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LECTURE-29 PREDICTION OF
TURBULENT FLOWS

@ Prediction of Cs, ( ExtBls)

© Integral Method
@ Complete Laminar-Transition-Turbulent BL
© Similarity Method

@ Prediction of f ( Internal Flows )- Use of Law of the wall
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Integral Method - Ext BLs - 1 L29(-%)

@ The Integral Momentum Egn ( IME ) is applicable to
laminar, trnasition and turbulent BLs ( lecture 10)

@ 1 dU,
dx

d
u

@ In each flow regime appropriate profiles of u/U,, must be
specified.

© We consider Fully turbulent boundary layer starting from
x = 0 ( leading edge ) or from x = x; ( end of transition )
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Power Law Assumption - L29(:3)

@ Evaluations of §; and &, are negligibly affected in TBLs
when Laminar sub-layer and transition layers are ignored.

© Then, only fully turbulent vel profile ( universal logarithmic
law ( inner ) + law of the wake ( outer ) ) suffices.

© However, integration as well as evaluation of
Crx = Tw/(p U2,) becomes extremely involved.

© Hence, for an impermeable smooth wall (v, =0), a
power-law is assumed

ut=ay™ a~875 and b=1./7.

@ This 1/ 7th power law fits the logarithmic law well upto
y* ~ 1500 and also fits the exptl data in the wake-region
better than log-law ( see next slide )
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Comparison with Expt Data - L29(3)
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4
Use of power law - v, = 0 - L29(y3)
@ Then, it follows that

u o Y o
U = ( 5) integration gives

O b 7 O

— = 041 —= = = — =

5 0.125, 5= 75 =0.097, H= 5% =1.29

@ Now, unlike in laminar flows, 7, = p u? is evaluated from
(U /u,) = 8.75 (6 u./v)'7 giving

Cfx_ Tw Ux 5) 0.25
1%

2 = e = 0.0225 ( 00125(UV52) 025

© Both expressions are very good approximations to mildly
adv pr gr through to highly fav. pr. gr and upto Re, ~ 10".

March 26,2012 6/21



: 5
Solving Int Mom Eqn - L29(33)
@ Substituting for 4y and Cs  with v,, = 0 gives

ax 0.0125 (== v )82 U dx or
_;( (UL 63%°] = 0.0156 1°%° U35 integration gives

UL o3 |, = UL 6175y, + 0.0156 102 / " U ax

Xin
@ If TBL originates at the leading edge ( x;; =0)

0.036 %2
TUEE

02 and Cy , can be evaluated for any arbitrary variation of
U, from mildly adv pr gr through to highly fav. pr. gr
For U = const, Ctx gpax—o = 0.0574 (=x)~02
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Highly Adv Pr Gr & v,, - L29(:3)

@ For these cases, IME is again written as

dé, 0 dUx Cix W
ax T U ax BTH =5
@ Now, H and Gy, are modeled as
—1
H = [1 —G,/Cf,x/z.o}
01 dp Vw/Uoo
~ 0.482 _ 9 Y _
G > 62(143+7+B)"%, §=— . G2

Crx = Crxgpax—o x (1+0.23)"" (Crawford and Kays), or
Crx = 0.246 x 1072878 x Re; 0% (Ludwig and Tilman)
Cix = 0.336 x {In(854.6 62/yc)} 2 (rough surface)

Valid for —1.43 < 5 + B < 12. lterative soln of IME is
required.
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Complete BL Prediction - 1 - L29(%)

Laminar Regime

@ For given U, (x) and v,, (x), evaluate d, (x)

@ Hence, evaluate x = (03,/v) dU/dx, H = 61,/62,
and S = 52’//547/.

© Hence evaluate Cs, - subscript | for laminar

© Continue calculations until Onset of transition using Cebeci
or Fraser and Milne criterion ( lecture 28 ).
Note the values of x; s and End of transition ( X, — Xs )
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Complete BL Prediction - 2 - L29(:%)

In the Transition regime

(U_oo)tr =

’y:

+  + |

X
[

(1 =) (g7 (g

oo

1—exp(—5&%) €= (x—xs)/(Xe — Xis)

= (1—7)d11+701,4

(1 —=7) {(1 =) b2y — v 01,4}
Y {7y 020 — (1 —7) 01t}

27(1-) | [1—(U—‘;)I<U—‘;)t dy

51,tr/52,tr

= (1=7) Cixs+7 Crxt
Yo B o Hi(Hi+ 1)
(5t) — n—Ht_1 — 6t_52’t—Ht—1
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Complete BL Prediction - 3 - L29()

@ To compute in Turbulent
regime , we define
Xvo — Xts = 0.126 (Xpe — Xis)
@ Define x' = x — x,, and
commence soln of turbulent

Laminar Transition Turbulent

T
1
y=0 |
1
1

IME where at x' =0, thT X te

arbitrarily, 52,t =0.2 (52’/, Xyo = Virtual Origin of TBL
H; = 1.5 and , ) .
Civi=0.99 Cr For x' > X, turbulent IME is

solved iteratively as described

in slide 5. With Ax" = 0.25 6o,
convergence is obtained in < 4
iterations.

Q At X, = Xie — Xy, the
appropriate specifications
are 02 = 024, Hy = Hy and
Crtx.t = Crx.r and laminar
calculations are stopped.
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Solns for Ellipse Family - L29(39)

Ug (x)
Uapp _—

—

)
- beta

X

2a ‘

@ a, b, Uy, p and  are specified. Re = (p Uapp 2a) /10

Q U, = Uz x (1 + b/a) x cos () where (3 is function of x
© S (x) is distance along the surface.

©Q (b/a) >0 (Ellipse), =1.0 (cylinder), = 0 ( flat plate)

March 26,2012 12/21



Flat Plate - L29(]
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@ L =23, Re, = 107, C; x 500 are plotted.
Q (xs/L) = 0.31, (Xe/L) = 0.4342, (x,0/L) = 0.325
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Cylinder - L29({%

1000
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X /D

@ D =2a, Rep = 107, C; x 500 are plotted.
© Laminar Separation at (Xsep/D) = 0.597

= Turbulent Reattachment assumed
© Turbulent Separation at (Xsep/D) = 0.812
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Ellipse (2-0.5) - L29(3

1000
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@ Re., =107, Cr, x 500 are plotted.
Q (xs/2a) = 0.3588, (x,s/23) = 0.4284, (x,,/23) = 0.3676
© Turbulent Separation at (Xsep/2a) = 0.958
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Similarity Method for TBL - L29(15

@ The differential eqn governing TBL can be written as

u My —dU°°+ a 1+ )au
ox oy 7 dx dy

where v;” = /v and vy is given by Prandtl s mixing length.
@ To convert this egn to an ODE, we invoke following
similarity variables

Us 5L
nEme V= 2ULV§><f€'I’]
1 2 dU
e=py | Ueor  a=gp 0 / U, dx
d 4y £ 7 /df s df
d—n[(wut)f}wf + B(1—f)_2§(fd—€—fd—£)

with 7 (£,0) = (£,0) =0, f (£,00) =1.0. Uy (x)is
prescribed arbitrary variation. L and V - reference scales.
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Sim Meth for Eq. BLs - L29(13)

@ The Eqgn of previous slide can be used for flow over an
ellipse, for example, with U, = Uapp x (1 + b/a) x cos ()
and vy =0(Lam)and v} =(1 — ) +~v (Trans)

@ When U, = C x™, ( Equilibrium BLs ) , we have

0 = ey

v X
¢ = 2D U < 1 ()
din [(1+yt+)f”} + ff"+(mz—T1)(1—f'2)
= x(f'%—f”%)

with f (x,0) = f (x,0) =0, f (x,00) = 1.0.
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Soln Procedure - L29(3

@ The presence of axial derivatives on the RHS requires
iterative solution.

@ Therefore, at first Ax , Set RHS = 0 and solve 3rd order
ODE to predict f, f and f" as functions of 7

© At subsequent Ax’s, evaluate the RHS from df/dx =
(fy — fv_ax)/Ax etc and solve the 3rd order ODE by
Runge-Kutta method.

@ Usingthe new f, f and f* distributions, evaluate the RHS
and Solve the ODE again

@ Go to step 3 until predicted f-distributions between
iterations converge within a tolerance.

© For further refinements of this method see Cebeci and
Cousteix, Modeling and Computation of Boundary-Layer
Flows, 2nd ed, Springer, ( 2005 )
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F. D. Pipe Flow - 1 - L29({])
@ In lecture 26, it was shown that the log-law predicts the vel
profile remarkably well upto the pipe center line . Then

_ 2 (A
u—ﬁ/ourdr

_ 2 A
ut = E/o ut (RT—y")dyt — y=R-r
@ Since R™ =0 (1000 ), contribution to the integral upto y* =
30 is negligible. Writing log-law as y* = E~" exp (k u™)
where E =9.152 and k = 0.41,

ug
ut = EZRZ / ’u+{F|’+—E‘1 exp (k ut)} exp (k u™) du*
0
3 2 1 3
_ + _ = _ ~ =
YT TRER REERT YT 2%

where subscript cl = centerline
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F. D. Pipe Flow - 2 - LZQ(%

@ The last expression shows that

ul = Ut +3.66 = [+366—,/0046R S 1366

@ Taking Re = 50,000, v, =23.11 or (U/uy) = 1 - 3.66/23.11
=0.84 or (uy/U) ~ 1.19 . uj increases and (ugy/U)
decreases with increase in Re

© Further, writing v}, = k' In (E RT), we have

c —

1 E f
= - In (E Re \/;) —3.66 or

U =
2 1 9.152 f

= 04 In ( 5 Re\/;)—3.66 or

f Fle

5 = 0.168 [In(1.021 Re \/;)] implicit formula
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F. D. Pipe Flow - 3 - L29(12

@ To derive an explicit formula for f , we use Power law profile
ut =ay*’. Then, evaluating T"

f [A+b)@2+b), ,2 %0
2= |l 2a ) *(ge)

© Fora=8.75and b =1/7,f=0.079 Re %2° ( Re < 50000 )
Fora=10.3and b =1/9, f = 0.046 Re~°2 ( Re > 50000 )
© For a Rough pipe , log-law is given by ( lecture 28 )
ut =k~ 1In(y*/yL) +8.48 = k1In(29.73 y* /yt). Then,
carrying out integration as before, it can be shown that

—2
i = {2.5 In(ﬂ) + 3.0}
VYre

This eqn is independent of Reynolds number.
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