NPTEL — Mechanical Engineering — Continuum Mechanics

Module-4: Balance Laws
Lecture-26: The Linear Momentum Balance and
the Cauchy Stress Tensor

The concept of stress is central to the continuum mechanics. In this lecture, we show the
existence of stress tensor. We also derive the differential form of linear momentum balance
which is known as Cauchy’s equation of motion-I (first Cauchy’s equation of motion).

The Cauchy’s theorem and the stress tensor:

Let the traction field ¢(x,¢,n) be a continuous function of & at any instant of time ¢ for a
given unit vector n. Let the density p(x,t), acceleration a(x,t) and body force field per
unit mass b(x, t) be bounded for every x in % at any time t. Then the linear momentum
balance implies the existence of stress tensor 7 such that

t(x,t,n) = 1(x,t)n. (1)

Proof. Let {ey, es, e3} be a set of orthonormal basis to the 3-D Cartesian space. Consider
a tetrahedron shown in Fig. (1) with three faces lying on Cartesian coordinate planes pass
through O and an inclined plane pass through A, B and C. Let & be a position vector
of O. Let T',,, I'1, I's and I's be four bounding surfaces AABC, AOCB, AOAC AOBA,
respectively. Outward normals to the surfaces AABC, AOCB, AOAC and AOBA are
n, —ey, —ey and —eg, respectively.
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Figure 1: Tetrahedron used in Cauchy’s theorem

Let €2 and I" be domain and boundary of tetrahedron. Since I',,, I'y, I'; and I's are
boundary surface of tetrahedron, we have I' = I',, UT'; UTy UT'3. Let v(y,t) be a velocity
field where y € Z. Then using linear momentum balance, we get

jt/ﬂpvﬁQ:/QpbaQ—i—/Ft(y,t,n)aF.

Joint initiative of II'Ts and IISc — Funded by MHRD 1



NPTEL — Mechanical Engineering — Continuum Mechanics

Using the second transport theorem, we obtain

/p 090 — /pbaQ+/ (y,¢,m)dT.

Applying the surface integral to four faces of tetrahedron (see Fig. 1), we can write

/p(a— b) 00 = / (y,t, n)aF—i- (y,t n aF—l—/ (y,t,n) 0T + t(y,t,n)af‘.
Q

Let Ag be surface area of I'), (i.e., AABC') and h be the distance from O to I',,. Let ny,
no and n3 be components of normal n along e;, e; and es, respectively. Then the surface
area of I';, 'y and I's (i.e., area of AOCB, AOAC and AOBA) are given by nyAg, nsAg
and nsAg, respectively. If h is small then, using the mean value theorem!, we get

1
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Ash = (t(ZB*, t, n) + t(ﬂfﬁ:, t, €1>7’Lz) As

where x**

is centroid of tetrahedron and x* is centroid of I',, and ] is centroid of I';.
Let h tends to zero such that the normal of '), continues to be n. Then the continuity of

traction ¢ and boundedness of p(a — b) implies
t(x,t,n) = —t(x,t, —e;)n;.
Using the Cauchy’s lemma (see Lecture-25), we get
t(x,t,n) =t(x,t,e)n;. (2)

Following similar steps one can show Eq. (2) for the tetrahedron lying in other octants
of 3-D Cartesian space. We now define the Cauchy stress tensor T by

T(x,t) = t(x, t, e;) Qe (3)

Equations (3) and (2) imply 7(x, t)n = t(x,t,n). We note that one should use the tensor
product definition given in Eq. (16) of Lecture-4 to see the equivalence between 7(x,t)n
and t. Thus, there is a spatial tensor field known as Cauchy stress tensor. O]

The linear momentum balance: Cauchy’s equation of motion-I:

Let %, be a reference configuration of body. Let % be a deformed configuration at an
instant of time t. Let €2y be a arbitrary volume of %, and 2 be a material volume
corresponding to €. Let body force field per unit mass b(x,t) and acceleration field
a(x,t) be continuous at every instant of time ¢. Then the Cauchy’s hypothesis and linear
momentum balance imply the following equation known as first Cauchy’s equation of

motion.
Dv

"Dt
where 7 is the Cauchy stress tensor and v is a spatial velocity field.

=V, 7T+ pb, (4)

'Tf the domain of integral ). is sufficiently small then volume integral can be approximated by the
product between volume of domain and integrand value at centroid, i.e., fQ g(x)dQde = g(x*)$2e, where
x* is centroid of .. Of course the integrand is assumed to be a bounded function in the domain. This
result is applicable to scalar, vector and tensor valued function
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Problem 1. Show that linear momentum balance along with Cauchy’s hypothesis imply
the following governing differential equation.

D’u

= b,
Dt =V, - T+p

Proof. Let I' be a boundary of material volume Q € # and t(x,t,n) be a traction field
over I'. Then the Cauchy’s theorem implies the following relation (see Eq. (1)).

t(x,t,n) = 1(x,t)n

where n is normal to the boundary I" and 7 is Cauchy stress tensor. Since b(x,t) is body
force, v(x,t) is velocity, p(x,t) is density and t(x,t) is traction, we can write the linear
momentum balance for material volume {2 as

& [woa=[ ppoo+ [ sor

Substituting stress tensor and applying second transport theorem to the above equation,
we get

/,0 o0 — /pbaQ+/mar

Applying the divergence theorem to the surface integral and grouping terms, yields

Dv

Since the material volume 2 is arbitrary, application of the localization theorem give rise
to the first Cauchy’s equation of motion shown in Eq. (4). We now show that the Cauchy
stress and differential form of equation of motion (first Cauchy’s equation of motion)
also imply the linear momentum balance. Considering the linear momentum of material
volume €2, we obtain

d
7 / pvOf) = / p— 0N (Using transport theorem-II)
Q
= /Q (Vi-7+pb)0Q2  (Using first Cauchy’s equation of motion)
= / T Ol + /Q pb0Q)  (Using divergence theorem)
r

= /Ftal“%—/gpbﬁQ (Since T™n = t).

Thus, the linear momentum balance along with Cauchy’s hypothesis imply the existence
of Cauchy stress tensor. Conversely, the Cauchy stress tensor with first Cauchy’s equation
of motion imply the linear momentum balance. O]

Cauchy stress and differential equation of motion in indicial notation:
The index represention of Eqs. (1) and (4) can be written as

ti = Tijnj,
G N P
P\ot T ox,7) = oxy PR
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Equation (3) implies
T, = e - Te; =t;(x,t,e;).

Thus, the component of stress 7;; represents the i’th component of the traction ¢ (i.e.,
the component of ¢ along e;) on the surface whose normal is in the j’th direction (i.e.,
the surface with e; as its normal). It can be observed that 71, T2 and 733 are normal
stresses as they act normal to the surface whereas other components (712, 713, To1, To3, 731,
T32) represent shear stresses as they act tangential to the surface. The stress components
on infinitesimal cube are shown in Fig. (2).
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Figure 2: Cauchy stress components on infinitesimal cube

Linear momentum balance in control volume:

The control volume approach is suitable for fluid mechanics. So, we now present the
integral form of linear momentum balance in control volume. Let 2. be a fixed control
volume, i.e., ). is fixed volume in space, and I'. be a boundary of €2.. Using the first
Cauchy’s equation of motion (differential form of linear momentum balance in Eulerian
framework), we can write

Dv
Q=0.
/(Dt pb—V, 7')8 0

Recall the relation between material and spatial time derivative of vector field from
Lecture-20. Upon substituting the relation between material and spatial time derivative
for velocity field yields

I (Z)+(V v)v >8Q:/QCpbaQ—i—/chx-T8Q.

Applying divergence theorem to the second term on the right hand side, we get

/c (8(p’u) 8p + (V. v)pv) 002 = / pb@Q—l—/ Tn Ol

ot 875

where m is normal to the control surface I'..

dp

Using the conservation of mass in Eulerian framework, i.e., —— = —V, - (pv), we can

ot
1o

By substituting the relations V, - (v ® (pv)) = (V. - (pv)) v + (V,v)pv and t = ™n, we

/ (1 }]
c
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< (pv))v + (V,0)pv I = / pb@Q—l—/ T™n O’

(v))aQ:/ pb0Q + [ tor.

I'e
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Applying the divergence theorem to the second term on the left hand side of equation,
we get the following linear momentum balance for the control volume.
d(pv)

/Qcatagu Fcpv(v-n)af‘:/ﬂcpbaQwL [ o, (5

~—

Since €2, is fixed in space, we can also write the linear momentum balance as

CZ/QcpanJr/rcpv(v'n)aF—/QcpbﬁﬂJr/FctaF- (6)

The term [;_pv(v - n) Ol represents the rate of change of linear momentum due to the
flux across the control surface I'..
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