NPTEL — Mechanical Engineering — Nonlinear Vibration

Module 5

Numerical Techniques

Lecturel: Review of numerical methods for finding roots of characteristics equation: method of
bisection, Newton-Raphson’s method; and numerical solution of differential equation to obtain
the time response: Runga-Kutta method, Wilson- Beta method, FFT analysis

Lecture2: Frequency response curves: solution of polynomial equations, solution of set of
algebraic equations, Continuation Algorithm

Lecture 3: Poincare’ section of periodic, quasi-periodic and chaotic responses, Basin of

attraction: point to point mapping and cell-to-cell mapping, Lyapunov exponents.
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Module 5 Lecture 1

Review of numerical methods: Root finding and Solution of Deferential Equations

In this lecture, the basic numerical tools used in the study of nonlinear dynamics of a
system will be briefly reviewed. It may be recalled from the derivation of equation of
motion in module 2 that it is not always possible to use simple expressions or closed form
analytical solutions and hence, one requires numerical operations to solve the problems.
Generally following numerical tools are required.

Numerical differentiation

Numerical integration

Finding roots of the algebraic or transcendental equation
Solving differential equation

Finding eigenvalues

Poincare’ section

Lyapunov exponent

For example consider the system whose equation of motion we have derived in module 2.

L.

NOUONNOUNANNANN

Y, =ZcosQ
Figure 5.1.1: Schematic diagram of a single-link Cartesian manipulator with payload subjected to

harmonically varying axial force.

Figure 5.1.1 shows the system with a payload of mass m at the tip where a compressive force P =

Ry + RcosQat is applied. Also this system is subjected to a harmonic base excitationY, (t) =
Z cosyt at the roller supported left end. Here Z and € are the amplitude and frequency of the

base excitation, Ry, P, are the static and dynamic force amplitude, and €, is the frequency of
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the periodic force acting at the free end of the manipulator. The motion is considered to be in the
vertical plane.
Using D’Alembert principle and generalized Galerkin’s method the temporal equation of this

system can be given by [Pratiher and Dwivedy]

g+q+2 sqq+8(alq3+a2q2q+a3q2qj+
(5.1.1)
8(a40_)fcos(o_alr)q2 + 0l O cos(azr)+a6cos(o_)zr)q)=0

which is same as the equation(2.6.12) derived in module2. The coefficients used in this
equation are described below.

The natural frequency ( w,) of the lateral vibration of an elastic beam

El hl4 I:)o h21 hl4 o} h21
“ \/pAL“(hJ pALZ(hZ A T, 12
: : C,
Damping ratio ( ¢ )= —9—, (5.1.3)
2¢ pAw,
Coefficient of the nonlinear geometric term ¢*
A2
=a, = X_ﬁ(h+h+3hﬂj (5.1.4)
ews \ h, 2h, h,
Coefficient of the nonlinear inertia term g2¢j
72
B - DL . . 1 6515)
€ h2 h2 h2 h2 h2 h2
Coefficient of the nonlinear inertia term ¢2q
72
=ag :k_ M_M_m% (5.1.6)
€ h2 h2 h2
Coefficient of the term q° cos(m, 1)
:a4=ﬁ @erm_m (5.1.7)
€ h2 hz 2h2
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Coefficient of the direct forced term (cos(@,7)), a5 = L(hﬁj :
e hy

(5.1.8)

Coefficient of the parametric excitation (q cos(a_)zr)), g = R [%j = F_i(%] (5.1.9)

Mo, L’ h, )
Where
h1=IwL“wnds, n, = (P ox. h3i{d“éx)ﬁ{dgé&)}zda]w(x)}dx
- S ke, - o o
= S o ) o
I N B G O
o = W ly(wPox, - j)["“;@[g{d‘gﬂzda}w&)}w
hy = idZ‘;’ﬁi){i z{dgs)}zdgdﬁlw(x)]di s - ;{dZ"Xiﬁi)(ﬂd‘gg)}zdéJw(x)]dx
e = fd ;‘;’Y)w(x)dx} s = i{(i— r ) Z‘;ﬁi)w(f)}di,
e [, o, [4T - 4
[, - [
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2 [
andh,, = i{%ﬁ w(i)}di . (5.1.10)

X
Here, E,I,p,A L and c, are the Young modulus, moment of inertia, mass density, area of
cross-section, length of the cantilever beam and damping factor of the system and (,n
respectively, are used as integration variables. The following non-dimensional parameters are

used in the further analysis.

— O Qy = M El z =
i,r:mt,OJl:—l,wz:—z,/l:L,m: , X = s FT=—,and Z =
L () () L pAL PAL r

X =

z
L

Also, the eigenfunction for a cantilever beam with a tip mass is given by

sin gL +sinh gL
cos S L+cosh gL

wi(s) = —[ ](cos BLX —cosh BLX)+(sin LX —sinh gLX)  (5.1.11)

One may determine AL from the following equation.

1+ cos BLcosh SL +mBL(cos SLsinh SL —sin SLcosh L) =0 (5.1.12)

One may note that the coefficients of the temporal equation can be obtained by first finding the

roots of the characteristic equation (5.1.12) gLand there by finding the integration h to h,

which also requires numerical differentiation. Following numerical methods may be used for
finding the roots of the characteristic equation.

o0 Interval halving-Method of Bisection
False position (Regula Falsi)
Newton’s method

Secant Method

Muller’s method

O O0OO0Oo

Let us consider a function f(AL)= f(x)=0. According to method of bisection one should
choose two values of x for example xand x,such that, one of the functional value should be
positive and other should be negative. Now the next point is obtain by interval halving, i.e.,
X3 =3(X +X,). The root lie between xandx,if their functional values are of opposite sign.
Otherwise, it will lie between x, and x;. The next point is obtained by halving the interval and

the procedure is repeated till one obtains a root having the functional value within a very close
tolerance.
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In Newton’s method which is also known as Newton-Raphson’s method one finds the derivative
to obtain the root. As shown in Fig. (5.1.2), the actual solution is x,. Choosing x, as the guess

value of the root

f (%e1)— F (%)
Xisr — Xk

f'(x )=

Taking f(x.;)=0,

E

Figure 5.1.2: Illustration of Newton-Raphson method

f (%)

(%)

It may be noted that point x,., is closer to the actual solution x,. Now taking x,,, as the guess
value the iteration is repeated till the functional value is within the tolerance limit.

Xer = X —

In secant method

In Muller method

For a system of equations, one may use Newton’s method.

To solve the differential equations following methods may be used

e The finite difference method,
e The Runge-Kutta method,
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e The Wilson method,
e The Newmark method.

Finite Difference Method

» Forward Difference Method

e Backward difference Method

» Central difference method (Most accurate)
Central difference method (Most accurate)

* Replace the solution domain with finite number of points (mesh or grid point)
* Using Taylor’s series expansion

2 3
Xig =X +hX +—X +—X +--
oo

X, =X —hX +—%X ——X +---
2 6

RUNGE-KUTTA METHOD

Here the approximate formula used for obtaining x,, fromx, is made to coincide with the
Taylor series expansion of x atx,,, up to terms of order (At)”. The Taylor series of expansion of
X(t) at t+4t is given by-

(at) (At
TR

X(t+At) = x(t)+ XAt + X

Example:
» Foraviscously damped single degree of freedom nonlinear system, we can write

Xza[F(t)—cX—kx—axsj = f(xx%t)

Taking x; = X, and x, = X
X =X,
X, = f (X, %,,t)

The value of X (t) =[x, X, ]' at any time t can be given by using 4™ order Runge-Kutte method
using the following formula.
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. . 1= . L
Xi+l:Xi+E[Kl+2K2+2K3+KJ
K, = (%,1)
K, =hE[ X +ZK,t +=h

2 2
K3:hﬁ(Xi+1K2,ti+1hj

2 2
KA:hlf()Zi+K3,tM)

InWilson and Newmark method the temporal difference equations are combined with the current
equations of motion and the resulting equations are solved to find the current displacement. They
belongs to the category of implicit integration method.

WILSON METHOD
* The Wilson method is also known as Wilson 6 method. If 6=1.0,this method reduces to
the linear acceleration scheme. It can be described by the following steps:

From the known initial conditions %, and X,, find X, using equation

%o =[m]™(Fo ~[c]% ~[K]%)

Select a suitable time step At and a suitable value of 6 (0 is usually taken as 1.4).
* In Wilson method it is assumed that the acceleration of the system varies linearly
between two instant of time

» Compute the effective load vector |fi+0 starting with i=0:

Find the displacement vector at time {4

Xivg =

e e

 Calculate the acceleration, velocity and displacement vectors at time t;

= 6 . 3
X = ( ivo T % ) _5 i
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NEWMARK METHOD

» This method is also based on the assumption that the acceleration varies linearly between
two instant of time.

* The resulting expression for the velocity and displacement respectively can be written
for multi degree of freedom as,

)_'(’i+1 = )_.(i + I:(l_ﬂ))_(l + ﬂ%iﬂil At

%, = % + AtX + K%—a] X + aim}(m)z

here o and B indicates how much the acceleration at the end of the interval enters into the
velocity and displacement equations at the end of the interval At.

* The equilibrium equation of motion of a viscously damped multi degree of freedom
system at t =t,,, can be written as:

[m] Xiq + [e] % +[K]%ia = Fa

» Using above equations we can obtain a relation to find

ziﬂ:[ L m+ 2 [ch]]

a(At)’
X{ﬁm[m][a(it)z el (Zilj]
+[c](%fq o(£-1)k +(§—2j%>’?})}

After obtaining the time response one may be interested to know the frequency content of the
time response by performing the Fourier transform using the following equation.
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x(f)= T x(t)e 2" dt

—0

Assumption that the function is integrable can be checked by using the following

T |x(®)[dt < oo

Finite Fourier Transform
TC .

x(f,T.)= J‘ x(t)e 27t
0

Power Spectrum/ Autospectrum/ Autospectral density function or Power spectral density function
can be obtained by using the following equation.

+ oo

Sxx(f) — f Rxx(T)E_szth
where
1 T
R..(1) = lim = | x(t)x(t + 1)dr
T—=ow T 0

Also it can be obtained by using the following equation

2

T
f x(t)e 2 tqt
0

1

Exercise Problem

1.Write a Matlab code using Newton Raphsons method to solve the following characteristics
equations. Check the results using method of bisections.

(@) 1+cospl.coshpl =0
(b) 1—cospl.cosh gl =0

2. Compute the integrals given in equation (5.1.10). You may use the int function of the Matlab.
Use dummy variables while performing double and triple integration. Also write a Matlab code
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using 12 point Gauss-Quadrature and compare the results. Find the coefficients of the temporal
equation of motion.

3.Solve the frequency response equation obtained from the Duffing equation which is quadratic
in terms of the detuning parameter and 6™ order in terms of amplitude of the response.

4. Use Runge-Kutte method (may use ode45 function of Matlab) to obtain the time response of
the following equations.

(i)3%+30x—0.1x* +0.05x* =0

(i) X+ 20x —0.5x* + 0.05x* = 10sin 5t
(iii) X +50x — 0.5x* + 0.3x*> = 0.1sin 2t
(iv) X+50x—(0.1sin2t)x=0
(v)X+50x—0.25x* —(0.1sin 2t) X =0
(vi) X +50%x+0.25x° +(0.1sin 2t) X =0

References :
1. B. Pratiher and S. K. Dwivedy, Nonlinear dynamics of flexible single —link Cartesian Manipulator,

International Journal of Nonlinear Mechanics Vol. 42, pp1062-1073, 2007.

2. B. Pratiher and S. K. Dwivedy, Nonlinear Vibration of a Single Link Viscoelastic Cartesian
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4. ). D. Hoffman Numerical Methods for Engineers and Scientists, CRC Press, London, 2001

5. T.W. Cooley and J. W. Tukey, 1965 An algorithm for the machine calculation of complex
Fourier series, Math. Comp,19,297-301

Joint initiative of IITs and 1I1Sc — Funded by MHRD Page 11 of 28



NPTEL — Mechanical Engineering — Nonlinear Vibration

Module 5: Lecture 2

Methods of model reduction and continuation techniques

In this lecture the modal reduction methods used for systems with large degrees of freedom will
be discussed. Also, the continuation algorithms used for getting the response of the system will
be briefly described.

The equation of a multi-degree of freedom system can be given by

MX +CX+ KX+ f (X, X,t) + f(X,X) = Fye (1) (5.2.1)

Here M is the mass matrix, Cis the damping matrix, Kis the stiffness matrix, fis the forcing

term which is a function of displacement, velocity and time, fis a forcing term which is

function of displacement and velocity, and F, is the external forcing vector which is a function

ext
of time only. This equation may be considered as an equation obtained from the finite element
analysis also. Hence the size of these matrices may be very large depending on the number of
elements, element type, the degrees of freedom per node and boundary conditions used in the
analysis. So it will require very high computational time and memory to solve the full system of
equations. Out of these total degrees of freedom as only few degrees of freedom are required for
actual analysis purpose, hence one may perform modal reduction to reduce the matrix sizes by

performing the following operation. Considering M, C and K to be nXn matrices and letting U
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to be the nXn modal matrix obtained from the eigenvectors of the M 'K , taking x =Uz and
premultiplying U[ in equation (5.2.1) one obtains the following equation.

U MUgZ+U[CUp2+U[KUpz+U[ f (z,2,t)+U] f(z,2) =U[F(t) (5.2.2)
Here U andUy are the left and right eigenvectors corresponding toU . Here one may consider only

the first m modes instead of considering all n modes of the system.

Also one may use dynamic substructuring method in which the mass, stiffness and damping
matrices are partitioned into master and slave subsystems. The degrees of freedom where the
nonlinearity is present or where the external load is applied are considered as master system and

rests are considered as slave system. Taking x,and x_ as the displacement in slave and master

degrees of freedom, Eq.(5.2.1) can be written as

M ms M mm 5(‘I'T'I Cms Cmm 5(.TT'I Kms Kmm Xm

(5.2.3)
P Py
fp(xm, mil) f (X X) Fo
Here,
M =|:MSS Msmj|;C:|:CSS Csmi|;K=|:KSS Ksmj|' (524)
M ms M mm Cms Cmm Kms Kmm

Now one may apply harmonic balance method where the k™ element of the response vector,
external force vector and nonlinear functions are expressed as a truncated Fourier series of n
terms as given below.

X, (t) = K, + Iﬁl {x;l cos(lot) + & sin(lcot)} (5.2.5)
Fo(t)=Fop + Izl (Fs cos(lt) + g sin(lot)] (5.2.6)
f (%)= f o+ Iil { f¢ cos(lot) + f3 sin(lcot)} (5.2.7)
Fo (%) = oo + z{ sa cos(lot) + 5 sin(lot)} (5.2.8)
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where k =1,2,---,N with N being the number of degrees of freedom.

Substituting Egs. (5.2.5)-(5.2.8) in Eq. (5.2.1) one can obtain the following equation.

E11 E12 e ElN )~(1 fPl f~1 'fl
Eoy Ex o Exn|]% N fp2 N ol _JFl_ R(v) (5.2.9)
ENl EN2 "' ENN XN fEN fﬁ IfN

Here R(y)is the residual error due to truncation in the Fourier series. X, f f; and F,

represents the i vector of constant term, cosine term, sine term in the sequence of particular
degree of freedom.

[k 0 0 0 0 ]
0 ky-o’m;  og - 0 0
g0 0% om0 ’ (52.10)
0 0 0 kj —n*o’m; nog;
0 0 0 —noc;  ky —n®e’m; |

Now one may minimize the residual as

1

nﬁ [ R(y)| cos(nat) it | =0 (5.2.11)
) sin(not)
to obtain
v, +f,+f-F=0 (5.2.12)
where

Ell E12 E1N
yo| B B2 B (5.2.13)

En: Enz - B

Now one can solve the algebraic equation (5.2.12) by using Newton-Raphson method where the
Jacobian can be given by
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a(Yf(a+ f,+ f—lf)
0%,

To apply this method to the equation obtained by dynamic substructuring technique one may

obtain the following nonlinear algebraic equation.

il MR R 21

Here )~(s represents the coefficients from harmonic balance method (HBM) for the slave degrees

J= (5.2.14)

of freedom and )~(m represents the coefficients for the master degrees of freedom. Here f and F

are the coefficients from HBM for nonlinear and external force terms. From the first row of Eqg.
(5.2.15) one obtains

%y ==(Yes Yo ) % (5.2.16)

S
Now using this expression in the 2" row of Eq. (5.2.15) the following equation is obtained.

(Y = YonsYes Yo ) % + T+ T = F (5.2.17)

ms 'ss “sm

One may note that the size of this equation (5.2.17) is smaller than that of the original equation
and hence required less memory and computational time.

While plotting the frequency response curves of the nonlinear system often it is required to adopt
a continuation scheme as multiple branches are observed in the frequency response curves. Few
continuation schemes are given below.

Sequential Continuation

The simplest continuation method is sequential scheme and also known as natural parameter
continuation. Consider a variation of solutions of

F(X;a)=0 (5.2.18)
where « is used as the continuation parameter. The interval of « is divided into closely spaced
n intervals defined by the grid points ,, oy, @y, ....... ,a, . Then the solution x; at «; is used as
the predicted value or initial guess for the solution X, , at «;,. The predicted value corrected
through a Netwon-Raphson iteration scheme. Thus

X< = X5, + PAXE (5.2.19)

Here the subscript k is the iteration number and x;,, = x; and ris called the relaxation

parameter, such that r0<r <land Ax“is the solution of the n linear algebraic equations
F (X0, )M = —F (X, a,) (5.2.20)

obtained using Newton-Raphson method. The relaxation parameter r is chosen such that
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k+1
|| F (Xj:1 ! aj+1)

k
| <|FOepa)

| (5.2.21)

> If the above relation is satisfied for r=1, then r is set equal to 1 otherwise r is halved until
the above equation is satisfied.

> If the grid points  are sufficiently close, few iterations are sufficient for obtaining an
accurate solution.

> Sequential continuation will fail at such points where two or more branches meet
because the Jacobian is singular there.

Davidenko-Newton-Raphson continuation (Nayfeh and Balachandran 1995)

In this method a method developed by Davidenko is used as a predictor and then Newton-
Raphson method is used as a corrector. As the predictor is based on solving a system of ordinary-
differential equations, hence it is also called an ordinary-differential equation predictor.
Considering « as the continuation parameter and differentiating (5.2.18) with respect to « one
obtains

FX(X,a)g—z= -F,(x,@) (5.2.22)

This constitutes a system of linear algebraic equations for the unknowns dx/d«

Hence, if the Jacobian F (x,«) is regular in the interval[«,, «, ], then

ax _ ~F(x,a)F, (x,a) (5.2.23)
da

Then, the given solution x(«,) = X,, one can solve Eq. (5.2.23) by using any ordinary differential

solver e.g., Runge-Kutta method. The predicted values obtained from the integration are likely
to deviate from the true solutions due to truncated error. Hence, the predicted values are used as
initial guesses for a Newton-Raphson method to obtain corrected values.

Arc length Continuation
» In this method, the arc length s along a branch of solutions is used as the
continuation parameter.
> xand « are considered to be function of s; that is, x=x(s) ande = (s) such that
F[x(s),a(s)]=0 (5.2.24)

Differentiating Eq. (5.2.24) with respect to s one obtains
Fx(x,a)%+ Fa(x,a)d—OC:O (5.2.25)
ds ds

or, F,(x,a)X'+F, (x,a)a' =0
(5.2.26)
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kg

5

v

(x0,a)

—-
a

Fig. 5.2.1: lllustration for the arc length continuation scheme

Equation (5.2.25) may be rewritten as[F, | F, ]t =0 where tz{% Z—Z} ={x’ a'}’. Here the
(n+1) vector t is the tangent vector at (x, ) on the path. The system (5.2.25) consists of n linear

algebraic equations in the (n+1) unknowns. To specify this unknowns uniquely, we supplement
(5.2.25) with a homogeneous equation specified by Eucliden arclength normalization

XX +a? =X+ X 4+ X2+ a? =1 (5.2.27)
The initial conditions for (5.2.25) and (5.2.26) are given by

x=x,and «a=a, at s=0 (5.2.28)
If the Jacobian F, is nonsingular and F, is a zero vector, (5.2.24) and (5.2.27) gives rise to
[xT «']=+£[00---01]

If the Jacobian is non singular and is a nonzero vector, one can solve (5.2.24) and (5.2.27) to
determine the tangent vector t. Then it is used to predict the values of xand « at s+ As by taking
an Euler step x=x,+x'Asand o =, +a'As.

References
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Exercise problems

1.Use the studied method to solve the following equation which represents oscillations of two
mass system with linear and spring damper system
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2 ek 2 e

Use the continuation methods to plot the frequency response curves.

Module 5 Lecture 3
Poincare section, basin of attraction and Liapunov exponent
In this lecture determination of Poincare section, basin of attraction and Liapunov exponent will
be discussed.
Poincare’ Section
Let us consider a periodic response y =>5sin2t. The time response and phase portrait for this
response is shown in Fig. 5.3.1. If one plot the phase portrait by sampling at time interval
T=2x/2=r, it will yield a single point as shown in Fig. 5.3.1(c). It may be noted that the
actual phase portrait is shown in Fig. 5.3.1(b). The plot shown in Fig. 5.3.1(c) is called the
Poincare’ section of the periodic response shown in Fig. 5.3.1(a). So, in this way one can
determine the Poincare’ section by sampling the time response with minimum time period. It is a

method used to reduce the dimension of the system by one.
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Fig. 5.3.1: (a) time response, (b) phase portrait (c) Poincare section.

The Matlab code for plotting figure 5.3.1 is given below.

clc

clear all

a0=5;

t=0:0.1:50;

omega=2;

beta=0;

u=a0*cos(omega*t+beta);
ut=-a0*omega*sin(omega*t+beta);

subplot(3,1,1)

plot(t,u)

% title("Time Response?)

set(findobj(gca, "Type","line"),"Color","b","LineWidth",2);
set(gca, "FontSize",14)

xlabel ("Time", "fontsize",14, "fontweight”,"b");

ylabel ("Displacement”, "fontsize®,14, " fontweight®, "b");
grid on

subplot(3,1,2)

plot(u,ut)

% title("Phase portrait”)

set(findobj(gca, "Type","line"),"Color","b","LineWidth",2);
set(gca, "FontSize",14)
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xlabel ("Displacement”, "fontsize",b14, "fontweight”,"b");
ylabel("Velocity", "fontsize",14, "fontweight™,"b");
%ylabel ("u\dot”, "fontsize~, 14, "fontweight®,"b");

grid on

%Poincare section

w=2*pi/omega; % Sampled with minimum time Period
tp=0:w:50;

up=a0*cos(omega*tp+beta);
utp=-a0*omega*sin(omega*tp+beta);

subplot(3,1,3)

plot(up,utp, ")

axis([-10 10 -10 10D)

% title("Poincare section®)
%set(findobj(gca, "Type", "point®), "Color™, b, "LineWidth",2);
set(gca, "FontSize",14)

xlabel ("Displacement”, "fontsize",14, "fontweight”,"b");
ylabel("Velocity®, "fontsize",14, " fontweight™,"b");

%y label ("u\dot”, "fontsize",14, "fontweight®,"b");

grid on

Let us take another example. Here, let y:5(c052t+cosz\/2_t). Here the system has two time

period, viz., T,=27x/2=7x and T, =2712\2=71+2. By taking the sampling time asT,

(which is the minimum time period) one may plot the phase portrait as shown in Fig. 5.3.2 (c).

Clearly one may observe a close loop. The Matlab code for this purpose is given below.

% Quasi-Periodic response (Poincare section)
clc

clear all

a0=5;

t=0:0.01:50;

omegal=2;

omega2=2*sqrt(2);

%beta=-3.15;

beta=0;

u=a0*(cos(omegal*t)+cos(omega2*t));
ut=-a0*(omegal*sin(omegal*t)+omega2*sin(omega2*t));

subplot(3,1,1)

plot(t,u)

% title("SYSTEM WITH LINEAR DAMPING®)

set(findobj(gca, "Type","line"),"Color","b","LineWidth",2);
set(gca, "FontSize",14)

xlabel ("Time", "fontsize",14, "fontweight”,"b");

ylabel ("Displacement”, "fontsize®,14, " fontweight®, "b");
grid on

subplot(3,1,2)
plot(u,ut)
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% title("SYSTEM WITH LINEAR DAMPING®)

set(findobj(gca, "Type","line"),"Color”,"b","LineWidth",2);
set(gca, "FontSize",14)

xlabel ("Displacement”, "fontsize",14, " fontweight®,"b");
ylabel("Velocity®, "fontsize",14, " fontweight™,"b");

%ylabel ("u\dot”, "fontsize~, 14, "fontweight®,"b");

grid on

%Poincare section

%Figure(2)

w=2*pi/omega2;

tp=0:w:=500;

up=a0*(cos(omegal*tp)+cos(omega2*tp));
utp=-a0*(omegal*sin(omegal*tp)+omega2*sin(omega2*tp));
subplot(3,1,3)

plot(up,utp,”.")

%axis([-10 10 -10 10])

% title("Poincare section®)
%set(findobj(gca, "Type~, "point®),"Color™,"b","LineWidth~,2);
set(gca, "FontSize",14)

xlabel ("Displacement”, "fontsize",b14, "fontweight”,"b");
ylabel("Velocity®, "fontsize",14, " fontweight™,"b");

%y label ("u\dot®, "fontsize",14, "fontweight®,"b");

grid on

Hence, for quasi-periodic response the Poincare’ section is a close curve in phase portrait. For
chaotic response the Poincare’ section fills of the whole space in the phase portrait. In Fig.

6
5.3.3, taking a displacement of the form y = ZSCOS(Z”t), the time response, phase portrait and

n=0
Poincare’ section have been plotted. Here, the time is sampled in the interval of
T =27164=r132. Unlike the case of periodic and quasi-periodic response, here the Poincare’

section fills up the phase portrait.
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Quasi-Periodic response
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Fig 5.3.2 (a) time response (b) Phase Portrat (c) Poincare’ section

% chaotic response (Poincare section)
clc

clear all

a0=5;

omega=1;
u=0;
ut=0;
up=0;
utp=0;

t=0:0.01:50;
1i=1;
for ip=1:1:7;
u=u+a0*cos(ii*omega*t);
ut=ut+(-a0*(ii*omega*sin(ii*omega*t)));
1i=2"ip
end
subplot(3,1,1)
plot(t,u)
% title("SYSTEM WITH LINEAR DAMPING®)
set(findobj(gca, "Type","line"),"Color”,"b","LineWidth",2);
set(gca, "FontSize",14)
xlabel ("Time", "fontsize",14, " fontweight”,"b");
ylabel ("Displacement”, "fontsize®,14, "fontweight®, "b");
grid on
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subplot(3,1,2)

plot(u,ut)

% title("SYSTEM WITH LINEAR DAMPING®)

set(findobj(gca, "Type","line"),"Color”,"b","LineWidth",2);
set(gca, "FontSize",14)

xlabel ("Displacement”, "fontsize~",14, " fontweight®,"b");
ylabel("Velocity®, "fontsize",14, " fontweight™,"b");

%ylabel ("u\dot", "fontsize",14, "fontweight","b");

grid on

%Poincare section

%Figure(2)

w=2*pi/(2"9*omega) ;

tp=0:w:=500;

ir=1;

for 1i=1:1:7;

up=up+a0*cos(ir*omega*tp);
utp=utp+(-a0*(ir*omega*sin(ir*omega*tp)));
ir=2"ii

end

subplot(3,1,3)

plot(up,utp,”.")

%axis([-10 10 -10 10])

% title("Poincare section®)
%set(findobj(gca, "Type®, "point®), "Color®,"b","LineWidth",2);
set(gca, "FontSize",14)

xlabel ("Displacement”, "fontsize",14, "fontweight®,"b");
ylabel("Velocity®, "fontsize",14, " fontweight™,"b");

%ylabel ("u\dot*, "fontsize", 14, "fontweight®,"b");

grid on
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Fig. 5.3.3: (a) time response (b) phase portrait (c) Poincare section for a chaotic response.

In the above examples, as the minimum period of the response is known, one can sample the
response easily to obtain the Poincare’ section. But in most of the cases, while we study the
response of a system, the periods or response frequencies are not known a priori. In that case one
may the first Fourier transform of the response to obtain the minimum period which corresponds
to the maximum frequency of the system.

Basin of Attraction

Consider a typical frequency response plot shown in Fig. 5.3.4 which is obtained in Duffing type
oscillator with soft nonlinearity. The black and red curves are plotted for two values of the

coefficients of cubic nonlinear terms.

3.0

Fig. 5.3.4: Typical Phase portrait showing existence of multiple solutions
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Fig. 5.3.5: Basin of attraction

Corresponding to o =0.8, one may observe that there exists two stable and one unstable response
of the system. The stable responses are marked by point A and C and the unstable response is
shown by point B in Fig. 5.3. 4. In practical application, to know which response is actually
occurring, one should plot the basin of attraction as shown in Fig. 5.3.5. It is clearly shown that
for some initial condition one may observe point A and for some other initial conditions one will
obtain point C. As point B is a unstable point, in the basin of attraction this point is shown as a
saddle point. This plot can be obtained by taking many initial points and plotting the phase
portraits. This brute-force method is very time consuming and one may use several other
technique like point-to-point mapping or cell-to-cell-mapping techniques to obtain the basin of
attraction. Following algorithm may be used to plot basin of attraction.

1. Divide the domain of phase portrait into different cells by properly choosing the interval
of the required state vectors.

2. Number these cells, say 1, 2,...n.

Determine the center of the cells.

4. Taking the center of the 1% cell as as the initial point, solve the governing equation to
obtain the trajectory. One may use numerical technique like Runge-Kutta method (ode45
function of Matlab) to find the trajectory.

5. Note the cell through which the trajectory is passing. Note the point where the trajectory

is terminating. This corresponds to the steady state response or equilibrium point.
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6. Considering the next cell, repeat step 4.

7. If the trajectory passes through the same cells for a considerable amount of time, it may
be assumed that with this initial condition, one will obtain the first equilibrium point.
Otherwise it may lead to some other equilibrium point.

8. Repeat step 7, till all the cells have been marked with their corresponding equilibrium

point.

Lyapunov exponent

Lyapunov’ exponents or characteristic exponents associated with a trajectory are a measure of the
average rates of expansion and contraction of the trajectories surrounding it. Any system
containing at least one positive Lyapunov exponent is defined to be chaotic. The magnitude of
the exponent reflecting the time scale on which system dynamics become unpredictable.

Determination of Lyapunov exponent

Consider the dynamical system

X=F(x;M)

X(t) = X, + y(t)

y=F(x, +y;M)

Y =F(%, +Y:M)+D,F(x;M)y+O(ll yIF)

y = D,F(xy; M)y = Ay
(dF, dF,  dF |

where dx, dx, dx,
dF, dF, dF,

A=|dx, dx, dx,

dF, dF, dF.
| dx, dx, dx, |
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y = Ay(t) (4)
Taking an initial deviation y(0), its evolution can be expressed as

y(t) = #(t)y(0)

Here ¢(t) is the fundamental matrix solution of (4)
The Lyapunov function 4; can be given by
oty
Gram-Schmidt Procedure for orthonomalized vector
;.- [ yi(T) ]
AW
9 - yz(T) _[yz(-r)-yl]yAl
’ ”yz(T) _I:yz(-r)-ylijl”

M- SYaMI
Yo = oI
)= 3y M9.17)

A :iZme
i

System Parameter Values
Henon:

X, —1-aX?+Y, a=14

Y., =bX, b=0.3
Rossler-Chaos:

X=—Y+2) a=0.15

Y =X+aY b=0.20

Z=b+Z(X-c) c=10.0
Lorenz:
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Lyapunov Spectrum

4, =0.603
A, =—2.34

4, =013
4, =0.00
A, =-14.1
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X =o(Y - X) o =16.0 A, =216
Y=X(R-2) R =45.92 2, =0.00
Z=XY-bz b=4.0 Ay =-32.4
Rossler-hyperchaos:
X=-Y+2) a=0.25 A, =0.16
Y =X +aY +W b=3.0 A, =0.03
Z=b+XZ c=0.05 A, =0.00
W =cW —dzZ d=05 A, =-39.0
Reference:

* H Haken, At least one Lyapunov exponent vanishes if the trajectory of an attractor does
not contain a fixed point. Phys. Let. A 94:71-72 (1983)

* Alan Wolf , Jack B. Swift , Harry L. Swinney , John A. Vastano, Determining Lyapunov
Exponents from a Time Series, Physica D, 16, 1985, 285-317

» |. Shimada and T. Nagashima, A numerical approach to ergodic problem of dissipative
dynamical systems, Prog. Theor. Phys. 61(1979), 1605.

* R. Shaw, Strange attractors, Chaotic behaviour and information flow, Z. Naturforch, 36A
(1981), 80.

Joint initiative of IITs and 1I1Sc — Funded by MHRD Page 28 of 28



