COMPUTATIONAL FLUID DYNAMICS: Momentum Equation

Lecture 6

MOMENTUM EQUATION

6.1 MOMENTUM EQUATION: INTEGRAL FORM

Newton’s second law of motion states that the rate of change of linear momentum for a
material region (system) is equal to the sum of external forces acting on the system. For a
particle of mass dm, this law can written as

dF = %(Vdm), dm =pdQ (6.1)

Hence, for a finite material region, this law takes the form
d dapP
— | vpdQ=F or —=F 6.2
dti P dt ©2)

where P is the linear momentum of the system. The intensive property corresponding to P is
¢ = v . Hence, from Reynolds transport theorem for a fixed control volume

dPp 0
—= — dQ -dA 6.3
e alme s [ 9

Rate of change of Rate of efflux of momentum
momentum in the CV  across the control surface

Net force F on the control volume can be expressed as sum of the surface force, Fs (pressure,
viscous stress), and body force, Fg (gravity, electromagnetic, centrifugal, Coriolis etc.), i.e.

F=F, +F, (6.4)
The surface force Fsessentially represents microscopic momentum flux across a surface and
can be expressed as

F,=[t-dA (6.5)

where T is the stress tensor. Body force Fg can be expressed as

F, = j ob dQ (6.6)
Q

where b is body force per unit mass. Combining (6.2)-(6.6), the integral form of momentum
equation can be written as

gjpde+fpvv-dA= J"r-dA +Ipb dQ (6.7)
ot Q S S Q
Convective flux Diffusive flux

Note that since momentum is a vector quantity, its convective and diffusive fluxes are the
scalar products of second order tensors pvv and Tt with the surface vector dA.
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6.2 MOMENTUM EQUATION: DIFFERENTIAL FORM

For a fixed control volume, order of temporal differentiation and integration in Eq. (6.7) can
be interchanged. Transform the convective and diffusive terms using Gauss divergence
theorem, i.e.

%J‘pvdﬁzj%dQ, [ovv-dA=[V-(ov)dQ and [r-dA=[V-Td2  (68)
Q S Q S Q

Q

Substitution of Eq. (6.8) into Eq. (6.7) yields

J{%+V.(pvv)—v.r—pb}d9 =0 (6.9)

Q

Equation (6.9) holds for any control volume which is possible only if the integrand vanishes

everywhere, i.e.
%Jrv.(pvv)zv.rﬂob (6.10)
Equation (6.10) is referred as the conservative or strong conservation form of momentum

equation. It is also known as Cauchy equation of motion.

The integral form of momentum equation (6.7) or its differential form represented by
Eqg. (6.10) is applicable to an inertial control volume. Similar forms can be derived for
moving control volumes and non-inertial reference frames (Batchelor 1973, Panton 2005,
Kundu and Cohen 2008).

Further, using the identity
V-(pVV)Z[V-(pV):IV+pV-VV (6.11)

and chain rule of differentiation, we get

—a(aptV) +V.(pvv) {%OJFV-(/DV)}VW{%W'VV}

Using continuity equation (5.4), the first term on the RHS of the preceding equation vanishes.
Thus, Eq. (6.10) takes the following form:

p[%+v~Vv}=V.‘r+pb or p%:V:Hpb (6.12)

where the operator (D/Dt) denotes the material or particle derivative. Equation (6.12) is
referred to as the non-conservative form of the momentum equation.

Momentum Equation

Example 6.1
Derive the differential form of the momentum equation using an infinitesimal differential
control volume in Cartesian coordinates.

Solution
Let us consider flow of a fluid through an infinitesimal differential control volume of
dimensions dx, dy and dz. For the sake of clarity, Figure 6.2 depicts the flow through a three-
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dimensional control volume, and the forces acting on the surfaces of the control volume in x-
direction only. The resultant force in x-direction is

F, = pb, dxdydz + erx + %:deJ -7, } dydz

0
+ Hryx + %dyj - ryx}dxdz+ [(sz + %dzj - ryx}dxdy

0
= ,obx+aTXx + +arZX dxdydz
OX oy oz

Similarly, components of the resultant force in y- and z-directions are

0 0 0
Dy Ty | Oy dxdydz
oy oz

F, ={pby + P

0
074 + Oy +arZZ dxdydz
OX oy oz

F, =[pbZ +

v Veloeity
components

u

W

z
Figure 6.2 Forces acting on the faces of a differential control volume (only the x-components
are shown in the figure for clarity)
From Reynolds transport theorem,

dp [Rate of change of ] (Rate of efflux of momentum ]

dt | momentum in the CV across the control surface
Rate of change of the momentum in CV = Ap d);(:deV) = a(gt v) dxdydz

Rate of efflux of momentum in x-direction is given by
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Rate of t 0
o 0_ mom-en u.m =| pu +ﬂdx dydz[u +a—udxj—(pudydz)u
efflux in x-direction OX oX
0
+{pv+ﬂdy}dxdz(u ] (pvdx dz)[u—a—Udy]
oy oy 2 oy 2
0
+ pw+ﬂdz dxdy(u au dz) (pwdxdy)(u—a—ugj
oz oz 2 oz 2

=|:UM+,OU6—U+UM+IDV6—U+UM+IOW8 }dxdydz

ox x oy - a
_ d(puu) .\ o(puv) . o(puw) dxclydz
OX oy oz

Similarly, rate of momentum efflux in y- and z-directions are
Rate of momentum 0 0 0
) = (o) + (ow) + (o) dxdydz
efflux in y-direction OX oy oz

R
( ate of momentum J{a(puw) L olpw) | a(pww)}dxdydz
efflux in z-direction OX oy oz

From Newton’s second law, DP/Dt = F. The x-component of this equation is

0 0 0
DF, _ 2(pu) dxdydz + (puu)+ (puv)+ (puw) dxdydz
Dt ot oy oz
=| pb, + O + 0Ty + Oty dxdydz
L ox oy oz

which can be simplified to obtain the x-component of momentum equation. We can similarly
obtain y- and z-components of the momentum equation, and these equations are given by

0
opu) , 2pw)  (pw)  alpw) - o5, or, 0,
ot OX oy oz OX oy oz
o(pv) . o(puv) . a(pw) . o(pvw) _ b+ or,, .\ or,, . oz,
ot OX oy oz Yooox oy oz
a(PW) +a(pUW)+a(pVW)+6(pWW) Z,Obz +asz +aT)’Z +arzz
ot OX oy oz OX oy 0z

The preceding equations represent the conservation form of the momentum equation. Non-
conservation form can be obtained using alternative form of the Newton’s second law given

by
Dv
ma = (pdxdydz)—=F
a = (pdxdy )Dt

Thus,

8
ma, = (pdxdydz) 2 = F, =| pb, + 2% 4 O, 0% vty
Dt OX oy oz

Simplification of the preceding equation and similar equations for y and z-components leads
to the non-conservation form of momentum equation in Cartesian component form given by
the following set of scalar equations:
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Du or,, 0r, 0r,
p—=pb, + + +

Dt OX oy 0z

Dv or,, Or, Or,
p—= pby y y y

Dt ox oy oz

% _ asz aryl az-zz
Por Ty Ty e

Exercise 6.1: Derive the differential form of momentum equation in polar coordinates by
take an infinitesimal control volume in (a) cylindrical polar coordinates and (b) spherical
polar coordinates.
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