



Lets derive P3 3. 3 hopss = —
ets derive : k1 — \/§

> k=2
k

\/5 = Z }?-;ﬁ = Z }?-2;;. + Z }?-Qk_+1 A+ B

h=—nc kh=—0x k=—oc

A+B=+2



Lets derive P3 3. ) hop =
| = AA+ BB = |A]” + |BP?

Sl

A+ B = \/§
R The intersection of A2 + B? = 1 and
B o tano _ 11
its tangent A + B = /2 at (\/_ 75)-
1 0.5

,_\ (1/2°:5,1/2°-9)
0.5
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Lets derive P3 3. 3 hopss = —
ets derive : k1 — \/§

1
A=B= 7
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Z hoptor = Z hoy = Z hop =
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Verification for Haar

h.[} — }?.1 — %, hk_ — () for £ 7& O_. 1_.
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Verification for Haar
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Verification for Haar

h.[} — }?.1 — %, hk_ — () for £ 7& O_. 1_.
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k=0,1



Verification for Haar

h.[} — }?.1 — % hk_ — () for £ 7& O_. 1_.
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Z 2hy_orhy, = 01,0



Verification for Haar

2kp_othy, = Q[hDE + h-lm]

2[1 1+1 1]_2[1+1]_1
V2V2 0 V2V T2 V2
Discrete

Orthonormality Z 2h—ahy = 010
k._



Not all function obey!

* Roof scaling function
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Not all function obey!

T, 0<zx<

. . plr) =
» Roof scaling function o {2:r. 1 <r<?

OO 2
/ o(r)o(r — 1)dr = /1 o(x)o(xr — 1)dr # 0
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1) How do we go about selecting the
mother wavelet and scale of analysis?

2) What is the procedure to calculate
scaling and wavelet coefficients?



Applications

* Detecting (hidden) jumps/discontinuities

» Suppressing polynomials towards de-
noising

* 2D applications: compression and pattern
recognition



Properties of Unitary Transform

* Energy compaction: only few transform
coefficients have large magnitude

> Such property is related to the decorrelating
role of unitary transform
* Energy conservation: unitary transform
preserves the 2-norm of input vectors
° Such property essentially comes from the fact

that rotating coordinates does not affect
Euclidean distance



Unitary Matrix and |D Unitary Transform

Definition conjugate

\_
A matrix A is called unitary if A1=A*T

transpose

When the transform matrix A is unitary, the defined
transform Is called unitary transform

Example

For a real matrix A, it is unitary if A-1=AT




Original cameraman image X Its DCT coefficients Y
(2451 significant coefficients, th=64)

Notice the excellent energy compaction property of DCT
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Notice the excellent energy compaction property of DCT



Thank You!
Questions ??



