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3D Navier Stokes Equations - L5( 1
15)

Mass Conservation equation

∂(ρm)

∂t
+

∂(ρm uj)

∂xj
= 0 (1)

Momentum equation in Xi direction ( 3 equations )

∂(ρm ui)

∂t
+

∂(ρm uj ui)

∂xj
= − ∂p

∂xi
+

∂

∂xj

[
µ

∂ui

∂xj

]
+ ρm Bi +

∂

∂xj

[
µ

∂uj

∂xi

]
(2)
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2D Flow Assumptions - L5( 2
15)

Consider a 2D forms of Navier-Stokes Equations with following
assumptions

1 Flow is Steady ( ∂/∂t = 0 )
2 Flow is Laminar
3 Fluid properties ρ, Cp, µ, k and D are uniform
4 Independent variables are x = x1 and y = x2

5 Dependent variables are u = u1 and v = u2

6 Body Forces are neglected
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2D Flow Equations L5( 3
15)

Continuity Equation

∂u
∂x

+
∂v
∂y

= 0 (3)

x-Momentum Equation

ρ

[
u

∂u
∂x

+ v
∂u
∂y

]
= −∂p

∂x
+ µ

[
∂2u
∂x2

+
∂2u
∂y2

]
(4)

y-Momentum Equation

ρ

[
u

∂v
∂x

+ v
∂v
∂y

]
= −∂p

∂y
+ µ

[
∂2v
∂x2

+
∂2v
∂y2

]
(5)
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BL Concept L5( 4
15)

1 The concept of the wall
boundary layer was first
introduced by L. Prandtl in
1904 to theoretically predict
the drag experienced by a
body immersed in a flowing
fluid.

2 Prandtl identified a thin
viscosity affected region close
to a surface in which
significant velocity variations
take place.

3 Outside the Boundary Layer,
Free Stream is Inviscid

L

x

U 8

y δ
BOUNDARY LAYER REGION

FREE STREAM REGION

SURFACE
INTERFACE

/

T 8 8Φ

Define
1 x∗ = x/L, y∗ = y/L
2 u∗ = u/U∞, v∗ = v/U∞
3 p∗ = p/(ρ U2

∞), Re = u∞ L
ν

4 δ << X , u >> v

L and U∞ are reference length &
velocity
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Non-Dimensionalised Equations L5( 5
15)

∂u∗

∂x∗
+

∂v∗

∂y∗
= 0 (6)

1
1

+
δ∗

δ∗

u∗
∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
= −∂p∗

∂x∗
+

1
Re

[
∂2u∗

∂x∗2 +
∂2u∗

∂y∗2

]
(7)

11
1 + δ∗ 1

δ∗
= O (1) + (δ∗

2
)
[

1
12 + 1

δ∗2

]
u∗

∂v∗

∂x∗
+ v∗

∂v∗

∂y∗
= −∂p∗

∂y∗
+

1
Re

[
∂2v∗

∂x∗2 +
∂2v∗

∂y∗2

]
(8)

1 δ∗

1 + δ∗ δ∗

δ∗
= δ∗ + (δ∗

2
)
[

δ∗

12 + δ∗

δ∗2

]
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BL Approximations L5( 6
15)

u∗ >> v∗

∂u∗

∂y∗
>>

∂u∗

∂x∗
,

∂v∗

∂x∗
,

∂v∗

∂y∗

∂2u∗

∂y∗2 >>
∂2u∗

∂x∗2

∂2v∗

∂y∗2 >>
∂2v∗

∂x∗2

∂p∗

∂y∗
' O (δ∗) negligible

∂p∗

∂x∗
' O (1) =

dp∗∞
dx∗

=
dp∗w
dx∗
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2D BL Equations L4( 7
15)

∂u
∂x

+
∂v
∂y

= 0 (9)

ρ

[
u

∂u
∂x

+ v
∂u
∂y

]
= −dp∞

d x
+ µ

∂2u
∂y2

(10)

−dp∞
d x

= ρU∞
d U∞
d x

U∞ (x) specified (11)

local shear stress: τx = µ

{
∂u
∂y

}
y=0

(12)

average shear stress: τ =
1
L

∫ L

0
µ

{
∂u
∂y

}
y=0

d x (13)
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3D Energy Eqn L5( 8
15)

ρm
D hm

D t
=

∂

∂xj

[
km

∂T
∂xj

]
−

∂(
∑

m
′′

j,k hk)

∂xj
+ µ Φv

+
D p
D t

+ Q̇chem + Q̇rad (14)

where hm =
∑

ωk hk and hk = h0
f ,k (Tref ) +

∫ T
Tref

Cpk dT

We again invoke uniform property assumption
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Dimensionless 2D Energy Eqn L5( 9
15)

( u∗
∂T ∗

∂x∗
+ v∗

∂T ∗

∂y∗
)

= (
1

Re Pr
)

[
∂2T ∗

∂x∗2 +
∂2T ∗

∂y∗2

]
+ (Ec)

{
u∗

∂p∗

∂x∗
+ v∗

∂p∗

∂y∗

}
+ Q̇∗

chem + Q̇∗
rad

+ (
Ec
Re

)

[
2 (

∂u∗

∂x∗
)2 + 2 (

∂v∗

∂y∗
)2 + (

∂u∗

∂y∗
+

∂v∗

∂x∗
)2

]
(15)

1 T ∗ = (T − T∞)/∆To → O ( 1 )
2 Pr = Prandtl Number = µ Cp / k = ν/α
3 Ec = Eckert Number = U2

∞/Cp∆To

4 Q̇∗ = Q̇ L/(ρm Cpm U∞)
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Energy Equation - B L Form L5( 10
15)

Carrying out Order-of-Magnitude analysis, and invoking B L
approximations, we have

ρCp

[
u

∂T
∂x

+ v
∂T
∂y

]
= k

∂2T
∂y2

+ µ (
∂u
∂y

)2 + u
dp∞
d x

+ Q̇chem + Q̇rad

(16)

1 Note that ∂2T ∗/∂y∗
2
>> ∂2T ∗/∂x∗

2

2 In the viscous dissipation term, only ( ∂u∗/∂y∗ )2 is
important.

3 In the pressure work terms, : u dp∞/d x is important

() March 15, 2010 12 / 17



Prandtl No Spectrum L5( 11
15)
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Prandtl Number defines the Fluid Type
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Mass Transfer Eqn L5( 12
15)

3D Mass Transfer Equation

∂(ρm ωk)

∂t
+

∂(ρm uj ωk)

∂xj
=

∂

∂xj
(ρm D

∂ωk

∂xj
) + Rk (17)

Carrying out Order-of-Magnitude analysis, invoking B L
approximations, and making uniform property assumptions, we
have

2D Mass Transfer B L Equation

ρm

[
u

∂ωk

∂x
+ v

∂ωk

∂y

]
= ρm D

∂2ωk

∂y2
+ Rk (18)
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Dimensionless Form L5( 13
15)

[
u∗

∂ω∗k
∂x∗

+ v∗
∂ω∗k
∂y∗

]
= (

1
Re Sc

)
∂2ω∗k
∂y∗2

+ R∗
k (19)

1 ω∗ = (ω − ω∞)/∆ωo → O ( 1 )
2 Sc = Schmidt Number = ν / D
3 R∗

k = Rk L/(ρm U∞ ∆ωo)
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Summary L5( 14
15)

∂(ρ u Φ)

∂x
+

∂(ρ v Φ)

∂y
=

∂

∂y

[
ΓΦ

∂Φ

∂y

]
+ SΦ (20)

Φ ΓΦ SΦ

1 0 0
u µm − dp∞/d x
T km/Cpm (Q̇chem + Q̇rad + µm (∂u/∂y)2 + u dp∞/d x)/Cpm

ωk ρm D Rk

Recall: a Φxx + 2 b Φxy + c Φyy = S (Φx , Φy , Φ, x , y).
When the discriminant b2 − a c = 0, the equation is parabolic.
When b2 − a c < 0, the equation is elliptic.
When b2 − a c > 0, the equation is hyperbolic.
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Methods of Solution L5( 15
15)

Boundary Layer Equations are PARABOLIC .

There are 3 Methods of Solution

1 Similarity Method ( PDE to ODE )
2 Integral Method ( PDE to ODE )
3 Finite-Difference or Finite Element Method ( PDE to Set of

Algebraic Equations )
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