
MODULE 8: BRANCHING PROCESSES 11

Lecture 3 Markov Branching Process

Let Z(t) be number of particles at time t. Let

δ1k + akh+ o(h), k = 0, 1, . . .

represent the probability that a single particle will split producing k particles during

a small time interval (t, t+h) of length h. δ1k denotes the Kronecker delta function.

Assume that a1 ≤ 0, ak ≥ 0 for k = 0, 2, 3, . . . and
∑∞

k=0 ak = 0. We further

postulate that individual particles act independent of each other, always governed

by the infinitesimal probabilities. Note that we are also assuming time homogeneity

for the transition probabilities since ak is not a function of the time at which the

conversion or splitting occurs. Each particle lives a random length of time following

an exponential distribution with mean 1/λ = a0 + a2 + a3 + . . .. On completion of

i-th lifetime, it produces a random number D of descendants of like particles. The

probability mass function of D is

P (D = k) =
ak

a0 + a2 + a3 + . . .
, k = 0, 2, 3, . . .

The lifetime and progeny distribution of separate individuals are independent and

identically distributed. Using the independence assumptions, we get

P (Z(t+ h) = n+ k − 1 | Z(t) = n) = nakh+ o(h), k = 0, 2, 3, . . .

and

P (Z(t+ h) = n | Z(t) = n) = 1− na1h+ o(h).

Probability Generating Function

Let

Pij(t) = P (Z(t+ s) = j | Z(s) = i), i, j = 0, 1, . . . , t, s ≥ 0

and let

ϕ(t; s) =
∞∑
j=0

P1j(t)s
j

the probability generating function for P1j(t).
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THEOREM 1. The probability generating function for P1j(t), ϕ(t; s), satisfies:

ϕ(t+ v; s) = ϕ(t;ϕ(v; s)).

This is the continuous time analog of Theorem 7, in the case of discrete time branch-

ing processes.

Proof. Since individual particles act independently, we have the fundamental rela-

tion ∑
j

Pij(t)s
i =

[∑
j

P1j(t)s
j

]i
= [ϕ(t; s)]i .

The formula means that the population Z(t; i) involving in time t from i initial par-

ents is same, in the sense of probability, as the combined sum of i population each

having one initial parents. Also, this formula characterizes and distinguishes branch-

ing processes from other continuous time Markov chains. By the time homogeneity,

the Chapman - Kolmogorov equations take the form

Pij(t+ v) =
∑
k

Pik(t)Pkj(v).

Now

[ϕ(t+ v; s)]i =
∑
j

Pij(t+ v)sj

=
∑
j

∑
k

Pik(t)Pkj(v)s
j

=
∑
k

Pik(t)
∑
j

Pkj(v)s
j

=
∑
k

Pik(t) [ϕ(v; s)]
k

= [ϕ(t;ϕ(v; s))]i .

When i = 1, we obtain the result.

THEOREM 2. Let u(s) =
∑

k aks
k. Then ϕ(t; s) satisfies:

∂ϕ(t; s)

∂t
=

∂ϕ(t; s)

∂s
u(s)
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∂ϕ(t; s)

∂t
= u(ϕ(t; s))

with the initial condition

ϕ(0; s) =
∑
j

P1j(0)s
j = s.

Proof. We have

ϕ(h; s) =
∑
j

P1j(h)s
j

=
∑
j

(δ1j + ajh+ o(h)) sj

= s+ h
∑
j

ajs
j + o(h)

= s+ hu(s) + o(h).

Now

ϕ(t+ h; s) = ϕ(t;ϕ(h; s)) = ϕ(t; s+ hu(s) + o(h)).

By Taylor’s theorem, we expand the right-hand side with respect to the second

variable

ϕ(t+ h; s) = ϕ(t; s) +
∂ϕ(t; s)

∂s
hu(s) + o(h).

Hence
ϕ(t+ h; s)− ϕ(t; s)

h
=

∂ϕ(t; s)

∂s
u(s) +

o(h)

h
.

Taking h → 0+, we get
∂ϕ(t; s)

∂t
=

∂ϕ(t; s)

∂s
u(s).

This is a partial differential equation for the function of two variables ϕ(t; s) with

the initial condition

ϕ(0; s) =
∑
j

P1j(0)s
j = s.

Proof of part 2:

Now consider,

ϕ(v + h; s) = ϕ(v;ϕ(h; s)).
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By Taylor’s theorem, we get

ϕ(v + h; s) = ϕ(v; s) + hu(ϕ(v; s)) + o(h).

Hence
ϕ(v + h; s)− ϕ(v; s)

h
= u(ϕ(v; s)) +

o(h)

h
.

Taking h → 0+, then substituting v = t, we get

∂ϕ(t; s)

∂t
= u(ϕ(t; s)).

This is an ordinary differential equation with initial condition

ϕ(0; s) =
∑
j

P1j(0)s
j = s.

Mean of Z(t)

Consider
∂ϕ(t; s)

∂t
=

∂ϕ(t; s)

∂s
u(s).

By differentiating with respect to s and interchanging the order of differentiation

on the left side, we get

∂2ϕ(t; s)

∂t∂s
= u(s)

∂2ϕ(t; s)

∂s2
+ u

′
(s)

∂ϕ(t; s)

∂s
.

If s = 1, u(1) =
∑

k ak = 0, and then

∂m(t)

∂t
= u

′
(1)m(t)

where

m(t) = E[Z(t)] =
∂ϕ(t; s)

∂s
|s=1 .

But, since Z(0) = 1, then m(0) = 1 and the solution is

m(t) = eu
′
(1)t.
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Probability of Extinction

DEFINITION 3. The extinction probability, q, is defined by

q = lim
t→∞

P10(t).

Now, we assume that a0 > 0, otherwise extinction is impossible. It is enough to

consider the case where the process starts with a single individual at time zero. In

fact, with s = 0

Pi0(t) = [P10(t)]
i .

Now, Pi0(t) is non-decreasing in t,

Pi0(t+ v) = [ϕ(t+ v; 0)]i

= [ϕ(t;ϕ(v; 0))]i

≥ [ϕ(t; 0)]i

= Pi0(t).

Derivation of Probability of Extinction

Let t0 be a fixed positive number. Consider the discrete time process

Z(0), Z(t0), Z(2t0), . . . , Z(nt0), . . .

where Z(t) is the population size at time t.

Assume that, the population size at t = 0 is one. Since Z(t) is assumed to be a

Markov process, the discrete process Yn = Z(nt0) will be a Markov chain which is

also a discrete time branching process. By the hypothesis of homogeneity of the

probability function of Z(t) and

∑
j

Pij(t)s
i =

[∑
j

P1j(t)s
j

]i
= [ϕ(t; s)]i .
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We obtain∑
k

P (Yn+1 = k | Yn = i)sk = E
[
SYn+1 | Yn = i

]
= E

[
SZ((n+1)t0) | Z(nt0) = i

]
= E

[
SZ(t0) | Z(0) = i

]
= [ϕ(t0; s)]

i

=
[
E
[
SZ(t0) | Z(0) = 1

]]i
=

[
E
[
SY1 | Y0 = 1

]]i
.

This shows that {Yn, n = 0, 1, . . .} is a branching process.

The probability generating function of the number of offspring of a single indi-

vidual in this process is ϕ(t0; s). By Theorem 2, we know that the probability of

extinction for the Yn process is the smallest non-negative root of the equation

ϕ(t0; s) = s.

But

P (Yn = 0 for some n) = lim
n→∞

P (Yn = 0)

= lim
n→∞

P (Z(nt0) = 0)

= lim
t→∞

P (Z(t) = 0)

= q.

The extinction probability q of the continuous time branching process Z(t) is

the smallest non-negative root of the equation

ϕ(t0; s) = s

where t0 is any positive number.

Hence, we expect that we should also be able to calculate q from an equation that

does not depend on time.

THEOREM 4. The probability of extinction q is the smallest non-negative root of the
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equation

u(s) = 0

Hence, q = 1 if and only if u
′
(1) ≤ 0.

Proof. Since q satisfies

ϕ(t0; s) = s

for any t0 > 0, we have

ϕ(v + h; s)− ϕ(v; s)

h
= u(ϕ(v; s)) +

o(h)

h
.

If s = q, then
q − q

h
= u(q) +

o(h)

h
.

Hence, for any h > 0,

0 = u(q) +
o(h)

h

Taking h → 0+, we obtain

u(q) = 0.

Since

u
′′
(s) =

∞∑
k=1

akk(k − 1)sk−2 ≥ 0

u(s) is convex in the interval [0, 1]. As u(1) = 0 and u(0) = a0 > 0, u(s) may have

at most one zero in the interval (0, 1). According to whether u
′
(1) ≤ 0 or u

′
(1) > 0

holds, we have the cases q = 1 or q < 1 respectively. Note that E[Z(t0)] = E[Y ]

if and only if u
′
(1) > 0. This means that for the discrete time branching process

Z(nt0), n = 0, 1, 2, . . . (t0 > 0 fixed), extinction occurs with probability less than

one, and therefore the same is true for the process Z(t). Here, the probability of

extinction q is the smallest zero of u(s) in [0, 1]. In a similar manner we conclude

that, if u
′
(1) ≤ 0, q must be equal to one. In either case q is the smallest non-negative

root of u(s) = 0.

Limit Theorem
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If u
′
(1) = 0 and u

′′
(1) < ∞, then

P (Z(t) > 0 | Z(0) = 1) ∼ 2

tu′′(t)
, t → ∞

and

lim
t→∞

P

(
2Z(t)

tu′′(1)
> λ | Z(t) ̸= 0

)
= e−λ, λ > 0.

If u
′
(1) > 0 and u

′′
(1) < ∞, then

Z(t)

etu
′
(1)

has a limit distribution as t → ∞.

Some Other Important Branching Processes

1. Bellman-Harris Processes

Consider a classical branching process in which progeny are born at the mo-

ment of the parents death. Let Z(t) be the number of particles alive at time

t. The distribution of particle lifetime τ is an arbitrary non-negative random

variable, the resulting process is called an “age-dependent” or Bellman - Har-

ris process. Assume that all particles reproduce and die independently of each

other. This model generalizes the birth and death process in two respects:

first, the lifespan of individual particles need not have the exponential distri-

bution, and second, more than one particle can born. The process Z(t) is not

a Markov process and its analysis is usually done by using renewal theory.

2. Bellman-Harris Processes with Disasters

Consider the population model which follows a Bellman - Harris process. At

random times, disasters beset the population and each particle alive at the

time of the disaster survives with probability p. The survival of any particle

is assume to be independent of the survival of any other particle. Measure of

interest is limiting behavior when extinction does not occur.

3. Bellman - Harris Processes with Immigration

Consider a Bellman - Harris process {Z(t), t ≥ 0} where Z(t) denotes the pop-

ulation size at time t. In addition, we allow the sudden appearance into the

system of newly born particles called immigrants. Immigrants are assumed
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to arrive in groups of various sizes with the probability of n immigrants in a

group immigrating at time t given by pn(t), n = 1, 2, . . .. Once these particles

arrive, they reproduce and die according to the Bellman-Harris process. Mea-

sures of interest are the mean, the limiting distribution and the asymptotic

behavior. This branching process is widely used to describe growth and decay

of biological populations.
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Module 1: Probability Essentials

Lecture 1 Introduction

In our everyday life, we encounter many situations that we feel should see improve-

ments. The system that we observe may be the planes hovering around airports

waiting to land or to take off, or may be the price of a particular stock in a stock

exchange, or may be speed of the internet in your home, or may be production of

some systems in a manufacturing company. In order to improve the behaviour of

such systems, one needs to study them first by abstracting their essential features.

These are typical examples of systems which vary in time in a random manner and

interest in studying them has never vanished and will never be. The mathematical

models that abstract the essential features of such systems are known as stochastic

processes or random processes.

In this module, we will briefly review the probability essentials that form back-

bone to the study of stochastic processes. Those who are familiar with the material

covered in this module may either skip this module entirely or gloss over the module

quickly to understand the concepts and notations used throughout the course.

Keywords: Sigma-fields, probability spaces, conditional probability, indepen-

dence.

1 Probability Spaces

Probability theory is concerned with modelling systems that behave in an unpre-

dictable manner. In probabilistic modelling, the first basic concept is that of a

‘random experiment’, like tossing a coin or throwing a dice. For example, when

we toss a coin or throw a dice, we do not know what is going to be the outcome.

They are thus known as random experiments which essentially means that we can

enumerate all possible outcomes of the experiment but not sure which one of them

actually will happen. We abstract all possible outcomes of a random experiment by

a set Ω and call it the sample space of the experiment. The elements of Ω are called

sample points or elementary events.

We are often interested in the study of a group of sample points, rather than a

single sample point only. These are called as events of the experiment and the events

1
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satisfy some consistency requirements among themselves. In its full generality, they

form a collection known as a σ-algebra (or σ-field) over Ω which is defined as below.

DEFINITION 1. A nonempty collection F of subsets of Ω is called a σ-algebra (over

Ω) if F is closed under the operations of countable unions and complementations,

i.e.,

1. ∪∞
n=1An ∈ F whenever An ∈ F , n ≥ 1, and

2. Ac ∈ F whenever A ∈ F .

The pair (Ω,F) is called a measurable space.

EXAMPLE 2. The largest σ-field of subsets of a fixed set Ω is the collection of all

subsets of Ω, i.e., the power set PΩ. The smallest σ-field consists of the two sets ∅
and Ω. These σ-fields are sometimes called as trivial σ-fields.

EXAMPLE 3. Let Ω be an infinite set, and let F be the collection of all finite subsets

of Ω. Then F does not contain Ω and is not closed under complementation, and so

is not an algebra (or a σ-algebra) on Ω.

In the definition given above, if we replace the ‘countable union’ part by a ’finite

union’, then the collection is called as a field. It can be seen easily that each σ-field on

Ω is a field on Ω since, for example, the union of the finite sequence A1, A2, · · · , An is

the same as the union of the infinite sequence A1, A2, · · · , An, An, An, · · · . Similarly,

every finite field (a field with a finite number of elements) is a σ-field too. But, in

general, a field may not be a σ-field as shown below.

EXAMPLE 4. Let A be a nonempty proper subset of Ω, and let F = {∅,Ω, A,Ac}.
Then F is the smallest σ-field containing A. For if G is a σ-field and A ∈ G, then
by definition of a σ-field, Ω, ∅, and Ac belong to G, hence F ⊆ G. But F is a σ-field,

for if we form complements or unions of sets in F , we invariably obtain sets in

F . Thus F is a σ-field that is included in any σ-field containing A, and the result

follows.

EXERCISE 5. Let A,B be nonempty proper subsets of Ω. Determine the smallest

σ-field containing A and B. How many elements are there in it? Extending the

idea, describe explicitly the smallest σ-field containing a finite number of subsets

A1, A2, · · · , An of Ω.

Generalizing the idea of the previous example, one can talk about the smallest
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σ-field containing a class of sets. If C is a class of subsets of a set Ω, the smallest σ-

field containing the sets of C will be written as σ(C), and will be called the minimal

σ-field over C or the σ-field generated by C. And, C will be called a generator for

the σ-field σ(C).
EXAMPLE 6. (Borel σ-field) In probability theory, the σ-field of interest is what is

known as the Borel σ-field (especially in the case when Ω = R). Denoted as B (or

B(R)), the Borel σ-field over R is the σ-field generated by the class of all intervals

of the form (a, b), a, b ∈ R. A Borel set is an element of the Borel σ-field.

Note that the class of open intervals is only one of the many generators of the

Borel σ-field. And, though practically all the subsets of R that we encounter are

Borel sets, there exists non-Borel sets. But we will not worry about that.

The third idea concerns the measurement of these events, i.e, the probability,

which we define below in an axiomatic way.

DEFINITION 7. A function P : F → R is called a probability measure (or simply

probability) if

1. 0 ≤ P (A) ≤ 1, ∀A ∈ F ,

2. P (Ω) = 1, and

3. A1, A2, · · · ∈ F are pairwise disjoint, then P (∪∞
i=1Ai) =

∑∞
i=1 P (Ai).

The triplet (Ω,F , P ) is called a probability space.

If you are familiar with measure theory, you can realize immediately that the

probability measure is a measure of total mass one. You should keep in mind the fact

that there is always an underlying probability space in every probabilistic modelling.

Sometimes it can be described easily and sometimes it may not be.

EXAMPLE 8. In the case of throwing a die twice, Ω = {(i, j) : i, j = 1, 2, . . . , 6},
where i is the outcome of the first throw and j the outcome of the second throw. If

we take F = PΩ then we get a particular probability space.

If we take F = {{(1, 1)}, {(1, 1)}c,Ω, ϕ}, then we get a different probability space.
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2 Conditional Probability and Independence

Consider families with two children. What is the probability that a family has

another boy, given that it has one boy? The answer however is not 1
2
. Here,

Ω = {BB,BG,GG,GB} and let H = {BB,BG,GB} be the event that the family

has at least one boy. If H is considered as the new sample space and all outcomes

are considered to be equally likely then P (A | H) = 1
3
, where A is the event that

the family has two boys, and in that case P (A | H) = P (A∩H
P (H)

= 1
3
. In general, we

have the following definition.

DEFINITION 9. Given a probability space (Ω,F , P ), let B ∈ F be some fixed event

such that P (B) > 0, then the conditional probability of A ∈ F given B (denoted by

P (A | B)) is equal toP (A∩B
P (B)

.

THEOREM 10. Given (Ω,F , P ), consider a fixed B ∈ F such that P (B) > 0. Then

the function P (. | B) behaves like an ordinary probability function, that is it satisfies

all the three axioms.

Proof. 1. P (A | B) ≥ 0 for any A ∈ F

2. P (Ω | B) = 1

3. If Ai for i = 1, 2..... is a sequence of mutually exclusive (disjoint) events then

P (∪∞
i=1Ai | B) =

∑∞

i=1
P (Ai | B).

This is because

P (∪∞
i=1Ai | B) =

P (∪∞
i=1(Ai ∩B))

P (B)
=
∑∞

i=1

P (Ai ∩B)

P (B)
=
∑∞

i=1
P (Ai | B).

Also the original probability function P on F actually is of the same form

where B = Ω.

We have the following theorem which is known as the theorem of total probabil-

ity.

THEOREM 11. Let Ai ∈ F for i = 1, 2, ... be a sequence of mutually exclusive and
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exhaustive events such that P (Ai) > 0 for all i. If B ∈ F be any other event then

P (B) =
∑∞

i=1
P (B | Ai)P (Ai).

The proof of the above theorm is simple on noting that P (B) = P (B ∩ Ω) =

P (B ∩ (∪∞
i=1(Ai)) = P (∪∞

i=1(Ai ∩B)) =
∑∞

i=1P (Ai ∩B), since the Ai,s are mutually

exclusive. So, P (B) =
∑∞

i=1P (B | Ai)P (Ai).

A very useful result is the following theorem.

THEOREM 12. (Bayes theorem) Let Ai ∈ F for i = 1, 2, ... be a sequence of mutually

exclusive and exhaustive events such that P (Ai) > 0 for all i. If B ∈ F be any other

event then

P (Ai | B) =
P (B | Ai)P (Ai)∑∞
i=1P (B | Ai)P (Ai)

.

The theorem follows from the fact that P (Ai | B) = P (Ai∩B)
P (B)

, and then using

total probability result.

EXAMPLE 13. In a bolt factory machines M1,M2 and M3 manufacture respectively

25%, 35% and 40% of the total. Of their output 5, 4, 2 percent are defective bolts.

A bolt is drawn from a day’s production and found to be defective. What is the

probability that it was manufactured by machine M3?

Solution: Let A1, A2 and A3 represent the events that a bolt selected at random is

manufactured by the machines M1,M2 and M3 respectively, and let B denote the

event of its being defective. It is given that P (A1) = 0.25, P (A2) = 0.35, P (A3) =

0.40, P (B|A1) = 0.05, P (B|A2) = 0.04, P (B|A3) = 0.02. Therefore, the probability

that a defective bolt selected at random is manufactured by machine M3 is computed

using Bayes’ rule as

P (A3|B) =
P (A3)P (B|A3)∑3
i=0 P (Ai)P (B|Ai)

=
(0.40)(0.02)

(0.25)(0.05) + (0.35)(0.04) + (0.40)(0.02)
=

16

69
.

DEFINITION 14. Given a probability space (Ω,F , P ), two events A and B are said

to be statistically independent or stochastically independent or (simply) independent

if

P (A ∩B) = P (A)P (B).
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It can be easily shown that the above is the same as saying that if P (B) > 0

then A and B are independent if P (A | B) = P (A) and if P (Bc) > 0 then A and B

are independent if P (A | Bc) = P (A).

A is said to be independent of itself if P (A) is either 0 or 1.

Three events A1, A2, A3 are said to be independent if they are pairwise indepen-

dent and also if P (A1 ∩ A2 ∩ A3) = P (A1)P (A2)P (A3).

The following is an example which illustrates that pairwise independence need

not imply independence of the events if the number of events is more than 2.

EXAMPLE 15. Let Ω = {ω1, ω2, ω3, ω4} be a sample and F be the power set of Ω.

Let all the outcomes in the sample space be equally probable, let A1 = {ω1, ω2}, A2 =

{ω2, ω3}, A3 = {ω3, ω4}, then P (A1 ∩ A2) = P (A1)P (A2) = 1
2
, P (A2 ∩ A3) =

P (A2)P (A3) =
1
2
, P (A1 ∩A3) = P (A1)P (A3) =

1
2
and P (A1 ∩A2 ∩A3) = P (ϕ) = 0.

But P (A1)P (A2)P (A3) =
1
8
and hence these three events are not statistically inde-

pendent although they are pairwise independent.

Another question which needs to be addressed is that if P (A1 ∩ A2 ∩ A3) =

P (A1)P (A2)P (A3), then does it imply that the events are pairwise independent?

Again, the answer is no. To see how, repeat the above experiment with Ω having 8

elements such that A1, A2, A3 have four elements each and A1 ∩ A2 ∩ A3) has one

element.

Similarly, if we have n events say A1, A2, ...., An then the Ai’s are said to be

independent if they satisfy the following equalities.

1. P (Ai ∩ Aj) = P (Ai)P (Aj) for all i < j, there are nC2 such pairs.

2. P (Ai ∩ Aj ∩ Ak) = P (Ai)P (Aj)P (Ak) for all i < j < k, there are nC3 such

pairs.

3.
...

4. P (A1 ∩ A2 ∩ . . . An) = P (A1)P (A2) . . . P (An)

So in total one has to check 2n − n− 1 such identities.
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Lecture 2 Random Variables and Probability Distributions

Keywords: Random variables, probability distributions, distribution functions, prob-

ability mass and density functions, functions of random variables, random vectors.

1 Random Variables and Distribution Functions

Often, one is interested to know answers to some questions related to some random

experiment. If the interest is only the concerned questions, then we may be able

to condense the probability space into something smaller so that it can be studied

more easily. The abstraction of the concerned question is what we call a random

variable, whose precise definition is given below.

DEFINITION 1. A function X : Ω → R is called a random variable if X−1(B) =

{ω : X(ω) ∈ B} ∈ F for every B ∈ B(R), the Borel σ-field over R.

Equivalently, one can also define a random variable (r.v.) X by {ω : X(ω) ≤
x} ∈ F for all real x. In the case, when X takes only a countable number of values

x1, x2, . . . , then this is equivalent to {ω : X(ω) = xi} for all i. In effect, what this

means is that X is a measurable mapping from the measurable space (Ω,F) to the

measurable space (R,B(R)).

Let us consider the example of tossing a coin twice. Then Ω = {HH,HT, TT, TH},
let F = {{HH,HT}, {TH, TT},Ω, ϕ} and P is some probability measure defined

on F . If we define a function X on Ω such that X(HH) = 2, X(TH) = 1, X(HT ) =

1, X(TT ) = 0, so basically the functionX gives the number of heads which occurred.

Then the question is whether X is a random variable or not. Here,

X−1(−∞, x] =


ϕ for x < 0

{TT} for 0 ≤ x < 1

{TT,HT, TH} for 1 ≤ x < 2

Ω for x ≥ 2

Suppose if we consider B = (−∞, 1
2
] which is a Borel set, then X−1(B) = {TT}

is not an event. Hence this function X is not a random variable with respect to

this probability space. However if we take F to be the power set of Ω, then this
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function will be a random variable, for that matter any function from Ω to R will

be a random variable.

Remark:

If X is a random variable then X−1(−∞, x) = {ω : X(ω) < x}, X−1({x}) = {ω :

X(ω) = x}, X−1(a, x] = {ω : a < X(ω) ≤ x}, X−1[a, x] = {ω : a ≤ X(ω) ≤ x} are

all events for any x and a real numbers.

Result: If X is a random variable on the probability space (Ω,A, P ) then aX + b

is also a random variable for any two real numbers a and b.

To see this, consider {ω : aX(ω) + b ≤ x} = {ω : X(ω) ≤ x−b
a
}, if a > 0. But

{ω : X(ω) ≤ x−b
a
} ∈ A since X is a random variable on the probability space

(Ω,A, P ). {ω : aX(ω) + b ≤ x} = {ω : X(ω) ≥ x−b
a
}, if a < 0. = X−1[x−b

a
,∞) =

X−1(−∞, x−b
a
)
c
= X−1(−∞, x−b

a
)
c ∈ A. If a = 0 then {ω : aX(ω) + b ≤ x} = Ω if

x ≥ b and is = ϕ if x < b.

In fact, the above fact which was considered for a linear function can be gener-

alized to a much broader class of functions. The above is true if the function, for

example, is continuous, or piecewise continuous.

The random variable X on a probability space (Ω,F , P ) induces a probability

space (R,B, PX) such that PX(B) = P (X−1(B)) = P ({ω : X(ω) ∈ B}) for any

Borel set B. This PX is called the probability distribution of the random variable

X. Since this is a probability measure so it should satisfy the three axioms.

1. PX(B) ≥ 0, is obvious.

2. PX(R) = P (X−1(R)) = P (ω : X(ω) ∈ R) = P (Ω) = 1

3. Let Bi for i = 1, 2, .... be a sequence of mutually exclusive Borel sets, then

PX(∪iBi) =
∑

i PX(Bi). This is because

PX(∩iBi) = P (X−1(∪iBi)) = P (∪i(X
−1(Bi))) =

∑
i

P (X−1(Bi)) =
∑
i

PX(Bi),

since P is a probability measure and if Bi∩Bj = ϕ, then X−1(Bi)∩X−1(Bj) =

ϕ.
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A very useful function connected with PX is the distribution function of X

defined as follows.

DEFINITION 2. A real-valued function F defined on R which satisfies the conditions

1. non-decreasing,

2. right continuous,

3. F (−∞) = limx→−∞ F (x) = 0 and F (∞) = limx→∞ F (x) = 1,

4. 0 ≤ F (x) ≤ 1

is called a distribution function.

The function F (x) = P (ω : X(ω) ≤ x) = P (X ≤ x), x ∈ R is called the (cumu-

lative) distribution function of the random variable X.

Indeed, it can be verified that the function F (·) defined above satisfies the prop-

erties of a distribution function.

EXAMPLE 3. Let Ω = {HH,HT, TH, TT} and A = PΩ Let us define a function X

on Ω as X(HH) = 0, X(HT ) = X(TH) = 1, and X(TT ) = 2. Then F (x) = P [{ω :

X(ω) ≤ x}] = P (ϕ) = 0 if x < 0

F (x) = P [{ω : X(ω) ≤ x}] = P [{HH}] = 1
4
if 0 ≤ x < 1

F (x) = P [{ω : X(ω) ≤ x}] = P [{HH,HT, TH}] = 3
4
if 1 ≤ x < 2

F (x) = P [{ω : X(ω) ≤ x}] = P [Ω] = 1 if 2 ≤ x.

We can draw the graph of this function defined on R given by

F (x) =


0 for x < 0
1
4

for 0 ≤ x < 1
3
4

for 1 ≤ x < 2

1 for x ≥ 2

which is discontinuous at only a finite number of points. In fact it is a property of

the distribution function, since it is a monotonically nondecreasing bounded function

that it can be discontinuous at only a countable number of points.

Result: If F is any distribution function then there exists a probability space

and a random variable defined on that space, say X, such that F will be the cu-



MODULE 1: PROBABILITY ESSENTIALS 10

mulative distribution function of the random variable X. That is, for every x ∈ R,
F (x) = P ({X ≤ x}).

2 Probability Mass and Density Functions

Two important class of random variables that we usually encounter are given below.

A discrete random variable is one where P{ω : X(ω) = x} = 0 for all but

countably many x’s, say, x1, x2, . . . , and
∑

i P{ω : X(ω) = xi} = 1. In defining

sets one usually omits the ω; thus (X = x) means the same as {ω : X(ω) = x}.
For such a random variable, the distribution function will be a piecewise constant

function with at most a countable number of values. The jumps would correspond

to the probability masses at the jump points. The masses P (X = x) then defines

the probability distribution of X and hence they are referred as ‘probability mass

functions’.

DEFINITION 4. Given a probability space, (Ω,F , P ), a real valued function defined

on R by p(x) = P ({X = x}) is called the probability mass function (PMF) of the

random variable X, and x is called a possible value of X if P ({X = x}) > 0.

So, for anyB ∈ B, PX(B) = P (X−1(B)) = P (
∪

xn∈B X−1{xn}) =
∑

xn∈B P (X−1{xn})
=
∑

xn∈B P ({X = xn}). So F (x) =
∑

xn≤x P ({X = xn}).

The properties of p are:

1. 0 ≤ p(x) ≤ 1.

2. {x : p(x) ̸= 0} is a finite or a countably infinite set.

3.
∑

i p(xi) =
∑

i P ({X = xi}) = P (
∪

i{ω : X(ω) = xi}) = P (Ω) = 1.

Any function p(·) that satisfies the above is a probability mass function.

Some examples of discrete random variables are given below.

1. Let us consider the experiment of tossing a coin n times with p probability of

head (success) and 1− p is the probability of tail (failure) in a single toss and

the tosses are independent. Trials of this type are called Bernoulli trials. If
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we denote the number of heads in n tosses by X, then X is a discrete random

variable with PMF

p(x) = P (X = x) =

{
nCk

(1− p)n−kpk, for x = 0, 1, 2, . . . , n

0 otherwise

This is known as binomial distribution. A Bernoulli distribution is a special

case of binomial with n = 1.

2. A random variable X is said to be discrete uniform on {x1, x2, . . . , xn} if the

PMF of X is

p(x) =

{
1
n
, for x = x1, x2, . . . , xn

0 otherwise

3. A coin is tossed repeatedly till the occurrence of a head (success), with proba-

bility of head (success) given by p in each toss. LetX be the function giving the

number of tails preceding the first head. So here X can take values 0, 1, 2, . . . ,

and

p(x) =

{
p(1− p)x, for x = 0, 1, 2, . . .

0 otherwise

is the PMF of X. Here X is said to follow a geometric distribution with

parameter p.

There is a variant of geometric distribution which counts the number of tosses

required to get the first success.

4. The PMF of a Poisson random variable with parameter λ is defined as

p(x) =

{
λxe−λ

x!
, for x = 0, 1, 2, . . .

0 otherwise

A discrete random variable is used to describe a random experiment with finite or

countably infinite number of possible outcomes. We simply introduceX as a random

variable which takes values x1, x2, .... and take X = xi if and only if the experiment

gives the ith outcome. So conducting an experiment with finite or countably infinite

number of possible values is conceived as observing the values of a discrete random

variable X.



MODULE 1: PROBABILITY ESSENTIALS 12

The other important class of random variables are called continuous random

variables.

DEFINITION 5. A random variable X is said to be of the continuous type if its

distribution function is continuous at every x ∈ R. A random variable X is said

to be of the absolute continuous type if there exists a nonnegative function on R
such that for every real x we have P ({X ≤ x}) = F (x) =

∫ x

−∞ f(t)dt. Here, the

distribution function F is said to have a probability density function (PDF) f .

Hence P ({a < X ≤ b}) = F (b) − F (a) =
∫ b

a
f(t)dt. And, for any Borel set A,

P (X ∈ A) =
∫
A
f(t)dt.

Note: All continuous distribution functions do not have a density function. We

will be considering only random variables of absolute continuous type. From now

on, we will refer to these random variables simply as continuous random variables

(omitting the work ‘absolute’, for convenience).

Properties of the density function f are:

1. f(x) ≥ 0 for all x ∈ R.

2.
∫∞
−∞ f(x)dx = 1.

Wherever f is continuous or in other words F is differentiable, the function f is

obtained by f(x) = d
dx
F (x).

Some examples of (absolutely) continuous distributions are given below.

1. The PDF of a uniform distribution on (a, b) is defined by

f(x) =

{
1

b−a
for a < x < b

0 elsewhere

Note that the function f is discontinuous at the points a and b and
∫∞
−∞ f(t)dt =

1. So this is indeed a density function and this is said to be a uniform density

function with parameters a and b.

2. The standard normal probability density function is given by

f(x) = 1√
2π
e−

(x)2

2 for −∞ < x < ∞
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The density function satisfies the condition that f(x) = f(−x), also the

distribution function of the random variables X and −X are same. Also

F (−x) = P (X ≤ −x) = P (−X ≥ x) = P (X ≥ x) = 1 − P (X < x) =

1− P (X ≤ x) = 1− F (x).

3. The exponential density function with parameter λ > 0 is given by

f(x) =

{
λe−λx for x > 0

0 elsewhere

Here the random variable X is said to have exponential distribution with

parameter λ. Exponential distribution has a very special and unique property

which is known as memoryless property and is given below. For any s, t ∈ R

such that s ≥ t, P ({X > s|X > t}) = P ({X > s − t}). This property of

the exponential distribution has a lot of applications in, for example, queueing

theory.

3 Functions of Random Variables

Let g(x) be a real valued function defined on R. Define Y = g(X) such that

Y (ω) = g(X(ω)), where X is a random variable defined on the probability space

(Ω,A, P ). Here X : Ω → R and g : R → R so Y = g(X) is a function from Ω → R.

Let us consider the following example: Ω = {−1, 0, 1}, A = PΩ and let all the

outcomes be equally likely. Let X(ω) = ω and letY = g(X) = X2 so for every

ω ∈ Ω, Y (ω) = ω2, and the possible values of Y are 0, 1. In order to show that Y is

a random variable one has to verify that

{Y = y} ∈ A for y = 0, 1

{Y = 0} = {ω : Y (ω) = 0} = {0} ∈ A.

{Y = 1} = {ω : Y (ω) = 1} = {1,−1} ∈ A.

Hence Y is a random variable and P ({Y = 0}) = 1
3
, P ({Y = 1}) = 2

3
. So in

general if X is a discrete random variable and g : R → R is a real valued function

then Y = g(X) will be a random variable if {Y = y} ∈ A, for every y belonging to

the range of the function Y.
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Since {Y = y} ={g(X)=y}={X ∈ g−1{y}} so if g−1{y} is a Borel set for every y

in the range of Y , then Y will be a random variable (here g−1{y} is the inverse image

of y under g. In that case, P ({Y = y}) = P ({X ∈ g−1{y}}) =
∑

ig(xi)=y
P ({X =

xi}) and hence P ({Y = y}) =
∑

ixi∈g−1{y}
P ({X = xi}).

In general if X is a random variable on (Ω,A, P ) and g is a single valued function

from R → R then g(X) is a random variable if and only if {ω : g(X(ω)) ∈ B} ∈ A
for every Borel set B ∈ B. That is {ω : X(ω) ∈ g−1(B)} ∈ A for every Borel set

B ∈ B. So if the function g is such that g−1(B) is a Borel set for every Borel set

B, then since X is a random variable Y will also be a random variable on the same

probability space.

Let X be an absolutely continuous random variable with density function f . If

g be such that Y = g(X) is also a random variable then how to find the density

function of Y ? We have the following result.

THEOREM 6. Let g be a differentiable function either strictly increasing or strictly

decreasing on an interval I with an inverse function g−1, and let g(I) denote the

range of g. Let X be a continuous random variable with density function f such

that f(x) = 0 for x outside I. Then Y = g(X) has a density function h given by

h(y) = f(g−1(y)| d
dy
g−1(y)| if y ∈ g(I)

One can extend the above result to the case when g is neither increasing nor

decreasing, but a smooth enough function.

EXAMPLE 7. Let X be a random variable having normal distribution with parameters

0 and σ2, and let Y = X2. We want to find the density function of the random

variable Y .

The density function as in the uniform distribution case will be given by

h(y) = | 1

2
√
y
|f(√y) + | − 1

2
√
y
)f(−√

y|, for y > 0.

Here I = (−∞,∞) and g(I) = [0,∞). So h(y) = 1
σ
√
2y
e−

y

2σ2 , for y > 0.

This is said to be the gamma density function with parameters α = 1
2σ2 and p = 1

2
.



MODULE 1: PROBABILITY ESSENTIALS 15

Lecture 3 Random Vectors and Expectations

Keywords: Random vectors, conditional distributions, mathematical expectations,

transforms and generating functions.

1 Random Vectors

DEFINITION 1. The function X = (X1, X2) defined on (Ω,F , P ) into R2 by X(ω) =

(X1(ω), X2(ω)), ω ∈ Ω is called a two-dimensional random variable or a random

vector if the inverse image of every two-dimensional interval, I = {(a1, a2) : −∞ <

a1 ≤ x1,−∞ < a2 ≤ x2} belongs to F . That is, for every x1, x2 ∈ R,

X−1(I) = X−1((−∞, x1]×(−∞, x2]) = {ω : −∞ < X1(ω) ≤ x1,−∞ < X2(ω) ≤ x2} ∈ F .

Result: If X1 and X2 are two random variables defined on the probability space

(Ω,F , P ) then (X1, X2) is a two-dimensional random variable on (Ω,F , P ).

This is because X−1(I) = X−1(A1 × A2) = X−1[(A1 × R) ∩ (R× A2)] = X−1(A1 ×
R) ∩ X−1(R × A2) = {ω : X1(ω) ≤ a1} ∩ {ω : X2(ω) ≤ a2} ∈ F , so {ω : −∞ <

X(ω) ≤ a1,−∞ < X(ω) ≤ a2} ∈ F for all a1, a2 ∈ R. The function F : R2 → [0, 1],

defined by F (x1, x2) = P [X1 ≤ x1, X2 ≤ x2] for all (x1, x2) ∈ R is known as the

distribution of the random variable (X1, X2).

EXAMPLE 2. Consider the experiment of throwing a balanced die twice. Let Y be

the function on Ω such that Y (ω) = Y ((i, j)) = max{i, j} and let X be such that

X(ω) = |i − j|, then since both X and Y are random variables on the probability

space (Ω,F , P ), where Ω = {(i, j) : 1 ≤ i ≤ 6, 1 ≤ j ≤ 6} and A = PΩ and

P ({(i, j)}) = 1
36

for all i = 1, 2, ...6 and j = 1, 2, ...6 the vector (X, Y ) is a two

dimensional random variable on the same probability space. The joint distribution

is given by entries on the table given below.
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X\Y 1 2 3 4 5 6

1 1
36

0 0 0 0 0

2 1
36

2
36

0 0 0 0

3 1
36

2
36

2
36

0 0 0

4 1
36

2
36

2
36

2
36

0 0

5 1
36

2
36

2
36

2
36

2
36

0

6 1
36

2
36

2
36

2
36

2
36

2
36

Properties: A distribution function (in two-dimensions) satisfies the following

properties.

1. It is nondecreasing and right continuous with respect to each of the co-ordinates.

That is if x1 ≤ x2, and y1 ≤ y2 then F (x1, y) ≤ F (x2, y) for all y ∈ R Also

F (x, y1) ≤ F (x, y2) for all x ∈ R and F (x1, y1) ≤ F (x2, y2).

2. F (x,−∞) = limy→−∞ F (x, y) = 0.

3. F (−∞, y) = limx→−∞ F (x, y) = 0.

4. and F (x,+∞) = limy→∞ F (x, y) = F1(x).

5. F (+∞, y) = limx→∞ F (x, y) = F2(y).

6. F (+∞,+∞) = limx→∞y→∞ F (x, y) = 1.

7. Continuity from the right with respect to each co-ordinate. That is F (x+, y) =

F (x, y+) = F (x, y). Also limϵ1→0ϵ2→0 F (x+ ϵ1, y + ϵ2) = F (x, y).

8. For every (x1, y1) and (x2, y2) with x1 < x2 and y1 < y2 the inequality

F (x1, y1) + F (x2, y2)− F (x1, y2)− F (x2, y1) ≥ 0 holds. The L.H.S is nothing

but P (x1 ≤ X ≤ x2, y1 ≤ Y ≤ y2), and that should definitely be nonnegative.

EXAMPLE 3. An example of a function from R2 → [0, 1] which is not a distribution

function is the following.

F (x, y) =

{
0 for x < 0 or x+ y < 1, or y < 0

1 elsewhere

F (1, 1) + F (1
3
, 1
3
)− F (1, 1

3
)− F (1

3
, 1) = 1 + 0− 1− 1 = −1 < 0, although it can be

verified that it satisfies all the other properties of a distribution function.
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Conditional distributions

Let (X1, X2) be a random vector of discrete type on (Ω,F , P ) with joint probability

mass function f . Suppose the marginal p.m.f’s be given by f1 and f2. Recall that

for any two events A and B on the probability space (Ω,F , P ), P (A|B) = P (A∩B
P (B)

,

provided of course that P (B) > 0. Let A = {ω : X1(ω) = x1} and B = {ω :

X2(ω) = x2}, then suppose if x2 is a possible value of X2 then P (A|B) is well

defined and is given by

P (A|B) = P [X1 = x1|X2 = x2] =
P ({ω : X1(ω) = x1, X2(ω) = x2})

P ({ω : X2(ω) = x2})
=

f(x1, x2

f2(x2)
.

For a fixed x2, the function P [X1 = xi1 |X2 = x2] ≥ 0 and also

∑
xi1

P [X1 = xi1 |X2 = x2] =
∑
xi1

P [X1 = xi1 ∩X2 = x2]

P [X2 = x2]
=

P [X2 = x2]

P [X2 = x2]
= 1.

Thus P [X1 = x1|X2 = x2] defines a discrete probability density function.

DEFINITION 4. Let (X, Y ) be a random vector of the discrete type. If P [Y = y] > 0,

then the function P [X = xi|Y = y] = P [X=xi∩Y=y]
P [Y=y]

is called the conditional p.m.f of

X given Y = y. Similarly if P [X = x] > 0 then P [Y = yj|X = x] =
P [Y=yj∩X=x]

P [X=x]
is

called the conditional p.m.f of the random variable Y given X = x.

DEFINITION 5. Two random variables are said to be independent if their joint den-

sity function satisfies the condition that

f(x1, x) = f1(x1)f2(x2) for all (x1, x2) ∈ R2.

That is, the joint density function is the product of the marginal density functions

for every (x, y) ∈ R2.

If X and Y are discrete random variables with joint density function f , then

for any A,B ⊆ R, P (X ∈ A, Y ∈ B) =
∑

x∈A
∑

y∈B f(x, y). If X and Y are

independent then this reduces to P (X ∈ A, Y ∈ B) =
∑

x∈A fX(x)
∑

y∈B fY (y).

Here fX and fY are the marginal p.d.f of the random variables X and Y .

Alternatively X and Y are said to be independent if for any two sets A,B ⊆ R

P (X ∈ A, Y ∈ B) = P (X ∈ A)P (Y ∈ B) ⇐⇒ F (x, y) = P [X ≤ x]P [Y ≤ y] =

FX(x)FY (y) for all (x, y) ∈ R2. That is the joint distribution function is the product
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of the marginal distribution functions.

IfX and Y are independent random variables and f and g are functions satisfying

the condition that f−1(A), g−1(A) ∈ F for any Borel set A then f(X) and g(Y )

are also independent random variables. The fact that f(X) and g(Y ) are random

variables has already been proved, so we just need to show that they are independent

random variables.

Now P [f(X) ≤ x, g(Y ) ≤ y] = P [X ∈ f−1(−∞, x], Y ∈ g−1(−∞, y]], so this

equals P [X ∈ f−1(−∞, x]]P [Y ∈ g−1(−∞, y]] = P [f(X) ≤ x]P [g(Y ) ≤ y]. Hence

the random variables f(X) and g(Y ) are independent.

Also discrete random variables X and Y are also said to be independent if

P [X = x|Y = y] = P [X = x] for every x ∈ R and every y satisfying P [Y = y] > 0.

So in the previous example one can check that the random variables X and Y are

not independent.

EXAMPLE 6. A die is thrown n times. Let X be the number of times 1 occurs and

Y be the number of times 2 occurs, then the joint p.m.f of X and Y is given by

P [X = x, Y = y] =
n!

x!y!
(
1

6
)x(

1

6
)y(

4

6
)n−x−y.

Are the random variables X and Y independent?

Since P [X = x] = nCx(
1
6
)x(5

6
)n−x, and P [Y = y] = nCy(

1
6
)y(5

6
)n−y, we see that,

in general, P [X = x]P [Y = y] ̸= P [X = x, Y = y].

The ideas presented above for a two-dimensional random variable holds good for

any finite-dimensional random variables in a analogous way.

2 Expectations

A gambler plays the following game. A balanced coin is tossed. If head turns up then

he gets Rs 5 but if tail occurs then he has to pay Rs 2. He plays this game repeatedly

say N times. Let NH be the number of times that head occurs and NT be the

number of times that tail occurs then his average gain is going to be 5NH

N
+(−2)NT

N
.

As N → ∞ this expression becomes 5P ({H}) + (−2)P ({T})(provided we take
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probability to be the long-run relative frequency).

Let X be the random variable giving the win of the gambler in a single play,

then E(X) = 5P (X = 5)+ (−2)P (X = −2) gives the long-run gain of the gambler,

or the weighted average gain of the gambler if he plays the game a large number of

times.

Consider a discrete random variable X with p.m.f f . The expectation of the

random variable X is said to exist if E(|X|) =
∑

i |xi|f(xi) < ∞. In that case

the expectation of the random variable X denoted by E(X) is given by E(X) =∑
i xif(xi) < ∞, since the series is absolutely convergent. So this means that

the series
∑

i xif(xi) should be absolutely convergent, otherwise what could have

happened is that by rearranging the terms we could have obtained different values

of
∑

i xif(xi). Example of a random variable for which expectation does not exist

but for which
∑

i xif(xi) < ∞ is given next.

EXAMPLE 7. Let X be the random variable having the probability mass function

given by P (X = (−1)j+1 3j

j
) = 2

3j
for j = 1, 2, .... then

∑
j

2
3j

= 2
3

1
1− 1

3

= 1, so this

is indeed a discrete density function or a probability mass function. But E(|X|) =∑
j
3j

j
2
3j

=
∑

j
2
j
does not converge so E(X) does not exist, although

∑
j(−1)j 3

j

j
2
3j

=∑
j(−1)j 2

j
converges.

So for any function g such that Y = g(X) is a random variable, we have E(g(X))

will exist if E(|g(X)|) =
∑

i |g(xi)|P (X = xi) < ∞, and in that case E(g(X)) =∑
i g(xi)P (X = xi) This is because E(g(X)) =

∑
i yiP (Y = yi). If g is one-one then

E(g(X)) =
∑

i yiP (X = g−1{yi}) =
∑

i g(xi)P (X = g−1{yi}) here yi = g(xi) =∑
i g(xi)P (X = xi). Suppose g is not one-one then E(g(X)) =

∑
i yiP (g(X) = yi) =∑

i yiP (X ∈ g−1{yi}) =
∑

i yi
∑

jg(xj)=yi
P (X = xj) =

∑
i

∑
jg(xj)=yi

g(xj)P (X =

xj) =
∑

i g(xi)P (X = xi) (since
∑

i

∑
jg(xj)=yi

g(xj)P (X = xj) is just a rearrange-

ment of the series
∑

i g(xi)P (X = xi), and the latter is absolutely convergent).

Expectation of some well known distributions

Consider the random variable X ∼ B(n, p), then since X has only a finite number
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of possible values so E(X) exists, and

E(X) =
∑
x

xP (X = x) =
n∑

x=0

nCx(1− p)n−xpxx

= np
n∑

x=1

(n− 1)!

(x− 1)!(n− x)!
(1− p)n−xpx−1 = np

n−1∑
x−1=0

(n− 1)Cx−1(1− p)n−xpx−1

=
n−1∑
y=0

nCy(1− p)n−1−ypy = np where y = x− 1.

Consider the random variable X ∼ P (λ) that is X follows Poisson distribution

with parameter λ. Then E(|X|) = E(X) =
∑∞

x=0 x
λxe−λ

x!
= λ

∑∞
x=1

λx−1e−λ

x−1!
=

λ
∑∞

y=0 x
λye−λ

y!
= λ.

Properties of Expectations

1. If X is a random variable taking constant value c then E(x) = c.

2. Let X be such that E(X) exists and is finite, then E(aX + b) also exists and

is finite where a and b are real constants. This is because

E(|aX + b|) =
∑
i

|axi + b|P (X = xi)

≤
∑
i

|axi|P (X = xi) +
∑
i

|b|P (X = xi)

= |a|
∑
i

|xi|P (X = xi) + |b|
∑
i

P (X = xi)

= |a|
∑
i

|xi|P (X = xi) + |b|.

Since E(X) exists so
∑

i |xi|P (X = xi) < ∞, so E(|aX+b|) = |a|
∑

i |xi|P (X =

xi) + |b| < ∞, in that case E(aX + b) = a
∑

i xiP (X = xi) + b
∑

i P (X =

xi) = aE(X) + b.

3. Note that E(X − µ) = 0.

So in general the nth moment X is said to exist if E(|Xn|) < ∞ and if it exists

is given by E(Xn) =
∑

i(xi)
nP (X = xi).
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The variance which measures the square of the deviation of the random variable

from the mean if it exists is given by

E(X − µ)2 =
∑

i(xi − µ)2P (X = xi) =
∑

i(x
2
i − 2µxi + µ2)P (X = xi)

=
∑

i x
2
iP (X = xi)− 2µ

∑
i xiP (X = xi) + µ2

∑
i P (X = xi)

= E(X2)− µE(X) + µ2 = E(X2)− µ2.

Variance of a random variable is usually denoted by σ2.

Variance of some well known distributions

For Binomial case,

E(X2) =
n∑

x=0

x2nCx(1− p)n−xpx

=
n∑

x=1

x(x− 1)nCx(1− p)n−xpx +
n∑

x=0

xnCx(1− p)n−xpx

= n(n− 1)p2
n∑

x=2

x(x− 1)
(n− 2)!

(x− 2)!(n− x)!
(1− p)n−xpx−2 + np

=
n−2∑
y=0

(n− 2)Cy(1− p)n−2−ypy + np = n(n− 1)p2 + np

So V ar(X) = E(X2)− (E(X))2 = n(n− 1)p2 + np− n2p2 = np(1− p).

If X ∼ P (λ) then

E(X2) =
∞∑
x=0

x2λ
xe−λ

x!

= λ2

∞∑
x=2

x(x− 1)
λx−2e−λ

x!
+

∞∑
x=0

x
λxe−λ

x!

= λ2

∞∑
y=0

x
λye−λ

y!
+ λ = λ2 + λ.

So σ2 = λ2 + λ − (E(X))2 = λ2 + λ − λ2 = λ. So for a random variable having

Poisson distribution both mean and variance are equal.

If X is a random variable taking the constant value c then V ar(X) = 0. This

is because V ar(X) = E(X − µ)2 =
∑

i(xi − µ)2P (X = xi) = 0P (X = c) = 0.

Similarly V ar(X) = 0 ⇒
∑

i(xi − µ)2P (X = xi), ⇒ (xi − µ)2P (X = xi) = 0 for all
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i , ⇒ (xi − µ)2 = 0 whenever P (X = xi) > 0, that is (xi − µ) = 0 for all i.

Some results

1. If E(X) exists, then |E(X)| ≤ E(|X|), as
|E(X)| = |

∑
i xiP (X = xi)| ≤

∑
i |xi|P (X = xi) = E|X|

2. If a ≤ X ≤ b, then a ≤ E(X) ≤ b, as

E(X) =
∑

i xiP (X = xi) ≤
∑

i bP (X = xi) = b, similarly the other one.

3. If P (X ≥ 0) = 1 and E(X) exists and E(X) ≥ 0.

4. For any constant a ∈ R, E(X −µ)2 ≥ E(X − a)2, as E(X − a)2 = E(X −µ+

µ− a)2 = E[(X − µ)2 + (µ− a)2 + 2(X − µ)(µ− a)]

= E(X − µ)2 + (µ− a)2.

5. V ar(aX + b) = a2V ar(X), as by letting Y = aX + b, then V ar(Y ) = E(aX +

b− aE(X)− b)2 = E(aX − aµ)2 = a2E(X − µ)2.

3 Generating Functions

We have seen how to define E(X) or E(Xn). In a analogous way, we can also define

expectations of some function of a random variable or even a random vector, as

long as the function is smooth enough to satisfy certain technical conditions. For a

function g, we define E(g(X), provided it exists, by

E(g(X)) =

{ ∑
i g(xi)p(xi) if X is discrete∫

R g(x)f(x)dx if X is continuous.

Some of such prominent ones are given below.

1. (Moment Generating Function (MGF)): The MGF of a random variable X,

if exists, is given by the expectation of g(x) = eux for u ∈ R. Whenever it

exists, it uniquely determines the distribution. It is much more convenient to

work with MGF rather than the distributions themselves in many situations.

The moments can also be obtained from the MGF.
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2. (Probability Generating Function (PGF)): The PGF of a discrete random

variable X is given by the expectation of g(x) = sx for |s| ≤ 1. Again,

it is sometimes convenient to work with PGF rather than the distributions

themselves. The probabilities and factorial moments can be obtained from

the PGF.

3. (Laplace Transform of a random variable): The LT of a nonnegative continuous

random variable X means the Laplace transform corresponding to the PDF of

the random variable and is given by the expectation of g(x) = e−tx for t ∈ R.
Like PGF, this is sometimes convenient to work with. The moments can be

obtained from the LT and this is also connected with MGF.

4. (Characteristic Function): The characteristic function of a random variable

X exists always and is given by the expectation of g(x) = eiux for u ∈ R.
Like MGF, it uniquely determines the distribution. Whenever MGF does not

exist, this is very useful to work with rather than the distributions themselves

in many situations. The moments can also be obtained from the characteristic

function.
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Lecture 4 Sequences of Random Variables

Keyworks: Modes of convergence of sequences of random variables, laws of large

numbers, central limit theorem.

1 Sequences of Random Variables

The purpose of this section is to give names and definitions to various forms of

convergence associated with random variables. This will give us tools to understand

two important results, namely, the laws of large numbers and the central limit

theorem.

We discuss briefly the four types of convergence in what follows, convergence in

distribution, in probability, in mean square, and almost surely (or with probability

1). One may like to visit a probability theory text for a thorough study of these

concepts. We will assume that the sequence of random variables and the limiting

random variable are all defined on the same probability space.

The weakest form is the convergence in distribution which is defined as follows.

DEFINITION 1. A sequence of random variables X1, X2, . . . converges in distribution

(or in law) to a random variable X if limn→∞ FXn(x) = FX(x) at each x for which

FX(x) is continuous. This is written as either Fn → F in distribution or Xn → X

in law.

Convergence in distribution does not say that the random variables themselves

converge in any reasonable sense, but only that their distribution functions converge.

For example, let Y1, Y2, . . . be i.i.d. r.v.s with the distribution function FY . For

each n ≥ 1, if we let let Zn = Yn+
1
n
, then it is easy to see that {Zn, n ≥ 1} converges

in distribution to Y . However (assuming Y has variance σ2
Y and is independent of

each Zn), we see that Zn − Y has variance 2σ2
Y . Thus Zn does not get close to Y as

n → ∞ in any reasonable sense, and Zn − Zm does not get small as n and m both

get large. As an even more trivial example, the sequence {Yn, n ≥ 1} converges in

distribution to Y .

DEFINITION 2. A sequence of random variables X1, X2, . . . converges in probability

to a rv X if limn→∞ P{|Xn −X| > ϵ} = 0 for every ϵ > 0.
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Convergence in probability is a special case of convergence in distribution. Con-

vergence in probability says quite a bit more than convergence in distribution. As an

important example of this, consider the difference Yn − Ym for n and m both large.

If {Yn, n ≥ 1} converges in probability to 0, then Yn and Ym are both close to 0 with

high probability for large n and m, and thus close to each other. More precisely,

limm→∞,n→∞ P{|Yn − Ym| > ϵ} = 0 for every ϵ > 0. If the sequence {Yn, n ≥ 1}
merely converges in distribution to some arbitrary distribution, then, as we saw,

Yn − Ym can be large with high probability, even when n and m are large.

Yet another kind of convergence is convergence in mean square, which is a special

case of convergence in rth mean.

DEFINITION 3. A sequence of random variables X1, X2, . . . converges in rth mean

to a rv X if limn→∞ E|Xn −X|r = 0.

If r = 1, it is called convergence in mean, and, if r = 2, it is called convergence in

mean square. Convergence in probability does not imply convergence in rth mean,

in general.

Convergence with probability one is often referred to as convergence a.s. (almost

surely) and convergence a.e. (almost everywhere).

DEFINITION 4. A sequence of random variables X1, X2, . . . converges almost surely

(or with probability one) to a rv X if P{ω ∈ Ω : limn→∞Xn(ω) = X(ω)} = 1.

In trying to understand the above definition, note that each sample point ω of

the underlying sample space Ω maps to a sample value Xn(ω) of each rv Xn, and

thus maps to a sample path {Xn(ω), n ≥ 1}. For any given ω, such a sample path is

simply a sequence of real numbers. That sequence of real numbers might converge to

X(ω) (which is a real number for the given ω), it might converge to something else,

or it might not converge at all. Thus a set of ω exists for which the corresponding

sample path {Xn(ω), n ≥ 1} converges to X(ω), and a second set for which the

sample path converges to something else or does not converge at all. Convergence

a.s. of the sequence of rvs is thus defined to occur when the first set of sample paths

above is an event that has probability one.

It can be shown that convergence a.s. is not implied by any of the other types of

convergence we have discussed, and that a.s. convergence does imply convergence

in probability and in distribution but not in mean square.
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2 Limit Theorems

In this section, we will again briefly discuss two important limit theorems concerning

sequences of random variables, the laws of large numbers and the central limit

theorems.

The laws of large numbers are a collection of results in probability theory that

describe the behavior of the arithmetic average of n rvs for large n. For any n rvs,

X1, . . . , Xn, the arithmetic average is the rv (1/n)
∑n

i=1Xi. Since in any outcome of

the experiment, the sample value of this rv is the arithmetic average of the sample

values of X1, . . . , Xn, this random variable is usually called the sample average. If

X1, . . . , Xn, are viewed as successive variables in time, this sample average is called

the time average. Under fairly general assumptions, the standard deviation of the

sample average goes to 0 with increasing n, and, in various ways depending on the

assumptions, the sample average approaches the mean.

These results are central to the study of stochastic processes because they allow

us to relate time averages (i.e., the average over time of individual sample paths)

to ensemble averages (i.e., the mean of the value of the process at a given time).

We first discuss what is called the weak law of large numbers for i.i.d. rvs. We also

briefly discuss another of these results, the strong law of large numbers. The strong

law requires considerable patience to understand. We also discuss the central limit

theorem. It enhances our understanding of the weak law, and also is an important

result in its own right.

Note that the idea of a sequence of rv’s (i.e., a sequence of functions) approach-

ing a constant is clearly much more involved than a sequence of numbers approach-

ing a constant. The laws of large numbers bring out this central idea in a more

fundamental, and usually more useful, way. We start the development by consid-

ering X1, X2, . . . , Xn which are i.i.d. rvs with a finite mean µ and finite variance

σ2. Let Sn = X1 + · · · + Xn, and consider the sample average Sn/n. Recall that

V ar(Sn) = nσ2. By applying the Chebyshev inequality to the sample average,

P

{∣∣∣Sn

n
− µ

∣∣∣ > ϵ

}
≤ σ2

nϵ2
.

This is an upper bound on the probability that Sn/n differs by more than ϵ from its
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mean µ. Since the upper bound goes to 0 with increasing n, we have the following

theorem.

THEOREM 5. (Weak Law of Large Numbers) Let X1, X2, . . . be a sequence of i.i.d.

rvs with a finite mean µ and finite variance σ2 and let Sn = X1 + · · · +Xn. Then

Sn/n converges in probability to µ.

It is to be noted that the above result can be proved in the case of infinite

variance too. If the convergence is with probability one, then it is said that the

strong law of large numbers hold for the sequence.

The weak law of large numbers says that with high probability, Sn/n is close to

µ for large n, but it establishes this via an upper bound on the tail probabilities

rather than an estimate of what FSn/n looks like. If we look at the shape of FSn/n for

various values of n, it can be observed that the function FSn/n becomes increasingly

compressed around µ as n increases. If we normalize the random variable Sn/n

to zero mean and unit variance, we get a normalized rv Zn = (Sn/n − µ)
√
n/σ.

Further inspection will show that the normalized distribution functions seem to be

approaching a limiting distribution. The critically important central limit theorem

states that there is indeed such a limit, and it is the normalized Gaussian distribution

function.

THEOREM 6. (Central limit theorem (CLT)). Let X1, X2, . . . be i.i.d. rv’s with finite

mean µ and finite variance σ2. Then for every real number z,

lim
n→∞

P

{
Sn − nµ

σ
√
n

≤ z

}
= Φ(z),

where Φ(z) is the normal distribution function, i.e., the Gaussian distribution with

mean 0 and variance 1,

Φ(z) =

∫ z

−∞

1√
2π

e−
y2

2 dy.
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Module 2: Introduction to Stochastic

Processes

Lecture 1 What are Stochastic Processes?

The field of stochastic processes is essentially a branch of probability theory, treating

probabilistic models that evolve in time. It is best viewed as a branch of mathemat-

ics, starting with the axioms of probability and containing a rich and fascinating

set of results following from those axioms. Although the results are applicable to

many areas, they are best understood in terms of their mathematical structure and

interrelationships. Now, to apply the axiomatic probability results to a real-world

system, a probability model for the given system needs to be developed. Mathe-

matically precise results can then be derived within the model and translated back

to the real world. If the model fits the system sufficiently well, real problems can be

solved by analysis within the model. However, the mathematical models are almost

always simplified approximations of reality, and therefore, precise results within the

model become approximations in the real world. Thus, it is important and desir-

able to have as many models as possible in hand for selection, and as many results

as possible concerning the models for ready inference. Of course, this is only one

of many uses of the results within the models. Many a time results can be trans-

ported across models based on certain properties. Moreover, it is always interesting

mathematically to unearth certain beautiful results within the models.

Sometimes an application area will have customary choices of models. For ex-

ample, there is a well developed taxonomy of queueing models. A sound knowledge

of the application area, combined with a sound knowledge of the behavior of these

queueing models, often lets one choose a suitable model for a given system within

the application area. In other cases, one can start with a particularly simple model

and use the behavior of that model to gain insight about the application, and use

this to iteratively guide the selection of more general models. The area of stochastic

processes is no different to this back-and-forth process. Each improved version of a

model gives new insights about the real world system and each additional complex-

ity in the real world system drives the need for an improved model. What is more

important, and herein lies the real power, in choosing a probability model for a real-

world system is that a prospective choice depends heavily on prior understanding,

1
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at both an intuitive and mathematical level, of results from the range of mathe-

matical models that might be involved. Therefore, what we aim in this course is to

guide the student in both the mathematical and intuitive understanding necessary

in developing and using stochastic process models in studying application areas.

Application-oriented students often ask why it is important to understand ax-

ioms, theorems, and proofs in mathematical models when the applied results are

approximate anyway. One answer is that theorems are transferable between ap-

plications, and thus enable insights from one application area to be transferred to

another. Given the need for precision in the theory, however, why is an axiomatic

approach needed?

If we try to avoid axiomatics, we can simply state and explain the major results.

Engineering and science students learn to use calculus, linear algebra and under-

graduate probability effectively without axioms or rigor. Why doesn’t this work for

more advanced probability and stochastic processes?

Probability theory has more than its share of apparent paradoxes, and these show

up in very elementary arguments. Undergraduates are content with this, since they

can postpone these questions to later study. Graduate students, however, usually

want a foundation that provides understanding without paradoxes, and the axioms

achieve this.

This course neither uses nor develops measure theory. Measure theory is un-

doubtedly important in understanding probability at a deep level, but most of the

topics useful in many applications can be understood without measure theory. The

required background in probability is provided in the previous module as review.

Some exposure to linear algebra and analysis (especially concrete topics like vectors,

matrices, and limits) is helpful. The most important prerequisite is the mathemat-

ical maturity and patience to couple precise reasoning with intuition. We will start

from the very basic constructs of the stochastic processes in simple settings.

Let (Ω,F , P ) be a given probability space. A stochastic process is a collection

of random variables {X(t), t ∈ T}, where T is some subset of R, indexed by the

parameter t, all defined on the same probability space (Ω,F , P ). The set S of pos-

sible values that the random variables X(t) takes for each t of a stochastic process

{X(t), t ∈ T} is known as its state space, and the set of possible values for the
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parameter t (i.e., the set T ) is known as parameter space. Often, t is referred to as

time. The adjective discrete/continuous and time/state is generally used depend-

ing on T or S is countable or not. For example, a discrete-time continuous-state

stochastic process means a stochastic process with a countable T and uncountable

S.

In case of discrete time, the parameter generally used is n, and the family is

represented by {Xn, n = 0, 1, 2, · · · }. In case of continuous time both the symbols

{Xt, t ∈ T} and {X(t), t ∈ T} (where T is a finite or infinite interval) are used. We

will use {X(t), t ∈ T} to denote any general stochastic process.

EXAMPLE 1. Consider the experiment of throwing a fair die repeatedly. If Xn is the

outcome of the nth throw, n ≥ 1, then {Xn, n ≥ 1} is a family of random variables

such that for a distinct value of n, one gets a distinct random variable Xn.

If Yn denote the number of 6′s in the first n throws, then {Yn, n ≥ 1} is a

stochastic process.

EXAMPLE 2. Consider the number of telephone calls received at a switchboard. Sup-

pose Xt is the random variable which represents the number of incoming calls in

an interval (0, t) of duration t units. Then, the family {Xt, t ∈ T} constitutes a

stochastic process (where T = [0,∞)).

Broadly, stochastic processes can be classified based on the nature of their pa-

rameter and state spaces as

• Discrete-parameter discrete-state stochastic processes

• Discrete-parameter continuous-state stochastic processes

• Continuous-parameter discrete-state stochastic processes

• Continuous-parameter continuous-state stochastic processes

Often, the discrete-state stochastic processes are referred to as stochastic chains or

simply chains.

A stochastic process can be one-dimensional, two-dimensional or in general n-

dimensional.

Examples:



MODULE 2: INTRODUCTION TO STOCHASTIC PROCESSES 4

• Consider a two-dimensional random vectorX(t) = (X1(t), X2(t)), whereX1(t)

is the maximum temperature and X2(t) is the minimum temperature at time

t. Then {X(t), t ≥ 0} is a two-dimensional stochastic process.

• Similarly, consider an n-dimensional random vectorX(t) = (X1(t), X2(t), . . . , Xn(t)),

then {X(t), t ≥ 0} is an n-dimensional stochastic process.

In the example given above, one can also create a complex-valued stochastic pro-

cesses by considering X(t) = {X1(t) + i X2(t)}, where i) is
√
−1.

EXAMPLE 3. (Examples of discrete-time discrete-state stochastic process)

• Consider the stochastic process {Xn, n = 1, 2, ...}, where Xn = Number of

customers in the barber shop after the departure of the nth customer from the

shop.

Here, T = {1, 2, 3, ...} and S = {0, 1, 2, ...}.

• Consider the stochastic process {Xn, n = 1, 2, ...}, where Xn be the number of

packets waiting in the buffer at the nth time unit in a communication router.

Here also, T = {1, 2, 3, ...} and S = {0, 1, 2, ...}.

EXAMPLE 4. (Examples of continuous-time discrete-state stochastic process)

• Consider the stochastic process {X(t), t ≥ 0}, where X(t) = Number of cus-

tomers in the barber shop at any time t.

Here, T = [0,∞) and S = {0, 1, 2, ...}.

• Consider the stochastic process {X(t), t ≥ 0}, where X(t) = Number of cus-

tomers eating food in a restaurant at any time t.

Here, T = [0,∞) and S = {0, 1, 2, ...}.

EXAMPLE 5. (Examples of discrete-time continuous-state stochastic process)

• Consider the stochastic process {Xn, n = 1, 2, ...}, where Xn = Water level in

a dam observed at the n time unit (say, nth day).

Here, T = {1, 2, 3, ...} and S = [0,∞).

• Consider the stochastic process {Xn, n = 1, 2, ...}, where Xn = Amount of

one US dollar in Rupees at nth time unit.

Here also, T = {1, 2, 3, ...} and S = [0,∞).
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EXAMPLE 6. (Examples of continuous-time continuous-state stochastic process)

• Consider the stochastic process {X(t), t ≥ 0}, where X(t) = Temperature of

a particular city at any time t.

Here, T = [0,∞) and S = {x | −50 < x < 60}.

• Consider the stochastic process {X(t), t ≥ 0}, where X(t) = Water level in a

dam observed at any time t.

Here, T = [0,∞) and S = [0,∞).

There is an alternative way to look at a stochastic process. Since a random

variable itself is a function from Ω to R, one can view a stochastic process as a

function of two arguments X(ω, t), ω ∈ Ω, t ∈ T , and we have the following two

approaches of defining a stochastic process:

1. As a family {X(., t), t ∈ T} of random variables (one for each t).

2. As a collection {X(ω, .), ω ∈ Ω} of functions from T to R (one for each ω).

What we have seen above is the first approach. The second approach is referred to as

the sample path approach to a stochastic process, since the function corresponding

to an ω is referred to as a sample path (or realization or trajectory) of the stochastic

process. Sometimes, the paths of random processes are also an important object of

analysis, as in the case of Brownian motions. Since, in this view, a stochastic process

is a collection of functions, one for each ω, one can take the set of all continuous

functions to represent a process that changes continuously. If a more general setup,

it is assumed that the sample paths of the process is a right-continuous function with

left limits (sometimes referred to as regular right-continuous function or a càdlàg

function).

Now, when do we say that we have complete knowledge of a stochastic process?

The answer to this question is almost analogous to a similar question on random

variables. Let X = {X(t), t ∈ T} be a stochastic process. Then we would like

to compute P{X(t1) ∈ B} for some fixed t1 and for some Borel set B (say, for

example, for an interval B = [1, b]). We would also be interested to know how the

process at t1 affects the process at another time t2. Thus, we need to talk about

the joint distribution of X(t1) and X(t2). More generally, we would like to have all
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finite-dimensional distributions of the process X, that is, probabilities of the sets of

the form {X(t1) ∈ B1, . . . , X(tn) ∈ Bn}, for any choice of 0 ≤ t1 ≤ t2, · · · ≤ tn. One

has to be careful in defining these probabilities in a consistent way (like we do in a

simple two-dimensional case).

It follows immediately from the construction given above that the process is

determined by its finite-dimensional distributions. It is important to note that

we talking here only about the distributional properties of the process. Finite-

dimensional distributions do not determine the continuity property of the sample

paths. Let us look at the following example.

EXAMPLE 7. Let X(t) = 0 for 0 ≤ t ≤ 1 define a stochastic process X and Z

be a uniformly distributed random variable on [0, 1]. Let Y (t) = 0 for t ̸= Z and

Y (t) = 1 for t = Z define another stochastic process Y . Then, for any fixed t,

P{Y (t) = 0} = 1. It means that all one-dimensional distributions of X and Y are

the same and so do all the finite-dimensional distributions. However, all the sample

paths of the process X are continuous whereas every path of Y has a jump at the

point Z.

The two processes in the above example are called versions or modifications of

one another as P{X(t) = Y (t)} = 1 for all t. One has continuous sample paths and

the other does not. If we agree to pick any version of the process we want, then we

can pick the continuous version when it exists. In general we choose the smoothest

possible version of the process. Under some conditions on the joint distributions of

the process which we do not intend to state here, we can ensure that there exists

continuous or regular right-continuous versions of stochastic processes. Throughout

the course, we will assume that we are dealing with only such processes.
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Lecture 2 Classes of Stochastic Processes

We have seen one way of classifying stochastic processes based on the parameter

space and state space. A more meaningful and useful classification is based the

nature of random variables in the random process. In some cases, the members

of the family {X(t), t ∈ T} are mutually independent, but more often they are

not. The random variables in stochastic processes that we come across generally

exhibit some sort of dependence relationship among themselves. Based on these

dependence relationship various types of processes can be defined. The various

classical types of SPs are: Processes with independent increments, Markov processes,

renewal processes, stationary processes, etc. We will now give an overview of some

such processes. Let (Ω,F , P ) be the given probability space on which the random

variables of a stochastic process are defined.

1 Independent Process

The simplest of all is a process of the form {X(t), t ∈ T}, where the random vari-

ables are all independent. In some sense, this is simply a sequence of independent

random variables and their study is much simpler as one needs to know only the

one-dimensional properties of the random variables.

2 Bernoulli Process

Consider a stochastic process {Xi, i = 1, 2, ...}, where Xi ∼ Bernoulli distribution

with parameter p. Also, Xi’s are i.i.d random variables, i.e., Xi ∼ B(1, p). Now

define Sn =
∑n

i=1Xi. Then Sn ∼ B(n, p), i.e. number of sucesses in n trials. Then,

{Sn, n = 1, 2, ...} is called a Binomial process or Bernoulli process.

3 Processes with Independent Increments

If, for all t1, t2, · · · , tn, t1 < t2 < · · · < tn, the random variables

X(t2)−X(t1), X(t3)−X(t2), · · · , X(tn)−X(tn−1)
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are independent, then {X(t), t ∈ T} is said to a process with independent incre-

ments. This means that the increments in non-overlapping intervals are indepen-

dent.

EXAMPLE 1. Poisson process (which we will study in detail later)

4 Processes with Stationary Increments

If, for all s, t with s ≤ t, the random variable X(t)−X(s) has the same distribution

asX(t−s)−X0, then {X(t), t ∈ T} is said to a process with independent increments.

This means that the probability distribution of any increment X(t)X(s) depends

only on the length ts of the time interval.

EXAMPLE 2. Poisson process (which we will study in detail later)

5 Markov Processes

If, for t1 < t2 < · · · < tn < t, for all n and for all x1, . . . , xn,

P{a ≤ X(t) ≤ b|X(t1) = x1, · · · , X(tn) = xn} = P{a ≤ X(t) ≤ b|X(tn) = xn}

then the process {X(t), t ∈ T} is a Markov process.

A discrete-parameter discrete-state Markov process is known simply as a Markov

chain.

From the above, a Markov Process is a stochastic process {X(t), t ∈ T} such

that, given the value of X(s), the values of X(t), t > s, do not depend on the values

of X(u), u < s, then the process is said to be a Markov process.

EXAMPLE 3. Consider the experiment of throwing a fair die repeatedly. If Yn denote

the number of 6′s in the first n throws, then {Yn, n ≥ 1} is a Markov chain.

6 Poisson Process

Consider process of arrival of customers at a railway reservation counter. Let N(t)

be the number of arrivals that has occurred during the time interval [0, t]. Then

{N(t), t ≥ 0} is a continuous time discrete state stochastic process. Assume that
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• The probability of an arrival in a small time interval (t, t+∆t) is λ∆t+O(∆t).

• Probability of more than one arrival in a small time interval ∆t is O(∆t).

• Non overlapping intervals are independent.

It can be shown that P{N(t) = k} = e−λt (λt)
k

k!
, for a fixed t, i.e., N(t) ∼ Poisson distribution (λt).

The stochastic process {N(t), t ≥ 0} is called a Poisson Process.

Let Tk be the time of the kth arrival where k = 1, 2, .... Let Xk be the successive

inter arrival times of kth customer. ThenX1 = T1, X2 = T2−T1, . . . , Xk = Tk−Tk−1.

Then what is the distribution of Xk, k = 1, 2, ...?

P (X1 > t) = P (N(t) = 0) = e−λt

P (X1 ≤ t) = 1− e−λt

This implies that X1 ∼ Exponential distribution (λ). Similarly, Xi ∼ Exponential

distribution (λ), i = 1, 2, ... Also, {Xi, i = 1, 2, ...} is a discrete time continu-

ous state stochastic process. Further, since, Xi ∼ Exp(λ) and are i.i.d. random

variables, {Xi, i = 1, 2, ...} is also a Renewal process.

7 Simple Random Walks

Consider integer valued iid random variables Xi, i = 1, 2, .... As a special case,

consider

P (Xi = k) =

{
p, k = 1

1− p, k = −1

Define Sn =
∑n

i=1Xi. Then {Sn, n = 1, 2, ..} is called a simple random walk. When

p = 1/2, it is called a symmetric simple random walk. One can define a more general

random walk by letting the random variables Xi to take on a finite number of values.

8 Second-Order Processes

A stochastic process {X(t), t ∈ T} in called a second-order process if E[X(t)]2 < ∞.
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EXAMPLE 4. Let Xn, n ≥ 1 be uncorrelated random variables with mean 0 and

variance 1. Then, {Xn, n ≥ 1} is a second-order process.

9 Stationary Processes

Let {X(t), t ∈ T} be a second-order process. The mean function of the process is

defined by

m(t) = E[X(t)],

and the covariance function (also called auto-covariance function) is defined by

C(s, t) = Cov(X(s), X(t)) = E[X(s)X(t)]− E[X(s)] E[X(t)].

A second-order process is called covariance stationary or weakly stationary or

wide sense stationary if its mean function m(t) is independent of t and its covariance

function C(s, t) is a function only of the time difference |t − s|, for all t, s, that is,
C(s, t) = f(t− s).

If, for arbitrary integer n and arbitrary t1, t2, · · · , tn, the joint distribution of the

vector random variables

(
X(t1), X(t2), · · · , X(tn)

)
and

(
X(t1 + h), X(t2 + h), · · · , X(tn + h)

)
are the same for all h > 0, then the SP {X(t), t ∈ T} is said to be strictly stationary.

A process which is not stationary (in any sense) is said to be evolutionary.

EXAMPLE 5. Let Xn, n ≥ 1 be uncorrelated random variables with mean 0 and

variance 1. Then

C(n,m) = Cov(Xn, Xm) = E[XmXn] =

{
0, m ̸= n;

1, m = n.

and so {Xn, n ≥ 1} is covariance stationary.

If Xn are also identically distributed, then {Xn, n ≥ 1} is strictly stationary.

EXAMPLE 6. The Poisson process is evolutionary.



MODULE 2: INTRODUCTION TO STOCHASTIC PROCESSES 11

10 Gaussian Processes

If the distribution of
(
X(t1), X(t2), · · · , X(tn)

)
for all t1, t2, · · · , tn is multivariate

normal, then {X(t), t ∈ T} is said to be a Gaussian process.

Result: If a Gaussian process {X(t)} is covariance stationary, then it is strictly

stationary.

11 Martingales

A discrete parameter stochastic process {Xn, n ≥ 0} is called a (discrete-time)

martingale (or a martingale process) if,

(i) E[|Xn|] < ∞, and

(ii) E[Xn+1|Xn, Xn−1, · · · , X0] = Xn.

EXAMPLE 7. Let {Zi, i = 1, 2, · · · } be a sequence of i.i.d. random variables with

mean 0 and let Xn =
n∑

i=1

Zi. Then {Xn, n ≥ 1} is a martingale.

12 Brownian Motion

Let (Ω,F , P ) be the probability space. For each ω ∈ Ω, suppose there is a continuous

function W (t) of t ≥ 0 that satisfies W (0) = 0 and that depends on ω. Then

{W (t), t ≥ 0} is a (standard) Brownian motion (also called as a Wiener process) if

for all 0 = t0 < t1 < · · · < tm the increments

W (t1) = W (t1)−W (t0),W (t2)−W (t1), . . . ,W (tm)−W (tm−1)

are independent and each of these increments is normally distributed with

E[W (ti+1)−W (ti)] = 0, V ar[W (ti+1)−W (ti)] = ti+1 − ti.

This stochastic process is an important subclass of processes that is also a Markov

process, a martingale, a process with independent increments. This has applications

in many areas and remains a basic element in financial modelling.
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Module 3: Discrete-Time Markov Chains

Lecture 1 Markov Chains (MCs)

The material for this module is to be inserted here.

1
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Module 4: Continuous-Time Markov Chains

Lecture 1 Definition, Infinitesimal Generator Matrix and

Kolmogorov Equations

1 Introduction

Continuous-time Markov Chain is a very useful class of stochastic processes. It is

abbreviated as CTMC. Many real world process which evolve randomly over time,

can be modelled as CTMC. The examples include, the arrival pattern of customers

to a coffee shop, the arrival and departure of planes to a airport. After knowing

DTMC, a first guess about the CTMC is that it is simply a continuous time Markov

chain in which transitions can happen at any time. This guess is indeed correct. As

we proceed in the article, we get to know what is CTMC.

A Markov process can be classified into various categories depending on the state

space and parameter space. A Markov process with discrete state space is called a

Markov chain. A Markov chain with discrete parameter space is called a Discrete

time Markov chain and with continuous parameter space is called a Continuous time

Markov chain. Brownian motion is an example of a Markov process with continuous

parameter space, which shall be discussed in module 7.

2 Definition

A discrete state, continuous parameter stochastic process {X(t); t ≥ 0} is called a

CTMC if for 0 ≤ t0 < t1 < . . . < tn < t and x, x0, x1, . . . , xn ∈ S (state space), its

conditional distribution satisfies

P{X(t) ≤ x | X(t0) = x0, X(t1) = x1, . . . , X(tn) = xn} = P{X(t) ≤ x | X(tn) = xn}.

When the Markov chain is time-homogeneous, i.e. P [X(t + T ) = j/X(T ) = i]

for any T ≥ 0, does not depend on T , and this probability is denoted by Pij(t) and

it is known as the stationary transition probability.

We consider following notations for further discussion.

1
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Suppose state space, S = {0, 1, 2, 3, . . .}.
Then the random variable X(t) has the probability mass function {πj(t)}. That is

π(t) = P (X(t) = 0, X(t) = 1, X(t) = 2, . . .) = [π0(t), π1(t), π2(t), . . .].

We have πj(t) ≥ 0, for j ∈ S and Σj∈Sπj(t) = 1.

Initial state probability vector is given as follows.

π(0) = P (X(0) = 0, X(0) = 1, X(0) = 2, . . .) = [π0(0), π1(0), π2(0), . . .]

Given πi(0) and Pij(t), we get for j ∈ S,

πj(t) = Prob(X(t) = j)

= Σi∈SP (X(t) = j | X(0) = i)P (X(0) = i)

= Σi∈Sπ(0)Pij(t)

Waiting time distribution

Consider a time-homogeneous CTMC {X(t); t ≥ 0}. At time t = 0 initial state

probability vector is known.

Let τ be a random variable, known as Waiting time, denoting time taken for a

change of state from state i,

P [τ > s+ t | X(0) = i] = P [τ > s+ t | X(s) = i]P [τ > s | X(0) = i]

F c
τ (s+ t) = F c

τ (t)F
c
τ (s)

=⇒ F c
τ (t) = exp(−λt), t > 0, λ > 0

Thus the waiting time τ has exponential distribution with parameter λ. The distri-

bution is same for all i.

In Example 1, each of the two states 0 and 1 are accessible from the other one

and hence are communicating states. Since this Markov chain has only two states

which are communicating, it is an irreducible CTMC. Also the time spent in states
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0 and 1 is exponentially distributed with parameters λ and µ respectively.

In Example 2 the state space is countably infinite. The time spent in state 0 is

exponentially distributed with parameter λ0. Whereas in state 1 the system can

spend exponential time before moving in state 2 with parameter λ1 and can spend

exponential amount of time before moving to state 0 with parameter µ1, the two

being independent of each other.

Therefore, the time spent in state 1 is the minimum of the two, which is again ex-

ponential with parameter λ+ µ.

Example 3 shows a two dimensional CTMC.
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3 Chapman-Kolmogorov equations

The Chapman-Kolmogorov equations are the important equations for the time ho-

mogeneous CTMC. These give relation between transition probabilities of higher

order in terms of lower ones.

Pij(t+ T ) = P [X(t+ T ) = j | X(0) = i]

=
∑
k∈S

P [X(t+ T ) = j,X(t) = k | X(0) = i]

=
∑
k∈S

P [X(t+ T ) = j | X(t) = k,X(0) = i]× P [X(t) = k | X(0) = i]

=⇒ Pij(t+ T ) =
∑
k∈S

Pkj(T )Pik(t) ∀ i, j ∈ St ≥ 0, T ≥ 0.

Infinitesimal Generator Matrix

Define

qij =
d

dt
Pij(t) |t=0, i ̸= j

qii =
d

dt
Pii(t) |t=0 .

That is,

qij = lim
∆t→0

Pij(∆t)− Pij(0)

∆t

qii = lim
∆t→0

Pii(∆t)− Pii(0)

∆t
.

Using Pij(0) = 0, for i ̸= j and Pii = 1, we get,

Pij(∆t) = qij∆t+ o(∆t), i ̸= j

Pii(∆t) = 1 + qii∆t+ o(∆t).
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Since
∑

i Pij(∆t)=1, we get∑
j

qij = 0 and qij ≥ 0, ∀ i ̸= j.

Hence, qii = −
∑
j ̸=i

qij.

Thus, using this we can construct a matrix Q = [qij] such that,

(1) qij ≥ 0, i ̸= j

(2) qii = −
∑
j ̸=i

qij.

This matrix Q is known as the infinitesimal generator matrix.

Kolmogorov equations

There are two sets of differential equations, namely Kolmogorov forward and Kol-

mogorov backward equations. The main difference between these two sets is the

way these are solved in time. The forward equations is solved by moving forward in

time, whereas backward equations are solved by moving backward in time.

Consider

Pij(t+ T ) =
∑
k∈S

Pik(t)Pkj(T ).

Differentiate w.r.t. T ,

P ′
ij(t+ T ) =

∑
k∈S

Pik(t)
d

dT
Pkj(T ).
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Letting T → 0,

P ′
ij(t) =

∑
k∈S

Pik(t)qkj

P ′(t) = P (t)Q.

The above equation is known as the forward Kolmogorov equation.

Similarly we can get,

P ′
ij(t) =

∑
k∈S

qikPkj(t)

P ′(t) = QP (t)

which is known as the backward Kolmogorov equation.

Thus

P ′(t) = P (t)Q

P ′(t) = QP (t)

are the forward and backward Kolmogorov equations, respectively.

Also consider

πi(t+ T ) = P (X(t+ T ) = i) =
∑
k∈S

πk(t)Pkj(T ).

Differentiate w.r.t. T ,

πi(t+ T ) =
∑
k∈S

πk(t)
d

dT
Pkj(T ).
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Letting T → 0,

πi(t+ T ) =
∑
k∈S

πk(t)qkj

π′(t) = π(t)Q.

The above equation is known as the forward Kolmogorov equation.

Similarly we can get,

π′
i(t) =

∑
k∈S

qikπk(t)

π′(t) = Qπ(t)

which is known as the backward Kolmogorov equation.

Thus

π′(t) = π(t)Q

π′(t) = Qπ(t)

are the forward and backward Kolmogorov equations, respectively.
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Lecture 2 Limiting and Stationary Distributions

Before giving the definition of limiting and stationary distributions, we will see some

examples, wherein we find the transition probabilities P (X(t) = j | X(0) = i), de-

noted as ρij(t). We will also see what happens to these probabilities as t → ∞.

These examples will pave the direction to give definition of limiting and stationary

distributions.

Example 1: Consider a two state time homogeneous Markov chain {X(t); t ≥ 0}.
The state space S = {0, 1}, where 0 is the down or non operational state and 1 is

the up or operational state.

Time spent in state 1 or the time spent by system in moving from state 1 to 0 is

exponentially distributed with parameter λ and time spent in state 0 or time spent

in moving from state 0 to 1 is exponentially distributed with parameter µ.

The Q matrix can therefore be written as,

[
−µ µ

λ −λ

]

Now,

P01(∆t) = µ∆t+ o(∆t)

P10(∆t) = λ∆t+ o(∆t).

The forward Kolmogorov equations are given by, for i = 0, 1

P ′
i0(t) = −µPi0(t) + λPi1(t)

P ′
i1(t) = µPi0(t)− λPi1(t).

Assume that P11(0)=1; P10(0) = 0.

For i = 1,

P10(t) + P11(t) = 1
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P ′
11(t) = −(λ+ µ)P11(t) + µ

P11(t) =
µ

λ+ µ
+ ke−(λ+µ)t.

Hence we get transition probabilities as

P11(t) =
µ

λ+ µ
+

λ

λ+ µ
e−(λ+µ)t

P10(t) =
λ

λ+ µ
− λ

λ+ µ
e−(λ+µ)t.

Taking limit t→ ∞ we can get the steady state distribution.

Example 2: Consider a stochastic process {X(t); t ≥ 0} with rate matrix as,

Q =

 −2 1 1

1 −1 0

2 1 −3

 .

Eigenvalues of Q are 0,−2 and −4.

Hence P11(t) = k1 + k2e
−2t + k3e

−4t.

Using P11(0) = 1;P ′
11(0) = q11 = −2;P ′′

11(0) = q211 = 7 we get,

P11(t) =
3

8
+

1

4
e−2t +

3

8
e−4t.

1 Limiting distribution

For an irreducible, positive recurrent CTMC, limits lim
t→∞

Pij(t) exist. This is called

limiting distribution of corresponding CTMC. If it is independent of initial state i,

then we can denote lim
t→∞

Pij(t) by πj, independent of i.

We can form the vector π = (π0, π1, ...) and since limiting distribution is a proba-

bility distribution, we have ([4])

πj ≥ 0 and
∑
j

πj = 1.
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2 Stationary distribution

The vector π is called a stationary distribution of a CTMC if π = (π0, π1, ...) satisfies

1. πj ≥ 0 ∀ j

2.
∑

j πj = 1

3. πQ = 0.

Main result for stationary distribution

For an irreducible, positive recurrent CTMC, the stationary distribution exists and

it is unique. The vector π = (π0, π1, ...) is uniquely determined by,

πQ = 0,
∑
j

πj = 1.

Example 3: Consider a two state CTMC with Q matrix as(
−µ µ

λ −λ

)
.

It can be clearly seen that the above CTMC is irreducible and positive recurrent

and hence by the previous result the stationary distribution exists and is unique.

Stationary distribution is given by

πQ = 0,
∑
j

πj = 1

(π0, π1)

(
−µ µ

λ −λ

)
= (0, 0)
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⇒ − µπ0 + λπ1 = 0

⇒ λπ1 = µπ0

⇒ π1 =
µ

λ
π0

Also π0 + π1 = 1 ⇒ (1 +
µ

λ
)π0 = 1

⇒ π0 =
λ

λ+ µ
, π1 =

µ

λ+ µ
.

Example 4: Consider the CTMC with Q matrix as

Q =

 −2 1 1

1 −1 0

2 1 −3

 .

It can be seen that every state can communicate with every other state and

hence the given CTMC is irreducible and positive recurrent.

To find the steady state solution consider πQ = 0 and
∑3

j=1 πj = 1.

⇒ − 2π1 + π2 + π3 = 0

⇒ π1 − π2 = 0

⇒ 2π1 + π2 − 3π3 = 0.

Using the above equations we get π1 =
3
8
, π2 =

4
8
, π3 =

1
8
.

3 Some notes

1. Steady-state or equilibrium distribution [1]

For X(t), the number of customers in the system at time t, its probability

distribution is denoted by

pn(t) = P (X(t) = n | X(0) = 0)
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pn(t) is time dependent. For complete description of the CTMC, we need

to consider time-dependent or transient solutions. But it is often difficult to

obtain such solutions. Further in many practical situations, one needs to know

the behavior in steady state, i.e., when the system reaches an equilibrium state,

after being in operation for a pretty long time.

It is easier and convenient to determine

pn = lim
t→∞

pn(t)

provided the limit exists. When this limit exists, it is said that the system

has reached steady state or equilibrium; and corresponding probability distri-

bution {pn}, is called steady-state or equilibrium distribution.

2. Time Reversible CTMC

For an irreducible CTMC, if there exist a probability distribution π that sat-

isfy the time-reversibility equations

πiqij = πjqji ∀ i, j ∈ S

then the CTMC has positive recurrent states, time reversible and the

solution π is unique stationary distribution.



MODULE 4: CONTINUOUS-TIME MARKOV CHAINS 13

Lecture 3 Poisson Processes - I

We can model a real life phenomenon, wherein we are interested in counting the

number arrival of some random event, by Poisson process. Although some assump-

tions are there for modelling real life phenomenon by Poisson process, but these can

be easily incorporated.

Postulates for Poisson Process

Let {N(t); t ≥ 0} be continuous time and non-negative integral valued stochastic

process.

Let pn(t) = P (N(t) = n).

Further assume that

1. N(0) = 0. That is

p0(0) = 1, pn(0) = 0 for n ̸= 0 (1)

2. Arrivals in non-overlapping intervals are independent.

3. pn(t) depends only on the length t on interval and is independent of where

this interval is situated.

4. In an interval of infinitesimal length h, the probability of exactly one occur-

rence is λh+ o(h) and that of more than one occurrence if of o(h).

That is if the interval between t and t+ h is of very short duration h, then

p1(h) = λh+ o(h)

∞∑
k=2

pk(h) = o(h)

⇒ p0(h) = 1− λh+ o(h).

Theorem : Under the above postulates (2), (3) and (4), N(t) follows Poisson

distribution with mean λt. [1]
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Proof : Consider pn(t+ h) for n ≥ 0.

n events by epoch t+ h can happen in the following mutually exclusive ways

A1, A2, A3, . . . , An

For n ≥ 1

A1 : n events by epoch t and no event between t and t+ h. That is

P (A1) = P (N(t) = n)P (N(h) = 0 | N(t) = n)

= pn(t)p0(h)

= pn(t)(1− λh) + o(h)

A2 : n− 1 events by epoch t and 1 event between t and t+ h. That is

P (A2) = P (N(t) = n− 1)P (N(h) = 1 | N(t) = n− 1)

= pn−1(t)p1(h)

= pn−1(t)(λh) + o(h)

For n ≥ 2

A3 : n− 2 events by epoch t and 2 events between t and t+ h. That is

P (A3) = pn−2(t)p2(h)

≤ p2(h)

and so on for P (A4), P (A5), . . ..

We thus have
n∑

k=2

P (Ak+1) ≤
n∑

k=2

pk(h) = o(h)

and so

pn(t+ h) = pn(t)(1− λh) + pn−1(t)(λh) + o(h), n ≥ 1

pn(t+ h)− pn(t)

h
= −λpn(t) + λPn−1(t) +

o(h)

h

lim
h→0

pn(t+ h)− pn(t)

h
= −λpn(t) + λPn−1(t) + lim

h→0

o(h)

h
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p′n(t) = −λ(pn(t)− pn−1(t)), n ≥ 1. (2)

For n = 0

P0(t+ h) = p0(t)p0(h)

= p0(t)(1− λh) + o(h)

p0(t+ h)− p0(t)

h
= −λp0(t) +

o(h)

h

lim
h→0

p0(t+ h)− p0(t)

h
= −λp0(t) + lim

h→0

o(h)

h

p′0(t) = −λ(p0(t)). (3)

From (1), (2) and (3), we get

pn(t) =
e−λt(λt)n

n!

Thus N(t) follows Poisson distribution with parameter λt.

1 Definition

A stochastic process {N(t); t ≥ 0} is said to be a Poisson process, with intensity or

rate λ > 0, if the following conditions are satisfied:

• It starts from zero, i.e. N(0) = 0.

• It has stationary and independent increments.

• For every t > 0, N(t) has a Poisson distribution P (λt).
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2 Properties of Poisson processes

1. Time taken for first arrival is Exp(λ). [1]

Proof : Let T denote the time of first arrival.

P (T > t) = P [N(t) = 0]

=
e−λt(λt)

0!
= e−λt

∴ T is Exp(λ).

2. Superposition [1]

Suppose there are two independent Poisson arrival processes, with the parameters

λ1 and λ2. Then the superposition of the two processes will again be a Poisson

process with parameter (λ1 + λ2).

Similarly, if there are n independent Poisson streams with parameters, λ1, λ2, ..., λn,

then the combined stream or the superimposed stream is a Poisson stream with

parameter (λ1, λ2, ..., λn). This finds use in many telecommunication applications.

Proof : Let N1(t) and N2(t) be two independent Poisson processes, with the pa-

rameters λ1 and λ2, respectively. Let

N(t) = N1(t) +N2(t).

Its quite obvious that N(t) ∈ {0, 1, 2, . . .}.

P (N(t) = n) =
n∑

r=0

P (N1(t) = r)P (N2(t) = n− r)

=
n∑

r=0

e−λ1t(λ1t)
r

r!

e−λ2t(λ2t)
n−r

(n− r)!

=
e−(λ1+λ2)t{(λ1 + λ2)t}n

n!
, n = 0, 1, 2, . . . .
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Thus N(t) follows Poisson distribution with parameter (λ1 + λ2)t.

3. Decomposition [1]

A random selection from a Poisoon process yields a Poisson process. Suppose that

N(t), the number of occurrences of an event E in an interval of length t is a Poisson

process with parameter λ. Suppose also that each occurrence of E has a constant

probability p of being recorded, and that the recording of an occurrence is indepen-

dent of that of other occurrences and also of N(t).

If M(t) is the number of occurrences recorded in an interval of length t, then M(t)

is also a Poisson process with parameter λp.

Proof : The event {M(t) = n} can happen in the following mutually exclusive

ways:

Ar : E occurs (n+ r) times by epoch t and exactly n out of (n+ r) occurrences are

recorded, probability of each occurrence recorded being p, (r = 0, 1, 2, . . .).

We have

P (Ar) = P (E occurs (n+ r) times by epoch t)×
P (n occurrences are recorded given that the number of occurrences is n+

r)

= e−λt(λt)n+r

(n+r)!
×n+r Cnp

nqr

Hence

P (M(t) = n) =
∞∑
r=0

P (Ar)

= e−λpt(λpt)n

(n)!
.

3. Poisson process and Binomial distribution [1]

If {N(t)} is a Poisson process and s < t, then (N(s) | N(t) = n) is Binomial(n, s
t
).
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Proof : For k = 0, 1, 2, . . . , n

P (N(s) = k | N(t) = n) =
P (N(s) = k, N(t) = n)

P (N(t) = n)

=
P (N(s) = k, N(t)−N(s) = n− k)

P (N(t) = n)

=
P (N(s) = k)P (N(t)−N(s) = n− k)

P (N(t) = n)

=

e−λs(λs)k

k!
× e−λ(t−s)(λ(t−s))n−k

(n−k)!

e−λt(λt)n

n!

= nCk(
s

t
)k(1− s

t
)n−k

4. Poisson process and Uniform distribution [7]

Given that N(t) = n, the n arrival times S1, . . . , Sn have the same distribution

as the order statistics corresponding to n independent random variables uniformly

distributed on the interval (0.t).

Proof : To obtain the conditional density of S1, . . . , Sn given that N(t) = n, note

that for 0 < S1 < . . . < Sn < t the event that S1 = s1, S2 = s2, . . . , Sn =

sn, N(t) = n is equivalent to the event that the first n+ 1 interarrival times satisfy

T1 = s1, T2 = s2 − s2, . . . , Tn = sn − sn−1, Tn+1 > t− sn.

Now, by using the property that T1, T2, . . . , Tn are iid exponential random variables

having mean 1
λ
.

f(s1, s2, . . . , sn | n) =
f(s1, s2, . . . , sn, n)

P{N(t) = n}

=
λe−λs1 × λe−λ(s2−s1) × . . .× λe−λ(sn−sn−1) × e−λ(t−sn)

e−λt (λt)
n

n!

=
n!

tn
, 0 < s1 < s2 < . . . < sn < t

which proves the result.
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Lecture 4 Poisson Processes - II

1 Examples

Example 1: Consider the car insurance claims reported to insurer. Assume that,

the average rate of occurrence of claims is 10 per day. Also, assume that this rate

is constant throughout the year and at different times of the day. Further assume

that in a sufficiently short time interval there can be atmost one claim. What is the

probability that there are less than 2 claims reported on a given day? What is the

probability that time until the next reported claim is less than 2 hours?

Solution : The given situation can be modelled as Poisson process. The arrival of

car insurance claims to the insurer is a Poisson process,{N(t); t ≥ 0}, with rate λ

as 10 per day.

Required probability that there are less than 2 claims reported on a given day

P (N(t+ 1)−N(t) < 2) = P (N(1) < 2)

= P (N(1) = 0) + P (N(1) = 1)

=
e−λ×1(λ× 1)0

0!
+

e−λ×1(λ× 1)1

1!
= e−λ(1 + λ).

Required probability that time until the next reported claim is less than 2 hours,
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given that there are 2 claims till now ( 2 hours = 2
24

days)

P (N(t+
2

24
) > 2 | N(t) = 2) = P (N(t+

2

24
) ≥ 3 | N(t) = 2)

=
P (N(t+ 2

24
) ≥ 3, N(t) = 2)

P (N(t) = 2)

=
P (N(t+ 2

24
)−N(t) ≥ 1)× P (N(t) = 2)

P (N(t) = 2)

= P (N(t+
2

24
)−N(t) ≥ 1)

= P (N(
2

24
) ≥ 1)

= 1− P (N(
2

24
) = 0)

= 1 −
e−λ× 2

24 (λ× 2
24
)0

0!

= e−λ× 2
24 .

Example 2: Consider the situation of waiting for a bus on the bus stand. Assume

that the bus arrivals(in minutes) follow a Poisson process with parameter 5. That

is, the mean inter arrival time between the buses is 5 minutes. Suppose you come

to the bus stand at some time. What is the average waiting time to get the bus?

Solution : Suppose one arrives the bus stand at time t.

Let W be the waiting time. Let X1, X2, X3, ... be the inter-arrival times.

Since exponential distribution is memoryless, hence the waiting time will also follow

exponential distribution with parameter λ.

Hence average waiting time is

E[W ] = 1
λ
= 5.

2 Non-homogeneous Poisson process

Definition : A counting process {N(t); t ≥ 0}, with N(0) = 0 is called a non-

homogeneous Poisson process if it has independent but not necessarily stationary

increments, and for s < t, N(t) − N(s) has a Poisson distribution with mean

m(t)−m(s), wherem(t) is a continuous increasing function on [0,∞) withm(0) = 0.
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Here a Poisson distribution of mean 0 is defined

Let N(t) denote the number of customers arriving in (0,t). The arrival process

{N(t); t ≥ 0} has a Poisson distribution

P (N(t) = i) =
(λ(t))ie−λ(t)

i!
, i = 0, 1, ...

where,

λ(t) =
∫ t

0
λ(x)dx.

Example 3: For a nonhomogenous Poisson process the intensity function is given

by

λ(t) =

{
5 if t ∈ (1, 2], (3, 4], ...

3 if t ∈ (0, 1], (2, 3], ...
Find the probability that the number number of observed occurrences in the time

period (1.25, 3] is more than two.

Solution : N(3)−N(1.25) has a Poisson distribution with mean

m(3)−m(1.25) =
∫ 3

1.25
λ(t)dt =

∫ 2

1
.255dt +

∫ 3

2
3dt = 6.75.

Hence, P{N(3)−N(1.25) > 2} = 1e6.75(1 + 6.75 + (6.75)2

2
) = 0.9642515816.

3 Compound Poisson process

Definition : Consider a Poisson process {N(t); t ≥ 0}. Let X ′
is be iid random

variables which are independent of N(t), also. Consider X(t)=X1 +X2 + ...+XN(t)

Then {X(t); t ≥ 0} is a compound Poisson process. If P (Xi = 1) = 1, ∀ i, then

{X(t); t ≥ 0} is a Poisson process.

Also E[X(t)] = λtE(Xi), V ar[X(t)] = λtE[X2
i ]

Example 4: Insurance claims occure according to a Poisson process of rate λ = 10

per month and the amounts of claims are iid of mean 500 and standard deviation

200. Find the expected total claims in a three month period. Based on the nor-

mal approximation, estimete the probability that the total claim will not exceed

20, 000.[4]
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Solution : Let N(t) be the Poisson process that counts the number of claims and

let Yi be the iid claim amounts. Then the total amount X(t) of claims by time t is

a compound Poisson process.

The expected total claim = E[X(3)] = 10× 3× 500 = 15, 000.

V ar[X(3)] = 10× 3× (2002 + 5002) = 8, 700, 000.

Using the normal distributionN(15, 000, 8, 700, 000) with Z being a standard normal

random variable, we get

P [X(3) ≤ 20, 000] = P (Z ≤ 20, 000− 15, 000√
8, 700, 000

) = .9554.
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Lecture 5 Birth Death Process

1 Definition

A CTMC {X(t); t ≥ 0} with the state space {0, 1, 2, . . .} is a birth death process if

there exist constants λi (≥ 0), i = 0, 1, 2, . . . and µi (≥ 0), i = 1, 2, . . . with

qi,i+1 = λi

qi,i−1 = µi

qi = −(λi + µi)

qi,j = 0 for |i− j| > 1.

State Transition Diagram : The state transition diagramme of a birth death

process is shown below. The corresponding infinitely generator matrix is as follows:

BDP

��
��
��
��

��������������
��
��
�� nn-1

µn+1µnµn−1

λnλn−1λn−2λ2λ0 λ1

210

µ2µ1 µ3

Q = [qij] =


−λ0 λ0 0 0 . . .

µ1 −(λ1 + µ1) µ1 0 . . .

0 µ2 −(λ2 + µ2) µ2 . . .
...

...
...

...
...



Steady state and time-dependent analysis :

π′
0(t) = −λ0π0(t) + µ1π1(t)

π′
1(t) = λ0π0(t)− (λ1 + µ1)π1(t) + µ2π2(t)

π′
n(t) = λn−1πn−1(t)− (λn + µn)πn(t) + µn+1πn+1(t), n = 2, 3, . . .
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For steadt stae probabilities, we take limit t → ∞,

πi = lim
t→∞

P (X(t) = i), i = 0, 1, 2, . . .

With the assumption of irreducible and positive recurrent, we get

0 = −λ0π0 + µ1π1

0 = λn−1πn−1 − (λn + µn)πn + µn+1πn+1, n = 1, 2, . . .

Solving above system of equations, we get

πn =
λn−1λn−2 . . . λ0

µnµn−1 . . . µ1

π0, n = 1, 2, . . .

where by using
∞∑
n=0

πn = 1, we get π0 as follows

π0 =
1

1 + λ0

µ1
+ λ0λ1

µ1µ2
+ . . .

provided the denominator in the above expression is finite.

2 Finite BDP

Finite BDP is the BDP with finite state space {0, 1, 2, . . . , N}.

N−1

Finite BDP

N
������

��
��
��

λN−1
λN−2λ2λ1

µN−1 µN

λ0

µ2µ1

210

µ3

We have staedy state probabilities as follows:

πn =
λn−1λn−2 . . . λ0

µnµn−1 . . . µ1

π0, n = 1, 2, . . . , N
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where

π0 =
1

1 + λ0

µ1
+ λ0λ1

µ1µ2
+ . . .+ λN−1λN−2...λ0

µNµN−1...µ1

.

3 Pure birth process

A BDP is said to be Pure birth process if the death rates, µi = 0 for i = 1, 2, . . ..

Pure birth process

�
�
�
�

���� ��
0 1 2

λ0 λ2λ1

With this definition of pure birth process we get, Poisson process is pure birth

process with same birth rates.

Consider special case of pure birth process with birth rates, λi = λ for i = 0, 1, . . ..

We have

π′
0(t) = −λπ0(t)

π′
1(t) = λπ0(t)− λ1π1(t)

π′
n(t) = λπn−1(t)− λπn(t), n = 2, 3, . . .

with condition π0(0) = 1 and πi(0) = 0, i ̸= 0.

Solving above differential equations, we get

πn(t) =
e−λt(λt)n

n!
, n = 0, 1, 2, . . .

4 Pure death process

A BDP is said to be Pure death process if the birth rates, λi = 0 for i = 1, 2, . . . , N .

Here state space is {N,N − 1, . . . , 0}. Inital condition is

πN(0) = 1 and πi(0) = 0, i ̸= N
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N−1 N

Pure death process

�
�
�
�

����
��
��
��

µNµN−1µ3µ2µ1

210

Consider special case of pure death process with death rates, µi = µ for i =

0, 1, . . . , N . We have

π′
0(t) = −µπ1(t)

π′
1(t) = −µπ1(t) + µ2π2(t)

π′
n(t) = −µnπn(t) + µn+1πn+1(t), n = 2, 3, . . . , N

with condition π0(0) = 1 and πi(0) = 0, i ̸= 0.

Solving above differential equations, we get

πn(t) = NCn(e
−µt)n(1− e−µt)N−n, n = 0, 1, 2, . . . , N.

That is time dependent distribution is Binomial(N, e−µt).
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Lecture 6 M/M/1 Queueing Model

A queueing model is useful for study of queues or waiting lines. It gives nice math-

ematical formulation of some terms, average no. of customers in a queue, waiting

time in a queue, which are useful to study some empirical properties of queue.

1 Queueing systems

Condider a situation where customers (need not be human beings) arrive, wait for

their turn to receive service and after being serviced and they leave. The underlying

system in such a situation is called, Queueing systems.

Some examples are as follows.

• Supermarket checkouts

• Railway reservation counters

• Computer service center

• Calls allocation in communication system

µ
departurearrivals

123λ

serverqueue

A queueing system is characterized by the following characteristics.

• Arrival pattern of customers.

• Service pattern of customers.

• Number of service channels.
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• System capacity.

• Queue discipline.

For example, consider a room where interview for certain job is being held. Rule

is that, on interview day, first 100 candidates who come, will be interviewd. There

are 4 interviewers, siting together, who take interview of one candidate together.

The time taken by a candidate to come for the interview, as well as time taken by

interviewers to finish a interview, both are exponentially distributed with some fixed

parameters. So for this example we have following.

• Arrival pattern of customers - Inter-arrival time is random with exponential

distribution.

• Service pattern of customers - Service time is random with exponential distri-

bution.

• Number of service channels - 1 (although there are 4 interviewers )

• System capacity - 100

• Queue discipline - First come first service

Kendall Notation (A/B/X/Y/Z) :Kendall notation is the standard notation

used to represent different types of queueing model.

• A: Distribution of inter-arrival times

• B: Distribution of service times

• X: Number of servers

• Y: Maximum number of customers in system

• Z: Queue Discipline

A,B are chosen from the set:

• M=Exponential
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• D=Deterministic

• Ek=Erlang type k(k=1,2,...)

• Hk=Hyper Exponential type k

• G=General

Markovian Queues: M/M/1, M/M/c, M/M/c/k

Non-Markovian Queues: M/G/1, G/M/1, GI/G/c, M/D/1

2 M/M/1 Queueing model

M/M/1 queueing model is characterized by following characteristic.

• Arrival process: Poisson process with rate λ

• Service times: Exponential with rate µ

• Service times and inter-arrival times are independent.

• Single server.

• Infinite capacity in a system.

• N(t): Number of customers in a system at time t(state)

CTMC formulation

(i) Transitions due to arrival or departure of customers.

(ii) Only nearest neighbors transitions are allowed.

(iii) State of the process at time t: N(t) = i, (i ≥ 0).
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(iv) {N(t)/t ≥ 0} is a continuous-time Markov chain with

qi,i+1 = λ

qi,i−1 = µ

qi = −(λ+ µ)

qi,j = 0 for |i− j| > 1.

Stationary Distribution : Since we know how to calculate the distribution of

a birth death process, we can find the stationary distribution of M/M/1 queueing

model.

Let π = (π0, π1, ...) denote the stationary distribution vector. Then,

πi ≥ 0,
∑
i

πi = 1.

Now by πQ = 0, we get

0 = −λπ0 + µπ1

0 = λπi−1 − (λ+ µ)πi + µπi+1, i = 1, 2, . . .

Solving above set of equations, we get

π1 =
λ

µ
π0, πi−1 =

λ

µ
πi = ... =

λi−1

µi−1
π0 , i = 1, 2, . . .

Taking ρ = λ
µ
, we get

π0 = 1− ρ, πi = (1− ρ)ρi ; i = 1, 2, ...

where ρ < 1.

ρ : Offered load(traffic intensity)

1− ρ : Server utilization
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Average Number in the System

E(N) = Average number of customers in the system in steady state.

=
∑
n

nρn(1− ρ)

= ρ(1− ρ)
∞∑
n=0

nρn−1

= ρ(1− ρ)
1

1− ρ

⇒ E(N) = ρ
1−ρ

.

Similarly, V ar(N) = ρ
(1−ρ)2

.

Average Number in the Queue

E(Q) = Average number of customers in the queue in steady state.

=
∞∑
n=1

nπn+1

=
∞∑
n=1

nρn+1(1− ρ)

= ρ2(1− ρ)
1

(1− ρ)2

⇒ E(Q) = ρ2

1−ρ
.

3 Little’s law

The long term average number of customers in a stable system(E(N)) is equal to

the long term average effective arrival rate(λ), multiplied by the average time a

customer spends in the system(E(R)); expressed as

E(N) = λE(R).
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Measures for M/M/1 Queue using Little’s Law Let R and W be time

spend by a customer in the system and waiting time of a customer, respectively.

By Little’s law,

E(R) =
E(N)

λ

=
ρ

λ(1− ρ)

=
1

µ− λ

Distribution of Waiting Time

W =

{
0 if n = 0

S̃1 + S2 + ...+ Sn if n = 1, 2, 3, ...

Then, for t = 0, P (W ≤ t) = 1− ρ.

Now, W | {N = n} ∼ Gamma(n, µ)

For t > 0

P (W ≤ t) =
∞∑
n=1

∫ t

0

µnxn−1e−µx

n− 1!
dx(1− ρ)ρn.

Hence we have,

P (W ≤ t) =


0 , t < 0

1− ρ , t = 0∑∞
n=1

∫ t

0
µnxn−1e−µx

n−1!
dx(1− ρ)ρn , 0 < t < ∞.

Further, after simplification it can be seen that for t > 0,

P (W ≤ t) = 1− ρe−µ(1−ρ)t.

Hence,
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P (W ≤ t) =


0 , t < 0

1− ρ , t = 0

1− ρe−µ(1−ρ)t , 0 < t < ∞

⇒ P [W = 0] = 1− ρ

and

fW (t) = ρ(µ− λ)e−(µ−λ)t, t > 0.

Distribution of Response Time

R = S + S̃1 + S2 + ...+ Sn

Then, for t ≤ 0, P (R ≤ t) = 0.

Now, R | {N = n} ∼ Gamma(n+ 1, µ).

For t > 0

P (R ≤ t) =
∞∑
n=0

∫ t

0

µn+1xne−µx

n!
dx(1− ρ)ρn

= 1− e−µ(1−ρ)t.

Hence we have,

P (R ≤ t) =

{
0 , t ≤ 0

1− e−µ(1−ρ)t , t > 0.

Thus we can conclude that, R ∼ Exp(µ(1− ρ))

∴ E(R) =
1

µ(1− ρ)
=

1

µ− λ
.

Remark : Burke’s Theorem
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The output of a Poisson input queue with a single channel having exponential

service time and in steady state must be Poisson with the same rate as the input.

• Valid for M/M/1, M/m/c, M/M/∞ queues.

• The number of customers in the queue is independent of the departure process

prior to t.
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Lecture 7 Simple Markovian Queueing Models

1 M/M/c Queueing model

• Arrival follows Poisson process with rate λ

• Service times follow exponential distribution with parameter µ

• c servers

• Arriving customer finds n customers in system

– n < c; it is routed to any idle server.

– n ≥ c; it joins the waiting queue-all servers are busy

• Birth-death process with state-dependent death rates

µn =

{
nµ , 1 ≤ n ≤ c

cµ , n ≥ c

Steady-state or equilibrium solution when λ
cµ

< 1

pn =

{
λn

n!µnp0 , 1 ≤ n ≤ c
λn

cn−cc!µnp0 , n > c

Using normalizing constant

∞∑
n=0

pn = 1

⇒ p0 = [
c−1∑
n=0

1

n!
(
λ

µ
)n +

1

c!
(
λ

µ
)c(

cµ

cµ− λ
)]−1.



MODULE 4: CONTINUOUS-TIME MARKOV CHAINS 36

The probability that an arriving customer has to wait on arrival

=
∞∑
n=c

pc =
pc

1− ρ
(say, C(c,

λ

µ
)).

This is known as Erlang’s C formula.

C(c, λ
µ
): fraction of time all the c servers are busy.

Let Nq denote the number of customers in the queue

P [Nq = j,W > 0] = P [N = c+ j] = ρjPc = ρj(1− ρ)C(c,
λ

µ
).

Thus,

P [Nq = j | W > 0] =
P [Nq = j,W > 0]

P [W > 0]

= (1− ρ)ρj, j = 0, 1, ...

Expected number of busy servers

E(B) =
c−1∑
n=0

npn +
∞∑
n=c

cpn = cp.

Expected number of idle servers

E(I) = E(c−B) = c− cρ = c(1− ρ).
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We have E(N) = E(B) + E(Q).

E(Q) =
∞∑
n=c

(n− c)pn

=
∞∑
n=c

(n− c)
(λ
µ
)n

c!(cn−c)
p0

=
ρ

1− ρ
C(c,

λ

µ
)

⇒ E(N) = cρ+
ρ

1− ρ
C(c,

λ

µ
).

Using Little’s law E(N) = λE(R), we get

E(R) =
E(N)

λ
=

1

µ
+

Pc

cµ(1− ρ)2
.

Using λE(W ) = E(Q), we get

E(W ) =
E(Q)

λ
=

1

µ
+

Pc

cµ(1− ρ)2
.

2 M/M/1/N Queuing model

M/M/1/N queueing model is an M/M/1 queueing model with capacity of the system

N. Customers arriving after the queue is full are rejected.

Balance equations for M/M/1/N queueing model in steady state are given by :

λπi−1 = µπi , i = 1, 2, ..., N.
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Using
∑N

i=0 πi = 1, we get

π0 =
1− ρ

1− ρN+1

πi =
1− ρ

1− ρN+1
ρi , i = 0, 1, 2, ..., N.

Effective Arrival Rate: λeff = λ(1− πN)

Throughput: µ(1− π0)

Blocking Probability: πN

With these, we have

E(R) = E(N)
λeff

.

3 M/M/c/K Queuing model

• Arrival follows Poisson process with rate λ

• Service times follow exponential distribution with parameter µ.

• c Servers with capacity K.

• Arriving customer find find n customers already in system, where if

– n < c: it is routed to an idle server

– n ≥ c:it joins the waiting queue

• Customers forced to leave the system if already K present in the system.

• Birth Death process with state dependent rates

µn =

{
nµ if 1 ≤ n < c

cµ if c ≤ n < K

• Stead-state or equilibrium solution

πn =

{
1
n!
(λ
µ
)nπ0 if 0 ≤ n < c

1
cn−cc!

(λ
µ
)nπ0 if c ≤ n < K
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We have the following.

1. E(N) =
∑k

n=1 nπn

2. E(Q) =
∑k

n=1(n− c)πn

3. E(R) = E(N)
λeff

, whereλeff = λ(1− πk)

4. E(W ) = E(Q)
λeff

4 M/M/c/c loss system

• c servers, no waiting room.

• An arriving customer that finds all servers busy is blocked.

• Stationary distribution

pn =
(λ
µ
)n

n!
[
∑

k=0 c
(λ
µ
)k

k!
]−1, n = 0, 1, ..., c

5 M/M/∞ self service system

• Number of servers are infinite.

• On arrival, all the customers are taken into service and there is no queue.

• Birth death process with state dependent death rates:

µn = nµ, n = 1, 2, . . .
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Module 5: Martingales

Lecture 1 Introduction, Filtrations and Conditional

Expectations

In this module, we will introduce and study another important class of stochastic

processes, namely, the martingale processes. Martingale referred to a class of betting

strategies popular in 18th century. The concept of martingale in probability theory

was introduced by Paul Levy and much of the original development of the theory

was done by Joseph Doob. Part of the motivation for that work was to show the

impossibility of successful betting strategies.

Our treatment of these processes is restricted to certain basic concepts and re-

lated important results. Martingales arise naturally in many branches of the theory

of stochastic processes. In particular, they are very helpful tools in the study of

the Brownian motion. In this module, the index set T is an arbitrary interval of

nonnegative integers or nonnegative real numbers.

As such, martingales models a fair game or something that we consider to be a

fair. For example, martingales are ubiquitous in financial mathematics and are very

much part of obtaining ‘fair’ prices of financial instruments. For example, security

prices and ones wealth will turn out to be examples of martingales. As opposed to

martingales, the related concepts of sub-martingales and super-martingales model

unfavourable games.

Keywords: Filtrations, F -measurable, Adaptability, Conditional expectation, Rules

on conditional expectation

1 Filtrations

We have a sample space Ω of some random experiment. The information available

at time t is represented by the σ-field or σ-algebra of events Ft. We assume that for

each t, Ft ⊆ Ft+1; since we are supposed to gain information going from t to t+ 1,

every known event in Ft is also known at time t+ 1. Such an expanding collection

or family of σ−algebras Ft ⊆ Ft+1 is known as a filtration.

One way to construct them is as follows. Recall that a stochastic process is a

1
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family of random variables, Xt(ω), with Xt ∈ Ft (Xt measureable with respect to

Ft). Sometimes it happens that the random variables Xt contain all the informa-

tion in the Ft in the sense that Ft is generated by X1, . . ., Xt. This the minimal

σ-algebra in which the Xt form a stochastic process. In other cases, Ft contains

more information. Economists use these possibilities when they distinguish between

the “weak efficient market hypothesis” (the Ft are minimal), and the “strong hy-

pothesis” (Ft contains all the public information in the world, literally). In the

case of minimal Ft, it may be possible to identify the outcome, ω, with the path

X = X1, . . . , XT . This is less common when the Ft are not minimal because the

extra information may have to do with processes other than Xt. For the definition

of stochastic process, the probabilities are not important, just the algebras of sets

and “random variables” Xt.

An example of a filtration would be repeatedly tossing a coin and letting Fk be

the sets that can be determined by the first k tosses. For example, when we toss a

two times, one after the other, the sample space Ω has four elements. The filtration

will consists of the σ-fields F0 = {∅,Ω},F1 = {∅,Ω, {HH,HT}, {TH, TT}} and

F2 = {∅,Ω, {HH}, {HT}, {TH}, {TT}, unions of these four atoms}.

In discrete time, the filtration is an increasing sequence F0 ⊂ F1 ⊂ · · · of σ-

fields, one per time instant. The σ-field Fn may be thought of as the events of which

the occurrence is determined at or before time n, the “known events” at time n.

The natural filtration of a stochastic process {Xn, n = 0, 1, 2, . . .} is defined by

Fn = {(X0, X1, . . . , Xn) ∈ B;B ⊂ Rn+1}.

It can also written as

Fn = σ(X0, X1, . . . , Xn).

EXAMPLE 1. Toss a coin infinitely many times.

Ω = {(HH...), (HT...), (TT...), (TH...), ...}
F0 = {∅,Ω}
Ω1 = {AH , AT}
F1 = {∅, AH , AT ,Ω1} - contains the information learned by observing the first toss.

Ω2 = {AHH , ATH , AHT , ATT}
F2 = {∅, AHH , ATH , AHT , ATT , {AHH , ATH}, . . . ,Ω2} - contains the information
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learned by observing the first two consecutive tosses

F1 ⊂ F2 ⊂ F3 ⊂ · · ·

The collection of σ-fields {Fn, n = 0, 1, . . .} is called a filtration.

DEFINITION 2. A random variable X is integrable if E|X| < ∞. Given a filtration

of σ-fields {Ft}, a family of random variables {Xt} is adapted if Xt is Ft measurable

for each t.

Recall that a function f : R −→ R is Borel measurable on R if {x ∈ R : f(x) ∈
B} ∈ B(R) for every B ∈ B(R), where B(R) is the Borel σ-field over R.

2 Xt is Ft-measurable

DEFINITION 3. Let Ft be a σ-field of subsets of Ω. A random variable Xt is Ft-

measurable if every set in σ(Xt) is also in Ft.

Some Remarks on Xt is Ft-measurable

1. A random variable is Ft-measurable if and only if the information in Ft is

sufficient to determine the value of Xt.

2. When a random variable Xt is not Ft-measurable, the information contained

in σ-field Ft can not determine the values of the random variable Xt.

3. If Xt is Ft-measurable and g is Borel measurable function, then g(Xt) is also

Ft-measurable.

4. When Ft is σ-field of all subsets of Ω (the power set of Ω) and Ω is finite or

countably infinite, random variable defined on Ω is always Ft-measurable.

3 Adaptability

DEFINITION 4. The stochastic process {Xt, t ≥ 0} is said to be adapted to the

filtration {Ft, t ≥ 0} if

σ(Xt) ⊂ Ft, for all t ≥ 0
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i.e., Xt is Ft-measurable for each t ≥ 0. In such case, all events concerning the

sample paths of an adapted process until time t are contained in Ft.

In discrete case, we say that a stochastic process {Xn, n = 0, 1, . . .} is adapted to

the filtration {Fn, n = 0, 1, . . .} if σ(Xn) ⊂ Fn for every n.

For instance, suppose Sn is the price of a stock at the end of nth day then the

price process {Sn, n = 0, 1, . . .} is adapted to natural filtration {Fn, n = 0, 1, . . .}
where Fn is the history up to the end of nth day.

4 Conditional Expectations

Conditional expectations are in some sense partial averages of random variables.

They play a crucial role in the general treatment of martingales. Recall that

E(X) =

∫
Ω

X(ω)dP (ω) =

{ ∫∞
−∞ xfX(x)dx∑
i xiP [X = xi]

provided E(| X |) < ∞.

DEFINITION 5. Let X and Y be two random variables defined on (Ω,F , P ). The

conditional expectation of X given Y = y can be expressed in the form

E(X | Y = y) =

{ ∫∞
−∞ xfX/y(x/y)dx, provided fY (y) > 0∑
i xiP [X = xi/Y = y], provided P [Y = y] > 0.

EXAMPLE 6. Let Ω = {a, b, c, d}, F = P(Ω) and P ({w}) = 1
4
, w ∈ Ω

Define

X(w) =


0, w = a, d

−1, w = b

1, w = c

Y (w) =

{
−1, w = a, b

1, w = c, d
.

Now,

E(X | Y = −1) =
∑
i

xiP [X = xi/Y = −1]
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= (−1)× P [X = −1/Y = −1] + (1)× P [X = 1/Y = −1]

E(X | Y = −1) = −P [X = −1, Y = −1]

P [Y = −1]
+

P [X = 1, Y = −1]

P [Y = −1]

= − P ({a})
P ({a, b})

+
P ({})

P ({a, b})

= −1/4

1/2
+

0

1/2

= −1

2
.

Similarly, we get

E(X | Y = 1) =
1

2
.

Thus,

E(X | Y = y)(w) =

{
−1

2
, w = a, b

1
2
, w = c, d

.

From the above example, the observations are as follows:

1. E(X | Y = y) is a function of y.

2. E(X | Y = y) is a random variable.
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Lecture 2 Conditional Expectations

In the last lecture, we discuss the filtrations and conditional expectation of X given

Y . In this lecture, we present the rules related to it and the conditional expectation

given σ-field.

Keywords: Conditional expectation given σ-field, Properties of conditional expec-

tations

1 Rules on Conditional Expectations

Now, we list the following rules which are useful while computing the conditional

expectations.

Rule 1 (Positivity)

E(X | Y ) ≥ 0 if X ≥ 0 with probability 1.

Proof. Assuming X and Y are continuous random variables with joint probability

density function f . Since X ≥ 0, P (X < 0) = 0 and fX(x) = 0 for all x < 0. Hence,

fX/y(x/y) = 0 for all x < 0, y ∈ R.

Let y ∈ R,

E(X | Y ) =

∫ ∞

−∞
xfX/y(x/y)dx

=

∫ ∞

0

xfX/y(x/y)dx ≥ 0.

Rule 2 (Linearity)

E(αX + βZ | Y ) = αE(X | Y ) + βE(Z | Y )

where α and β are constants.
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Rule 3 (Expectation Law)

E(E(X | Y )) = E(X).

It says that the expectation of a random variable X can be computed in two steps,

first using the information on another random variable Y , and next taking the

expectation of the result.

Proof. Assuming X and Y are continuous random variables with joint pdf f ,

E(E(X | Y )) =

∫ ∞

−∞
E(X | y)fY (y)dy

=

∫ ∞

−∞

[∫ ∞

−∞
xfX/y(x/y)dx

]
fY (y)dy

=

∫ ∞

−∞

∫ ∞

−∞
xf(X,Y )(x, y)dxdy.

Using
∫∞
−∞ f(X,Y )(x, y)dy = fX(x), we get

E(E(X | Y )) =

∫ ∞

−∞
xfX(x)dx.

Rule 4 (Independence Law) If X and Y are independent random variables, then

E(X | Y ) = E(X).

Proof. Assuming X and Y are continuous random variables,

E(X | Y ) =

∫ ∞

−∞
xfX/y(x/y)dx

=

∫ ∞

−∞
xfX(x)dx.
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Rule 5 (Stability) For any Borel measurable function g,

E(Xg(Y ) | Y ) = g(Y )E(X | Y ).

Proof. Assuming X and Y are continuous random variables,

E(Xg(Y ) | Y ) =

∫ ∞

−∞
xg(y)fX/y(x/y)dx

= g(y)

∫ ∞

−∞
xfX/y(x/y)dx

= g(y)E(X | Y ).

2 Conditional Expectation Given σ-field

The general definition of conditional expectation is as follows.

DEFINITION 1. Let (Ω,F , P ) be a probability space, let G be a sub-σ-algebra of F ,

and let X be a random variable that is integrable. The conditional expectation of X

given G, denoted E(X|G), is any random variable that satisfies

(i) (Measurability) E(X|G) is G-measurable, and

(ii) (Partial averaging)∫
A

E(X|G)(ω)dP (ω) =

∫
A

X(ω)dP (ω) for all A ∈ G.

The first questions that immediately arises are: Does there exist such a random

variable? If so, is it unique? The existence of the conditional expectations can be

shown by using the Radon-Nikodym theorem. The answer to the second question is

a qualified yes in the sense that it is unique with probability one. This means that

any two conditional expectations differ only on a set of probability zero.

REMARK 2. It may be mentioned here that whenever we write that two random

variables are equal, it is to be understood in the almost surely sense.

1. Note that the conditional expectation E(X | F) is a random variable, while

the expectation E(X) is a real number.
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2. When F is the σ-field generated by Y , then we also write E(X | F) for the

random variable E(X | Y ). Thus E(X | F) is the expected value of X given

the information F .

EXAMPLE 3. Let Ω = {a, b, c, d}, S = P(Ω) and P ({w}) = 1
4
, w ∈ Ω

Define

X(w) =


0, w = a, d

−1, w = b

1, w = c

Let F = {∅,Ω}. Given F is the trivial σ-field. The only random variables which

are measurable with respect to the trivial σ-field are constants. Hence,

E(X | F) = E(X) = k

where k is a constant.

EXAMPLE 4. Let Ω = {a, b, c}, S = P(Ω) and P ({w}) = 1
3
, w ∈ Ω Define

X(w) =

{
0, w = a, b

2, w = c
.

Let F = {∅, {a}, {b, c},Ω}. Define

Y (w) =

{
0, w = a

1, w = b, c
.

Then, we claim that E(X | F) = E(X | Y ). In fact, Y is F-measurable, since

Y −1((−∞, x]) =


∅ −∞ < x < 0

a 0 ≤ x < 1

Ω 1 ≤ x < ∞
.
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Lecture 3 Generated σ-fields

In this lecture, we discuss about σ-fields generated by random vectors.

Keywords: σ-field generated by a random vector Y

1 σ-field generated by a random vector Y

σ-field generated by a collection of subsets of Ω

DEFINITION 1. Let U be a collection of subsets of Ω. Then the smallest σ-field

containing U is called the σ-field generated by the collection U of subsets of Ω. This

is denoted by σ(U).

Consider an example. Let Ω = {a, b, c}. Let U = {a}. Then σ(U) = {∅, {a}, {b, c},Ω}
is a σ-field generated by the collection of sets {a}, or, generated by the set {a}.

σ-field generated by a random variable Xt

DEFINITION 2. The σ-field generated by a random variable Xt is defined as the σ-

field generated by the family of subsets of the form {Xt ∈ B}, where B ranges over

the Borel sets of R.

Consider an example. Let Ω = {a, b, c, d}. Define-

X(w) =

{
0.5, w = a, b

1.5, w = c, d
.

Let A1 = {w ∈ Ω : X(w) = 0.5} = {a, b} and A2 = {w ∈ Ω : X(w) = 1.5} = {c, d}
be the subsets of Ω. Let U = {A1, A2}. Hence,

σ(X) = σ(U) = {∅, {a, b}, {c, d},Ω}.

σ-field generated by a random vector Y

DEFINITION 3. Let Y = (Y1, Y2, . . . , Yn) be an n-dimensional random vector, i.e.,

Y1, Y2, . . . , Yn are random variables. The σ-field σ(Y) is the smallest σ-field con-

taining all sets of the form {w | Y(w) ∈ C,w ∈ Ω} for all Borel sets C ⊂ Rn. We

call σ(Y) the σ-field generated by the random vector Y.
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Whenever the conditioning σ-field G is countably generated, the computations

of the conditional expectations and proving the properties are relatively much easier

than in the most general case which require ideas from measure theory. It can be

shown that when G is countably generated by the sets B1, B2, . . . the definition

reduces to

E(X|G) =
∑
i

E(XIBi
)

P (Bi)
IBi

.

A special case of this is E(IA|G) = P (A|G). Many of the properties that we state

below can be easily understood or proved using this special case of the definition,

but they hold in general too.

If Y is a discrete random variable, that is, it takes only countably many values

y1, y2, . . . , we let Bi = {Y = yi}. These will be disjoint sets whose union is Ω. If

σ(Y ) is the collection of all unions of the Bi, then σ(Y ) is a σ-field, and is called

the σ-field generated by Y . It is easy to see that this is the smallest σ-field with

respect to which Y is measurable. We write E[X|Y ] for E[X|σ(Y )].

EXAMPLE 4. Let Ω = {a, b, c, d},F = 2Ω. P{ω} =
1

12

(
2I{a} + 4I{b} + 3I{c,d}

)
, for

ω ∈ Ω, and the probability of every other set in F is the sum of the probabilities of

the elements in the set. Define X(ω) = I{a,b} − I{c,d} and Y (ω) = I{a,c} − I{b,d}. We

will determine E(Y |X) and verify that the measurability property and the partial

averaging property are satisfied.

First, we compute G = σ(X) and is given by

σ(X) = {∅,Ω, {a, b}, {c, d}}.

Note here that σ(X) is generated by 2 sets. Now,

E(Y |X) =
E(Y I{a,b})

P ({a, b})
I{a,b} +

E(Y I{c,d})

P ({c, d})
I{c,d}

=

∑
ω∈{a,b} Y (ω)P{ω}

P ({a, b})
I{a,b} +

∑
ω∈{c,d} Y (ω)P{ω}

P ({c, d})
I{c,d}

= − 4

12
I{a,b}.

It is immediate from the above that this is measurable with respect to σ(X).

To verify the partial averaging property for every A ∈ σ(X), it is enough to
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verify it on the atoms of σ(X), i.e., on {a, b} and on {c, d}. We see that∫
{a,b}

E(Y |X)(ω)dP (ω) =
∑

ω∈{a,b}

E(Y |X)(ω)P (ω) = − 4

12

2

12
+
(
− 4

12

) 4

12
= − 2

12

which is equal to∫
{a,b}

Y (ω)dP (ω) =
∑

ω∈{a,b}

Y (ω)P (ω) = 1 · 2

12
+ (−1) · 4

12
= − 2

12
.

Similarly, we can see that the other required equalities hold:∫
{c,d}

E(Y |X)(ω)dP (ω) = 0 =

∫
{c,d}

Y (ω)dP (ω).

An important result that helps in the computation of conditional expectations

is what is known as independence lemma, which we state below without proof.

THEOREM 5. (Independence lemma) Let (Ω,F , P ) be a probability space, and let

G be a sub-σ-field of F . Suppose that the random variables X1, . . . , XK are G-
measurable and the random variables Y1, . . . , YL are independent of G.

Let f(x1, . . . , xK , y1, . . . , yL) be a function of dummy variables x1, . . . , xK and

y1, . . . , yL, and define

g(x1, . . . , xK) = Ef(x1, . . . , xK , Y1, . . . , YL).

Then

E[f(X1, . . . , XK , Y1, . . . , YL)|G] = g(X1, . . . , XK).

2 Properties of Conditional Expectations given σ-field

We now turn to some properties of conditional expectation. Some of the following

propositions may seem a bit technical. In fact, they are! However, these properties

are crucial to what follows and there is no choice but to master them.

1. If X ≥ Y , then E[X|G] ≥ E[Y |G].

2. (Linearity) E[aX + bY |G] = aE[X|G] + bE[Y |G], for real a, b.
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3. (Measurability) If X is G-measurable, then E[X|G] = X.

4. E[E[X|G]] = EX.

5. (Independence) If X is independent of G, then E[X|G] = EX.

6. (Taking out what is known) If Z is G-measurable, then E[XZ|G] = ZE[X|G].

7. (Tower or Iterated Conditioning) If H ⊆ G ⊆ F , then E[E[X|H]|G] =

E[X|H] = E[E[X|G]|H].

8. (Jensen’s inequality) If g is convex, then g(E[X|G]) ≤ E[g(X)|G].

Let us assume, for the moment, that the above properties are true. Then, the

conditional expectation may be viewed as the best predictor of a random variable

given a σ-field. If X is a r.v., a predictor Z is just another random variable, and

the goodness of the prediction will be measured by E[(X −Z)2], which is known as

the mean square error.

THEOREM 6. If X is a random variable, the best predictor among the collection of

G-measurable random variables is Y = E[X|G].

Proof. Let Z be any G-measurable random variable. We compute, using proposition

listed above,

E[(X − Z)2|G] = E[X2|G]− 2E[XZ|G] + E[Z2|G]

= E[X2|G]− 2ZE[X|G] + Z2

= E[X2|G]− 2ZY + Z2

= E[X2|G]− Y 2 + (Y − Z)2

= E[X2|G]− 2Y E[X|G] + Y 2 + (Y − Z)2

= E[X2|G]− 2E[XY |G] + E[Y 2|G] + (Y − Z)2

= E[(X − Y )2|G] + (Y − Z)2.

We also used the fact that Y is G-measurable. Taking expectations and using again

the properties E[(X − Z)2] = E[(X − Y )2] + E[(Y − Z)2]. The right hand side is

bigger than or equal to E[(X−Y )2] because (Y −Z)2 ≥ 0. So the error in predicting

X by Z is larger than the error in predicting X by Y , and will be equal if and only

if Z = Y . So Y is the best predictor.
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Based on the argument that the conditional expectation is the best predictor

for a r.v. X, we can now give interpretations of the properties listed above. If X

is larger than Y , then the predicted value of X should be larger than the predicted

value of Y . The linearity property says that the predicted value of X + X should

be the sum of the predicted values. Measurability says that if we know G and

X is G-measurable, then we know X and our best prediction of X is X itself.

Also, the average of the predicted value of X should be the average value of X.

Independence property says that if knowing G gives us no additional information

on X, then the best prediction for the value of X is just EX. Taking out what is

known property says that as far as conditional expectations with respect to a σ-field

G go, G-measurable random variables act like constants: they can be taken inside

or outside the conditional expectation at will. The tower property implies that, if

we are predicting a prediction of X given limited information, this is the same as a

single prediction given the least amount of information.
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Lecture 4 Martingales, Sub-martingales and Super-martingales

With the notions of filtrations and conditional expectations in our hand, we turn our

attention to martingales. Martingales and stopping times are important technical

tools used in the study of stochastic processes such as Markov chains and diffusions.

Keywords: Martingales, Doob’s Martingale Process, sub-martingales, super-martingales

1 Martingales

DEFINITION 1. A sequence {Xn, n = 1, 2 . . .} of random variables has martingale

property with respect to a filtration {Fn, n = 1, 2 . . .} if

1. E(Xn), n = 1, 2, . . . exist

2. Xn is Fn-measurable, n = 1, 2, . . .

3. E(Xn+1 | Fn) = Xn, n = 1, 2, . . .

and we say that {Xn, n = 1, 2, . . .} is a martingale.

Some Remarks

1. The martingale property is equivalent to

E(Xn −Xm | Fm) = 0 for every m < n

expressing that the increment Xn − Xm given the “past” Fm has expected

value 0. A martingale is a stochastic process that, on the average, given the

past, does not grow or decrease.

2. A martingale has a constant mean. i.e., E(Xn) = E(X0) for all n.

3. A martingale is thus a stochastic process being on average stationary.

4. While martingale concept involves expectations, the Markov process concept

involves distributions.
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5. A Markov process need not necessarily be a martingale.

6. It has applications in branching process and finance.

EXAMPLE 2. Let X1, X2, . . . be a sequence of independent random variables with

E(Xn) = 0 for all n. Define S0 = 0 and Sn = X1 +X2 + . . .+Xn for n = 1, 2, . . ..

Let Fn = σ(X1, X2, . . . , Xn) be the σ-algebra generated by the first n Xi’s.

E(Sn+1 | Fn) = E(Sn +Xn+1 | Fn)

Since Sn is Fn-measurable and Xn+1 is independent of Fn,

E(Sn+1 | Fn) = Sn + E(Xn+1) = Sn

Then {Sn, n = 0, 1, . . .} has martingale property with respect to the filtration

{Fn, n = 0, 1, . . .}.
EXAMPLE 3. Consider the binomial tree model. Let {Sn, n = 0, 1, . . .} be a stochastic

process and {Fn, n = 0, 1, . . .} be the natural filtration.

P (Sn+1 = uSn | Fn) = 1− P (Sn+1 = dSn | Fn) = p.

Consider the discounted process {S0, e
−rS1, e

−2rS2, . . .}. We have

E(e−(n+1)rSn+1 | Fn) = ue−(n+1)rSnp+ de−(n+1)rSn(1− p)

where r is the riskless interest rate.

The discounted process is a martingale only if the right hand side is equal to

e−nrSn. This is the case only if p = er−d
u−d

Since 0 < p < 1, if d ≤ er ≤ u, then the

discounted process is a martingale.

EXAMPLE 4. Let {Fn, n = 1, 2, . . .} be a filtration. Let X be any random variable

with E(| X |) < ∞. Define Xn = E(X | Fn), n = 1, 2, . . .

E(| Xn |) = E(| E(x | Fn) |)

≤ E(E(| X || Fn))

= E(| X |) < ∞.
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By the definition of conditional expectation, Xn is Fn-measurable, for all n. E(Xn+1 |
Fn) = E(E[X | Fn+1] | Fn) = E(X | Fn) = Xn

Hence, {Xn, n = 1, 2, . . .} is a martingale with respect to the filtration {Fn, n =

1, 2, . . .}.

EXAMPLE 5. A player plays against an infinitely rich adversary. He stands to gain

Re. 1 with probability p and lose Re. 1 (or gain Re. -1) with probability q = 1− p.

Xn - the player’s cumulative gain in the first n games. What will be his fortune, on

the average, on the next game given that his current fortune?

The game is fair if and only if {Xn, n = 1, 2, . . .} is a martingale when p = q = 1/2.

It says that player’s expected fortune after one more game played with the knowledge

of the entire past and present is exactly equal to his current fortune.

2 Doob’s Martingale Process

Let {Yn, n = 0, 1, . . .} be an arbitrary sequence of random variables and suppose X

is a random variable with E(| X |) < ∞. Let Fn = σ(Y0, Y1, . . . , Yn). Define

Xn = E(X | Fn), n = 0, 1, . . . .

We have

E(| Xn |) = E(| E(X | Fn) |) ≤ E(E(| X || Fn)) = E(| X |) < ∞.

Hence

E(Xn+1 | Fn) = E(E(X | Fn+1) | Fn) = E(X | Fn) = Xn.

In essence, as n increases Xn approximates X and the approximation becomes

more refined because more information has been gathered and included in the con-

ditioning.

Thus {Xn, n = 0, 1, . . .} forms a martingale with respect to {Yn, n = 0, 1, . . .},
called Doob’s process.
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3 Sub-martingales and Super-martingales

Some Results

1. A stochastic process {Xn, n = 1, 2, . . .} is a sub-martingale with respect to

the filtration {Fn, n = 1, 2, . . .} if and only if {−Xn, n = 1, 2, . . .} is a super-

martingale with respect to the filtration {Fn, n = 1, 2, . . .}.

2. A stochastic process {Xn, n = 1, 2, . . .} is a martingale with respect to the

filtration {Fn, n = 1, 2, . . .} if and only if {Xn, n = 1, 2, . . .} is both a sub-

martingale and a super-martingale with respect to the filtration {Fn, n =

1, 2, . . .}.

3. If {Xn, n = 1, 2, . . .} is a martingale, then E(Xn) = E(X0) for all n. If

m < n and if {Xn, n = 1, 2, . . .} is a sub-martingale, then E(Xm) ≤ E(Xn); if

{Xn, n = 1, 2, . . .} is a super-martingale, then E(Xm) ≥ E(Xn).

EXAMPLE 6. Let X1, X2, . . . be a sequence of independent r.v.s with mean 0. (Saying

a r.v. Xi has mean 0 is the same as saying EXi = 0; this presupposes that E|X1|
is finite.) Set Fn = σ(X1, . . . , Xn), the σ-field generated by X1, . . . , Xn. Let Mn =∑n

i=1Xi. Adaptability is easy to see. Since E|Mn| ≤
∑n

i=1 E|Xi|, the integrability

also holds. We now check

E[Mn+1|Fn] = X1 + · · ·+Xn + E[Xn+1|Fn] = Mn + EXn+1 = Mn,

where we used the independence. Hence, {Mn} is a martingale.

Our next example will be used many times, so we state it as a result and this

called as Doob-Levy martingale.

THEOREM 7. (Doob-Levy Martingale) Let {Ft} be a filtration and let X be a random

variable with E|X| < ∞, and let Mt = E(X|Ft). Then {Mt} is a martingale.

Proof. Since E|Mt| ≤ E[E(|X| |Ft)] = E|X| < ∞, the integrability is clear, and

the adaptability is clear from the definition of Mt itself. We now have, for s ≤ t,

E[Mt|Fs] = E[E[X|Ft]|Fs] = E[X|Fs] = Ms.

Therefore, {Mt} is a martingale.
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Lecture 5 Stopping Times and Inequalities

Stopping times is an idea that works well together with martingales. A stopping

time is a ‘random’ time so that we know at any time t whether to stop or not.

Keywords: Stopping times, Jenson’s Inequalities, Doob decomposition, Markov

Time, Optional Sampling Theorem, Martingale Convergence Theorem, Martingale

in Continuous Time

1 Stopping Times

DEFINITION 1. A mapping τ from Ω into the nonnegative real number is a stopping

time if {τ ≤ t} ∈ Ft for each t. One sometimes allows τ to also take on the value

∞.

We can think of a stopping time as the first time something happens. Here is

an intuitive description of a stopping time. If I tell you to buy a stock if its price

today is equal to the maximum over the last one month, you clearly know whether

to buy the stock today or not, as you have with the history of the stock for the

last six months. On the other hand, if I tell you to buy a stock if its price today is

equal to the maximum over the current month, then either you must be at the end

of the month so that you can decide or you must have some ‘insider’ information to

decide the behaviour of the stock price for the rest of the month. The first set of

instructions forms a stopping time, while the second set does not.

EXAMPLE 2. Consider the case when two coins are tossed, one after the other and

assume the usual filtration of the coin tosses. Now, let τ(ω) = 1, if ω ∈ {HH,HT},
and τ(ω) = 2, if ω ∈ {TH, TT}. Since τ is discrete, to show that τ is a stopping

time, we need to show that {τ = k} ∈ Fk for k = 0, 1, 2. Now, {τ = 0} = ∅ ∈
F0, {τ = 1} = {HH,HT} ∈ F1, {τ = 2} = {TH, TT} ∈ F2. This proves that τ is a

stopping time (with respect to this filtration). That is, the information available at

time n is sufficient to determine the events connected with τ .

If we consider another r.v., say, ρ(ω) = 1, if ω ∈ {HH,TT}, and ρ(ω) = 2, if

ω ∈ {HT, TH}, this is not a stopping time since {ρ = 1} = {HH,TT} ∋ F1. As

we observe, the information available at time 1 is not sufficient to determine the
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event {ρ = 1} since it requires the information of the second toss also.

From now on, we concentrate our attention more on discrete-time martingales

(and filtrations) and consider the general martingales at the end. As a consequence,

it only makes sense to consider stopping times that takes values in the set of non-

negative integers and ∞.

As opposed to the concept of adapted, we also have the following idea.

DEFINITION 3. We call a discrete-time process {Mn} predictable or pre-visible with

respect to the filtration {Fn} if Mnis Fn−1-measurable for every n.

We now introduce the concept of a discrete integral, a useful tool in martingale

theory as the subsequent theorem explains.

DEFINITION 4. Let M = {Mn} and X = {Xn} be two discrete-time processes. We

define the process {X ·M} by (X ·M)0 = 0 and

(X ·M)n =
n∑

i=1

Xi(Mi −Mi−1).

We call X ·M the discrete integral of X with respect to M . If M is a (sub-, super-

)martingale, it is often called the martingale transform of M by X.

LEMMA 5. If M is a sub-martingale (resp. super-martingale) and X is a bounded,

nonnegative predictable process, then X·M is a sub-martingale (resp. super-martingale)

as well. If M is a martingale and X is a bounded, predictable process, then X ·M
is a martingale.

Proof. Put Y = X ·M . Clearly, the process Y is adapted. Since X is bounded, say

|Xn| ≤ K for all n, we have E|Yn| ≤ 2K
∑

k≤n E|Mk| < ∞. Now suppose first that

M is a sub-martingale and X is nonnegative. Then a.s.

E(Yn|Fn−1) = E(Yn−1+Xn(Mn−Mn−1)|Fn−1) = Yn−1+XnE(Mn−Mn−1|Fn−1) ≥ Yn−1,

hence Y is a sub-martingale. If M is a martingale the last inequality is an equality,

irrespective of the sign of Xn, which implies that Y is a martingale in that case.

Using this lemma it is easy to see that a stopped (sub-, super-)martingale is

again a (sub-, super-)martingale.
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THEOREM 6. Let M be a (sub-, super-) martingale and τ a stopping time. Then

the stopped process M τ = {Mn∧τ} is a (sub-, super-)martingale as well.

Proof. Define the process X by Xn = I{τ≥n} and verify that M τ = M0 + X · M .

Since τ is a stopping time, we have {τ ≥ n} = {τ ≤ n − 1}c ∈ Fn−1, which shows

that the process X is predictable. It is also a bounded process, so the statement

follows from the preceding lemma.

2 Jenson’s Inequalities

THEOREM 7. Let X and Y be random variables on (Ω,S, P ) with E(| X |) < ∞.

Let φ be a convex function on ℜ. Then

E[φ(X)] ≥ φ(E[X])

E[φ(X) | Y ] ≥ φ(E[X] | Y )

provided all the expectations exist.

THEOREM 8. Let X and Y be random variables on (Ω,S, P ) and let φ be a convex

function on ℜ. Suppose both X and φ are integrable and F is a sub σ-field of S.
Then

E[φ(X) | F ] ≥ φ(E[X] | F)

provided all the expectations exist.

THEOREM 9. Suppose {Xn, n = 1, 2, . . .} is a martingale with respect to the filtration

{Fn, n = 1, 2, . . .} and φ is a convex function on ℜ. Then, if φ(Xn) is integrable

for all n, {φ(Xn), n = 1, 2, . . .} is a sub-martingale with respect to the filtration

{Fn, n = 1, 2, . . .}.

Proof. By Jenson’s inequality for conditional expectation,

φ(Xm) = φ(E(Xn | Fm)) ≤ E(φ(Xn) | Fm).

THEOREM 10. Suppose {Xn, n = 1, 2, . . .} is a submartingale with respect to the

filtration {Fn, n = 1, 2, . . .} and ϕ is an increasing convex function on ℜ. Then, if
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ϕ(Xn) is integrable for all n, {ϕ(Xn), n = 1, 2, . . .} is a submartingale with respect

to the filtration {Fn, n = 1, 2, . . .}.

Proof.

Xm ≤ E(Xn | Fm)

and since ϕ is increasing function,

ϕ(Xm) ≤ ϕ(E(Xn | Fm)) ≤ E(ϕ(Xn) | Fm).

Now, we present Doob decomposition as follows.

THEOREM 11. Let {Xn, n = 0, 1, . . .} be a submartingale with respect to the filtration

{Fn, n = 0, 1, . . .}. Then there exists a martingale M = {Mn, n = 0, 1, . . .} and a

stochastic process A = {An, n = 0, 1, . . .} such that:

1. Xn = Mn + An, n = 0, 1, . . .

2. An is an increasing stochastic process, i.e., An ≤ An+1, n = 0, 1, . . . a.e.

3. An is Fn−1- measurable, for all n

4. {Mn, n = 0, 1, . . .} is a martingale with respect to the filtration {Fn, n =

0, 1, . . .}
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Lecture 6 Convergence Theorems

In this lecture, we present the convergence theorems related to martingales.

Keywords: Martingaltes, Markov times, convergence theorems

1 Markov Time

DEFINITION 1. A random variable T is called a Markov time with respect to {Yn, n =

0, 1, . . .} if T takes values in {0, 1, . . . ,∞} and if, for every n = {0, 1, . . .}, the event

{T = n} is determined by (Y0, Y1, . . . , Yn).

We often omit mention of {Yn} and say only “T is a Markov time”.

EXAMPLE 2. The first time the process {Y0, Y1, . . .} reaches a subset A of the state

space is a Markov time. i.e., T (A) = min{n : Yn ∈ A}.

Properties of Markov Time

1. If S and T are Markov times, then S + T is also a Markov time. I(S+T=n) =∑n
k=0 I(S=k)I(T=n−k).

2. The smaller of two Markov times, S, T , denoted S ∧ T = min{S, T}, is also a

Markov time.

Thus, if T is a Markov time, then so is T ∧ n = min{n, T}, for any fixed

n = {0, 1, . . .}.

3. If S and T are Markov times, then so is the larger S ∨ T = max{S, T}.

2 Optional Sampling Theorem

THEOREM 3. Let {Xn, n = 1, 2, . . .} be a martingale and T a Markov time. If

1. Prob {T < ∞} = 1,

2. E(| XT |) < ∞,

3. limn→∞ E(XnI(T>n)) = 0,
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then E(XT ) = E(X0).

Here,

E(X0) = lim
n→∞

E(XT∧n) = E( lim
n→∞

XT∧n) = E(XT ).

Also, referred as Optional Stopping Theorem.

As application, we discuss the following example. Consider the random walk

{Sn, n = 0, 1, . . .} where S0 = 0 and Sn = Y1 + Y2 + . . . + Yn, n = 1, 2, . . .. Here,

Y0 = 0 and for i = 1, 2, . . ., Yi are independent identically distributed random

variables with

Prob(Yi = 1) = 1− Prob(Yi = −1) = p.

When p = q(= 1− p) = 1/2, {Sn, n = 0, 1, . . .} is a martingale. If T = min{n :

Sn = 1}, then Prob{T < ∞} = 1. Since E(T ) = ∞, optional sampling theorem

does not hold, hence E(ST ) ̸= E(S0) = 0.

When p > q, {Sn − n(p− q), n = 0, 1, . . .} is a martingale. If

T = min{n : Sn = −a or Sn = b} (a, b positive integers)

then Prob{T < ∞} = 1 and E(T ) = ab.

Now, optional sampling theorem holds, hence E(ST ) = (p − q)E(T ) for any

Markov time T satisfying E(T ) < ∞.

Now, we present maximal inequality theorem as follows.

THEOREM 4. Let {Xn, n = 0, 1, . . .} be a sub-martingale for which Xn ≥ 0 for all

n. Then for any positive λ,

λProb{max
0≤k≤n

Xk > λ} ≤ E(Xn).

Using

T =

{
min{k ≥ 0;Xk > λ}, if Xk > λ, for some k = 0, 1, . . . , n

n, if Xk ≤ λ, for k = 0, 1, . . . , n
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and optional stopping theorem, we get

E(Xn) ≥ E(T ) = E

(
XT I

{
max
0≤k≤n

Xk > λ

})
= λProb{max

0≤k≤n
Xk > λ}.

3 Martingale Convergence Theorem

THEOREM 5. Let {Xn, n = 1, 2, . . .} be a sub-martingale satisfying supn≥0 E(| Xn |
) < ∞. Then there exists a random variable X∞ to which {Xn} converges with

probability one,

Prob{ lim
n→∞

Xn = X∞} = 1. (1)

If {Xn} is a martingale and is uniformly integrable, that is,

lim
c→∞

sup
n≥0

E(| Xn | I{| Xn |> c}) = 0

then, in addition to (1), {Xn} converges in the mean, that is,

lim
n→∞

E(| Xn −X∞ |) = 0,

and

E(X∞) = E(Xn), for all n.

Consider Doob’s martingale process. Let {Yn, n = 0, 1, . . .} be an arbitrary

sequence of random variables and suppose X is a random variable with E(| X |) <
∞. Define

Xn = E(X | Y0, Y1, . . . , Yn), n = 0, 1, . . . .

Since {Xn, n = 0, 1, . . .} is a martingale and is uniformly integrable, we may conclude

that limn→∞ Xn = X∞ for some random variable X∞. Moreover, E(X∞) = E(X0)

and E(| Xn −X∞ |) → 0 as n → ∞.

4 Martingale in Continuous Time

DEFINITION 6. Let (Ω,F , P ) be a probability space. Let T be a fixed positive number.

Let {Ft, 0 ≤ t ≤ T} be a filtration of sub σ-fields of F .



MODULE 5: MARTINGALES 26

If

1. E(Xt) exist

2. Xt is Ft-measurable

3. E(Xt | Fs) = Xs, 0 ≤ s < t ≤ T . (1)

we say {Xt, t ≥ 0} has martingale property.

EXAMPLE 7. Let {N(t), t ≥ 0} be a Poisson process with intensity λ and {F(t), t ≥
0} its natural filtration.

E(N(t) | F(s)) = E(N(t)−N(s) +N(s) | F(s))

= E(N(t)−N(s) | F(s)) + E(N(s) | F(s))

= λ(t− s) +N(s)

Hence,

E((N(t)− λt) | F(s)) = (N(s)− λs)

Therefore, {N(t)− λt, t ≥ 0} is a martingale.

DEFINITION 8. A stochastic process {Mt} is called a martingale process (with re-

spect to a filtration {Ft} and with respect to a probability measure P ) if: (a) Mt is

integrable for all t, (b) Mt is Ft-measurable for all t, and (c) E[Mt|Fs] = Ms, for

all s, t such that s ≤ t.

And, {Mt} is called a sub-martingale process if E[Mt|Fs] ≥ Ms, for all s, t such

that s ≤ t, and is a super-martingale if E[Mt|Fs] ≤ Ms, for all s, t such that s ≤ t.

DEFINITION 9. Sub-martingale and super-martingale are defined by replacing the

equality in equation (1) with ≥ and ≤, respectively, i.e., for any 0 ≤ s < t ≤ T ,

E(Xt | Fs) ≥ Xs (sub−martingale)

E(Xt | Fs) ≤ Xs (super −martingale).

EXAMPLE 10. Let {N(t), t ≥ 0} be a Poisson process with intensity λ and {F(t), t ≥
0} its natural filtration.
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E(N(t) | F(s)) = E(N(t)−N(s) +N(s) | F(s))

= E(N(t)−N(s) | F(s)) + E(N(s) | F(s))

= λ(t− s) +N(s).

Hence,

E(N(t) | F(s)) ≥ N(s)

Therefore, {N(t), t ≥ 0} is a sub-martingale.

EXAMPLE 11. Show that {W (t)2, t ≥ 0} is a sub-martingale.

E(W (t)2 | F(s)) = E((W (t)−W (s) +W (s))2 | F(s)).

Using

(W (t)−W (s) +W (s))2 = (W (t)−W (s))2

+2W (s)(W (t)−W (s)) +W (s)2

E(W (t)2 | F(s)) = (t− s) + 0 +W (s)2.

Hence, E(W (t)2 | F(s)) ≥ W (s)2.

Therefore, {W (t)2, t ≥ 0} is a sub-martingale.

Sub-martingales tends to increase and super-martingales tend to decrease. The

nomenclature may seem like it goes the wrong way; Doob defined these terms by

analogy with the notions of subharmonic and superharmonic functions in analysis.

Note that the definition of martingale depends on the collection of σ-fields. When

it is needed for clarity, one can say that {(Mt, Ft)} is a martingale. To define

conditional expectation, one needs a probability, so a martingale depends on the

probability as well. When we need to, we will say that {Mt} is a martingale with

respect to the probability P . This is an issue when there is more than one probability

around.
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Module 6: Brownian Motion

Lecture 1 Brownian Motion

One of the well-known and long studied stochastic model is known as Brownian

motion and is named after the English botanist Robert Brown. In 1827, Brown

described the unusual motion exhibited by a small particle that is totally immersed

in a liquid or gas. It is important in the modelling and anlysis of the price move-

ments of stocks and commodities in financial mathematics. A formal mathematical

description of Brownian motion and its properties was first given by the great math-

ematician Norbort Wiener beginning in 1918.

In this module, we will first study about the Brownian motions and their prop-

erties. In the latter part of the module, we will also deal with the Brownian motion

based stochastic calculus. Let us start with the following simple setup.

DEFINITION 1. Consider a trial whose outcomes are success with probability p or

failure with probability 1− p. Repeat the trial infinitely many times (e.g., toss a fair

coin infinitely). The successive outcomes are denoted as w = (w1, w2, w3, . . .) e.g.,

w = (w1, w2, w3, . . .) = (H,T, T, . . .) or (T,H, T, . . .). Define

Xj =

{
1 if wj = H

−1 if wj = T
.

The pmf of Xj is given by

P (Xj = 1) = p; P (Xj = −1) = 1− p; p+ q = 1.

Set S0 = 0 and define

Sk =
k∑

j=1

Xj, k = 1, 2, . . .

where Xi’s are i.i.d. random variables. Then, {Sk, k = 0, 1, . . .} is known as a

random walk.

Sample path of the random walk is shown in the figure for a outcome w where

w1 = T,w2 = T,w3 = T, . . . with p = 0.45.

Properties of Random Walk

1
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Figure 6.1: A sample path of the random walk

1. Choose non-negative integers 0 = k0 < k1 < . . . < kn. Then

Ski+1
− Ski =

ki+1∑
j=ki+1

Xj

Since Xj are i.i.d. random variables, Sk1 − Sk0 , Sk2 − Sk1 , . . . , Skn − Skn−1 are

mutually independent variables. Hence, {Sn, n = 0, 1, . . .} has the independent
increment property.

2. Similarly, for 1 ≤ i < j ≤ k < l

Sj − Si ≡ Sl − Sk.

Hence, {Sn, n = 0, 1, . . .} has stationary increment property.

3. Also, suppose Ski+1
− Ski = X1 +X2 + . . .+Xn, one can observe that,

E(Ski+1
− Ski) = n(p− q) and V ar(Ski+1

− Ski) = 4npq.
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Consider a particle performs a random walk such that in a small interval of time

of duration ∆t, the displacement of the particle to the right or to the left is also of

small magnitude ∆x. Let S(t) be denote the total displacement of the particle in

time t being x. Let Xj be denote the length of the jth step taken by the particle in

a small interval of time ∆t with pmf

P (Xj = ∆x) = p; P (Xj = −∆x) = 1− p; p+ q = 1

0 < p < 1, where p is independent of x and t. Partition the interval of length t into

n equal subintervals of length ∆t. Then n∆t = t and the total displacement S(t) is

the sum of n i.i.d. random variables Xj, i.e.,

S(t) =

n(t)∑
j=1

Xj, n ≡ n(t) =
t

∆t
.

Using E(Xj) = (p− q)∆x and var(Xj) = 4pq(∆x)2, we get

E(S(t)) = nE(Xj) =
t

∆t
(p− q)∆x,

V ar(S(t)) = nvar(Xj) =
t

∆t
4pq(∆x)2.

E(S(t)) = nE(Xj) =
t

∆t
(p− q)∆x,

V ar(S(t)) = nvar(Xj) =
t

∆t
4pq(∆x)2.

To get a meaningful result; as ∆x → 0, ∆t → 0, we must have

(∆x)2

∆t
→ a limit, (p− q) → a multiple of (∆x).

As ∆x → 0, ∆t → 0, per unit time E(S(t)) → µ and Var(S(t)) → σ2. Hence,
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we get

∆x = σ(∆t)1/2

p =
1

2
(1 + µ(∆t)1/2/σ)

q =
1

2
(1− µ(∆t)1/2/σ).

Now, we present the limiting distribution of symmetric random walk is Brownian

motion using central limit theorem.

Limiting Case of Random Walk

LetX1, X2, . . . be a sequence of independent identically distributed random variables

with finite mean µ and finite non zero variance σ2 and let Sn = X1+X2+ . . .+Xn.

Then Sn−nµ
σ
√
n

converges in distribution to an N (0, 1) random variable as n → ∞.

In our setting µ = E(Xi) = 0 and σ2 = V ar(Xi) = 1. Thus, for large n(t)(= n),

S(t) =
∑n(t)

j=1 Xj converges in distribution toN (µt, σ2t). Since t represents the length

of the interval of time during which the displacement, we conclude for 0 < s < t,

{S(t)− S(s)} is N (µ(t− s), σ2(t− s)). Further, the increments {S(s)− S(0)} and

{S(t)− S(s)} are mutually independent.

DEFINITION 2. A stochastic process {W (t), t ≥ 0} is said to be a Wiener Process

(or Brownian Motion) if

1. For t > 0, the sample paths of W (t) are almost surely continuous functions.

2. For 0 ≤ t0 < t1 < . . . < tn and for all n, increments W (ti) − W (ti−1),

i = 1, 2, . . . , n are independent random variables and stationary.

3. For 0 ≤ s < t < ∞, every increment W (t) − W (s) has normal distribution

with mean µ(t− s) and variance σ2(t− s).

A Wiener process {W (t), t ≥ 0} with W (0) = 0, µ = 0, σ = 1 is called a standard

Wiener process.

Sample path of Brownian motion is shown in the figure as follows.
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Figure 6.2: A sample path of a Brownian motion
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Lecture 2 Properties of Brownian Motions

In this lecture, we present the properties of Brownian motions (BMs).

Nowhere Differential Property

It is not possible to define a tangent line at any point in the sample path. For the

proof of the result that with probability one Brownian motion paths are nowhere

differentiable, one may refer to advanced texts (see, for example, Breiman, 1968).

Here we show a simple statement: For any t almost all trajectories of Brownian

motion are not differentiable at t. To see why this is true, consider W (t0+∆t)−W (t0)
∆t

=
√
∆tZ
∆t

= Z√
∆t
, for some standard Normal random variable Z. Thus the ratio diverges

to ∞ in distribution, since P (| Z√
∆t
| > K) → 1 for any K, as ∆t → 0, and this

precludes existence of the derivative at t.

Strict-sense Stationary Increments Property

The covariance function C(s, t), for s ≤ t,

C(s, t) = E[(W (t)− E(W (t)))(W (s)− E(W (s)))]

= E[W (t)W (s)]

= E[(W (t)−W (s) +W (s))W (s)]

= E[(W (s))2]

= s.

Hence, C(s, t) = min(s, t). Therefore, the Wiener process is not wide-sense station-

ary. But, the Wiener process is strict-sense stationary increments.

Self-similar Property

DEFINITION 1. A stochastic process is said to be H-self-similar for some H > 0, if

each finite dimensional random vector satisfy the condition, for every T > 0, any

choice of ti ≥ 0, i = 1, 2, . . . , n and n ≥ 1

(THX(t1), T
HX(t2), . . . , T

HX(tn)) = (X(Tt1), X(Tt2), . . . , X(Ttn)).

Here, Wiener process is 0.5-self-similar.
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Markov property

From the definition, W (t + s) −W (s) is independent of the past, or alternatively,

if we know W (s) = x0, then no further knowledge of the values of W (τ) for τ < s

has any effect on the knowledge of the probability law governing W (t+ s)−W (s).

Given W (t), the future W (t+h) for any h > 0 only depends on the future increment

W (t+h)−W (t) and this future is independent of the past. Thus, if t0 < t1 < . . . <

tn < t,

P [W (t) ≤ x | W (t0) = x0,W (t1) = x1, . . . ,W (tn) = xn]

= P [W (t) ≤ x | W (tn) = xn].

Hence, the Markov property is satisfied. Thus, {W (t), t ≥ 0} is a Markov process.

Gaussian Process

A stochastic process {X(t), t ≥ 0} is called Gaussian process if the distribution of

each finite dimensional random vector is multivariate Gaussian (normal) distributed.

Then, the joint pdf of (X(t1), X(t2), . . . , X(tn)) is given by:

fX(x) =
1

(2π)n/2(det(Σ))1/2
exp

[
−1

2
(X − µ)Σ−1(X − µ)

′
]

where

µ = E(X) = (E(X(t1)), E(X(t2)), . . . , E(X(tn)))

Σ = (cov(X(ti), X(tj)); i, j = 1, 2, . . . , n)

cov(X(ti), X(tj)) = E[(X(ti)− E(X(ti)))(X(tj)− E(X(tj)))].

Note that, a Gaussian process is independent if and only if uncorrelated, i.e.,

independent if and only if the covariance matrix Σ is diagonal. Since {W (t), t ≥ 0}
is a Markov process as well as a Gaussian process,

P [W (t) ≤ x | W (tn) = xn] = P [W (t)−W (tn) ≤ x− xn]

=

∫ x−xn

−∞

1√
2π(t− tn)

exp

[
− s2

2(t− tn)

]
ds.
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Kolmogorov Equation

We know that Brownian motion is a Markov process with continuous time and

continuous state space. Let the transition probability density p be given by

p(x0, s; x, t)dx = P{x ≤ W (t) < x+ dx | W (s) = x0}.

We make the following assumptions. For any δ > 0,

P{| W (t)−W (s) |> δ | W (s) = x} = o(t− s), s < t.

In other words, small changes occur during small intervals of time.

lim
∆t→0

E{W (t+∆t)−W (t) | W (t) = x}
∆t

= lim
∆t→0

∫
|y−x|≤δ

(y − x)p(x, t; y, t+∆t)dy

= a(t, x).

In other words, the limit of the infinitesimal mean of the conditional expectation

of the increment of W (t) exists and is equal to a(t, x), which is known as the drift

coefficient.

lim
∆t→0

E{[W (t+∆t)−W (t)]2 | W (t) = x}
∆t

= lim
∆t→0

∫
|y−x|≤δ

(y − x)2p(x, t; y, t+∆t)dy

= b(t, x).

In other words, the limit of the infinitesimal mean of the variance of the increment

of W (t) exists and is equal to b(t, x), which is known as the diffusion coefficient.

A Markov process {W (t), t ≥ 0} satisfying the above conditions is known as a

diffusion process and the partial equation satisfied by its transition pdf is known as

diffusion equation. Let {W (t), t ≥ 0} be a Markov process satisfying the above three

conditions. If the transition pdf p(x0, t0; x, t) possesses continuous partial derivatives

∂p

∂t
,
∂a(t, x)p

∂x
,
∂2b(t, s)p

∂x2
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then p(x0, t0;x, t) satisfies the forward Kolmogorov equation

∂p

∂t
= −∂a(t, x)p

∂x
+

1

2

∂2b(t, s)p

∂x2
.

This equation is also known as the Fokker-Planck equation.

Connection with Heat Equation

Let {W (t), t ≥ 0} be a standard Brownian motion. Let the transition probability

density p be given by

p(x, t) =
1√
2πt

exp

[
−x2

2t

]
.

The solution of diffusion equation

∂p

∂t
=

1

2

∂2p

∂x2

is the transition probability density function p.

Joint Distribution of Wiener Process

Consider the joint distribution (W (t1),W (t2)). We know that, W (t1) and (W (t2)−
W (t1)) are independent. Also, W (t1) is N (0, t1) and W (t2)−W (t1) is N (0, t2− t1).

Then the joint pdf of (W (t1),W (t2)) is

f(x1, x2) = p(x1, t1)p(x2 − x1, t2 − t1)

where

p(x, t) =
1√
2πt

exp

[
−x2

2t

]
, t > 0;−∞ < x < ∞.

Thus,

f(x1, x2) =
1

2π
√

t1(t2 − t1)
exp

[
−1

2

{
x2
1

t1
+

(x2 − x1)
2

(t2 − t1)

}]
.

(W (t1),W (t2), . . . ,W (tn)) is jointly normal distributed with cdf for 0 < t1 < t2 <

· · · < tn is given by

P (W (t1) ≤ a1,W (t2) ≤ a2, . . . ,W (tn) ≤ an) =
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1√
(2π)nt1(t2 − t1) · · · (tn − tn−1)

∫ a1

−∞
· · ·
∫ an

−∞

exp

[
−1

2

(
x2
1

t1
+

(x2 − x1)
2

t2 − t1
+ · · ·+ (xn − xn−1)

2

tn − tn−1

)]
dx1dx2 · · · dxn.

The joint pdf of (W (t1),W (t2), . . . ,W (tn)) is given by:

fX(x) =
1

(2π)n/2(det(Σ))1/2
exp

[
−1

2
(X − µ)Σ−1(X − µ)

′
]

where

µ = E(X) = (E(W (t1)), E(W (t2)), . . . , E(W (tn)))

= (0, 0, . . . , 0).

Σ = (cov(W (ti),W (tj)); i, j = 1, 2, . . . , n)

=


t1 t1 . . . t1

t1 t2 . . . t2
...

...
...

...

t1 t2 . . . tn

 .

Martingale Property

Let {F(t), t ≥ 0} be the natural filtration. We know that,

1. E(W (t)) exist

2. W (t) is F(t)-measurable .

Also,

E(W (t) | F(s)) = E(W (t)−W (s) +W (s) | F(s))

= E(W (t)−W (s) | F(s)) + E(W (s) | F(s))

= 0 +W (s).

Therefore, {W (t), t ≥ 0} is a martingale.
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Multidimensional Brownian Motion

DEFINITION 2. A n-dimensional Brownian motion is a stochastic process

W (t) = (W1(t),W2(t), . . . ,Wn(t))

with the following properties:

1. Each Wi(t) is a one-dimensional Brownian motion.

2. If i ̸= j, then the stochastic processes Wi(t) and Wj(t) are independent.
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Lecture 3 Processes Derived from Brownian Motion

Geometric Brownian Motion

DEFINITION 1. A stochastic process {X(t), t ≥ 0} is said to be a geometric Brownian

motion if X(t) = X(0)eW (t) where W (t) is a Brownian motion.

Sample path is shown as follows.

0 0.2 0.4 0.6 0.8 1
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Time

X
(t

)

Markov Property

X(t+ h) = X(0)eW (t+h)

= X(0)eW (t)+W (t+h)−W (t)

= X(t)eW (t+h)−W (t).

Since BM has independent increments, given X(t), the future X(t+h) only depends

on the future increment of the BM. This future is independent of the past. Hence,

the Markov property is satisfied. Thus, {X(t), t ≥ 0} is a Markov process.
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Mean and Variance of geometric BM

The moment generating function of a normal distribution random variable X with

mean µ and variance σ2 is given by

MX(s) = E(esX) = exp(µs+
1

2
σ2s2), −∞ < s < ∞.

For Brownian motion with drift, since W (t) ∼ N (µt, σ2t), we have

MW (t)(s) = E(esW (t)) = exp(µts+
1

2
σ2ts2), −∞ < s < ∞.

By using the values s = 1, 2, we get

E(X(t)) = X(0)MW (t)(1)

and

E(X2(t)) = X2(0)MW (t)(2).

After simplifications, we get

E(X(t)) = X(0)e(µ+
σ2

2
)t

V ar(X(t)) = X2(0)e2µ+σ2t
(
eσ

2t − 1
)
.

Letting r = µ+ σ2

2
, we get

E(X(t)) = X(0)ert

and more generally

E(X(t)/X(s)) = er(t−s).

Because the geometric Brownian motion is nonnegative, it provides for a more

realistic model of stock prices. Suppose that the stock price S(t) at time t is given

by

S(t) = S(0)eH(t), t ≥ 0

where S(0) is the initial price andH(t) = σW (t)+µt is a Brownian motion with drift.

In this case, H(t) represents a continuously compound rate of return of the stock

price over the period of time [0, t]. Here, H(t) refer to the logarithmic growth of the
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stock price, satisfies H(t) = log
(

S(t)
S(0)

)
. Therefore, H(t) has a normal distribution

with mean µt and variance σ2t. Letting r = µ+ 1
2
σ2, we get

E(S(t)) = S(0)ert

V ar(S(t)) =
(
S(0)e(µ+

σ2

2
)t
)2 (

eσ
2t − 1

)
.

Observe that, the expected stock price depends not only on the drift µ of H(t) but

also on the volatility σ. Further, it shows that, the expected price grows like a fixed-

income security with continuously compounded interest rate r. In real scenario, r

is much lower than r, the real fixed-income interest rate, that is why one invests

in stocks. But the stock has variability due to the randomness of the underlying

Brownian motion and hence there is risk involved here.

EXAMPLE 2. Suppose that stock price {S(t), t ≥ 0} follows geometric Brownian

motion with drift µ = 8 per year and variance σ2 = 8.5% per annum. Assume that,

the current price of the stock is S(0) = 60. find

1. E[S(3)]

2. P [S(3) > 100]

EXAMPLE 3. The price of a stock follows a geometric Brownian motion with pa-

rameters µ = 0.12 and σ = 0.24. If the present price of the stock is Rs. 40, what

is the probability that a call option having four months to exercise time and with a

strike price K = Rs.42, will be exercised?

Solution A call option on a stock with exercise time T and strike K is the right,

but not the obligation, to buy a certain number of shares at time T for the fixed

price K. If S(t) denotes the market price of this number of shares then the value

of the option at time T is S(T ) − K if S(T ) > K, since the shares can be bought

for K and immediately sold in the market for S(T ). On the other hand the option

is worthless, and will not be exercised, if S(T ) ≤ K. The required probability is

Prob{S(1/3) > 42}.

Some Remarks

1. W (t) is normal distribution while X(t) is lognormal distribution.



MODULE 6: BROWNIAN MOTION 15

2. Product of independent lognormal distributions is also lognormal distribution.

3. It removes the negativity problem. Also, it justifies from basic economic prin-

ciples as a reasonable model for stock prices in an ideal non-arbitrage world.

Levy Process

DEFINITION 4. A stochastic process {X(t), t ≥ 0} is said to be a Levy process if it

satisfies the following properties

1. X(0) = 0

2. for t > 0, X(t) is almost surely continuous

3. for 0 ≤ t0 < t1 < t2 < · · · < tn and for all n, increments X(ti)−X(ti−1), i =

1, 2, . . . , n are independent and stationary

4. for a > 0, P (|X(t)−X(s)| > a) → 0 when t → s.

One can observe that, Poisson process and Brownian motion are the examples

of Levy processes.
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Lecture 4 Stochastic Differential Equations

When in the 19th century the German mathematician Weierstrass constructed a

real-valued function which is continuous, but nowhere differentiable, this was con-

sidered as nothing else but a mathematical curiosity. High frequency data show that

prices of exchange rates, interest rates, and liquid assets are practically continuous.

But they are of unbounded variation in every given time interval. In particular,

they are nowhere differentiable. The classical calculus is no longer applicable for

real-valued functions occurring in mathematical finance. Therefore classical calculus

requires an extension to functions of unbounded variation.

Stochastic calculus is a necessary extension of real analysis to cope with func-

tions of unbounded variation. Some important concepts of the stochastic calculus,

stochastic differential equations, Ito’s integral and Ito’s formula will be discussed in

this module.

Variations of Real-Valued Function

DEFINITION 1. Consider the real-valued right-continuous functions g on the time

interval [a, b] where 0 ≤ a < b < ∞. The value of g at time t is denoted by g(t). Let

Π be the set of all finite subdivisions π of the interval [a, b] with 0 = t0 < t1 < . . . <

tn = b. Define ∥ π ∥= maxi(ti+1 − ti). The variation (or 1st variation) of g(t) over

the interval [a, b] is defined as

Vg([a, b]) = sup
π∈Π

n−1∑
i=0

| g(ti+1)− g(ti) | .

DEFINITION 2. The function g(t) is of finite variation if, for every t,

Vg(t) = Vg([0, t]) < +∞.

For all t, if Vg(t) < K, a constant independent of t, then g(t) is of bounded variation.

DEFINITION 3. (p-variation of Real-valued Function) p-variation of a real-valued
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function g(t) in the interval [0, t] is defined as

V p
g (t) = sup

π∈Π

n−1∑
i=0

| g(ti+1)− g(ti) |p .

Now, we present the important result on p-variation without proof (refer [3]):

THEOREM 4. Let the p - variation of the function g(t) in the interval [0, T ], denoted

by V p
g (T ), defined as: If V p

g (T ) < ∞
then V r

g (T ) = ∞ p > r

and

V q
g (T ) = 0 p < q.

EXAMPLE 5. Consider g(t) = t2. We get

g′(t) = 2t,

∫ 1

0

g′(t)dt = 1

∫ 1

0

| g′(t) |2 dt = 4

∫ 1

0

t2dt = 4
t3

3
|10=

4

3
.

But

lim
∥π∥→0

∥ π ∥
∫ 1

0

|g′(t)|2dt = 0

Vg(1) = 1;V 2
g (1) = 0

By applying Theorem 4, we have

V p
g (1) =

{
1, p = 1

0, p > 1
.

We have already shown that sample paths of W (t) are no where differentiable.

The first variation does not make sense because of the above reason. Hence, 1st

variation does not exist for Brownian motion.

Quadratic Variation of Brownian Motion

The quadratic variation for Brownian motion over the interval [0, T ], denoted by

[W (t),W (t)](T ), is given by:

[W (t),W (t)](T ) = V 2
W (t)(T ) = lim

∥π∥→0
Qπ
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where

Qπ =
n−1∑
i=0

(W (ti+1 −W (ti))
2.

Clearly, Qπ is a function of the sample points w ∈ Ω. Hence, the quadratic variation

calculated for a Brownian motion for each partition itself a random variable. Note

that, the limit is taken over all partitions of [0, T ], with ∥ π ∥→ 0 as n → ∞.

Since, for each partition π, Qπ is a random variable, how to find the limiting dis-

tribution of Qπ for large n? The question would be what is the proper mode of

convergence in these random variables. We shall use convergence in mean square

(convergence in L2). The definition of convergence in L2 is as follows:

DEFINITION 6. Let {Xn, n ≥ 1} and X be random variables defined on a common

probability space (Ω,F , P ). We say that Xn converges in L2 to X if

lim
n→∞

E(|Xn −X|2) = 0.

In the case of Brownian motion, we will show that

lim
∥π∥→0

E(|Qπ − T |2) = 0. (1)

When the above result holds good, we say that the quadratic variation accumulated

by the Brownian motion over the interval [0, T ] is T almost surely and is denoted

as [W,W ](T ) = T .

Let us prove the above result in the following theorem.

THEOREM 7. 1. E(Qπ) = T

2. V ar(Qπ) ≤ 2 ∥ π ∥ T

3. E(Qπ − T )2 = V ar(Qπ) .

Proof.

E(Qπ) =
n−1∑
i=0

E[W (ti+1)−W (ti)]
2.

Since, for fixed i, W (ti+1)−W (ti) is normal distribution with mean 0 and variance

(ti+1 − ti)
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=
n−1∑
i=0

(ti+1 − ti) = T

V ar(Qπ) =
n−1∑
i=0

V ar[W (ti+1)−W (ti)]
2

V ar[W (ti+1)−W (ti)]
2 = E[W (ti+1)−W (ti)]

4

−2E[W (ti+1)−W (ti)]
2(ti+1 − ti)

+(ti+1 − ti)
2.

Using the fourth order moment of normal distribution with mean 0 and variance

(ti+1 − ti) is 3(ti+1 − ii)
2, we get

V ar[W (ti+1)−W (ti)]
2 = 3(ti+1 − ti)

2 − 2(ti+1 − ti)
2 + (ti+1 − ti)

2

= 2(ti+1 − ti)
2

≤ 2∥Π∥(ti+1 − ti).

Therefore V ar(Qπ) ≤ 2 ∥ π ∥ T

E(|Qπ − T |2) = E((Qπ − T )2)

= E(Qπ − E(Q))2

= V ar(Qπ).

Then, we get

[W,W ](T ) = lim
∥π∥→0

Qπ = T

since

lim
∥Π∥→0

E((Qπ − T )2) = 0.

Hence [W,W ](T ) = T . This means it accumulates unit quadratic variation per unit

time. In other words, the above phenomenon can be represented in differential form
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as dW (t)dW (t) = dt. By applying Theorem 4, we have

V p
W (T ) =


∞, p = 1

T, p = 2

0, p > 2

.

This concludes that, the Brownian motion {W (t), t ≥ 0} is of unbounded variation

and finite quadratic variation for every t.

Introduce uncertainties by introducing as additive white noise term, i.e.,

dX(t) = b(t,X(t))dt+ dW (t)

where b : [0, T ] × R → R is a continuous function. Time derivative of a Brownian

motion is called a white noise process. It is used as a model where uncertainties

arise from various sources.

Note that{X(t), t ≥ 0} is a stochastic process. The integral form is

X(t) = X(0) +

∫ t

0

b(s,X(s))ds+W (t)

a stochastic integral equation.

In general, if b : [0, T ] × ℜ → R, σ : [0, T ] × R → R are two suitable functions,

then an integral equation of the form

X(t) = X(0) +

∫ t

0

b(s,X(s))ds+

∫ t

0

σ(s,X(s))dW (s) (2)

is called a stochastic integral equation.

It is defined by integration of a stochastic process with respect to Brownian

motion. Equation (2) can be written as

dX(t) = b(t,X(t))dt+ σ(t,X(t))dW (t), (0 ≤ t ≤ T ) (3)

where b : [0, T ]× R → R and σ : [0, T ]× R → R are two given functions.



MODULE 6: BROWNIAN MOTION 21

The equation (2) is referred to as a stochastic differential equation. The inter-

pretation of (2) tells us that the change dX(t) = X(t + ∆t) − X(t) is caused by

a change dt of time, with factor b(t,X(t)) in combination with a change dW (t) =

W (t+∆t)−W (t) of Brownian motion with factor σ(t,X(t)).

Strong Solution

Let (Ω,F , P ) be a probability space, and {W (t), t ≥ 0} be a Brownian motion

defined on it. An adopted process X(t) satisfying (2) is said to be a strong solution

(uniquely)if {X(t)} and {Y (t)} are two solutions on the same probability space

satisfying (2) then

P{X(t) = Y (t) ∀ t} = 1.

A strong solution is an explicit function f such that X(t) = f(t,W (s), s < t).

Weak Solution

Both strong and weak solutions require the existence of the process {X(t), t ≥ 0}
that solves the integral equation version of the SDE. The difference between the

two lies in the underlying probability space (Ω,F , P ). A weak solution consists

of a probability space and the process that satisfies the integral equation, while a

strong solution is a process that satisfies the equation and is defined on a given

probability space. When no known explicit solution exists for a given SDE, then

we can approximate it by a numerical solution, replacing differentials by differences.

Hence, approximate solution method is similar to numerical integration.

Existence and Uniqueness of Solution

Now, we discuss the existence of strong solution. Suppose b : [0, T ] × R → R, σ :

[0, T ]×ℜ → R are continuous and satisfying Lipschitz condition

| b(t, x)− b(t, y) | + | σ(t, x)− σ(t, y) |< k | x− y |

and X(0) and W (t) are independent random variables. Then the equation (2) has

a unique solution.

Ito-Picard Iteration

Note that, the existence and uniqueness follow very closely the standard Picard’s

method for constructing solutions of ODE. Using the Ito-Picard iteration andX(0) =
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x0, we get for n = 1, 2, . . .

Xn+1(t) = x0 +

∫ t

0

b(s,Xn(s))ds+

∫ t

0

σ(s,Xn(s))dW (s).

Remark that, the iterations are well defined. By the convergence of iteration scheme,

we finally obtain

X(t) = lim
n→∞

Xn(t).

EXAMPLE 8. Consider the stochastic differential equation

dX(t) = X(t)dW (t), with X(0) = 1.

Here, b(t, x) = 0 and σ(t, x) = x. Hence, Lipschitz condition is satisfied. Hence,

the strong solution exists. Obtaining the strong solution will be explained in further

lectures.

EXAMPLE 9. Let S(t) be the stock price at time t. Consider the SDE

dS(t) = µS(t)dt+ σS(t)dW (t), S(0) is known

where µ is the constant growth rate of the stock and σ is the volatility. Here, b(t, x) =

µx and σ(t, x) = σx. Since µ and σ are constants, Lipschitz condition is satisfied.

Hence, the strong solution exists. Obtaining the strong solution will be explained in

further lectures.
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Lecture 5 Ito Integrals

DEFINITION 1. Let {X(t), 0 ≤ t ≤ T} be a stochastic process. Let {X(t), 0 ≤ t ≤ T}
be adapted to the natural filtration {F(t), t ≥ 0} of Wiener process {W (t), 0 ≤ t ≤
T}, i.e., X(t) be F(t)-measurable. Define

I(t) =

∫ t

0

X(u)dW (u), 0 ≤ t ≤ T (1)

a stochastic integral with respect to a Wiener process. The above integral is called

Ito integral.

Ito Process

DEFINITION 2. Let {W (t), t ≥ 0} be a Brownian motion and let {F(t), t ≥ 0} be

an associated natural filtration. An Ito process is a stochastic process {X(t), t ≥ 0}
of the form

X(t) = X(0) +

∫ t

0

∆(u)dW (u) +

∫ t

0

Θ(u)du

where X(0) is a non-random and ∆(u) and Θ(u) are adapted processes and ∆(u) is

mean square integrable.

It is now easy to write a stochastic differential equation form of an Ito process

which is

dX(t) = ∆(t)dW (t) + Θ(t)dt.

All stochastic processes with no jumps are actually Ito processes.Ito integral and

Brownian motion are examples of Ito processes.

If X(t) and W (t) are not stochastic processes, but rather deterministic functions.

Assuming f(s) is a differential function and g(s) is a smooth function,∫ t

0

g(s)df(s) =

∫ t

0

g(s)f
′
(s)ds

which is a Reimann integral. But what happens if f(s) is not differentiable.

We can still define the integral. When f(s) is bounded variation, we can prove that

the integral is well-defined. Further, if the function g(s) is extremely fluctuating at

different points in time, the limit may still diverge.
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Since f(s) has bounded variation, one can prove that the limit exists as long as g(s)

is not varying too much and is given by

∫ t

0

g(s)df(s) = lim
n→∞

n−1∑
i=0

g(si) (f(si+1)− f(si)) .

Remember that, in the integral (1), X(t) and W (t) are stochastic processes as well

as W (t) is unbounded variation and is no where differentiable. Hence, it is different

from Reimann integral. Now, we rewrite the Ito integral (1) in the above form as:

I(t) = lim
n→∞

n−1∑
i=0

X(si) (W (si+1)−W (si)) .

Ito-Integrable

A stochastic process {X(t), t ≥ 0} is called Ito-integrable on [0, t] if it satisfies

1. X(t) is adapted, i.e., X(s) is F (s) - measurable, 0 ≤ s ≤ t.

2.
∫ t

0
E(X2(s))ds < ∞.

EXAMPLE 3. Consider the Ito Integral for simple integrand function. Consider the

illustration with price may be negative. Let W (t) be the price per share of an asset

at time (position) t, X(t) be the number of shares taken in the asset at a time t and

ti be the trading dates of an asset. Assume X(t) be the simple process. It means

X(t) is a constant in each [ti, ti+1]. The gain/loss from trading at each time t can

be viewed as I(t).

Since {X(t), 0 ≤ t ≤ T} is a simple process, it can be written as

X(t, w) = ϕ0(w)1{0}(t) + lim
p→∞

p∑
i=1

ϕi(w)1(ti−1,ti](t) ∀ w ∈ Ω

where ϕi are bounded random variables such that ϕ0 is F(0)-measurable, ϕi is F(ti−1)-

measurable and 0 < t0 < t1 < . . . < tp = T, p ∈ N . For a simple process

{X(t), t ∈ [0, T ]}, the stochastic integral I(t) is defined by

I(t) =

∫ t

0

X(s)dW (s) = lim
p→∞

p∑
i=1

ϕi(W (ti)−W (ti−1)).
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In particular X(t) = 1, t ∈ [0, T ], hence ϕi = 1, 1 ≤ i ≤ p, p ∈ N , we have, for

t ∈ [0, T ]

I(t) =

∫ t

0

dW (s) = lim
p→∞

p∑
i=1

(W (ti)−W (ti−1)) = W (t).

EXAMPLE 4. Consider Ito integral of a deterministic integrand. Let {W (t), t ≥ 0}
be a Brownian motion and let ∆(t) be a non-random function of time. Define

I(t) =

∫ t

0

∆(s)dW (s).

E(I(t)) = I(0) = 0 (martingale)

E(I2(t)) =

∫ t

0

∆2(s)ds

V ar(I(t)) =

∫ t

0

∆2(s)ds/

From moment generating function, we get

E(euI(t)) = e
1
2
u2

∫ t
0 ∆2(s)ds.

Hence, for each t ≥ 0 the random variable I(t) is normally distributed with mean

zero and variance

∫ t

0

∆2(s)ds

i.e., I(t) ∼ N
(
0,

∫ t

0

∆2(s)ds

)
.

EXAMPLE 5. Evaluate ∫ t

0

W (1)dW (t), 0 ≤ t ≤ 1.

Note that, W (1) is not adapted to the filtration σ{W (s), 0 < s ≤ t}, 0 ≤ t ≤ 1.

Hence, Ito integral does not exist. This example shows that, assumption of the

integrand is adapted to the filtration {F(t), t ≥ 0} is need to have existence of the

Ito integral.

EXAMPLE 6. Evaluate the Ito integral∫ T

0

W (t)dW (t)
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By using the definition, we get 0 < t0 < t1 < . . . < tn = T, n ∈ N .

∫ T

0

W (t)dW (t) = lim
n→∞

n−1∑
i=0

W (ti) (W (ti+1)−W (ti)) .

Note that, for each i, W (ti) and W (ti+1)−W (ti) are independent variables and are

having normal distributions. Let Π be the set of all finite subdivisions of π of the

interval [0, T ] with 0 < t0 < t1 < . . . < tn = T .

QΠ =
n−1∑
j=0

(W (ti+1)−W (ti))
2

=
n−1∑
j=0

((W (ti+1)
2 − (W (ti))

2)− 2W (ti)(W (ti+1)−W (ti)))

= (W (T ))2 − (W (0))2 − 2
n−1∑
i=0

W (ti)(W (ti+1)−W (ti))

∫ T

0

W (t)dW (t) =
(W (T ))2 − T

2
.

Hence, ∫ T

0

W (s)dW (s) =
(W (T ))2 − T

2
.

We see that, unlike the Reimann integral, we have an extra term T . This arises from

the quadratic variation of the Brownian motion which is finite. The above integral

is defined not only for the upper limit of integration T but also for every upper limit

of integration between 0 and t. Construction of the Ito integral is similar to one

of the Stieltjes integration. But instead of integrity with respect to a deterministic

function (in Stieltjes integral) ito’s integral with respect to a random function, more

precisely path of a Wiener process.

Properties of Ito Integral

The following results hold by the Ito integral defined in equation (1).

1. The integral I(t) is a martingale with respect to {F(t), t ≥ 0}

2. E(I(t)) = E(
∫ t

0
X(s)dW (s)) = 0.
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3. E[(I(t))2] = E[
∫ t

0
X2(s)ds] =

∫ t

0
E(X2(s))ds for all t. This is called Ito isom-

etry.

4. V ar(I(t)) =
∫ t

0
E(X2(s))ds

5. Quadratic variation is given by

[I, I](t) =

∫ t

0

X2(s)ds.

The Ito integral is a random variable I(t), for all w ∈ Ω

I(t)(w) =

∫ t

0

X(s, w)dW (s, w)

= lim
n→∞

n−1∑
i=0

X(si, w)(W (si+1, w)−W (si, w)).

Actually the convergence takes place only for a subsequence. Its integral depends

on the sample path. Note that

dW (t)dW (t) = dt

dtdt = 0

dW (t)dt = 0.

dX(t) = b(t,X(t))dt+ σ(t,X(t))dW (t) (2)

The equation (2) is referred to as a stochastic differential equation. The interpre-

tation of (2) tells us that the change dX(t) = X(t + ∆t) − X(t) is caused by a

change dt of time, with factor b(t,X(t)) in combination with a change dW (t) =

W (t+∆t)−W (t) of Brownian motion with factor σ(t,X(t)).
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Lecture 6 Ito’s Formula

In this lecture, we present the important Ito’s formula.

Derivation of Ito Formula

Assume that X(t) = f(W (t)). Assume that f is twice differentiable. Using Taylors

theorem, we get

f(W (t+∆t)) = f(W (t)) + (W (t+∆t)−W (t))f ′(W (t))

+
1

2!
(W (t+∆t)−W (t))2f ′′(W (t)) + . . .

We know that

dW (t)dW (t) = dt; dW (t)dt = 0; dtdt = 0.

Since f(W (t+∆t))− f(W (t)) is dX(t), we have

dX(t) = f
′
(W (t))dW (t) +

1

2
f

′′
(W (t))dt.

In Integral form,

X(t) = X(0) +

∫ t

0

f
′
(W (s))dW (s) +

1

2

∫ t

0

f
′′
(W (s))ds

where

∫ t

0

f ′(W (s))dWs is a Ito integral and

∫ t

0

f ′′(W (s))ds is a Riemann integral.

In 1951, Ito stated and proved what is now known as Ito’s formula for stochastic

process {X(t), t ∈ [0, T ]} as

df(X(t)) = f
′
(X(t))dX(t) +

1

2
f

′′
(X(t))d[X,X](t).



MODULE 6: BROWNIAN MOTION 29

EXAMPLE 1. Evaluate
∫ T

0
W (t)dW (t). Consider

df(W (t)) = f ′(W (t))dW (t) +
1

2
f ′′(W (t))dt

f(W (T )) = f(W (0)) +

∫ T

0

f ′(W (t))dW (t)

+
1

2

∫ T

0

f ′′(W (t))dt.

From the above equations, take f(x) = x2

2
,

∫ T

0

f ′(W (t)dW (t) =

∫ T

0

W (t)dW (t).

f ′(x) = x; f ′′(x) = 1.

f(W (T ))− f(w(0)) =
(W (T ))2

2
− 0∫ T

0

dt = T∫ T

0

W (t)dW (t) =
(W (T ))2 − T

2
.

Hence, ∫ T

0

W (t)dW (t) =
(W (T ))2 − T

2
.

In variable limit of integration, we have∫ t

0

W (s)dW (s) =
1

2
(W (t))2 − t), t ≥ 0

additional term − t
2
is because of local increment of the Wiener process over an

increment of length ∆t is of the size of its standard deviation
√
∆t. For smooth

continuously differentiable function f(x), the second term in RHS is 0.

EXAMPLE 2. Show that (W (t))3 is an Ito process and find the stochastic differential

of (W (t))3. Let f(x) = x3. Apply Ito formula, we get

(W (T ))3 =
1

2

∫ T

0

6W (t)dt+

∫ T

0

3(W (t))2dW (t).
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One can prove that 3W (t) and 3(W (t))2 are adapted processes and 3(W (t))2 is mean

square integrable. Hence, (W (t))3 is an Ito process. In differential form

d(W (t))3 = 3W (t)dt+ 3(W (t))2dW (t).

Ito Formula Version 1

The simple form of Ito formula is

X(t) = X(0) +

∫ t

0

f ′(W (u))dW (u) +
1

2

∫ t

0

f ′′(W (u))du

where

∫ t

0

f ′(W (u))dWu is a Ito integral

and

∫ t

0

f ′′(W (u))du is a Riemann integral.

Ito Formula Version 2

Let f(t, x) be continuous partial derivatives of at least second order. We start with

X(t) = f(t,W (t)). Therefore expression of f(t, x) be

f(t+∆t, x+∆x) = f(t, x) +
∂f(t, x)

∂t
dt+

∂f(t, x)

∂x
dx

+
1

2

[
∂2f(t, x)

∂t2
(dt)2 + 2

∂2f(t, x)

∂t∂x
dtdx

+
∂2f(t, x)

∂x2
(dx)2

]
+ . . .

f(t+∆t,W (t+∆t)) = f(t,W (t)) +
∂f(t,W (t))

∂W (t)
dW (t)

+
∂f(t,W (t))

∂t
dt+

1

2
[. . .].

Interpret dW (t)dW (t) as dt, dW (t)dt = 0 = (dt)2, we get

f(t+∆t,W (t+∆t)) = f(t,W (t)) +
∂f(t,W (t))

∂W (t)
dW (t)

+

[
∂f(t,W (t))

∂t
+

1

2

∂2f(t,W (t))

∂(W (t))2

]
dt.



MODULE 6: BROWNIAN MOTION 31

Ito-Doeblin Formula

f(t+∆t,W (t+∆t)) = f(t,W (t)) +
∂f(t,W (t))

∂W (t)
dW (t)

+

[
∂f(t,W (t))

∂t
+

1

2

∂2f(t,W (t))

∂(W (t))2

]
dt.

In general, Ito process {X(t), t ≥ 0} where X(t) is given by

X(t) = X(0) +

∫ t

0

A(1)(s)ds+

∫ t

0

A(2)(s)dW (s)

where A(1)(t) and A(2)(t) are stochastic processes which are adapted to filtration

{F(t), t ≥ 0} and A(2)(t) is mean square integrable.

df(t,X(t)) =
∂f(t,X(t))

∂X(t)
dX(t) +

∂f(t,X(t))

∂t
dt

+
1

2

∂2f(t,X(t))

∂(X(t))2
dX(t)X(t).

Ito Formula Version 2

Assume that X(t) = f(t,W (t)). Assume that f(t, x) has continuous partial deriva-

tives at least second order.

f(t+∆t,W (t+∆t)) = f(t,W (t)) +
∂f(t,W (t))

∂W (t)
dW (t)

+

[
∂f(t,W (t))

∂t
+

1

2

∂2f(t,W (t))

∂(W (t))2

]
dt.

EXAMPLE 3. Consider the SDE of the from

dX(t) = X(t)dW (t), with X(0) = 1.

Use the Ito-Doeblin formula

df(t,X(t)) = (f ′
t(t,X(t)) + f ′

x(t,X(t)))dt

+
1

2
f ′
xx(t,X(t))dt+ f ′

x(t, x(t))dW (t)
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with

f(t, x) = exe
−t
2 ; f ′

t(t, x) =
−1

2
exe

−t
2

f ′
x(t, x) = exe

−t
2 ; f ′′

xx(t, x) = exe
−t
2 .

dX(t) = df(t,W (t))

= (f ′
t(t,W (t)) +

1

2
f ′
xx(t,W (t)))dt+ f ′

x(t,W (t))dW (t)

=

(
−1

2
X(t) +

1

2
X(t)

)
dt+X(t)dW (t)

= X(t)dW (t).

Hence, the solution is

X(t) = eW (t)e−
t
2

is an Ito process. Also, it is a martingale.

EXAMPLE 4. Let

dR(t) = (α− βR(t))dt+ σ
√

R(t)dW (t)

where α, β and σ are positive constants. Closed form solution is not possible.

REMARK 5. It is used to compute stochastic integral for some special cases. Exten-

sion into jump process {X(t), t ≥ 0} where

X(t) = X(0) + I(t) +R(t) + J(t)

where

I(t) =

∫ t

0

Γ(s)dW (s); R(t) =

∫ t

0

Θ(s)ds

(Γ(s) and Θ(s) are adapted processes)

J(t) right-continous pure jump term
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f(X(t)) = f(X(0)) +

∫ t

0

f ′(X(s))dXc(s)

+
1

2

∫ t

0

f ′(X(s))dXc(s)dXc(s)∑
0<s≤t

[f(X(s))− f(X(s−))]

Extension into multidimensional stochastic processes also.
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Lecture 7 SDEs and their Applications in Finance

Geometric Brownian Motion

Let S(t) be the stock price at time t. Let µ be the constant growth rate of the stock

and σ be the volatility. Consider the SDE

dS(t) = µS(t)dt+ σS(t)dW (t), S(0) = S0

where constant growth rate of the stock µ (−∞,∞) and volatility σ > 0 are con-

stants. Assume that S(t) = f(t,W (t)). Using Ito’s formula (version 2)

dS(t) = ftdt+ fxdW (t) +
1

2
fxxdt

fx = σf and ft +
1

2
fxx = µf

f = eσxk(t), fxx = σ2f, ft = k′(t)eσx

k
′
(t)eσx =

(
µ− σ2

2

)
f

k′(t)eσx =

(
µ− σ2

2

)
eσxk(t)

k(t) = S0e
(µ−σ2

2
))t.

Hence

S(t) = S0e
(µ−σ2

2
))t+σW (t)

One can prove that S(t) is lognormal distribution. Also,

1. E(S(t)) = E(S0)e
µt.

2. E((S(t))2) = E(S2
0)exp((2µ+ σ2)t).

Asymptotic behavior of the solution.

1. It µ > σ2

2
then S(t) → ∞ as t → ∞ almost surely.

2. Ifµ < σ2

2
then S(t) → 0 as t → ∞ almost surely.
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3. It µ = σ2

2
then S(t) will fluctuate between arbitrary large and arbitrary small

value as t → ∞.

Let the interest rate r and the volatility σ > 0 be constant. Let S(t) be the

stock price at any time t. Let

S(t) = S(0)e(r−
1
2
σ2)t+σW (t)

be a geometric Brownian motion with mean rate of return r, where the initial stock

price S(0) is positive and W (t) is a Brownian motion. Let K be a positive constant

which is strike price at maturity T .

One can show that, for T > 0,

E
[
e−rT (S(T )−K)+

]
= S(0)Φ(d+(T, S(0)))

−Ke−rTΦ(d−(T, S(0)))

where X+ = Max(X, 0),

d±(T, S(0)) =
1

σ
√
T

[
log

S(0)

K
+

(
r ± σ2

2

)
T

]
,

and Φ is the cumulative standard normal distribution function

Φ(y) =
1√
2π

∫ y

−∞
e−

1
2
z2dz =

1√
2π

∫ ∞

−y

e−
1
2
z2dz.

Ornstein-Uhlenbeck Process

Consider the SDE

dX(t) = −µX(t)dt+ σdW (t) X(0) = x0 (1)

where µ and σ are constants. This equation is often referred to as Langevin equation.

This equation is useful to model the velocity at time t of a free particle that performs

a Brownian motion.
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If we set dt = 1 then

X(t+ 1)−X(t) = −µX(t) + σ(W (t+ 1)−W (t))

X(t+ 1) = −µ
′
X(t) + σ(W (t+ 1)−W (t))

where µ
′
= 1 + µ. This time series model can be considered as a discrete analogue

at the solution of the Langerin equation (1). The stochastic differential equation

(1) is interpreted as the following stochastic integral equation

X(t) = x0 + σW (t)− µ

∫ t

0

X(s)ds.

Using the integration method and integration by parts, we can derive the solution

X(t) for each sample path of W (t). The computation is somewhat complicated.

Here, we derive the solution using Ito’s formula which is easy. Let f(t, x) = eµtx.

Then,
∂f

∂t
= µeµtx,

∂f

∂x
= eµtx,

∂2f

∂x2
= 0.

Use Ito’s formula (Version 2), we get

X(t) = e−µtX(0) + σ

∫ t

0

e−µ(t−s)dW (s). (2)

This stochastic process {X(t), t ≥ 0} is called Ornstein-Uhlenbeck process. This

is strong solution (immaterial of the path of Brownian motion, the solution (2) is

given) to (1). If X(0) is constant or if X(0) ∼ Normal distribution. Then X(t) is

also normally distributed.

If X(0) = 0, then

E(X(t)) = 0; V ar(X(t)) =
σ2

2µ
(e−2µt − 1)

and

Cov(X(t), X(s)) =
σ2

2µ
(e−µ(t+s) − e−µ(t−s)), s < t.
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Since {X(t), t ≥ 0} is a zero-mean Gaussian process, the covariance function is

characteristic for the Ornstein-Uhlenbeck process.

The {X(t), t ≥ 0} is a Markov process with Gaussian transition probability

densities

p(t;x, y) =
1√

2πσ(t)
exp

{
−(y − e−µtx)2

2σ2(t)

}
when µ > 0, which is the stable case,

lim
t→∞

σ2(t) =
σ2

2µ
= θ

and

lim
t→∞

p(t; x, y) =
1√
2πθ

exp

{
−y2

2θ

}
.

Vasicek Interest Rate Model

One of the oldest and commonly used interest rate model. It is used to model short

rate (instantaneous rate) (i.e., rate model is valid for short period). R(t) - short

rate stochastic process at time t, t ≥ 0. The model assumes that R(t) follows the

SDE

ddR(t) = (α− βR(t))dt+ σdW (t)

where α > 0, β > 0, σ > 0.

σ is the order of magnitude of the fluctuation of R(t) around α. σ is the volatility.

Assume that Lipschitz condition is satisfied. Start with

d(eβtR(t)) = eβtdR(t) + βeβtR(t)dt

= eβt(α− βR(t))dt+ eβtσdW (t) + βeβtR(t)dt

eβtR(t) = R(0) + α

∫ t

0

eβsds+ σ

∫ t

0

eβsdW (s).

The strong solution is

R(t) = R(0)e−βt +
α

β
(1− e−βt) + σe−βt

∫ t

0

eβsdW (s).
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If R(0) is constant, then R(t) is Gaussian distributed with

E(R(t)) = R(0)e−βt +
α

β
(1− e−βt)

V ar(R(t)) =
σ2

2β
(1− e−2βt).

As t → ∞
R(t) ∼ N

(
α

β
,
σ2

2β

)
If R(t) >> α

β
then the process will bring it down back to α

β
and if R(t) << α

β
then

also the process will bring it up to α
β
). Hence, this model is also known as mean

reverting Ornstein-Uhlenbeck process.

• If R(t) = α
β
, then drift is zero.

• If R(t) < α
β
, then drift is greater than zero. Implies the process will try to pull

back.

• If R(t) > α
β
, then drift is less than zero. Implies the process will try to pull

down.

Hence, interest rate does not go too hight or too low. This is applicable from

economic view point too. Drawback of this model is that, it assumes negative

values with positive probability which is undesirable property.

Cox-Ingersoll-Ross Model

dR(t) = (α− βR(t))dt+ σ
√

R(t)dW (t).

In this model, volatility is also dependent on the interest rate unlike in Vasicek

interest rate model where it was constant. This model is also mean reverting model.

As soon as R(t) tends to zero, the model becomes

dR(t) = αdt.

This implies that-

R(t) = R(0) + αt.
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The process will make sure that R(t) linearly increases as R(0) > 0 and αt > 0.

The model does not have a closed form solution. Only numerical schemes can be

used to solve the CIR model. E(R(t)) can be obtained as follows:

d(eβtR(t)) = βeβtR(t) + eβtR(t) + 0dR(t)dR(t).

eβtR(t) = R(0) +

∫ t

0

βeβsR(s)ds

+

∫ t

0

eβs((α− βR(s))ds+ σ
√

R(s)dW (s))

= R(0) +

∫ t

0

αeβsds+

∫ t

0

σ
√
R(s)dW (s)

= R(0) +
α

β
(eβt − 1) +

∫ t

0

σ
√
R(s)dW (s).

We know that
∫ t

0
σ
√

R(s)dW (s) is an Ito integral and is a martingale. Hence,

expectation is zero.

E(eβtR(t)) = R(0) +
α

β
(eβt − 1).

E(R(t)) = R(0)e−βt +
α

β
(1− e−βt).

Variance of R(t) is given by-

V ar(R(t)) =
σ2

β
R(0)(e−βt − e−2βt) +

ασ2

2β2
(1− 2e−βt + e−2βt).

As t → ∞, we have

E(R(t)) =
α

β
; V ar(R(t)) =

ασ2

2β2
.

If we choose α and β appropriately, we can bring down variance and hence bringing

more stability to the model. The bond pricing equation can be solved explicitly.
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Module 7: Renewal Processes

Lecture 1 Renewal Function and Renewal Equation

Introduction

Renewal theory is the branch of probability theory that generalizes Poisson pro-

cesses for arbitrary inter-arrival (holding) times. Let X1 be the time to the first

renewal and let Xn(n = 2, 3, . . .) be the time between (n− 1)-th renewal and n-th

renewal. Assume that Xn (n = 1, 2, . . .) are i.i.d. non-negative random variables

with distribution function F . Let

µ = E(Xn) =

∫ ∞

0

xdF (x)

which we assume to be positive and finite.

DEFINITION 1. Define the time of the n-th renewal by

Sn =
n∑

i=1

Xi.

Let N(t) be the number of renewals by time t so that

N(t) = max{n : Sn ≤ t}.

Then, the counting process {N(t), t ≥ 0} will be a renewal process. If for some n,

Sn = t, then a renewal is said to occur at t; Sn gives the time of the nth renewal

and is called the nth renewal time.

In the above, we are assuming that 0 is a renewal time. Sometimes, more general

processes can be considered where 0 is not a renewal time.

REMARK 2. 1. A counting process for which the inter-arrival times are i.i.d.

with an arbitrary distribution is said to be a renewal process.

2. A Poisson process can be defined as a counting process for which the inter-

arrival times are i.i.d. with an exponential distribution. A renewal process is

more general counting process than Poisson process.

3. A continuous-time stochastic process in which the embedded jump chain (the

discrete process registering what values the process takes) is a Markov chain,

1
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and where the holding times (time between jumps) are random variables with

any distribution, whose distribution function may depend on the two states

between which the move is made, we say it is called a semi-Markov process or

Markov renewal process.

4. When P (X = c) = 1 for some c > 0, {Sn = nc, n ≥ 1} is called a deterministic

renewal process.

Distribution

Consider a renewal process {N(t), t ≥ 0} with inter-arrival time distribution F .

Note that, the event {N(t) ≥ n} is equivalent to the event {Sn ≤ t}. Hence,

P{N(t) ≥ n} = P (Sn ≤ t} = F (n)(t)

where F (n) is n-fold convolution of F with F (0) = 1.

P (N(t) = n) = P (N(t) ≥ n)− P (N(t) ≥ n+ 1)

= F (n)(t)− F (n+1)(t)

For example, when inter-arrival time is uniform distribution between 0 and 1, the

n-fold convolution of F is given by

F (n)(t) =
tn

n!
, n = 1, 2, . . . ; 0 ≤ t ≤ 1

which can be shown from the mathematical induction.

F (n+1)(t) = P (Sn+1 ≤ t)

=

∫ t

0

P (Sn+1 ≤ t | Sn = x)
xn−1

(n− 1)!
dx

=

∫ t

0

P (Xn+1 ≤ t− x)
xn−1

(n− 1)!
dx

=
tn+1

(n+ 1)!
, 0 ≤ t ≤ 1.

EXAMPLE 3. Poisson process is a counting renewal process {N(t), t ≥ 0} whose

inter-arrival time has a exponential distribution with parameter λ, i.e., X ∼ Exp(λ).
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Figure 7.1: Sample path of Poisson process with λ = 2

Distribution of N(t)

P (N(t) = n) =
e−λt (λt)n

n!
, n = 0, 1, . . .

For arbitrary n,

P (Xn > x) = P (N(x) = 0 | N(tn−1) = n− 1) = e−λx, x ≥ 0

Hence, the distribution of X is F (x) = 1− e−λx, x ≥ 0.

Sample path of Poisson process with λ = 2 is shown in Figure 7.1.

Suppose that in a system, an unit fails, according with a Poisson process with

rate λ = 3 per day. Suppose that there are 6 spare units in an inventory and the

next supply is not due in 4 days. The probability that the system will be out of

order in the next 4 days is

∞∑
n=7

P (N(4) = n) = 1−
6∑

n=0

P (N(4) = n) = 0.954 .

In this module, we discuss various stochastic processes as shown in Figure 7.2.
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MRGP

BDP

MP

SMP

PP

MRGP − Markov Regenerative Process

PP − Poisson Process

BDP − Birth Death Process

SMP − Semi Markov Process

MP − Markov Process

RP

SRP

CP

RP − Renewal Process

SRP − Semi Renewal Process

CP − Counting Process

Figure 7.2: Various Stochastic Processes

Renewal Function

Let

M(t) = E[N(t)] =
∞∑
n=1

P (N(t) ≥ n) =
∞∑
n=1

F (n)(t)

Then M(t) is called a renewal function. The function m(t) = M ′(t) is called the

renewal density function of the renewal process.

m(t) = lim
h→0+

P (one or more renewals in (t, t+ h))

h

= lim
h→0+

1

h

∞∑
n=1

P (n renewals in (t, t+ h))

=
∞∑
n=1

lim
h→0+

1

h

[
F (n)(t+ h)− F (n)(t)

]
= M ′(t).

For example, the renewal process whose inter-arrival time follows i.i.d. with

uniform distribution between 0 and 1, the renewal function for 0 ≤ t ≤ 1 is given

by

M(t) =
∞∑
n=1

F (n)(t) =
∞∑
n=1

tn

n!
= et − 1.

M(t) =
∞∑
n=1

F (n)(t)
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In equivalent form using the Laplace transform,

M∗(s) =
∞∑
n=1

F (n)∗(s) =
∞∑
n=1

f (n)∗(s)

s

where f (n)(t) = F (n)′(t).

M∗(s) =
1

s

∞∑
n=1

[f ∗(s)]n =
f ∗(s)

s [1− f ∗(s)]
.

Hence,

m∗(s) =
f ∗(s)

1− f ∗(s)
and f ∗(s) =

m∗(s)

1 +m∗(s)
.

Renewal Equation

It can be shown that the renewal function M(t), 0 ≤ t < ∞, uniquely determine

the inter-arrival time distribution F . For example, M(t) = λt corresponds to the

exponential distribution with parameter λ. Renewal equations are useful for deriving

the quantity of interest associated with a renewal process at a function of time. A

renewal equation is expressed by a recursive form through an integral equation. We

know that

M(t) = E[N(t)].

This can be evaluated by conditioning on X1, the time of first renewal, i.e.,

M(t) =

∫ ∞

0

E[N(t) | X1 = x]dF (x).

This integral can be evaluated by dividing into two cases: one is the case where the

first renewal occurs after time t and the other is the case where the first renewal

occurs before time t. In the former case, since there are no renewals observed by t,

E[N(t) | X1 = x > t] = 0.

In the later case, the first renewal occurs before time t and the expected number

of renewals between x and t will be M(t − x) from the definition of the renewal

function. Hence,

E[N(t) | X1 = x < t] = 1 +M(t− x).
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Hence,

M(t) =

∫ t

0

(1 +M(t− x))dF (x) = F (t) +

∫ t

0

M(t− x)dF (x).

This integral equation is called a renewal equation if M(.) is considered as un-

known.The above equation can be written as:

M = F +M ∗ f.

Now, taking Laplace transform on both sides,

M∗ = F ∗ + (M ∗ f)∗ = F ∗ +M∗f ∗.

Substituting F ∗ = f∗(s)
s

and simplifying, we get

f ∗(s) =
sM∗(s)

1 + sM∗(s)
.

The renewal equation can be generalized for Z(t), the unknown function associated

with a renewal process with distribution function F ,

Z(t) = Q(t) +

∫ t

0

Z(t− x)dF (x)

where Q(t) is a known function.

Renewal Times

Let X1, X2, . . . be the time between its successive occurrences. Then

S0 = 0;Sn+1 = Sn +Xn+1, n = 1, 2, . . .

define the times of occurrence assuming that the time origin is taken to be an instant

of such an occurrence. The sequence {Sn, n = 0, 1, . . .} is called a renewal process

provided that X1, X2, . . . be i.i.d. non-negative random variables. Then the Sn, are

called renewal times.

Note that, the renewal process {Sn, n = 0, 1, . . .} is said to be recurrent if Xn < ∞
almost surely for every n; otherwise is called transient.
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Age, Excess and Spread at Time t

Suppose {N(t), t ≥ 0} is a renewal process.

1. Age: The age at t of the renewal process is defined by

A(t) = t− SN(t).

2. Excess: The excess at t of the renewal process is defined by

Y (t) = SN(t)+1 − t.

3. Spread: The spread at t of the renewal process is defined by

XN(t)+1 = A(t) + Y (t).

For example, let Y (t) be the excess at time t. Let g(t) = E[Y (t)]. Using the

above renewal equation, we can find g(t). Conditioning on X1 gives

g(t) =

∫ ∞

0

E[Y (t) | X1 = x]dF (x).

Now,

E[Y (t) | X1 = x > t] = x− t

while for X1 = x < t

E[Y (t) | X1 = x < t] = g(t− x).

Hence,

g(t) =

∫ ∞

t

(x− t)dF (x) +

∫ t

0

g(t− x)dF (x)

is the renewal equation for g(t).



MODULE 7: RENEWAL PROCESSES 8

Lecture 2 Generalized Renewal Processes and Renewal Limit

Theorems

Reward Renewal Process

Let X1 be the time to the first renewal and let {Xn, n = 2, 3, . . .} be the time

between (n − 1)th renewal and n-th renewal. Assume that {Xn, n = 1, 2, . . .} are

i.i.d. random variables with distribution function F . Let µ = E(Xn) =
∫∞
0

xdF (x)

which will be positive. Let Rn be nth reward at the time of the nth renewal. Usually,

Rn may depend on Xn. Let

R(t) =

N(t)∑
n=1

Rn

be reward earned by time t. Note that unlike the Xn, each Rn may take negative

values as well as positive values.

EXAMPLE 1. Consider an age replacement model. In this model, a component that is

used continuously with replacements. Let X be the lifetime of the component, which

is random with distribution function F . The component is replaced by a new one

upon failure or at a fixed time period T , whichever comes first. This replacement

policy is called an age replacement. The cost of a new component c1 is and the

additional cost incurred by a failure is c2. Our interest is to find the long-run average

cost. Let N(t) be the number of replacements of components by t. Let R(t) be

the amount of cost incurred by t, then {R(t), t ≥ 0} becomes a reward renewal

process.The long-run average cost can be expressed as

Long-run average cost =
E(R)

E(X)
=

E[cost during a cycle]

E[cycle length]
.

Now,

E[cycle length] = E[min(X,T )] =

∫ T

0

(1− F (x))dx.

Given that, the reward or cost during a cycle, R, as

R =

{
c1, X > T

c1 + c2, X ≤ T
.
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Hence, the expected value is

E(R) = c1P (X > T ) + (c1 + c2)P (X ≤ T ) = c1 + c2F (T ).

The required long-run average cost is given by

E(R)

E(X)
=

E[cost during a cycle]

E[cycle length]

=
c1 + c2F (T )∫ T

0
(1− F (x))dx

.

Markov Reward Model

An Markov Reward Model (MRM) is a labeled continuous time Markov chain

(CTMC) augmented with state reward and impulse reward structures. The state

reward structure is a function r that assigns to each state s ∈ S a reward rs such

that if t time-units are spent in state s, a reward of rst is acquired. The rewards

that are defined in the state reward structure can be interpreted in various ways.

They can be regarded as the gain or benefit acquired by staying in some state and

they can also be regarded as the cost spent by staying in some state. This type

of MRM is called a rate-based MRM. The impulse reward structure, on the other

hand, is a function τ that assigns to each transition from s to s′, where s, s′ ∈ S

and the spending time in transition of s to s′ is positive, a reward τ(s, s′) such that

if the transition from s to s′ occurs, a reward of τ(s, s′) is acquired. Similar to the

state reward structure, the impulse reward structure can be interpreted in various

ways. An impulse reward can be considered as the cost of taking a transition or the

gain that is acquired by taking the transition.

MRMs are commonly used for the performance, dependability, and performability

analysis of computer and communication systems. In general, the reward rate is

assigned on the basis of desired measures. Let Z(t) = rX(t) be the instantaneous

reward rate of the MRM at time t. Then the expected instantaneous reward rate at

time t is given by:

E[Z(t)] =
∑
i∈S

riPi(t).
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The expected reward rate in steady-state is given by:

E[Z] =
∑
i∈S

riπi.

The different types of measures namely steady-state measures, transient measures,

cumulative measures and performability measures are supported by MRMs. For

instance, the steady-state measures are computed from the steady-state behaviour

of the Markov chain. Under the assumption that the steady-state distribution of

{X(t), t ≥ 0} equals π = [π0, π1, . . .], and can be expressed as

M =
∑
i∈S

riπi.

Similarly, cumulative measures, denoted by Y (t), express the overall gain that is

received from a system over some finite time interval.When transient measures are

integrated over a time interval [0, t], Y (t) can be given as

Y (t) =

∫ t

0

rX(s)ds.

Alternative Renewal Process

Let X1, X2, . . . be i.i.d. random variables which constitutes on times. Let Y1, Y2, . . .

be i.i.d. random variables which constitutes off times. Assume that E(X+Y ) < ∞
and X + Y has distribution F . Suppose that, renewal occurs at the end of every

Xi where as no renewals at the end of every Yi. Assume that, Xi and Yi are

independent random variables. Then {Xi + Yi, i = 1, 2, . . .} is called an alternative

renewal process.

EXAMPLE 2. For example, consider the following situation. A machine works for

time X1, then breaks down and has to be repaired (which takes time Y1), then works

for a time X2, then is down for a time Y2, and so on. If we suppose that the

machine is as good as new after each repair, then this constitutes an alternative

renewal process.

Delayed Renewal process

It is not always reasonable to insist that the first renewal occurs at time S0 = 0.

For instance, in applications where the occurrences are at times when a component
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of a system must be replaced, one might well be interested in situations where there

is already a working component in place at time 0. For this reason, we define a

delayed renewal process to be a sequence S0, S1, S2, . . . where

Sn = S0 +
n∑

i=1

Xi and

(i) the inter-arrival times X1, X2, . . . are positive and i.i.d., as in an ordinary

renewal process, and

(ii) the initial delay S0 ≥ 0 is independent of the inter-arrival times Xi.

Notice that the distribution of the initial delay random variable S0 is not required

to be the same as that of the inter-arrival time random variables Xi. Hence, a

delayed renewal process is a renewal process in which the first arrival time, X1 = t1,

independently, is allowed to have a different distribution P (X1 ≤ x) = F1(x);x ≥ 0,

than F , the distribution of all the remaining i.i.d. inter-arrival times {Xn, n ≥ 2}.
t1 is then called the delay. When there is no such delay, that is, when X1 ∼ F as

usual, the renewal process is said to be a non-delayed version.

As n → ∞,

Zn =
Sn − nµ

σ
√
n

⇒ Z ∼ N (0, 1).

As t → ∞, N(t) becomes normal distributed and both E(N(t)) ∼ t
µ
and V ar(N(t)) ∼

σ2t
µ3 .

As t → ∞, using central limit theorem, we have

Z(t) =
N(t)− t

µ

σ
√

t
µ3

⇒ Z ∼ N (0, 1).

Long-run Properties

One can study the long-run properties of the renewal process. There are two types

of the long-run properties. One is to obtain the long-run (time) average of the

quantity of interest and the other is to obtain the pointwise limit. For example, the
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long-run average of age is given by

lim
t→∞

∫ t

0
A(s)ds

t

while the pointwise limit of the expected age is given by

lim
t→∞

E[A(t)].

Long-run Renewal Rate

One can study the average number of renewals (per unit time) in the long-run.

It is called a long-run renewal rate. For a renewal process {N(t), t ≥ 0} having

distribution function F for inter-arrival times, the long-run renewal rate is given by

lim
t→∞

N(t)

t
=

1

µ
with probability 1

where

µ =

∫ ∞

0

xdF (x).

Since SN(t) is the last renewal time prior to t and SN(t)+1 is the first renewal time

after t.

We know that

SN(t) ≤ t ≤ SN(t)+1 or
SN(t)

N(t)
≤ t

N(t)
≤

SN(t)+1

N(t)
.

But,

lim
t→∞

SN(t)

N(t)
= lim

t→∞

X1 +X2 + . . .+XN(t)

N(t)

= E[X] = µ with probability 1

and
SN(t)+1

N(t)
= lim

t→∞

SN(t)+1

N(t) + 1

N(t) + 1

N(t)
= µ with probability 1.

Hence,

lim
t→∞

N(t)

t
=

1

µ
with probability 1.
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Renewal Limit Theorems

From the earlier lectures, we note that the arrival time process and the renewal or

counting process are related. That is, the arrival time process is the partial sum

process for a sequence of independent, identically distributed random variables of

inter-arrival times. Hence, it is reasonable that the fundamental limit theorems

(such as the law of large numbers and the central limit theorem) for partial sum

processes should have analogs for the renewal process. The purpose of this lecture

is to explore the limiting behavior of renewal process. The main results that we

will study, known as renewal limit theorems, are important for other stochastic

processes.

Elementary Renewal Theorem

It states that the basic limit in the law of large numbers in mean as well as with

probability 1. For a renewal process {N(t), t ≥ 0} having mean inter-arrival time

0 < µ < ∞,

lim
t→∞

E[N(t)]

t
= lim

t→∞

M(t)

t
=

1

µ
.

That is, the limiting mean average rate of arrivals is 1
µ
.

Note that the limit value of a sequence of random variables is not same as the

limit value of a sequence of mean of random variables. Consider the reward renewal

processes. Let

R(t) =

N(t)∑
n=1

Rn

be reward earned by time t. If E(R) < ∞, E(X) < ∞, then

E(R(t))

t
→ E(R)

E(X)
as t → ∞.

Asymptotic property:

R(t)

t
→ E(R)

E(X)
as t → ∞, with probability 1.

Lattice
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A nonnegative random variable X is said to be lattice if there exists d ≥ 0 such that

∞∑
n=0

P (X = nd) = 1.

The largest d having this property is said to be the period of X. If X is lattice

and X has a distribution function of F , then we say that F is lattice. For instance,

if X follows Poisson distribution with mean λ, then X is lattice with period 1. If

P (X =
√
2) = P (X =

√
3) = 0.5, then X is not lattice.

Key Renewal Theorem

Let {N(t), t ≥ 0} be a renewal process with continuous inter-arrival time non lattice

distribution function F with mean µ < ∞. If h : [0,∞) → [0,∞) is integrable and

non-increasing, as t → ∞∫ t

0

h(t− x)dM(x) → 1

µ

∫ ∞

0

h(x)dx

where M(t) is the renewal function.

EXAMPLE 3. Let Y (t) be the excess at t. We know that

E[Y (t)] = h(t) +

∫ t

0

h(t− x)dM(x)

where

h(t) =

∫ ∞

t

(x− t)dF (x)

lim
t→∞

E[Y (t)] = lim
t→∞

∫ t

0

h(t− x)dM(x).

Assume that, the second moment of an inter-arrival time is finite, then h(t) is

integrable and non-increasing. Assume that, F is not lattice.

Now, we can apply Key Renewal Theorem to obtain the limiting mean excess. After

simplifications, we get

lim
t→∞

E[Y (t)] =
E[X2]

2E[X]
.

Blackwell’s Theorem
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Let M(t) = E[N(t)] be the renewal function. It states that, asymptotically, the

expected number of renewals in an interval is proportional to the length of the

interval; the proportionally constant is 1
µ
. If F is not lattice, then

lim
t→∞

[M(t+ h)−M(t)] =
h

µ
.

If F is lattice with period d, then

lim
t→∞

E[number of renewals at nd] =
d

µ

since the number of renewals at time nd will be 1 or 0.
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Lecture 3 Markov Renewal and Markov Regenerative Processes

Consider a system {Y (t), t ≥ 0} with state space Ω = {1, 2, . . .}. Suppose that the

system is initially in the state X0 at time t0. It stays there for a non-negative ran-

dom amount of time (which may follow a general distribution), and then, the system

jumps to state X1 (which could be the same as X0) at the next transition time in-

stant t1. It stays there for a non-negative random amount of time and then jumps to

state X2 at next transition time instant t2, and the process continues like this. Thus,

Xn is the nth state visited by the system at the time instant of the nth transition tn.

Semi-Markov Process

If Y (t) denotes the state of the system at time t, then Y (tn) = Xn for n =

{0, 1, . . .}. If the Markov property is satisfied at all the transition time instants

tn, n = {0, 1, . . .}, then the stochastic process {Y (t), t ≥ 0} described above is

called an semi-Markov process (SMP). That is, the evolution of the system after the

time instant t = tn depends only on the past history of the system till time tn.

In other words, if {Y (t), t ≥ 0} is an SMP, then the process {Y (t+ tn), t ≥ 0} is in-

dependent of {Y (t), 0 ≤ t ≤ tn} given the complete past history {Y (t), 0 ≤ t ≤ tn}
and Xn = i, i ∈ Ω, and is identical to the process {Y (t), t ≥ 0} given X0 = i

because of time homogeneity.

Thus, in an SMP, the Markov property is satisfied only at each of the transition

epochs {tn}, and not at all times. The fact that Markov property holds at each of

the transition epochs tn, n = {0, 1, . . .} of the stochastic process {Y (t), t ≥ 0} en-

tails that the Markov property also holds for {Xn, n = 0, 1, . . .}. Hence, {Xn, n =

0, 1, . . .} turns out to be a time-homogeneous embedded Markov chain with the state

space Ω. Then, we say {(Xn, tn), n = 1, 2, . . .} constitutes Markov renewal process

or semi-Markov process with state space Ω.

The process {Y (t), t ≥ 0} is not a Markov process, although it inherits some im-

portant properties of Markov processes. The associated process {Xn, n = 1, 2, . . .}
is a Markov process. Hence, the name to {(Xn, tn), n = 1, 2, . . .} as a semi-Markov

process.

In conclusion, a continuous-time stochastic process in which the embedded jump

chain (the discrete process registering what values the process takes) is a Markov
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chain, and where the holding times (time between jumps) are random variables with

any distribution, whose distribution function may depend on the two states between

which the move is made, we say it is called a semi-Markov process or Markov re-

newal process. Semi-Markov processes are non-Poissonian with a renewal property.

This means that the probability of a jump from state i to state j at a certain time

depends only on the states i, j and the time t since the last jump occurred. A semi-

Markov process where all the holding times are exponentially distributed is called a

continuous time Markov chain (CTMC).

Steady-state Measures

The analysis of an SMP is performed in two stages. In the first stage, the SMP

stays in a state i, i ∈ Ω for a random amount of time. Let us consider that the

time spent in state i follows a general distribution with distribution function Hi(t)

(sojourn time distribution). In the second stage, the SMP moves from state i to

state j with probability pi,j

(i.e., pi,j = P{Xn+1 = j|Xn = i}; i, j ∈ Ω).

The SMP can now be completely described by the vector of sojourn time distribu-

tions H(t) and the transition probability matrix P = [pi,j].

To compute the steady-state probability vector π = [π1, π2, . . .] of the SMP, we fol-

low the following steps: first calculate the mean sojourn time hi =
∫∞
0
(1−Hi(t))dt

for each state i; next, find the steady-state probability vector v = [v1, v2, . . .] for the

EMC of the SMP by solving the following system of equations:

v = vP and
∑
i∈Ω

vi = 1.

Finally, compute the steady-state probabilities for the SMP as given below:

πi =
vi hi∑

j∈Ω

vj hj

, i ∈ Ω. (1)

EXAMPLE 1. Consider a stochastic process {Y (t), t ≥ 0} with state space Ω =

{1, 2, 3, 4}. {(Xn, tn), n = 1, 2, . . .} as a semi-Markov process where Xn = Y (tn), n =
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1, 2, . . .. Assume that the time spent in states 1 and 2 follow exponential distributions

with distribution function H1(t) and H2(t) (sojourn time distribution) respectively

and are given by

H1(t) =

{
0, t < 0

1− e−2t, t ≥ 0
; H2(t) =

{
0, t < 0

1− e−3t, t ≥ 0

Assume that the time spent in states 3 and 4 follow general distributions with dis-

tribution function H3(t) and H4(t) (sojourn time distribution) respectively and are

given by

H3(t) =


0, t < 1

t− 1, 1 ≤ t < 2

1, 2 ≤ t < ∞
; H4(t) =


0, t < 2

t− 2, 2 ≤ t < 3

1, 3 ≤ t < ∞
.

Here, the SMP moves from state i to state j with probability pi,j

(i.e., pi,j = P{Xn+1 = j|Xn = i}; i, j ∈ Ω).

The transition probability matrix P = [pi,j] is given by

P =


0 1 0 0

0 0 1 0

0 0 0 1

1 0 0 0


Solving

v = vP and
∑
i∈Ω

vi = 1

we get

v1 = v2 = v3 = v4 =
1

4
.

Here,

h1 =
1

2
;h2 =

1

3
;h3 =

3

2
;h4 =

5

2
.
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Finally, compute the steady-state probabilities for the SMP as given below:

πi =
vi hi∑

j∈Ω

vj hj

, i ∈ Ω.

Markov Regenerative Process

Consider a stochastic process {Z(t), t ≥ 0} with state space Ω. Suppose that ev-

ery time a certain phenomenon occurs, the future of the process Z after that time

becomes a probabilistic replica of the future after time zero. Such times (usually

random) are called regeneration times of Z, and the process Z is then said to be

regenerative. Such process is called a regenerative process.

Markov Regenerative Theory

We consider a stochastic process wherein there exist time points where the process

satisfies the memoryless property. These time points are referred to as regeneration

points. In a Markov regenerative process (MRGP) the stochastic evolution between

two successive regeneration points depends only on the state at regeneration, not

on the evolution before regeneration. Furthermore, due to the time homogeneity

of the embedded Markov renewal process, the evolution of the MRGP becomes a

probabilistic replica after each regeneration. As a consequence, all memory other

than the state must be reset at a regeneration point.

The concepts of MRGP are given in the next two definitions.

A sequence of bivariate random variables {(Yn, Sn), n ≥ 0} is called a Markov re-

newal sequence if:

(i) S0 = 0, Sn+1 ≥ Sn; Yn ∈ Ω′ and

(ii) for all n ≥ 0,

P{Yn+1 = j, Sn+1 − Sn ≤ t | Yn = i, Sn, Yn−1, Sn−1, . . . , Y0, S0}

= P{Yn+1 = j, Sn+1 − Sn ≤ t | Yn = i} (Markov Property)

= P{Y1 = j, S1 ≤ t | Y0 = i}. (Time Homogeneity) (2)
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Then, the MRGP is defined as follows:

A stochastic process {Z(t), t ≥ 0} on Ω is called an MRGP if there exists a Markov

renewal sequence {(Yn, Sn), n ≥ 0} of random variables such that all conditional fi-

nite dimensional distributions of {Z(Sn+t), t ≥ 0} given {Z(u), 0 ≤ u ≤ Sn, Yn = i}
are the same as those of {Z(t), t ≥ 0} given Y0 = i, i ∈ Ω′ ⊂ Ω.

Note that the above definition implies that in this case {Z(S+
n ), n ≥ 0} or {Z(S−

n ), n ≥
0} is an embedded discrete time Markov chain (DTMC) or just the embedded Markov

chain (EMC) in {Z(t), t ≥ 0}, and also that Sn is a stopping time (regeneration

points) of {Z(t), t ≥ 0}.

Global and Local Kernels

As a special case, the definition implies that

P{Z(Sn + t) = j | Z(u), 0 ≤ u ≤ Sn, Yn = i}

= P{Z(t) = j | Y0 = i}.

We denote the conditional probability in equation (2) by Ki,j(t), i, j ∈ Ω′. The

matrix K(t) = [Ki,j(t)] is called the global kernel of the Markov renewal sequence.

Define the matrix Ei,j(t), i ∈ Ω′, j ∈ Ω, as follows:

Ei,j(t) = P{Z(t) = j, S1 > t | Y0 = i}.

This matrix E(t) = [Ei,j(t)] describes the behavior of the MRGP between two tran-

sition epochs of the EMC, i.e., over the time interval [0, S1). We call the matrix

E(t) the local kernel.

Limiting Distribution

We study the limiting behavior of the MRGP by taking the limit as t approaches

infinity. We require two new variables to be defined, viz., the mean time αi,j the

MRGP spends in state j between two successive regeneration instants, given that it

started in state i after the last regeneration:

αi,j = E[time in j during (0, S1) | Y0 = i] =

∫ ∞

0

Ei,j(t)dt, (3)
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and the steady state probability vector ν = (νk) of the Embedded Markov Chain

(EMC):

ν = νP,
∑
k∈Ω′

νk = 1, (4)

where P = K(∞) is the one-step transition probability matrix of the EMC.

The following theorem describes the limiting behavior of MRGPs. Let {Z(t), t ≥
0} be a MRGP on Ω with Markov renewal sequence {(Yn, Sn), n ≥ 0} with kernel

K(.). Let N(t) denotes the total number of state changes by time t. i.e., N(t) =

sup{n ≥ 0 : Sn ≤ t}. Suppose that

(i) the sample paths of {Z(t), t ≥ 0} are right continuous with left limits,

(ii) the semi-Markov process {YN(t) ∈ Ω′ ⊂ Ω, t ≥ 0} is irreducible, aperiodic, and

positive recurrent

(iii) ν = (νk) is a positive solution to equation (4).

Steady-state Distribution

Then the steady state probability of the MRGP is given by

πj = lim
t→∞

P{Z(t) = j} =

∑
k∈Ω′ νkαk,j∑
k∈Ω′ νkβk

where βk =
∑
l∈Ω

αk,l.

Transient Measures

Now, let us discuss the time dependent behavior of the MRGP. Define V (t) = [Vij(t)]

as the conditional state probabilities of the MRGP given as

Vij(t) = P{Z(t) = j | Q(0) = Y0 = i}; i, j ∈ Ω

where {Yn, n ≥ 0} is the embedded Markov chain of the MRGP {Z(t), t ≥ 0} Also,

V (t) = E(t) +

∫ t

0

dK(s)V (t− s)

= E(t) +K(t) ∗ V (t)
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The solution method is outlined below:

1. Calculate K(t) and E(t).

2. Compute K̃(s) and Ẽ(s) where K̃(s) and Ẽ(s) are the Laplace-Steiltjes trans-

form obtained as

K̃(s) =

∫ ∞

0

e−stdK(t) and Ẽ(s) =

∫ ∞

0

e−stdE(t)

3. Solve the following linear system for Ṽ (s)

[I − K̃(s)]Ṽ (s) = Ẽ(s)

where

Ṽ (s) =

∫ ∞

0

e−stdV (t)

4. Invert Ṽ (s) to obtain V (t)

5. Using p(t)1×Ω = p(0)1×Ω′ V (t)Ω′×Ω, obtain the time dependent state probabil-

ities of the MRGP.
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Lecture 4 Non Markovian Queues

M/G/1 Queueing Model

In this queueing model, the inter-arrival times are exponential, but the service times

are non-exponential (general) distribution. Assume that, the CDF of service time

is F (t) with mean 1
µ
. Let N(t) be number of customers in the system at time t. In

this model, the evolution of system after an arrival of a customer depends not only

on the number of the customers N(t) but also on the remaining service time of the

customer receiving service, if any.

Whereas the evolution of the system after a service completion depends only on

the state of the system. Thus {N(t), t ≥ 0} is not a semi-Markov process. Suppose

that the time origin is taken to be an instant of a departure which left behind ex-

actly j customers. Then, every time a departure occurs leaving behind j customers,

the future of {N(t)} after such time has exactly the same probability law as the

process {N(t), t ≥ 0} had starting at time 0. One can observe that, {N(t), t ≥ 0}
is a Markov regenerative process (MRGP).

Let nth customer depart at time point tn. Let Xn be the number of cus-

tomers in the system just after the departure instant of nth customer leaves. Then

{(Xn, tn), n = 0, 1, . . .} is a Markov renewal process, where tn is the instant when the

nth customer departs and Xn = N(tn +0). Suppose Y (t) = Xn, tn ≤ t < tn+1, n =

1, 2, . . ., then {Y (t), t ≥ 0} will be a semi-Markov process having embedded discrete

time Markov chain (DTMC) {Xn, n = 0, 1, . . .}.

Steady-state Measures

To obtain steady-state probabilities of Y (t), we need to compute the one-step tran-

sition probabilities of the embedded DTMC {Xn, n = 0, 1, . . .}. Since these points

tn are the regeneration points of the process {N(t), t ≥ 0}, the sequence of points

{tn, n = 0, 1, . . .} form a renewal process. Let An be a random variable denoting

the number of customers that arrive during the service time of the nth customer.
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We have

Xn+1 =

{
An+1, Xn = 0

Xn − 1 + An+1, Xn ≥ 1
.

Since service times of all the customers, denoted by B, have the same distribution,

the distribution of An is same for all n.

Denoting, for all n,

ar = Pr(An = r)

=

∫ ∞

0

e−λt(λt)r

r!
dF (t), r = 0, 1, . . . .

Therefore,

Pij = Pr{Xn+1 = j/Xn = i}

=


aj, j ≥ 0, i = 0

aj−i+1, i ≥ 1, j ≥ i− 1

0, i ≥ 1, j < i− 1

.

Denoting by P = [Pij], we have

P = [Pij] =



a0 a1 a2 . . .

a0 a1 a2 . . .

0 a0 a1 . . .

. . . . . .

. . . . . .

. . . . . .


.

Note that Xn is irreducible Markov chain. When ρ = λ
µ
< 1, the chain is positive

recurrent. Hence the Markov chain is ergodic.

The limiting probabilities

vj = lim
n→∞

P
(n)
ij , j = 0, 1, 2, . . .

exist and are independent of the initial state i.

The probability vector v = [v0, v1, . . .] is given as the unique solution of v = vP and∑
j vj = 1. The solution can be obtained by using n generating functions of vj’s
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and aj’s. Define

A(z) =
∞∑
j=0

ajz
j and V (z) =

∞∑
j=0

vjz
j.

Now,

A(z) =
∞∑
j=0

ajz
j

=
∞∑
j=0

zj
(∫ ∞

0

e−λt(λt)j

j!
dF (t)

)
=

∫ ∞

0

e−λteλztf(t)dt

=

∫ ∞

0

e−t(λ−λz)f(t)dt

= f ∗(λ− λz).

Here, f ∗(s) is the Laplace transform of f(t).

Expected arrival is given by

E(Arrival) = A′(1) =
d

dz
A(z)

∣∣∣
z=1

=
d

dz
f ∗(λ− λz)

∣∣∣
z=1

=
df ∗

ds
.
ds

dz

∣∣∣
z=1

=
df ∗

ds

∣∣∣
s=0

.
d(λ− λz)

z

∣∣∣
z=1

= −λ
d

ds

(∫ ∞

0

e−stf(t)dt

) ∣∣∣
s=0

= −λ

(∫ ∞

0

−tf(t)dt

)
=

λ

µ
= ρ.

Now,

vj = v0aj +

j+1∑
i=0

vjaj−i+1, j = 0, 1, 2, . . . .
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Multiplying by zj on both the sides and taking the sum, we get

∞∑
j=0

Vjz
j =

∞∑
j=0

v0ajz
j +

∞∑
j=0

(
j+1∑
i=1

vjaj−i+1

)
zj

V (z) = v0

∞∑
j=0

ajz
j +

∞∑
i=1

(
∞∑

j=i−1

vjaj−i+1z
j

)

= v0A(z) +
1

z
[V (z)− v0]A(z)

V (z)− 1

z
A(z)V (z) = v0A(z)−

1

z
v0A(z)

V (z) =
v0A(z)(z − 1)

z − A(z)
.

Pollaczek-Khinchin (P-K) Formula

We know that V (1) = A(1) = 1,

V (1) = lim
z→1

v0

(
A′(z)(z − 1) + A(z)

1− A′(z)

)
1 =

v0A(1)

1− A′(1)
=

v0
1− A′(1)

provided A′(1) is finite and is less than 1.

Taking ρ = A′(1) we get, v0 = 1− ρ. Hence,

V (z) =
(1− ρ)(z − 1)f ∗(λ((1− z)))

z − f ∗(λ(1− z))
.

This is known as Pollaczek-Khinchin (P-K) formula.

Limiting Distributions

Note that, the quantities of interest are the state probabilities at a different set of

points, namely the arrival epochs. From the point of view of an arriving customer,

the number of customers that he finds in the system, not the number he leaves

behind, is the quantity of interest. Since the arrival follows Poisson process, the

equilibrium distribution of the number of customers found by the arrival and the

equilibrium of the number of customers left behind by a departure in this queueing

model.
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Note that, in the M/G/1 queue, the limiting distributions of the number of cus-

tomers in the system at arrival epochs, at departure epochs, and at arbitrary points

in time are the same only since the arrivals occur as a Poisson process.

P-K Mean Value Formula

Average number of customers in the system in steady-state is given by

Ls =
dV (z)

dz

∣∣∣
z=1

More generally,

Ls = ρ+
λ2(E(B)2)

2(1− ρ)
.

This is known as the P-K mean value formula.

Here, E(B2) is the second order moment about the origin for the service time. This

result holds true for all scheduling disciplines in which the server is busy if the queue

is non-empty. The expected system size Ls can be computed without V (z) also.

Ls = E(Xn+1) = E(Xn)

Ls = Ls − E(U(Xn)) + E(Arrival)

where

U(Xn) =

{
1, Xn > 0

0, Xn = 0

E(U(Xn)) = E(Arrival)

=

∫ ∞

0

E(Arrival|s = t)dB(t)

=

∫ ∞

0

λtb(t)dt

= λE(B) =
λ

µ
= ρ.
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Now,

Xn+1 = Xn − U(Xn) + An

X2
n+1 = X2

n + U2(Xn) + A2
n

−2XnV (Xn)− 2AU(Xn) + 2AnXn

where U2(Xn) = U(Xn) and XnU(Xn) = Xn.

Now, taking expectations on both the sides, we get

E(X2
n+1) = E(X2

n) + E(U2(Xn)) + E(A2
n)

−2E(XnV (Xn))− 2E(AnU(Xn)) + 2E(AnXn).

P-K Mean Formula

Using E(X2
n+1) = E(X2

n) and V ar(Arrival) = ρ+ λ2σ2
B where σ2

B is the variance of

the service time distribution, we get

Ls = ρ+
λ2σ2

B + ρ2

2(1− ρ)

which is the P-K mean formula.

Using this, other measures such as Lq, Ts and Tq can be obtained as follows

Lq = Ls − λE(B); E(B) =
1

µ

Ts =
Ls

λ
; Tq =

Lq

λ
.
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Lecture 5 Non Markovian Queues (contd.)

Special Case

For the case where the service time is constant, V ar(B) = 0, then the P-K formula

for M/D/1 queue reduces to

Ls = ρ+
ρ2

2(1− ρ)

where ρ = λ/µ and 1/µ is the constant service time.

Alternatively, the steady state probabilities can be obtained in the following

way. When the embedded DTMC is irreducible and ergodic, the limiting probability

vj = limn→∞ P
(n)
ij , j = 0, 1, 2, . . . are given as unique solutions of

vj = ajv0 +

j+1∑
i=1

aj−i+1vi , j = 0, 1, 2, . . . . (1)

Suppose the mean sojourn time in state j, 1
µj

(finite) and {Xn, n = 0, 1, . . .} is

irreducible and ergodic, then

Pj =

1
µj
vj∑

k
1
µk
vk

, j = 0, 1, 2, . . .

where vj are obtained by solving (1).

Special Case

Here also, as a special case, when the service time follows exponential distribution

with mean 1
µ

can be discussed. Assume that λ < µ. The one step transition

probability matrix P becomes

P =


1 0 . . . . .
µ

λ+µ
0 λ

λ+µ
. . . .

0 µ
λ+µ

0 λ
λ+µ

...
...

...
...

...

 .
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Then the solution of V = V P is

vj =

(
λ+ µ

λ

)(
λ

µ

)j

v0, j = 1, 2, . . . .

Hence, for the M/M/1 queueing system, the limiting probabilities are given by

πj =

(
λ+µ
λ

) (
λ
µ

)j (
1
µ

)
1 +

∑∞
k=1

(
1
µ

) (
λ+µ
λ

) (
λ
µ

)k , j = 0, 1, . . .

=

(
1− λ

µ

)(
λ

µ

)j

, j = 0, 1, . . . .

The expected number of customers in the system is given by the Pollazek-Khintchine

formula.

The formula states that mean queueing delay is given by:

Tq =
ρ(1 + µ2σ2

B)

2µ(1− ρ)
.

Hence, the average time spent in the system is:

Ts = Tq +
1

µ
=

1 + µ2σ2
B

2(µ− λ)
+

1

µ
.

By Little’s formula, we know: Ls = λTs. Hence,

Ls = ρ+
ρ2 + λ2σ2

B

2(1− ρ)

where 1/µ is the mean and σ2
B is the variance of the service time distribution and

ρ = λ
µ
.

Special Case

When service time is exponentially distributed with mean 1
µ
, then

Ls = ρ+
2ρ2

2(1− ρ)
=

ρ

1− ρ
.
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In this derivation, we assume FCFS scheduling to simplify the analysis.

However, the above formulae are valid for any scheduling discipline in which the

server is busy if the queue is non-empty, no customer departs the queue before com-

pleting service, and the order of service is not dependent on the knowledge about

service times. Hence, using Little’s formula, the average time spent in the system is

given by λTs = Ls.

EXAMPLE 1. People are entering cricket stadium at New Delhi to watch a cricket

match. There is only one ticket line to purchase tickets. Each ticket purchase takes

an average of 20 seconds. The average arrival rate is 2 persons per minute. Find

the average length of queue and average waiting time in queue assuming M/G//1

queueing with service time follows uniform distribution between 15 and 25 seconds.

Departure rate: µ = 20 seconds/person or 3 persons/minute. Arrival rate: λ = 2

persons/minute. ρ = 2/3. Given B ∼ U(15, 25), E(B) = 1/3 minute.

M/G/c/c System

TheM/G/c/c queueing system, also known as the Erlang loss system since its devel-

opment can be traced primarily to the Danish mathematician, Agner Krarup Erlang

(18781929). Customers arrive according to a Poisson process with rate λ. Service

from one of c parallel servers. The service times are assumed to be independent and

identically distributed with a finite mean 1/µ. Because there is no waiting space in

the system, arriving customers who find all c servers busy are lost. For example,

the lost customers might represent vehicles arriving at a parking garage to find no

vacant parking spaces.

Steady-state Distribution

The offered load per server, often termed the traffic intensity, is given by

ρ =
λ

cµ
=

a

c
.

Let N(t) be the number of occupied servers at time t. Let {N(t), t ≥ 0} be a

stochastic process with state space S = {0, 1, 2, . . . , c}. Define

πj = lim
t→∞

P (N(t) = j), j = 0, 1, 2, . . . .
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The steady-state distribution is given by

πj =
aj/j!∑c
i=0 a

i/i!
, j = 0, 1, 2, . . . , c

This distribution is truncated Poisson distribution with parameter a.

Erlang B Formula

Because Poisson arrivals see time averages (PASTA), the long-run proportion of

arriving customers who see c servers busy is precisely, denotes by Erlang B formula

B(c, a), is given by

B(c, a) =
ac/c!∑c
i=0 a

i/i!

When a and c are large, it can be difficult to compute due to the presence of factorials

and potentially very large powers. Use the following recursive formula

B(k, a) =
aB(k − 1, a)

k + aB(k − 1, a)
, k = 1, 2, . . . , c

where B(0, a) = 1.

The Erlang B formula is a fundamental result for telephone traffic engineering prob-

lems and can be used to select the appropriate number of trunks (servers) needed

to ensure a small proportion of lost calls (customers).

For a fixed, the blocking probability B(c, a) monotonically decreases to zero as c

increases, and for c fixed, B(c, a) monotonically increases to unity as a increases.

When the service times are i.i.d. exponential random variables with mean 1/µ, the

system is an M/M/c/c loss system. In this case,

B(c, a) =
(λ/µ)c/c!∑c
i=0(λ/µ)

i/i!
.

Erlang C Formula

Related to the Erlang B formula is the Erlang C formula (or Erlang delay formula)

for the M/M/c system (or Erlang delay system), which includes an infinite-capacity

queue to accommodate arriving customers who find all c servers busy. For this

model, Pc is interpreted as the long-run proportion of customers who experience a
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delay before their service begins. The model assumes that the customers are willing

to wait as long as needed to receive service.

The Erlang C formula is given by

C(c, a) =

ac

c!(1−ρ)∑c−1
i=0

ai

i!
+ ac

c!(1−ρ)

.

Note that above result does not hold for arbitrary service time distributions, and it

requires that the traffic intensity ρ does not exceed unity.
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Lecture 6 Non Markovian Queues (contd.)

GI/M/1 Queue

Consider the queueing model GI/M/1. Customers arrive at time points 0 =

t0, t1, t2, . . .. Let Zn = tn+1−tn, n = 1, 2, . . . be i.i.d. random variables with distribu-

tion function A(.) with mean 1/λ. Let the service time distribution be exponential

with mean 1/µ. Let Q(t) be the number of customers in the system at time t.

Define Q(tn − 0) = Qn, n = 1, 2, . . .. Thus Qn is the number in the system just

before the nth arrival. Then {(Qn, tn), n = 0, 1, . . .} is a Markov renewal process,

where tn is the instant when the nth customer arrives and Qn = Q(tn − 0). Define

Xn as the number of potential service completions during the inter-arrival period

Zn. Let {bj, j = 0, 1, . . .} be the distribution of Xn. Then,

bj = P (Xn = j) =

∫ ∞

0

e−µt(µt)j

j!
dA(t)

The relationship between Qn and Qn+1 is given by

Qn+1 =

{
Qn + 1−Xn+1, Qn + 1−Xn+1 > 0

0, Qn + 1−Xn+1 ≤ 0

Qn+1 is independent of Xn+1 and Qn+1 does not depend on any random variable

with an earlier index parameter than n. {Qn, n = 0, 1, . . .} is a time homogeneous

discrete time Markov chain.

The transition probability is given by

pij = P (Qn+1 = j | Qn = i)

=

{
P (Xn+1 = i− j + 1), j > 0

P (Xn+1 ≥ i+ 1), j = 0.
.

In matrix form,

P =


∑∞

i=1 bi b0 0 0 . . .∑∞
i=2 bi b1 b0 0 . . .∑∞
i=3 bi b2 b1 b0 . . .

...
...

...
...


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For the DTMC to be irreducible, b0 > 0 and b0 + b1 < 1. We can easily determine

that the DTMC is aperiodic. Let

ϕ(θ) =

∫ ∞

0

e−θtdA(t), Re(θ) > 0.

The probability generating function of {bj} is obtained as

β(z) =
∞∑
j=0

bjz
j = ϕ(µ− µz), | z |≤ 1.

Hence,

E(Z) = β′(1) = −µϕ′(0) =
µ

λ
.

We define the traffic intensity

ρ = (arrival rate)/(service rate).

From above, we get

ρ =
λ

µ
.

It can be shown that the DTMC is positive recurrent when ρ < 1, null recurrent when

ρ = 1, and transient when ρ > 1. When ρ < 1, the DTMC is irreducible, aperiodic

and positive recurrent, then the limiting distribution exists. Let π = [π0, π1, π2, . . .]

be the limiting probabilities defined as πj = limn→∞ P
(n)
ij . We determine the limiting

distribution by solving

πj =
∞∑
i=0

πiPij, j = 0, 1, 2, . . . ;
∞∑
j=0

πj = 1.

We get

πj = (1− ζ)ζj, j = 0, 1, 2, . . .

where ζ is the unique root of the equation z = ϕ(µ− µz) in the interval (0,1). Note

that the queue length distribution found just before an arriving customer is geo-

metric with parameter ζ. The best computational method for the determination of

the limiting distribution seems to be the direct matrix multiplication to get P n for

increasing values of n until the rows can be considered to be reasonably identical. It
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is important to note that the imbedded Markov chain analysis gives the properties

of the number in the system at arrival epochs.

As pointed out the under the discussion of the M/G/1 queue, the limiting distri-

butions of the number of customers in the system at arrival epochs, at departure

epochs, and at arbitrary points in time are the same only when the arrivals occur

as a Poisson process.

Prabhu [1] and Bhat [2] derived the results of limiting distribution at an arbitrary

time t.

Let pj = limt→∞ P (Q(t) = j) where Q(t) is the number at an arbitrary time t. The

limiting distribution {pj, j = 0, 1, 2, . . .} when ρ < 1

p0 = 1− ρ, pj = ρ(1− ζ)ζj−1, j ≥ 1

To determine the distribution of the waiting time of a customer, we need the dis-

tribution of the number of customers in the system at the time of that customer’s

arrival. Replace ρ by ζ in M/M/1 results, since the queue length distribution is

same. Waiting time distribution is given by

Fq(t) = P (Tq ≤ t) = 1− ζe−µ(1−ζ)t.

Mean and variance of waiting time, time spent distribution and its mean and vari-

ance can be obtained.

E(Tq) =
ζ

µ(1− ζ)
; V ar(Tq) =

ζ(2− ζ)

µ2(1− ζ)2
.

Since the arrivals are not Poisson process, the mean value approach does not work.

Here E(T ) = (E(La))1/µ+ 1/µ.

E(T ) =
1

µ(1− ζ)
; V ar(T ) =

1

µ2(1− ζ)2
.

D/M/1 Queue

For D/M/1 queueing model,

ϕ(θ) =

∫ ∞

0

e−θtdA(t) = e−θ.
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In this model, the limiting distribution is given by

πj = (1− ζ)ζj, j = 0, 1, 2, . . .

where ζ is the root of the equation z = e−µ(1−z).

GI/M/c Queue

The imbedded Markov chain analysis of the queue GI/M/1 can be easily extended

to the multiserver queue GI/M/c. Here, the transition probabilities Pij are different.

Consider three cases for the initial value i and the final value j:

i+ 1 ≥ j ≥ c; i+ 1 ≤ c and j ≤ c and i+ 1 > c but j < c.

Case 1:

i+ 1 ≥ j ≥ c

Pij =

∫ ∞

0

e−cµt (cµt)
i+1−j

(i+ 1− j)!
dA(t).

This represents i+1− j service completions during an inter-arrival period, when all

c servers are busy.

Case 2:

i+ 1 ≤ c and j ≤ c

Pij =

(
i+ 1

1 + 1− j

)∫ ∞

0

e−jµt(1− e−µt)i+1−jdA(t).

This represents i+ 1− j out of i+ 1 customers complete service.

Case 3:

i+ 1 > c but j < c

Pij =

∫ ∞

t=0

∫ t

τ=0

e−cµt (cµt)
i−c

(i− c)!
cµ

(
c

c− j

)
e−jµ(t−τ)(1− e−µ(t−τ))c−jdτdA(t).

This represents i + 1 − c customers complete service with rate cµ, and then c − j

out of c customers complete service.
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Refer Gross and Harris [3] for the limiting distribution.

GI/M/1/N Queue

The queueing model GI/M/1/N is similar to GI/M/1, but now the system capacity

is restricted to N . The relation between Qn and Qn+1 is given by

Qn+1 =

{
min(Qn + 1−Xn+1, N) Qn + 1−Xn+1 > 0

0, Qn + 1−Xn+1 ≤ 0
.

The transition probability matrix P is given by,

P =



∑∞
i=1 bi b0 0 . . . 0 0∑∞
i=2 bi b1 b0 . . . 0 0

...
...

...∑∞
i=N bi bN−1 bN−2 . . . b1 b0∑∞
i=N bi bN−1 bN−2 . . . b1 b0


.

Note that the last two rows of the matrix P are identical because the Markov chain

effectively starts off with N customers from either of the states N − 1 and N . Since

the finite state DTMC is irreducible, aperiodic and positive recurrent, then the

limiting distribution exists. Let π = [π0, π1, π2, . . . , πN ] be the limiting probabilities

defined as πj = limn→∞ P
(n)
ij .

We determine the limiting distribution by solving

πj =
N∑
i=0

πiPij, j = 0, 1, 2, . . . ;
N∑
j=0

πj = 1.

GI/G/1 Queue

Consider a single-server queue with arbitrary arrival process and arbitrary service

time distribution, with infinite buffer. Let S be a random variable representing the

service time and let E[S] = 1/µ, i.e., µ denotes the service rate. Let λ be the mean

arrival rate. Assume that λ < µ so that the queue is stable. One can show that, for

a stable GI/G/1 queue, utilization is given by λ/µ.

We are interested in the distribution of the number of customers in the system.

Let pn be the probability that there are n in the system. The probability that the
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system is empty is given by

p0 = 1− λ/µ.

Note that, Little’s formula can be applied to obtain average measures such as mean

system size, mean queue size and mean delay.
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Module 8: Branching Processes

Lecture 1 Galton - Watson Process

H.W. Watson in 1874 presented a solution to the “problem of the extinction of fam-

ilies” which is as follows:

“Let p0, p1, p2, . . . be the respective probabilities that a man has 0, 1, 2, . . . sons

and let each son have the same probability for sons of his own, and so on. What is

the probability that the male line is extinct after r generations, and more generally

what is the probability for any given number of descendants in the male line in any

given generation?”.

Watson gave the solution “every family will die out, even when the population

size, on the average, increase from one generation to the next”. Francis Galton pref-

aced to the solution by Watson, and Galton recognized that a first step in studying

the hypothesis would be to determine the probability that an ordinary family will

disappear using fertility data for the whole population. The mathematical model

of Galton and Watson is known as a Galton - Watson process. In 1938, A. Kol-

mogorov also treated the above problem and determined the asymptotic form of

the probability that the family is still in existence after a large finite number of

generations.

In this lecture, we presents the results on extinction and survival probabilities

expressed in terms of the mean and the generating function of a random variable

whose distribution models the branching process.

DEFINITION 1. The branching process is a system of particles (individuals, cells,

molecules, etc.) which live for a random time and, at some point during lifetime or

at the moment of death, produce a random number of progeny.

DEFINITION 2. Processes allowing production of new individuals during a parent

individuals lifetime are called the general branching processes.

EXAMPLE 3. populations of higher organisms, like vertebrates and plants.

DEFINITION 4. Processes that assume the production of progeny at the terminal

point of the parent entity
′
s lifetime are called the classical branching processes.

EXAMPLE 5. e populations of biological cells, genes or biomolecules.

1
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One of the important notions in the theory of branching processes is that of the

type space. The type space is the set, which can be finite, countably infinite, or a

continuum, of all possible varieties of particles included in the process. Particles of a

given type may produce particles of different types. Restrictions on type transitions,

as well as on the type space, lead to different properties of resulting processes.

Galton-Watson Process

Consider a classical branching process in which progeny are born at the moment

of the parents death. The distribution of particle lifetime τ has much impact on

the behavior and analysis of the process. If τ = 1, then it is called the Galton -

Watson process. If τ is exponentially distributed random variable, then the resulting

process is called a Markov branching process. If τ is an arbitrary non-negative

random variable, the resulting process is called an “age-dependent” or Bellman -

Harris process.

Consider particles that can generate additional particles of the same kind. An

initial set of particles, which we call the 0-th generation, have offspring that are

called the first generation, their offspring are the second generation, and so on.

We denote by Z0, Z1, Z2, . . . as the number of particles in the 0-th, 1-st, 2-nd, . . .

generations respectively.

Furthermore, we make the following assumptions:

If the size of the n-th generation is known, then the probability law governing later

generations does not depend on the sizes of previous generations (i.e., preceding the

n-th). It means {Zn, n = 0, 1, . . .} is a discrete time Markov chain.

We make the additional assumption that the transition probabilities for the

Markov chain do not vary with time. It means {Zn, n = 0, 1, . . .} is a time homoge-

neous DTMC. Note that the number of offsprings born to a particle does not depend

on how many other particles are present. Also, we assume that Z0 = 1.

If Zn = 0 then P (Zn+1 = 0) = 1. The probability distribution of Z1 is given by

P (Z1 = k) = pk, k = 0, 1, . . . ,
∞∑
k=0

pk = 1

where pk is the probability that a particle existing in the n-th generation has k

offsprings in the (n+ 1)-th generation.
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It is assumed that pk is independent of the generation number n. The conditional

distribution of Zn+1 given Zn = k is appropriate to the assumption that different

particles reproduce independently; that is, Zn+1 is distributed as the sum of k in-

dependent random variables, each distributed like Z1. Since {Zn, n = 0, 1, . . .} is a

time homogeneous DTMC, the one-step transition probabilities are given by-

pij = P (Zn+1 = j | Zn = i)

= P (Y1 + Y2 + . . .+ Yi = j), i, j = 1, 2, . . . (1)

where Y1, Y2, . . . , Yi are independent random variables, each distributed like Z1.

EXAMPLE 6. Consider the Galton - Watson process {Zn, n = 0, 1, 2, . . .} with off-

spring distribution {pk}. Assume that p0 = 1/5, p1 = 3/5 and p2 = 1/5. Calculate

P (Z2 = 3 | Z1 = 2), P (Z3 = 2 | Z2 = 3) and P (Z2 = 2).

Solution: P (Z2 = 3 | Z1 = 2)

= P (Y1 + Y2 = 3)

= P (Y1 = 0, Y2 = 3) + P (Y1 = 1, Y2 = 2)

+P (Y1 = 2, Y2 = 1) + P (Y1 = 3, Y2 = 0)

= P (Y1 = 0)P (Y2 = 3) + P (Y1 = 1)P (Y2 = 2)

+P (Y1 = 2)P (Y2 = 1) + P (Y1 = 3)P (Y2 = 0)

= p0p3 + p1p2 + p2p1 + p3p0

= 0 +
3

25
+

3

25
+ 0 =

6

25
.

Similarly,

P (Z3 = 2 | Z2 = 3) =

P (Y1 + Y2 + Y3 = 2)

= p0p0p2 + p0p2p0 + p2p0p0

+p1p1p0 + p1p0p1 + p0p1p1.
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Now,

P (Z2 = 2) = P (Z2 = 2 | Z1 = 0)P (Z1 = 0)

+P (Z2 = 2 | Z1 = 1)P (Z1 = 1)

+P (Z2 = 2 | Z1 = 2)P (Z1 = 2)

= 0 + P (Y1 = 2)P (Z1 = 1)

+P (Y1 + Y2 = 2)P (Z1 = 2)

= p2p1 + (p0p2 + p1p1 + p2p0)p2.

Probability Generating Function

Let {Yi, i = 1, 2, . . .} be i.i.d. random variables each having the same distribution

like Z1. Let H(s) be probability generating function of Yi.

H(s) =
∑
k

P (Yi = k)sk =
∑
k

pks
k, | s |≤ 1

where s is a complex variable. Let Hn(s) be probability generating function of Zn.

Hn(s) =
∑
k

P (Zn = k)sk, | s |≤ 1

where s is a complex variable.

Since Z0 = 1, we have

H0(s) = s

and

H1(s) =
∑
k

P (Z1 = k)sk

=
∑
k

P (Z1 = k | Z0 = 1)sk

=
∑
k

pks
k

= H(s).

THEOREM 7. Hn(s) = Hn−1(H(s)) and Hn(s) = H(Hn−1(s)).
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Proof. For n = 1, 2, . . .,

P (Zn = k) =
∑
i

P (Zn = k | Zn−1 = i)P (Zn−1 = i)

=
∑
i

P (Y1 + Y2 + . . .+ Yi = k)P (Zn−1 = i).

Now,

Hn(s) =
∑
k

P (Zn = k)sk

=
∑
k

[∑
i

P (Zn = k | Zn−1 = i)P (Zn−1 = i)

]
sk

Hn(s) =
∑
i

P (Zn−1 = i)

[∑
k

P (Y1 + Y2 + . . .+ Yi = k)sk

]
.

Since {Yi, i = 1, 2, . . .} are i.i.d. random variables and PGF of Yi is H(s), then the

PGF of Y1 + Y2 + . . .+ Yi is [H(s)]i. Hence,

Hn(s) =
∑
k

P (Zn−1 = i)[H(s)]i = Hn−1(H(s)).

We know that H1(s) = H(s) = H(H0(s)) since H0(s) = s. Suppose for n = j,

Hj(s) = H(Hj−1(s))

then

Hj+1(s) = Hj(H(s))

= H(Hj−1(H(s)))

= H(Hj(s)).

By induction, it is proved.
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THEOREM 8. Let µ = E(Z1) and σ2 = V ar(Z1). Then

E(Zn) = µn

and

V ar(Zn) =

{
µn−1(µn−1)σ2

µ−1
, µ ̸= 1

nσ2 µ = 1
.

Proof. By Theorem 7, we have Hn(s) = Hn−1(H(s)). Then differentiating and

putting s = 1, H
′
n(1) = H

′
n−1(H(1))H

′
(1) We know that, H(1) = 1, H

′
(1) = µ and

for n = 1, 2, . . .

H
′

n(1) = H
′

n−1(1)µ = . . . = µn.

Hence E(Zn) = µn.

REMARK 9. 1. If µ = 1, then E(Zn) → 1 and V ar(Zn) → ∞ when n → ∞.

2. If µ < 1, then E(Zn) → 0 and V ar(Zn) → σ2

1−µ
when n → ∞.

3. If µ > 1, then E(Zn) → ∞ and V ar(Zn) → ∞ when n → ∞.
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Lecture 2 Properties of GW Process

Criticality

A very important classification is based on the mean progeny count µ = E(Z1).

E(Zn) = µn.

Therefore, in the expected value sense, the process grows geometrically if µ > 1,

stays constant if µ = 1, and decays geometrically if µ < 1. These three cases are

called supercritical, critical, and subcritical, respectively:

µ > 1, supercritical E[Zn] ↑ ∞

µ = 1, critical E[Zn] = 1

µ < 1, subcritical E[Zn] ↓ 0.

EXAMPLE 1. Consider the Galton - Watson process {Zn, n = 0, 1, 2, . . .} with off-

spring distribution {pk}. Assume that p0 = 1/5, p1 = 3/5 and p2 = 1/5. Then µ =

E(Z1) = 1. Hence, this process is a critical Galton - Watson process. E(Z2
1) =

7
5
,

then σ2 = 2
5
. Hence, for n = 1, 2, . . .

E(Zn) = 1 and V ar(Zn) =
2n

5
.

Probability of Extinction

If Zn = 0 for some value n ≥ 1, then Zm = 0 for all m ≥ n and also

P (Zm = 0 | Zn = 0) = 1, for all m ≥ n.

We say that a branching process is extinguished when P (Zn = 0) = 1, for some

value of n = 1, 2, . . ..

THEOREM 2. If µ ≤ 1, then the probability of extinction is one. If µ > 1, then the

probability of extinction is the positive root less than unity of the equation H(s) = s.

Proof. Let dn be the probability that extinction occurs at or before the n-th gener-
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ation, i.e., dn = P (Zn = 0). We know that, d0 = 0. Now,

dn+1 = P (Zn+1 = 0)

= P (Zn+1 = 0 | Zn = 0)P (Zn = 0)

+P (Zn+1 = 0 | Zn ̸= 0)P (Zn ̸= 0)

= 1× P (Zn = 0)

+P (Zn+1 = 0 | Zn ̸= 0)P (Zn ̸= 0)

≥ P (Zn ̸= 0) = dn.

Hence,

0 = d0 ≤ d1 ≤ · · · ≤ 1

{dn, n = 0, 1, . . .} is an increasing and bound above sequence, then there exists

d = limn→∞ dn, d ∈ [0, 1] and d is the probability of extinction of the process.

dm = P (Zm = 0)

=
∑
j

P (Zm = 0 | Z1 = j)P (Zi = j)

=
∑
j

P (Zm = 0 | Z1 = j)pj.

We have

P (Zm = 0 | Z1 = j) = P (Y1 + Y2 + . . .+ Yj = 0)

= P (Y1 = 0)P (Y2 = 0) · · ·P (Yj = 0)

= [P (Zm−1 = 0)]j

= djm−1.

Hence,

dm =
∑
j

djm−1pj = H(dm−1).

Since dm → d when m → ∞, then the value d satisfies the equation s = H(s).

Note that the solutions to equation s = H(s) represent intersections of the graphs

of y = s and y = H(s).



MODULE 8: BRANCHING PROCESSES 9

REMARK 3.

In the case µ > 1, both extinction and survival are possible with non-zero probability.

Then,

P (Z1 = i | extinct) = P (Z1 = i and extinct)

P (extinct)
=

P (Y = i)di

H(d)
.

Denote the last expression by P (Ŷ = i). Observe that E(Ŷ ) < 1. Hence, the

distribution of Galton-Watson process with Y , conditioned on the extinction is the

same as the distribution of the Galton-Watson process with Ŷ .

In the case 1 < µ < ∞,
Zn

µn
→ X a.s. n → ∞

for some positive random variable X.

EXAMPLE 4. Consider the Galton-Watson process {Zn, n = 0, 1, 2, . . .} with off-

spring distribution {pk}. Assume that p0 = 1/5, p1 = 3/5 and p2 = 1/5. Then

µ = E(Z1) = 1.

H(s) =
∑
k

pks
k =

1

5
+

3

5
s+

1

5
s2.

For instance, we find

P (Z2 = 2) =
H

′′
2 (0)

2!

using

H2(s) = H(H(s)) =
1

5
+

3

5
H(s) +

1

5
[H(s)]2.

Since µ = 1, by Theorem 2, then the probability of extinction is one.

EXAMPLE 5. Suppose Yi’s are Binomial distributions with parameters 3 and p. Now,

E(Y ) = 3p. When 3p > 1, by Theorem 2, the probability of extinction is the smallest

solution of s = H(s). Now,

s = H(s) =⇒ s = (q + ps)3.

That is

p3s3 + 3p2qs2 + (3pq2 − 1)s+ q3 = 0.

We know that, s = 1 is a solution, we rewrite as

(s− 1)(p3s2 + (3p2q + p3)s− q3) = 0.
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Suppose p = 0.5, then s2 + 4s− 1 = 0 gives d = 0.236.
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Lecture 3 Markov Branching Process

Let Z(t) be number of particles at time t. Let

δ1k + akh+ o(h), k = 0, 1, . . .

represent the probability that a single particle will split producing k particles during

a small time interval (t, t+h) of length h. δ1k denotes the Kronecker delta function.

Assume that a1 ≤ 0, ak ≥ 0 for k = 0, 2, 3, . . . and
∑∞

k=0 ak = 0. We further

postulate that individual particles act independent of each other, always governed

by the infinitesimal probabilities. Note that we are also assuming time homogeneity

for the transition probabilities since ak is not a function of the time at which the

conversion or splitting occurs. Each particle lives a random length of time following

an exponential distribution with mean 1/λ = a0 + a2 + a3 + . . .. On completion of

i-th lifetime, it produces a random number D of descendants of like particles. The

probability mass function of D is

P (D = k) =
ak

a0 + a2 + a3 + . . .
, k = 0, 2, 3, . . .

The lifetime and progeny distribution of separate individuals are independent and

identically distributed. Using the independence assumptions, we get

P (Z(t+ h) = n+ k − 1 | Z(t) = n) = nakh+ o(h), k = 0, 2, 3, . . .

and

P (Z(t+ h) = n | Z(t) = n) = 1− na1h+ o(h).

Probability Generating Function

Let

Pij(t) = P (Z(t+ s) = j | Z(s) = i), i, j = 0, 1, . . . , t, s ≥ 0

and let

ϕ(t; s) =
∞∑
j=0

P1j(t)s
j

the probability generating function for P1j(t).
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THEOREM 1. The probability generating function for P1j(t), ϕ(t; s), satisfies:

ϕ(t+ v; s) = ϕ(t;ϕ(v; s)).

This is the continuous time analog of Theorem 7, in the case of discrete time branch-

ing processes.

Proof. Since individual particles act independently, we have the fundamental rela-

tion ∑
j

Pij(t)s
i =

[∑
j

P1j(t)s
j

]i
= [ϕ(t; s)]i .

The formula means that the population Z(t; i) involving in time t from i initial par-

ents is same, in the sense of probability, as the combined sum of i population each

having one initial parents. Also, this formula characterizes and distinguishes branch-

ing processes from other continuous time Markov chains. By the time homogeneity,

the Chapman - Kolmogorov equations take the form

Pij(t+ v) =
∑
k

Pik(t)Pkj(v).

Now

[ϕ(t+ v; s)]i =
∑
j

Pij(t+ v)sj

=
∑
j

∑
k

Pik(t)Pkj(v)s
j

=
∑
k

Pik(t)
∑
j

Pkj(v)s
j

=
∑
k

Pik(t) [ϕ(v; s)]
k

= [ϕ(t;ϕ(v; s))]i .

When i = 1, we obtain the result.

THEOREM 2. Let u(s) =
∑

k aks
k. Then ϕ(t; s) satisfies:

∂ϕ(t; s)

∂t
=

∂ϕ(t; s)

∂s
u(s)
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∂ϕ(t; s)

∂t
= u(ϕ(t; s))

with the initial condition

ϕ(0; s) =
∑
j

P1j(0)s
j = s.

Proof. We have

ϕ(h; s) =
∑
j

P1j(h)s
j

=
∑
j

(δ1j + ajh+ o(h)) sj

= s+ h
∑
j

ajs
j + o(h)

= s+ hu(s) + o(h).

Now

ϕ(t+ h; s) = ϕ(t;ϕ(h; s)) = ϕ(t; s+ hu(s) + o(h)).

By Taylor’s theorem, we expand the right-hand side with respect to the second

variable

ϕ(t+ h; s) = ϕ(t; s) +
∂ϕ(t; s)

∂s
hu(s) + o(h).

Hence
ϕ(t+ h; s)− ϕ(t; s)

h
=

∂ϕ(t; s)

∂s
u(s) +

o(h)

h
.

Taking h → 0+, we get
∂ϕ(t; s)

∂t
=

∂ϕ(t; s)

∂s
u(s).

This is a partial differential equation for the function of two variables ϕ(t; s) with

the initial condition

ϕ(0; s) =
∑
j

P1j(0)s
j = s.

Proof of part 2:

Now consider,

ϕ(v + h; s) = ϕ(v;ϕ(h; s)).
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By Taylor’s theorem, we get

ϕ(v + h; s) = ϕ(v; s) + hu(ϕ(v; s)) + o(h).

Hence
ϕ(v + h; s)− ϕ(v; s)

h
= u(ϕ(v; s)) +

o(h)

h
.

Taking h → 0+, then substituting v = t, we get

∂ϕ(t; s)

∂t
= u(ϕ(t; s)).

This is an ordinary differential equation with initial condition

ϕ(0; s) =
∑
j

P1j(0)s
j = s.

Mean of Z(t)

Consider
∂ϕ(t; s)

∂t
=

∂ϕ(t; s)

∂s
u(s).

By differentiating with respect to s and interchanging the order of differentiation

on the left side, we get

∂2ϕ(t; s)

∂t∂s
= u(s)

∂2ϕ(t; s)

∂s2
+ u

′
(s)

∂ϕ(t; s)

∂s
.

If s = 1, u(1) =
∑

k ak = 0, and then

∂m(t)

∂t
= u

′
(1)m(t)

where

m(t) = E[Z(t)] =
∂ϕ(t; s)

∂s
|s=1 .

But, since Z(0) = 1, then m(0) = 1 and the solution is

m(t) = eu
′
(1)t.
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Probability of Extinction

DEFINITION 3. The extinction probability, q, is defined by

q = lim
t→∞

P10(t).

Now, we assume that a0 > 0, otherwise extinction is impossible. It is enough to

consider the case where the process starts with a single individual at time zero. In

fact, with s = 0

Pi0(t) = [P10(t)]
i .

Now, Pi0(t) is non-decreasing in t,

Pi0(t+ v) = [ϕ(t+ v; 0)]i

= [ϕ(t;ϕ(v; 0))]i

≥ [ϕ(t; 0)]i

= Pi0(t).

Derivation of Probability of Extinction

Let t0 be a fixed positive number. Consider the discrete time process

Z(0), Z(t0), Z(2t0), . . . , Z(nt0), . . .

where Z(t) is the population size at time t.

Assume that, the population size at t = 0 is one. Since Z(t) is assumed to be a

Markov process, the discrete process Yn = Z(nt0) will be a Markov chain which is

also a discrete time branching process. By the hypothesis of homogeneity of the

probability function of Z(t) and

∑
j

Pij(t)s
i =

[∑
j

P1j(t)s
j

]i
= [ϕ(t; s)]i .
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We obtain∑
k

P (Yn+1 = k | Yn = i)sk = E
[
SYn+1 | Yn = i

]
= E

[
SZ((n+1)t0) | Z(nt0) = i

]
= E

[
SZ(t0) | Z(0) = i

]
= [ϕ(t0; s)]

i

=
[
E
[
SZ(t0) | Z(0) = 1

]]i
=

[
E
[
SY1 | Y0 = 1

]]i
.

This shows that {Yn, n = 0, 1, . . .} is a branching process.

The probability generating function of the number of offspring of a single indi-

vidual in this process is ϕ(t0; s). By Theorem 2, we know that the probability of

extinction for the Yn process is the smallest non-negative root of the equation

ϕ(t0; s) = s.

But

P (Yn = 0 for some n) = lim
n→∞

P (Yn = 0)

= lim
n→∞

P (Z(nt0) = 0)

= lim
t→∞

P (Z(t) = 0)

= q.

The extinction probability q of the continuous time branching process Z(t) is

the smallest non-negative root of the equation

ϕ(t0; s) = s

where t0 is any positive number.

Hence, we expect that we should also be able to calculate q from an equation that

does not depend on time.

THEOREM 4. The probability of extinction q is the smallest non-negative root of the
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equation

u(s) = 0

Hence, q = 1 if and only if u
′
(1) ≤ 0.

Proof. Since q satisfies

ϕ(t0; s) = s

for any t0 > 0, we have

ϕ(v + h; s)− ϕ(v; s)

h
= u(ϕ(v; s)) +

o(h)

h
.

If s = q, then
q − q

h
= u(q) +

o(h)

h
.

Hence, for any h > 0,

0 = u(q) +
o(h)

h

Taking h → 0+, we obtain

u(q) = 0.

Since

u
′′
(s) =

∞∑
k=1

akk(k − 1)sk−2 ≥ 0

u(s) is convex in the interval [0, 1]. As u(1) = 0 and u(0) = a0 > 0, u(s) may have

at most one zero in the interval (0, 1). According to whether u
′
(1) ≤ 0 or u

′
(1) > 0

holds, we have the cases q = 1 or q < 1 respectively. Note that E[Z(t0)] = E[Y ]

if and only if u
′
(1) > 0. This means that for the discrete time branching process

Z(nt0), n = 0, 1, 2, . . . (t0 > 0 fixed), extinction occurs with probability less than

one, and therefore the same is true for the process Z(t). Here, the probability of

extinction q is the smallest zero of u(s) in [0, 1]. In a similar manner we conclude

that, if u
′
(1) ≤ 0, q must be equal to one. In either case q is the smallest non-negative

root of u(s) = 0.

Limit Theorem
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If u
′
(1) = 0 and u

′′
(1) < ∞, then

P (Z(t) > 0 | Z(0) = 1) ∼ 2

tu′′(t)
, t → ∞

and

lim
t→∞

P

(
2Z(t)

tu′′(1)
> λ | Z(t) ̸= 0

)
= e−λ, λ > 0.

If u
′
(1) > 0 and u

′′
(1) < ∞, then

Z(t)

etu
′
(1)

has a limit distribution as t → ∞.

Some Other Important Branching Processes

1. Bellman-Harris Processes

Consider a classical branching process in which progeny are born at the mo-

ment of the parents death. Let Z(t) be the number of particles alive at time

t. The distribution of particle lifetime τ is an arbitrary non-negative random

variable, the resulting process is called an “age-dependent” or Bellman - Har-

ris process. Assume that all particles reproduce and die independently of each

other. This model generalizes the birth and death process in two respects:

first, the lifespan of individual particles need not have the exponential distri-

bution, and second, more than one particle can born. The process Z(t) is not

a Markov process and its analysis is usually done by using renewal theory.

2. Bellman-Harris Processes with Disasters

Consider the population model which follows a Bellman - Harris process. At

random times, disasters beset the population and each particle alive at the

time of the disaster survives with probability p. The survival of any particle

is assume to be independent of the survival of any other particle. Measure of

interest is limiting behavior when extinction does not occur.

3. Bellman - Harris Processes with Immigration

Consider a Bellman - Harris process {Z(t), t ≥ 0} where Z(t) denotes the pop-

ulation size at time t. In addition, we allow the sudden appearance into the

system of newly born particles called immigrants. Immigrants are assumed
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to arrive in groups of various sizes with the probability of n immigrants in a

group immigrating at time t given by pn(t), n = 1, 2, . . .. Once these particles

arrive, they reproduce and die according to the Bellman-Harris process. Mea-

sures of interest are the mean, the limiting distribution and the asymptotic

behavior. This branching process is widely used to describe growth and decay

of biological populations.

References

1. G. Sankaranarayanan, “Branching Processes and Its Estimation Theory”, Wi-

ley Eastern Ltd, New Delhi, 1989.

2. K.B. Athreya and P.E. Ney, “Branching Processes”, Dover Publications, New

York, 2004.

3. K.B. Athreya, P.R. Parthasarathy and G Sankaranarayanan, “Supercritical

Age-Dependent Branching Processes with Immigration”, Journal of Applied

Probability, Vol. 11, No. 4, pp. 695 - 702, 1974.

4. P.R. Parthasarathy and A. Krishnamoorthy, “Compounding Bellman - Harris

allowing Immigration”, Mathematical Biosciences, Vol. 37, pp. 105 - 111,

1977.

5. J Medhi, “Stochastic Processes”, 3rd edition, New Age International Publish-

ers, 2009.

6. T.E. Harris, “Theory of Branching Processes”, Dover Publications, New York,

1989.



MODULE 8: BRANCHING PROCESSES 20



Module 9: Stationary Processes

Lecture 1 Stationary Processes

1 Introduction

A stationary process is a stochastic process whose joint probability distribution

does not change when shifted in time or space. For a stationary process, mean and

variance, if they exist, do not change over time or position.

Stationarity is a key concept in time series analysis as it allows powerful tech-

niques for modeling and forecasting to be developed. Time series is a set of data

ordered in time usually recorded at regular time intervals of time. In probability

theory a time series is a collection of random variable {X(t), t ≥ 0} indexed by time.

One of the main features of time series is the interdependency of observation over

time. This interdependency needs to be accounted in the time series data modeling

to improve temporal behavior and forecast of future moment. So stationarity is

used as a tool in time series analysis when raw data is often transformed to become

stationary.

2 Important Definitions

DEFINITION 1. Mean function It is defined as m(t) = E(X(t)), which may or

may not be dependent on t.

DEFINITION 2. Second Order Process A stochastic process is called a second

order process if it’s second order moment is finite for all t i.e., E(X2(t)) < ∞.

DEFINITION 3. Covariance function It is denoted by C(s,t) given by

C(s, t) = cov(X(s), X(t))

= E(X(s)X(t))− E(X(s))E(X(t))

A Stochastic process has to be a second order process for covariance function to exist.

The Covariance function satisfies the following properties:

1. C(s, t) = C(t, s) ∀ t, s ∈ T

1
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2. Using Schwarz inequality

C(s, t) ≤
√

C(s, s)C(t, t)

3. It is non negative definite i.e, for a set of real numbers a1, a2, a3, . . . , an and ti ∈
T∑n

j=1

∑n
k=1 ajakC(tj, tk) = E[

∑
ajX(tj)

2] ≥ 0

4. Sum and product also covariance functions.

DEFINITION 4. Auto-Correlation function It is denoted by R(s, t), given by:

R(s, t) =
E[X(s)X(t)]− E[X(s)]E[X(t)]√

var(X(s))
√
var(X(t))

Now assuming, R(s, t) depends only on |t−s|, E(X(t)) = µ and V ar(X(t)) = σ2

we get,

R(τ) =
(E(X(t))− µ)(E(X(t+ τ)− µ))

σ2

DEFINITION 5. Independent Increments If for every t1 < t2 < . . . < tn

X(t2)−X(t1), X(t3)−X(t2), . . . , X(tn)−X(tn−1) are mutually independent random

variables ∀ n.

DEFINITION 6. Ergodic Property It is the time average of a function along a

realization or sample exist almost everywhere and is related to the space average.

That means whenever the stochastic process is ergodic the time average is same for

all almost initial points i.e., the process evolved for a longer time forgets its initial

state.

3 Strict Sense and Wide Sense Stationary Process

DEFINITION 7. Strict Sense Stationary If for arbitrary t1 < t2 < . . . < tn the

joint distribution of the random vectors {X(t1), X(t2), . . . , X(tn)} and

{X(t1+h), X(t2+h), . . . , X(tn+h)} is same ∀h then the stochastic process {X(t), t ∈
T} is said to be strict sense stationary of order n. If the above definition holds for

every integer n then the process is called a strict sense stationary Process.
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DEFINITION 8. Wide Sense Stationary Process A Stochastic process is said

to be wide sense stationary or weakly stationary or covariance stationary if the

following properties hold-

• m(t) = E[X(t)] is independent of t.

• E[X2(t)] < ∞.

• c(s, t) is a function of the time difference |t− s| only i.e.,

c(s, t) = f(t− s) ∀ t, s.

Also neither a strict sense stationary process imply the wide sense stationary nor

wide sense stationary imply the strict sense stationary process.

4 Examples of Stationary Process

EXAMPLE 9. Let Xi be iid B(1, p) random variables. Then for the stochastic process

{Xi, i = 1, 2, . . .} the following can be seen m(i) = E[Xi] = p

E[X2
i ] = p

c(i, j) = E[XiXj]− E[Xi]E[Xj]

=

{
0, i ̸= j

p(1− p), i = j.

Since all three properties of wide sense stationary process are satisfied and hence

the above process is a wide sense stationary process.

Now we consider the joint distribution of the vectors {Xi1 , Xi2 , . . . , Xin} and

{Xi1+h, Xi2+h, . . . , Xin+h}.

Since the random variables Xi are iid random variables, therefore the joint dis-

tribution of the two vectors will be the product of the distribution of the random

variables and hence the joint distribution for the 2 random vectors will be the same.

Hence the process {Xi, i = 1, 2, . . .} is strict sense stationary process. So in this case

the process {Xi, i = 1, 2, . . .} is strict sense as well as wide sense stationary process.

EXAMPLE 10. Let {X(t), t ∈ T} be a strict sense stationary process with finite

second order moment and let Y (t) = a+bt+X(t), so now we check whether {Y (t), t ∈
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T} is a wide sense and strict sense stationary process.

The function m(t) = E[Y (t)] will be a function of t an hence {Y (t), t ∈ T} is not a

wide sense stationary process.Similarly it can be verified that the process {Y (t), t ∈
T} is not a strict sense stationary process.

EXAMPLE 11. Let {Xn, n = 1, 2, . . .} be uncorrelated random variables with

E[Xn] = k, where k is a constant and

E[XmXn] =

{
σ2 if m = n

0 if m ̸= n

It can be verified that all the three conditions of wide sense stationary will be

satisfied and hence it’s a wide sense stationary process. This process is also called

the white noise process.

If for a stochastic process {X(t), t ∈ T} we assume it to have the ergodic property

and be a wide sense stationary process then the mean of this process can be estimated

from the time average i.e., µ̂T = 1
T

∫ T

−T
X(t) dt

EXAMPLE 12. Consider the process {X(t), t ≥ 0} , X(t) is defined as:

X(t) = A cos(θt) +B sin(θt),

where, A and B are known to be uncorrelated random variables with mean and

variance as 0 and σ2 respectively and θ is a constant.

This, X(t) is a random variable for fixed t

Now we check whether the given process is a wide sense stationary process:

For a fixed t, as mean of A and B is 0, E(X(t)) = 0.

C(s, t) = E(X(t)X(s))− E(X(t))E(X(s)) = σ2 cos(θ(t− s)),

which is a function of (t− s).

E(X2(t)) = σ2.

From the above three conditions it can be concluded that the given process is wide

sense stationary.

EXAMPLE 13. This comes under time series forecasting.
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Suppose we are given time series data X0, X1, . . . , Xn.

Aim is to forecast for Xn+1 with the given n+1 data. By some function f we can

predict Xn+1 such that the mean square error is minimum. It turns out that the

function f is:

E[Xn+1/X0 = x0, X1 = x1, . . . , Xn = xn].

If we assume that X ′
is are normally distributed then the above conditional expectation

will be a linear function of the data of X0, X1, ..., Xn.

In general the above conditional expectation can be estimated using the estimator:

X̂n+1 = a0x0 + a1x1 + . . .+ an ∗ xn

where a0, a1, . . . , an are parameters which are to be estimated. Now we can assume

that the given time series satisfies the wide sense stationary and hence the param-

eters are invariant with time and therefore they can be estimated from the data itself.

EXAMPLE 14. In this example we consider the Gaussian process, {W (t), t ≥ 0}
which is a stochastic process wherein every random variable is normally distributed,

i.e., W (t) ∼ normal distributed or we say that the joint distribution

{W (t1),W (t2), . . . ,W (tn)} ∼ multivariate normal distribution.

The distribution of the above random vector can be completely determined by the

mean vector

E[W (t1),W (t2), . . . ,W (tn)],

and the covariance matrix, [Cij], where Cij = cov(Xi, Xj), i = 1, 2, 3, . . . , n, j =

1, 2, 3, . . . , n

Now we determine whether the above process is the covariance or wide sense

stationary.

If {W (t), t ≥ 0} satisfies the following 3 properties, i.e.,

1. E[W (t)] is independent of t.

2. E[W 2(t)] < ∞.

3. cov(Wti ,Wtj) is a function of |ti − tj|.
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then the given stochastic process will be wide sense stationary process.

Also then we can conclude that it will be a strict sense stationary process because

it depends only on the joint distribution and mean vector and the covariance matrix.
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Lecture 2 Autoregressive Processes

1 Moving Average Process

Pure Random process

Pure Random Process or White Noise Process: is a random process {Xt, t ≥ 0}
which has:

E[Xt] = m(constant), i.e., the mean is independent of t.

E[XtXt+k] =

{
σ2 if k = 0

0 if k ̸= 0

It can be verified that the above process is a covariance stationary process.

Moving Average Process

A Moving Average Process {X(t), t ≥ 0} is a stochastic process satisfying certain

properties. It is represented as:

Xt = a0et + a1et−1 + . . .+ ahet−h

where, a′is are real constants and ek is a pure random process with mean 0 and

variance σ2.

This collection {X(t), t ≥ 0} is known as a moving average process.

When the constant ah ̸= 0 then the above process is called a moving average(”MA”

in short) of order h.

Now let Ck = E[XtXt+k] be the correlation coefficient, then

Ck =

{
(a0ak + a1ak+1 + . . .+ ah−kah)σ

2 if k ≤ h

0 if k > h
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Now we define the covariance coefficient ρk,

ρk =
Ck

C0

=

{
a0ak+a1ak+1+...+ah−kah

a02+a12+...+ah2 , k ≤ h

0, k > h.

It can be verified that the moving average process is a covariance stationary or

wide sense stationary process.

First Order Markov Process

One very important Moving Average Process is the first order Markov process which

is defined as:

Xt + atXt−1 = et, |at| < 1

where, {et, t ∈ T} is a pure random process with mean 0 and variance 1.

Now Xt can be written as

Xt = Σ∞
k=0ρket−k

where, ρk = a|k| for all k.

Thus the Markov process of first order can be related to a Moving Average Process

of infinite order.

2 Autoregressive Process

Autoregressive process(AR)

A stochastic process {Xt, t ∈ T} of the form:

Xt + b1Xt−1 + b2Xt−2 + . . .+ bhXt−h = et

where, et is a pure random process with mean 0 and b′is are real constants with

bh ̸= 0, then the corresponding stochastic process is an AR process of order h.

AR process of infinite order: When Xt =
∑∞

r=0 bret−r, then the process {Xt, t ∈
T} is an AR process of infinite order.

Now we consider a special case of Autoregressive processes i.e. an Autoregressive
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process of order 2.

An Autoregressive process of order 2 will be of the form:

Xt + b1Xt−1 + b2Xt−2 = et

This process is known as the Yule Process.

Autoregressive Moving Average Process

A stochastic process is called an Autoregressive Moving Average Process(ARMA)

if it is of the form: ∑p
r=0 brXt−s =

∑q
s=0 aset−s

where, {et, t ∈ T} is a pure random process with mean 0 and b′is are real constants

with b0 = 1.

The above process is called an ARMA process of order(p, q).

If p and q are ∞ then it will be called ARMA process of order infinity.

Power Spectrum

The autoregressive and moving average process are useful in the study of power

spectrum. For a wide sense stationary process we define:

Covariance function : Ck = E[]XtXt+k − E[Xt]E[Xt+k]

Correlation function:

ρk =
Ck√

V ar(Xt)
√
V ar(Xt+k)

=

∫ π

−π

eikwdF1(w)

where, F1(w) is cdf called integrated spectrum and whenever it’s absolutely contin-

uous then the derivative can be written in terms of the density function.

Inverse Representation of ρk:

f1(w) =
1
2π

∑∞
k=−∞ ρke

−ikw

i.e., knowing the correlation coefficient we can determine the density function.
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Representation of Ck:

Ck =
∫∞
−∞ eikwdF(w)

where, dF (w) = C0dF1(w) and whenever F (w) is an absolutely continuous function

then the inverse representation of Ck can be given:

f(w) = 1
2π

∑∞
k=−∞ Cke

−ikw.

Hence, f(w) is called the spectral density function and f1(w) is called the normal-

ized spectral density function.

The advantage of studying power spectrum is that when we have a stochastic pro-

cess {X(t), t ∈ T} having the wide sense stationary property in time domain, the

entities Ck, ρk can be found but these are not simple to evaluate.

On the other hand, in frequency domain, for the same stochastic process {X(t), t ∈
T} we have the spectral density and the normalized spectral density function and

using the inverse relations we can find Ck and ρk. This is called the spectrum study.

EXAMPLE 1. Consider the white noise process, {X(t), t ∈ T}. Assume E[Xt]=0

and

E[XrXs] =

{
σ2 if r = s

0 if r ̸= s

Now we try to find few entities in time domain:

Ck=0, for k ̸= 0

C0 = σ2 ρk=0, for k ̸= 0

ρ0 =
C0

σ2 = 1

Now we study the same in frequency domain:

Spectral density: f(w) = 1
2π

∑∞
k=−∞ Cke

−ikw = σ2

2π
, for − π ≤ w ≤ π

F (w) =

∫
f(w)dw =

{
σ2w
2π

, − π ≥ w ≤ π

0 , otherwise

We can also evaluate the derivative:

dF (w) =
σ2

2π
dw
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Now we show that using the inverse relation we can find Ck given f(w).

Ck =

∫ ∞

−∞
eikwdF (w) =

{
σ2 if k = 0

0 if k ̸= 0
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