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LECTURE-10 INTEGRAL EQNS OF BL

1 Development of Integral Equation for a Velocity BL
2 Development of Integral Equation for a Temperature BL
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Integral Method - L10( 1
13)

1 The Integral Method represents a class of approximate
methods capable of handling arbitrary variations of U∞ (x),
Vw (x) and Tw (x)

2 The method thus removes restrictions imposed by the
Similarity Method

3 The method derives exact boundary layer equations in an
integral form which are then solved in an approximate
manner

4 The method is attractive because at least in the simple
cases, closed form solutions can be obtained with little
algebraic effort.
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Velocity B L - L10( 2
13)

Consider Continuity and Momentum Equations

∂u
∂x

+
∂v
∂y

= 0 (1)

∂(u u)

∂x
+

∂(v u)

∂y
= U∞

d U∞
d x

+ ν
∂2u
∂y2 (2)

The equations are integrated with respect to y
from y = 0 ( u = 0, v = Vw )
to y = l ( u = U∞, v = Vl )

where l > δmax in the region 0 < x < L ( see next slide )
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Integral Continuity Eqn - L10( 3
13)

L

x

U 8

y δ
SURFACE
INTERFACE

/

T 8 8Φ FREE STREAM REGION l

∫ l

0

∂u
∂x

d y +

∫ l

0

∂v
∂y

d y = 0

Vl − Vw = −
∫ l

0

∂u
∂x

d y = − ∂

∂x

∫ l

0
u dy (3)

Vl is a Ficticious velocity at y = l
Vw (x) is the Suction/Blowing Velocity
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Integral Momentum Eqn - 1 - L10( 4
13)

∫ l

0

∂(u u)

∂x
dy +

∫ l

0

∂(v u)

∂y
dy =

∫ l

0
U∞

d U∞
d x

dy +ν

∫ l

0

∂2u
∂y2 dy (4)

d
d x

∫ l

0
u u d y + U∞ Vl − uw Vw

= U∞
d U∞
d x

l + ν

{
(
∂u
∂y

)y=l − (
∂u
∂y

)y=0

}
Using no-slip condition uw = 0 and noting that ∂u/∂y |y=l = 0

d
d x

∫ l

0
uud y +U∞

[
Vw −

d
d x

∫ l

0
u d y

]
= U∞

d U∞
d x

l− τw ,x

ρ
(5)
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Integral Momentum Eqn - 2 - L10( 5
13)

Identity: U∞ d U∞
d x l = U∞ d U∞

d x

∫ l
0 dy = d U∞

d x

∫ l
0 U∞dy

Hence,

d
d x

∫ l

0
uudy +U∞

[
Vw −

d
d x

∫ l

0
u d y

]
=

d U∞
d x

∫ l

0
U∞dy− τw ,x

ρ

Identity:

d
d x

∫ l

0
u U∞ d y =

d U∞
d x

∫ l

0
u d y + U∞

d
d x

∫ l

0
u d y

Hence,

d
d x

∫ l

0
u (u−U∞) d y +

d U∞
d x

∫ l

0
(u−U∞)dy = −τw ,x

ρ
−U∞ Vw
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Integral Momentum Eqn- 3 - L10 ( 6
13 )

Divide and Multiply by the same quantity

d
d x

[
U2
∞

∫ l

0

u
U∞

(
u

U∞
− 1) d y

]
+ U∞

d U∞
d x

∫ l

0
(

u
U∞
− 1) d y = −(

τw ,x

ρ
+ Vw U∞)

Recall
1 δ1 =

∫∞
0 (1− u

U∞
) d y =

∫ l
0 (1− u

U∞
) d y

2 δ2 =
∫∞

0
u

U∞
(1− u

U∞
) d y =

∫ l
0

u
U∞

(1− u
U∞

) d y
Hence,

d
d x

[
U2
∞ δ2

]
+ U∞

d U∞
d x

δ1 = (
τw ,x

ρ
+ Vw U∞)
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Integral Momentum Eqn- 4 - L10 ( 7
13 )

Dividing throughout by U2
∞

d δ2

d x
+

1
U∞

d U∞
d x

(2 δ2 + δ1) =
Cf ,x

2
+

Vw

U∞
(6)

1 This is known as Integral Momentum Eqn
2 It is an Exact Equation - No assumptions are introduced
3 It is an ODE. Thus, PDEs of the BL are converted to an

ODE for integral parameter δ2

4 Cf ,x = τw ,x/(ρ U2
∞/2)
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Integral Kinetic Energy Eqn-1 - L10( 8
13)

ρ

[
u
∂u
∂x

+ v
∂u
∂y

]
= ρU∞

d U∞
d x

+ µ
∂2u
∂y2 (7)

Multiply by u / ρ throughout

∂u E
∂x

+
∂v E
∂y

= u U∞
d U∞
d x

+ ν u
∂2u
∂y2 E =

u2

2
(8)

Integrate from y = 0 to y = δ and note that (vE)y=0 = 0

d
dx

[∫ δ

0
(
u3

2
) dy

]
+

[
Vw −

∂

∂x

∫ δ

0
u dy

]
U2
∞
2

=
d U∞

dx

∫ δ

0
u U∞ dy

+ ν

∫ δ

0
u (

∂2u
∂y2 ) dy (9)
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Integral Kinetic Energy Eqn-2 - L10( 9
13)

Integration by parts gives

ν

∫ δ

0
u (

∂2u
∂y2 ) dy = − ν

∫ δ

0
(
∂u
∂y

)2 dy

Define Kinetic Energy Thickness δ3 as

δ3 ≡
∫ ∞

0

u
U∞

[
1− (

u
U∞

)2
]

d y (10)

Manipulation gives Integral Kinetic Energy Eqn

d
dx

(U3
∞ δ3) = Vw U2

∞ + 2 ν
∫ δ

0
(
∂u
∂y

)2 dy (11)
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Integral Energy Eqn - 1 - L10(10
13)

L

x

U 8

y
SURFACE
INTERFACE

/

T 8 8Φ FREE STREAM REGION l

δ

VEL BL

TEMP BL

TEMP BL

∆ ( Pr > 1 )
∆ (  Pr  < 1 )

∂(u T )

∂x
+

∂(v T )

∂y
= α

∂2T
∂y2 +

ν

Cp
(
∂u
∂y

)2 (12)

Define θ = (T − T∞)/(Tw − T∞) T∞ = constant, Tw = F ( x )

∂(u θ)

∂x
+

∂(v θ)

∂y
+

u θ
(Tw − T∞)

d
dx

(Tw − T∞)

= α
∂2θ

∂y2 +
ν

Cp(Tw − T∞)
(
∂u
∂y

)2 (13)

The equation is integrated with respect to y from y = 0 to y = l
where l > δmax for Pr > 1 and l > ∆max for Pr < 1
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Integral Energy Eqn - 2 - L10(11
13)

Integration gives

d
dx

[
U∞

∫ l

0

u
U∞

θ dy
]

+ Vlθl − Vwθw

+
1

(Tw − T∞)

d
dx

(Tw − T∞)

{
U∞

∫ l

0

u
U∞

θ dy
}

= α

{
(
∂θ

∂y
)y=l − (

∂θ

∂y
)y=0

}
+

ν

Cp(Tw − T∞)

∫ l

0
(
∂u
∂y

)2 dy

1 Recall ∆2 =
∫∞

0
u (T−T∞)

U∞(Tw−T∞)
dy =

∫ l
0

u
U∞

θ dy
2 θl = θ∞ = 0 and θw = 1
3 α ∂θ

∂y |y=l = 0 and α ∂θ
∂y |y=0 = − qw

ρ Cp (Tw−T∞)
= − hx

ρ Cp
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Integral Energy Eqn - 3 - L10(12
13)

Substitution gives

d
dx

[U∞∆2] +
U∞ ∆2

(Tw − T∞)

d
dx

(Tw − T∞) =
hx

ρ Cp
+ Vw

+
ν

Cp

∫ l

0
(
∂u
∂y

)2 dy (14)

Division by U∞ gives Integral Energy Eqn

d ∆2

d x
+ ∆2

[
1

(Tw − T∞)

d
d x

(Tw − T∞) +
1

U∞
d U∞
d x

]
= Stx +

Vw

U∞
+ 2 Ecx

ν

U3
∞

∫ l

0
(
∂u
∂y

)2 d y (15)

This ODE is Exact , Stx = hx/(ρ Cp U∞) = Nux/(Rex Pr)
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Summary of Integral Eqns - L10(13
13)

Continuity eqn

Vl − Vw = − ∂

∂x

∫ l

0
u dy (16)

Momentum Eqn

d δ2

d x
+

1
U∞

d U∞
d x

(2 δ2 + δ1) =
Cf ,x

2
+

Vw

U∞
(17)

Energy Equation

d ∆2

d x
+ ∆2

[
1

(Tw − T∞)

d
d x

(Tw − T∞) +
1

U∞
d U∞
d x

]
= Stx +

Vw

U∞
+ 2 Ecx

ν

U3
∞

∫ l

0
(
∂u
∂y

)2 d y (18)
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