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LECTURE-10 INTEGRAL EQNS OF BL

@ Development of Integral Equation for a Velocity BL
@ Development of Integral Equation for a Temperature BL
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Integral Method - L10(-%)

@ The Integral Method represents a class of approximate
methods capable of handling arbitrary variations of U, (x),
Vw (x) and T, (x)

@ The method thus removes restrictions imposed by the
Similarity Method

© The method derives exact boundary layer equations in an
integral form which are then solved in an approximate
manner

© The method is attractive because at least in the simple
cases, closed form solutions can be obtained with little
algebraic effort.
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Velocity B L - L10(%)

Consider Continuity and Momentum Equations

ou 8v_

ox oy =0
ouu)y o(vu) d U, 02u
ox dy = Us ax 7

The equations are integrated with respect to y
fromy=0(u=0,v=V,)
toy=1(u=U,,v=V))

where | > dpa in the region 0 < x < L ( see next slide )
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Integral Continuity Eqn - L10(3)

SURFACE /
INTERFACE

0 Ox o Oy
/ /
ou
VimVw=— | 5 ¢ —a/(,“dy

V, is a Ficticious velocity aty = |
Vi (x) is the Suction/Blowing Velocity
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Integral Momentum Eqn - 1 - L10(%)

I a2
/ ““)d / ov )y, _/ U.. —dy+u ou Z2dy (4)
0 o 0y?

d !
ﬂ/uuderUooV,—uWVW

d U ou ou
= U e { (G- (o)

Using no-slip condition u, = 0 and noting that du/dy|,—; =0

d [ d [ s T
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Integral Momentum Eqn - 2 - L10(153)
Identity: Uy, @Y= | = U, 2= [/ dy = dU= [] () dy

X dx

Hence,

d [ d [ dU, [ Twx
a/ouudijUOo {VW—E/Oudy} = gx /OUoody— P

|dentity:
/ uU,dy dU /udy+Ud /udy

Hence,

d / Tw,x
E/OU(U U )dy—i—w/o(u—uoo)dy—— P — U, Vi
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Integral Momentum Eqn- 3 - L10 ( 5)
Divide and Multiply by the same quantity

"u u
Ufo/o U—(U——Ud}/]

dU, [ u O Twx

a
dx

Recall
Q@o=[(1-L)dy=)/(1-L)dy
Qo=/"Et(-EL)dy=[L(1-L)dy
Hence,

d U,
adx

(U2 6] + Us, 5y = (”;X +V, Us)

dx
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Integral Momentum Eqn- 4 -L10 ( %)

Dividing throughout by U2,

d 62 1 dUx

4 ( Cf,x Vw
dx U, dx

5 +U_oo (6)

26y + 61) =

@ This is known as Integral Momentum Eqgn
@ Itis an Exact Equation - No assumptions are introduced

© Itis an ODE. Thus, PDEs of the BL are converted to an
ODE for integral parameter -

o Cf,x = TW,X/(P Ugo/z)
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Integral Kinetic Energy Eqn-1 - L10(:3)

T 9, Tu (7)
ox ay| "7 dx Mé’yz
Multiply by u / p throughout
OUE OVvE d U 62u U2
ox oy UUsgx TVUge ETm B

Integrate fromy = 0 to y = § and note that (VE),—o =0
d us o [° U2,
a L[ @] o g [va] T
dU, [°
- o | v

¢ 92u
+ 1//0 u(a—yz)dy (9)
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Integral Kinetic Energy Eqn-2 - L1 0(%)

Integration by parts gives

u/oé( Yoy = v /(

Define Kinetic Energy Thickness d3; as

< u u .,
= — —(— 1
. /o Us [1 (Uoo)} 9 1)
Manipulation gives Integral Kinetic Energy Eqgn

S du
3 o 2
(UOO(53)_VWUOO—|—21//O (_(9y

d

ax )? dy (11)
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Integral Energy Egn-1 - L10(

U, T, @®, FREESTREAM REGION

! __tEmMPBL
VEL BL

- TEMP BL

y] T T atbr> [~ SURFACE /
INTERFACE

o(uT) N o(vT) 02T v 0U.,

= a7 + = (5 12
ox oy “ dy? * Cp(ay) (12)
Define 0 = (T — Tx)/(Tw — Tx) T =constant, T, =F (x)
o(ub) (v 0) ué d
ox T oy TT Ty e )
020 v ou

(13)

= «

o2 T ST, — o) Loy

The equation is integrated with respecttoy fromy=0toy =1
where | > §ax for Pr> 1 and | > A4 for Pr < 1
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Integral Energy Eqn - 2 - L10(33

Integration gives

d " u
> {Uw/o U—mady} V0, — Vil

;i(r_'r) U /l_
T ST Rl A TR

14

{89 06
= «

(G~ G| + =TS

@ Recall A; = [ 215k dy = Jo &= 0dy

QY=6.,=0andd, =1
Q aae\y/ Oandaa"|y 0= 9w

TPl (Tw—Te) —

y de}

" ou,
—)°d
| Gray

_hx
- pCp
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Integral Energy Eqn - 3 - L10(3%

Substitution gives

d Uo By d _ h
v [ ou,
+ = —)°d 14
& |G (14)
Division by U, gives Integral Energy Eqn
d Ay 1 d 1 dUs.
T [T e T

ou.,
ay) @

Vi v !

This ODE is Exact, Sty = hy/(p Cp Us) = Nuy/(Rex Pr)
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Summary of Integral Eqns - L10({3

Continuity egn
0 I
V/—VW——&/0 udy (16)

Momentum Eqgn

d oz 1 dU, _Cix Vi

Jx +Uoo 9 x (2024 01) = 5 +Uoo (17)
Energy Equation

dA; 1 d 1 dUx

ax T {(TW— T dx\ T

Vi v " ou,
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