MODULE 8. CONTINUED FRACTIONS LECTURE 7

8.7 Lecture 7

Preamble: We will show that the best approximation to a quadratic irrational by a
rational sequence is given by the convergents of the infinite continued fraction of the

irrational.

Keywords: best approximation to a quadratic irrational

8.7.1 Best Rational Approximation to an Irrational

THEOREM 8.25. Let x be an irrational number, and g—z be a convergent of its continued
fraction. Then g—: is the closest rational number to x amongst all rational numbers ¢

with denominators b < B, i.e.,
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We will first prove the following lemma:

LEMMA 8.26. Let %ﬁ denotes the i-th convergent of an irrational number x. Then for

any a, b € Z satisfying 1 < b < Bp+1, we have
| Bpx — Ap | < |bzx—al.

2211 , so that B,z — A, and B, 12— A,+1 have

Proof: Note that z lies between % and

opposite signs. If we can express

b= Bna + Bn—i—lﬁ

(8.7)
a= Ao+ An+1/Bu

where o # 0 and (3 are integers of opposite signs (except when 8 = 0), then we can write

|bx —a| = |a(Bpr—Ay)+ B(Bpy1z — Apta) |

| (Bnz — An) | + | B(Bns1z — Apta) |

= lal [(Buzr = An) [+ 8] [ (Bay1z — Anta) |
la| [ (Baz — An) |

| (Bhx — Ay) | .
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The coefficients in (8.7) satisfy A,+1B, — AnBn+1 = (—1)", hence we can solve the

system and obtain,
a = (=1)"(Apt1b = Bnyia), B =(=1)"(Anb— Bna).

If « =0, then b = B,,415, hence § > 0 and b > B, 11, which is a contradiction. Now,
£ = 0 implies b = B,a, and a = A,«a, and the inequality in the lemma follows easily.
Suppose 5 > 0. Then B,a+ Byp+18 = b < By41 implies B < 0 hence ae < 0. If § < 0,
then Ba + Byp4+18 = b > 1 implies B, > 0, i.e., o > 0. Thus, either 8 =0 or a and

have opposite signs, and the inequality in the lemma follows. O

Proof of the theorem: Consider a rational number § where 1 < b < B, (< Bpy1) and a

is any integer. By the previous lemma, we have

| Bpx — A, | < |bzr—al

Ap a
= | Bn| |z—5| < |b||w—g|

b a
An
— |z < Ig, Ie=3l
s Ap a
’x_Bn < |£L’—E|,
b
aSEgl. OJ

8.7.2 A Sufficiently Close Rational is a Convergent

Let x be an irrational number, and let ¢ be a rational number. If 7 is sufficiently close

to x, we can show that § has to be a convergent of the continued fraction of z.

PROPOSITION 8.27. Let § be a rational number with 1 <b, ged(a,b) =1 and

Then, ¢ is a convergent of the continued fraction of x.

Proof: As the denominator B; of convergents % forms an increasing sequence of integers,
1

we have B, < b < By for some n. Suppose, § # g—z, ie, | aB, —bA, |> 1. As
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b < Bp41, by the preceding lemma we have

1 1
‘an_An‘ < !bx—a]< bﬁ = %
1
A
> — n <
|z -5 = wB,
— ‘g_x,+|x_@| < L+L
b B 202 ' 2bB,
a A 1 1
_— a __ An < _ _n _
15— ) s lg-eltle—g-l < g+ gg
laBn—bAy| 1 1
e - - -
[bBn] < w2 B,
1 aB,, — bA, 1 1
bBn | bB, | 2 T 20B,,
- b < By,
which is a contradiction. O

179



