Module 3

Modeling and state-space formulation

of nonlinear systems

Objectives: To be able to model simple mechanical and electrical systems, write their

state-space formulation and find the equilibrium set.

Lesson objectives

This module helps the reader in

— developing mathematical models of physical systems with emphasis on simple me-

chanical systems

— writing down the state-space representation that is amenable for further analysis.

In this module, models of pendulum-like systems will be derived using the total energy
of the system. Examples include the pendulum on a cart, rotary pendulum, spherical
pendulum and the inertia wheel pendulum. These systems have been studies extensively

and continue to generate interest among Physicists, Mathematicians and control theorists.

Suggested reading

e A mathematical introduction to robotic manipulation by Richard M. Murray, Zex-

iang Li and S. Shankar Sastry
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Lecture-10

Of all the motions that may bring a system of material particles from a certain
initial position to a given final position (the total energy remaining constant),
the actual motion is that for which the action is a minimum. The virtual
motions must, therefore, satisfy the principle of energy. They may, on the
other hand, take any arbitrary time. According to this conception, the path
of a particle is that along which it will reach its final position in the shortest
time, if it move with constant velocity, and if frictional forces be absent. Thus,
the path is the line of shortest length, that is, for a free particle a straight
line. —J. L. Lagrange (1760).

Euler-Lagrange formulation of mechanical systems

In this module we present the equations of motion of well-known benchmark problems in
control systems.

The mechanical systems that we study here consist of rigid /flexible linkages which are
interconnected in some way. They are given the structure of a set whose points are in
one-to-one correspondence with the set of configurations of the system. We denote the
configuration set, also called as configuration space by (). The number of configuration

variables depends upon the degrees-of-freedom of the system, defined as follows.

Definition 10.0.33 The degree-of-freedom of a mechanical system is the number of in-

dependent coordinates required to describe the pose or the configuration of the system.

In many mechanical systems, the space () is non-Euclidean , for example, the config-

uration space of a simple pendulum is the Unit circle, that is Q = S').
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Definition 10.0.34 For a system of m particles with k constraints of the form g;(r1,...,1m),

j=1,...,m and gjs are smooth, we find a set of n = 3m — k variables (qi, ..., q,) and
smooth functions fi,..., fm such that r; = fi(q,...,¢) <= gi(r1,....1) = 0,i =
1,...,m,j=1,...,k. The q¢is are called as generalized coordinates for the system.

The number of generalized coordinates is equal to the number of degrees-of-freedom of
the system. When the external forces acting on the system are expressed in terms of
components along the generalized coordinates, they are termed generalized forces.

There are many methods of modeling mechanical systems viz. using Newton’s laws,
Euler-Lagrange and Hamiltonian based equations of motion. Nevertheless, all are equiv-
alent and hence yield the same dynamics. We focus on the Euler-Lagrange equations for
which we first define the Lagrangian as £(q,q) = T'(q,q) — V(q), where T'(¢, ¢) is the total
stored kinetic energy associated with the masses and moments of inertia and the total

potential energy V' (q) associated with gravitational and stiffness elements.

Theorem 10.0.35 The equations of motion for a mechanical system with generalized
coordinates and velocities (q,q) € IR™ x IR™ and Lagrangian L(q,q) are given by

i@ﬁ B oL
dtdq;  Og;

=F,i=1...,n

where F is the external force acting on the i*" generalized coordinate.

State-space formulation and equilibrium points

An n'"-order nonlinear system with m control inputs uy, us, . . ., U, can be rewritten as n
first-order ODEs as

Po= )+ e o
l’(to) = Xy
where, © = (z1,x9,...,1,) are termed the states of the system, f(z) € IR" is termed

the drift vector field and g;(x) € IR"™ are the control vector fields. The vector fields f, g;
are said to be smooth if its components are smooth functions. The underlying space on
which the states evolve is termed the state-space of the system. If the system has no
control inputs (u; = 0,7 =1,...,m), then it is said to be unforced. An important notion
associated with unforced system is the equilibrium point denoted by z.. If o = x., then
the solution xz(t) of (10.1) satisfies x(t) = z. for all ¢ > ¢,. For autonomous systems

(where the vector fields f does not depend explicitly on time t) the equilibrium set &
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of (10.1) is given by € = {z € IR" : f(x) = 0}. If £ has a singleton (single point), then
the system (10.1) is said to possess an unique equilibrium point. The notion of isolated

equilibrium is brought out through the following definition.

Definition 10.0.36 An equilibrium point . € IR" of (10.1) is said to be isolated if there

exists an € > 0 such that B(x.,€) contains no equilibrium points other than x..

If the set &€ consist of multiple points and further if each equilibrium point has no other
equilibrium in its vicinity, then the system is said to possess multiple isolated equilibrium
points. If the multiple equilibrium points are not isolated, then the system is said to have
a continuum of equilibrium points. A test to check for isolated equilibrium point is stated

as follows.

Proposition 10.0.37 If % oy, s mon-singular, then the equilibrium point z. of (10.1)

1s an isolated equilibrium point.

We next present nonlinear models of physical systems along with their state-space

formulation and equilibrium sets.
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Lecture-11

The pendulum on a cart system is well-know example in the study of nonlinear control.
Various control strategies have been devised to swing-up the pendulum and stabilize it at

the upward vertical position (analogous to balancing a stick on your palm).

Pendulum on a cart

We consider a pendulum pivoted on a cart as depicted in figure 11.1. The system consists
of a pendulum of length [ and of point mass m pivoted on a cart of mass M and making
an angle of ¢ with the vertical. The cart is actuated with a force F' and its displacement
is denoted by x. The reference for the potential energy is the horizontal line passing
through the origin of the inertial frame. Here, the configuration space is Q = IR x S! and
is parameterized by (z, ). Note that, in topology, the space IR x S! is a cylinder. The

y

Figure 11.1: Pendulum on a cart system

Lagrangian of the system, is given by

M
£="32 4 IyT

5 5V v mgl cos(¢)

31



NPTEL-Electrical Engineering - Nonlinear Control System

where,
p x + [sin(¢)
vo= o lcos(¢)
0
i+ 1 ¢ cos(¢)
= | —lésin(g)
0
By collecting the inertial parameters in the following constants a; 2 (M 4+ m), as 2

mi?, as = ml, ay = mgl and defining the control input as v = F, the Euler-Lagrange

equations are given by

[ ay agcosgb][f.ﬁ.]_i_[O —agésinqﬁ][a%’]_i_[ 0 ]:[1]%(11'1)
as cos ¢ as ¢ 0 0 10} —ay sin ¢ 0
—_————  ——

M C h G

In robotics, the matrix M in (11.1) is termed the inertia-matrix, the matrix C' acting
on the vector of generalized velocities [ é]T, in general, consists of the Coriolis and
centripetal forces, the vector h represents the gradient of the potential energy and G is
the vector of input forces/torques. It is a well-known fact that for rigid-body systems,

the following structural properties hold.

e M =MT" and M > 0.

o M —2C is skew-symmetric.

These properties are useful in stability analysis of robotic systems.
With the states defined as # = [z1 25 23 24]7 = [z ¢ & ¢|T and u = F, the

state-space model is given by

T = f(z)+g(x)u (11.2)
where,
T3 0
Ty 0
fl@)=| - , , g(x) = o ,
% (aga373 sin vy — azag sin x5 cos x) N
% (—asz? sin w5 cos Ty + a4 Sin o) 2 oS Ty

where A = ajay — a3 cos o > 0. The equilibrium set is given by € = {z : (71, T, T3, 74) =
(%,0,0,0)} U{x : (z1, 29, 23,24) = (%,7,0,0)}. Here * indicates that the cart position is

arbitrary.
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Points to ponder

e Verify the structural properties of the system?

e [s it possible to compute the equilibrium points of a rigid-body system by examining

its potential function? Hint: Look at the gradient of the potential function.
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Lecture-12

12.1 Furuta pendulum

We consider the Furuta pendulum, which is an inverted pendulum on a rotary arm as
depicted in Figure 12.1, where [ is the length of the pendulum, R is the radius of the arm,
¢2 is the angle made by the pendulum from the vertical, ¢; is the angle of the mass M
from a fixed vertical plane, m is the point mass of the pendulum, g is the acceleration due

to gravity and u is the torque applied at the shaft joined to the arm. The total kinetic

Figure 12.1: Furuta pendulum

energy is given by

KFE = K.Em«m + K-Ependulum

M _, . m
= 7R2qf + E’UTU
where, v (see figure 12.2) is given by
—Rgy sing 0 —q1 —28inq (Isingo) sinqy
vo= Rgycosqr | + ¢ 0 42 COS q1 —(Isin ga) cos 1
0 (o8inq;  —qo COS qq 0 [ cos g9
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Pendulum

Arm

R
3
X

Figure 12.2: Top view of the setup

Collecting the inertial parameters in the constants a;,7 = 1,...,4 defined by
a; = (M +m)R? ag = mi?
a3 = mRl ay = mgl.

the Lagrangian is given by

a2

-2
— Q4 COS (5.
B ds 4 q2

1 . . .
L= §(a1 + ag sin %)} + azdid cos qo +
The Euler-Lagrange equations are given by

ay + agsin ga®  ag cos gy ] [ G ] N [ 20512 SIN G COS o — A3G3 Sin ¢o ] B [ u ]

a3 COS (o Qs G —agq’% SiN o COS (g — Q4 SIN G 0

Inertia Wheel Pendulum

The inertia wheel pendulum consists of an unactuated pendulum to which an inertia
wheel is attached at the free end (see Figure 12.3). The pendulum angle is 6; and the
inertia wheel angle is 05 (both angles are measured clockwise). With the states defined

as T = |11y w3 24] " = [01 O3 0, 92]T and u = 7, the state-space model is given by

&= f(x)+ g(z)u (12.1)
where,
I3 0
Ty 0
f(x) = , , g9(x) = :
C1C3 81 I —C3
—c1c38in %
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Inertia
wheel

Figure 12.3: Schematic of the inertia wheel pendulum system

where, ¢; £ (myle+ (Mg +my))g, co = I+ Ly+ (Mg +ma)l?, c3 = ﬁ, m,, is mass
of the pendulum, [. is center of mass of the pendulum, [ is length of the pendulum, m, is
mass of the actuator, m,, is mass of the inertia wheel, I; is inertia of the pendulum about
its end and I, is inertia of the inertia wheel about the wheel center. The equilibrium set

is given by € = {x : (21, 29, 23, 24) = (2nm,2mn,0,0)}, (n,m) € Z.

Points to ponder

e Write the configuration space on which the Furuta pendulum evolves. How is it

different from the configuration space of the pendulum on a cart system?
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Lecture-13

Ball on a beam system

Figure 13.1: Ball and beam system

The system (see figure 13.1) consists of a ball that is free to move on a horizontal
beam. The beam angle can be varied to control the position of the ball. Let o be the
angle subtended by the beam with the horizontal and x denote the position of the ball
measured with respect to the center of the beam. The connecting rod connects the gear
to the right end of the beam (which is a rotary joint). Let 6 be the angular distance
covered by the gear, measured with respect to the horizontal. The ball is assumed to roll
on the beam without slipping. It should also be noted that the approximation R = Lo

holds for small angles.
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Equations of Motion

The parameters of the system are depicted in table 13.1. The system has two degrees-

Parameter Symbol
Length of the beam L
Radius of the ball T
Mass of the ball M,
Moment of inertia of the ball Jp
Mass of the rod M,
Connecting rod displacement or radius of gear R

Moment of inertia of the rod (about its pivot point) J,

Moment of inertia of the gear or flywheel J fw
Motor shaft torque T

Motor torque constant K

Motor back-emf constant K,,

Load torque Uy

Motor input voltage n

Motor current I,

Gear ratio K,

Gear efficiency Mg

Motor armature resistance R,,

Motor moment of inertia Im
Viscous damping coefficient on the load side B,
Motor efficiency Nim

Table 13.1: System parameters

of-freedom and is parameterized by the configuration variables (z,«). The Lagrangian

L(x,a,t,d&), defined as the difference between the kinetic and potential energy is given
by
L = L5624+ IMyi? + Lhw + 1My (5 4 2)2 62 + 175,02
—M, g% sin (o) — Myg (£ + ) sin ().
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The corresponding Euler-Lagrange equations of motion are given by

ar1dv + ag (£ +:E)2d+2a2 (£ + z) ad + az cos (a)

13.1
+as9 (£ + ) cos (a) = uy — % a (13.1)
and
7 L
gji - (5 + :l?) &? + gsin (o) = 0 (13.2)
where, the constants % + Jf}“gL =a, ML”R = a9, MTQRg = a3. The torque provided by the
motor is represented by u;.
Motor dynamics
Ry,
o B VAVAY
T I, T O
Vin Gear

| sl |
e

0

Figure 13.2: Motor circuit

The dynamics of the motor used to actuate the gear mechanism will be brought into
the framework described by (13.1) and (13.2). This will enable one to apply a voltage
to the motor as input rather than attempting to force the motor to provide the required

torque uy. The dynamics of the motor is given by

Tubn = T =
el (133
O = Kgé’.m
From (13.3) and by re-arranging terms, the following is obtained
wy = 1V, — Calv — c30v (13.4)
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KgnmK KiKmKg2L
where, ¢ = =gm=l o) = Bmton=s = and ¢z =
m m

in (13.1) to yield

%ﬂz%. Equation (13.4) is substituted

2
B} L . L .
a1 + as §+:)§ a + 2as §+x &t + az cos (@)

L Be L .
+asg {5 + :E} cos () = 1Vi, — cole — c3G0 — { ]% } a. (13.5)

State-space formulation

The dynamics of the system given by (13.2) and (13.5) is expressed in the state-space
form by choosing the state variables as & = (z1, T2, x3, 74) = (z,&,,&). The resulting

state-space model is given by
& = f(x)+g(x)Vn

where, the drift and control vector fields are given by

i) [ 0 i
2L 4 2y} 2y — 2gsin (3) 0
f= - r9(x) = 0
_{02+ BelgL}r4—202{%4-901}902%4—{“34‘&29{%‘“31}}COS (23) c1
2
L a1+03+a2{%+x1}2 ] L al+03+a2{é+x1} i

Points to ponder

e Does the system have an equilibrium point?

e Derive the equations of motion of a centrally pivoted ball-beam system? Does this

configuration have an equilibrium point?
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Lecture-14

Ball on a circular beam system

Figure 14.1: Schematic of circular beam and ball system

The circular beam and ball system consists of a circular beam with center C', radius R
and a ball on it with center C5 and radius r, as in Figure 14.1. The beam is actuated at
the holder end O. (1 is the center of mass of the beam with it’s holder OA. Let my, p; and
Mo, po be the mass and radii of inertia of the beam with it’s holder and ball respectively.
Let [ be the length of the holder, OC; = a and g be the acceleration due to gravity. The
kinetic energy is given by

my mo
K.E=—v]v +

2 5t 2
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where,

y —asin qq
vy = % a COS g1
0
p —(R+r)sing: + ¢+ (R—1)sing
vy = o (R+7r)cosqi+ g — (R—1)cosq

0
Defining the constants as,

_ 2 2
ap = myp]+ma(R—1)
ay = mo(R+71)?
a3 = mo(R+71)(R—1)
ay = mg(pgR/’r’)2
by = (ma—m2(R—1))g
bg = m2(R + T)g

the Lagrangian is given by

L = (a1 + az — 2a3cos Q2)(112)(a2 + a4)(i22 + (ay — as cos ¢2)q1G2)
—by cosqy + by cos (q1 + q2).

Defining the states as = = (x1, 22, T3, 74) = (g1, q2, G1, G2) the equations of motion can be

expressed as

&= f(x) + g(z)u

where the drift and control vector fields are given by,

T3 0
Ty 0
f= g =
I3 g3
Ja g4
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with
. 1 2 . 2 . b . 2 .
fg = m {— A2A3T3T4 SN Ty — A2A3Ty SIN To + Q901 SIN T — 20403T324 SIN To
—a4a373 Sin Ty + agby sinxy + agby sin (z1 + o) — agazr? sin xo + a3 cos xo sin a9
+ag cos xabe sin (z1 + x2) }
f o 1 2 . 2 . b . 2 2 .
4 = m { (9030 3T4 SIN Ty + A2a3Ty SN Ty — A201 SINT1 — 2A3X3TL4 COS T S111 Lo
—a21? cos T Sin Ty + a3 cos by sin Ty — ag cos Taby sin (z1 + x2) + ayazzs sin
. 2 2,.92 .
+ay1by sin (1 + @) + agazx3? sin xo — 2a523° cos g Sin o }
g3 = (a2 + as)/d(x2)
o = (—ag + azcoswy)/d(xs)
§(x9) = ajas + ayas + axaq — 2azay cos Ty — a3 cos ro?
and u = 7.

The cart on a beam system

Figure 14.2: Schematic of the cart-beam system

The system consists of a beam of length [ and mass m and the center of the beam is
free to rotate on a pivot under the influence of gravity as shown in figure 14.2. The beam
geometry is such that the center-of-mass is at a distance [. from the center of the beam.
A cart of mass M, actuated by a force F, traverses on the beam without slipping. The

total energy of the CB system is given by

1. . ml. .
E(q,p) = §QTD(Q2)Q + (Q2 + ﬁ) M gsingq (14.1)
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where, D(q) 2 diag{J + Mgq3, M}, J denotes the moment-of-inertia of the beam about
its pivot, ¢; is the angle made by the beam with the horizontal, ¢; is the angular velocity,
@2 is the cart position, ¢ is the cart velocity and ¢ is the acceleration due to gravity. By

m

Aéc 41 Go]", the Euler-Lagrange

choosing the states as x 2 (21 2y 23 )" = [ @ +

formulation of the CB system yields the following state-space representation

T = f(x)+g(x)u (14.2)

where,

X3

Ty
f(l‘) - (—2Mz3z4a(x2)—Mgas cos z1) ,g(l’)
B(z2)
ria(ry) — gsinm

= o O O

where, u 2 L a(zs) 2 (xg —ml./M), B(x2) 27+ Ma?(xq9) > 0V 9. If the beam angle
is restricted to (—m/2,7/2) to keep the cart in the upward configuration, then the system

has a unique equilibrium point z, = (0,0,0,0).

Points to ponder

e Linearize the system about the origin and find its eigen values. Compare the number
of positive eigenvalues for the ball on a horizontal beam system with the ball on a

circular beam system.

e Rewrite the dynamics for cart on a beam system when the center-of-mass of the

beam coincides with the pivot point. Does the equilibrium point shift?
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Lecture-15

Acrobot

The acrobot is a two-link manipulator that moves in a vertical plane under the influence
of gravity. The manipulator is actuated by a single actuator at the elbow joint as shown

in Figure 15.1. The equations of motion of the acrobot configuration space QQ = S' x S!

mq M, = link masses
I1. b = link lengths
11, 15 = link moments of inertia

|c1’|02 = centers of masses

Figure 15.1: The Acrobot
are given by

di1¢y + di2Ga + hy + 91 =0

B} . (15.1)
da1G1 + daaGa + ho + 12 = T
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where
dii = ¢+ o+ 2c3c08¢
dis = o+ c3c08q
do1 = dia
doy = ¢
hi = —c3(2G1G2 + G2°) sin o
hy = 03(112 sin go
Y1 = cgeosq + csgeos(qr + g2)
Yo = csgcos(qr+ qa).
and
_ 2 2
cl = mllcl + mgll + [1
Cy = mglgz -+ Ig
cg = malileo
Cy = mllcl + m211
cs = Male.
Equation (15.1) can be rewritten as Defining the state vector as = (xy, z2, x3, 24) 2
((¢1 — %), G2, G1.G2) , the dynamics can be represented as
&= f(x)+ g(z)u (15.2)

where the state-space manifold is M = S! x S! x IR? and the smooth vector fields f and
g are given by

T3 0
Ty ) 0
f = f v 9= —(ca+c3 cosw2)
3 v(w2)
f (c14ca+2c3 cosza)
4 y(z2)
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where

f3 = e ){cgcg(:cg + 24)? sin g + cocag sin ) + 323 cos T sin 1
2
—c3¢598in(zy + x2) cos o }

1
fi = ( ){—(02 + €3 €08 T9) (22374 + 7))z Sin Ty — cacagsin
Y (L2

—(3C40 COS Ty sin x1 + ¢1c5g sin(xy + T2) + c3¢59 cos xo sin(xy + o)

—(¢1 + ¢9 + 203 €08 ) T35 sin Ty
3

Y(zy) = c1cp — cicos® xy

and u = 75. The system has four equilibrium points given by
{l’fj € M::L’l = —iﬂ"xQ :j’]‘("xg :()’1»4 :O} i,j :O,l.

A variant of the acrobot is the pendubot, the difference being that the pendubot is

actuated only at the shoulder joint.

PPR manipulator

This manipulator has two prismatic joints which are actuated, while the third joint is
a revolute passive joint, hence the name PPR. The two prismatic joints are orthogonal.
Let (z,y) denote the position of the free joint and @ the orientation of the third link. It
is clear that the configuration space of a PPR manipulator is Q = IR x IR x S! and is
parameterized by the coordinates ¢ = [z y 0]. Let F; and F, be the control inputs to
the two prismatic joints. Also, denote by [ the distance between the center of mass of the
third link and the third joint. The equations of motion using the Newtonian approach

are

Myl — m3l92 cos 6 — mglé sinf = F;
myi — mslf?sin @ + mglfcosd = Fy (15.3)
10 + mglijcos —mglisind = 0,
where m, = my + mg + ms, m, = ma + ms and I = I3 + msl?. Clearly all points ¢ € @

constitute the equilibrium configuration at zero control inputs.

Points to ponder

e Identify the Coriolis and centripetal forces?
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y '3 = inertiaof thethird joint
My, M,, M3 = link masses
joint-3
joint-1
—_—
Fi —— % joint-2
7T Fy

Figure 15.2: PPR planar manipulator

e Institutively, which of the equilibrium points is stable?
e Write the input vector G for the pendubot?

e Linearize the PPR system at the origin. Check for controllability of the linearized
system using Kalman’s rank condition. You will observe that the rank condition
fails and hence the system is not completely controllable. What is the cause for the

loss of controllability for the linearized system?
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Lecture-16

Mobile robot

The mobile robot is a popular robotic system that finds application in a multitude of tasks
and is also a challenging problem from a control point-of-view. The kinematic model of

the mobile robot as shown in figure 16.1 can be expressed as

T = wvcosl
y = wsinf (16.1)
0 = w

where, the triple (z,y,#) denotes the position and the orientation of the vehicle with
respect to the inertial frame and v, w are the linear and angular velocities of the mobile
robot. The dynamic model is obtained using the following relations.
My = F
(16.2)
lw =71
where, M is the mass of the vehicle, I is moment-of-inertia, 7 = £(7; — 1), F' = 1(11+7),
with L being the distance between the center-of-mass and the wheel, 71, 75, the left and
right wheel motor torques and r is the radius of the rear wheel. Two assumptions are
made to simplify the model: the center-of-mass and the rear-axis center coincide and
the wheels do not slide. The second assumption leads to a velocity level nonholonomic

constraint xsinf — ¢ cosf = 0. With the following choice of state-vector
r, = 0
r9 = xcost+ysind
r3 = (0y—2x)sinf+ (2y + Ox) cosb
Ty = w

x5 = v—w(rsingd —ycosb),
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Figure 16.1: Mobile robot

equations (16.1) - (16.2) can be combined to yield a state-space representation on the

manifold S' x IR* as

& = f(z)+g1(z1)7T + g2() F (16.3)
where
Ty O
% 0 1 1
A A
f(if) = T1T5 — T2l4 §91(95) = 0 §g2(93) = 0 k= f,k‘z = M'
0 ky 0
—.TI}'?JLLUQ _W ]{52

Points to ponder

e Rewrite the kinematic model of the mobile robot assuming that the robot has a
differential drive. The model should have the wheel angular velocities (w,,w;) as

control inputs.

e For the differential drive model derived, analyze the motion of the robot for the
following control inputs. a.) When w, = —w;, and |w,| is a constant.

b.)When w, — w; = 0, and |w,| and |w;| are constants, but unequal.
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Lecture-17

Bioreactor Model

A bioreactor is a tank in which several biological reactions occur simultaneously in a liquid
medium. In the simplest reactor two components are considered, biomass and substrate.
Biomass consists of cells that consume the substrate. Consider the schematic of a bio-
chemical reactor in Figure 17.1, where X and S are the cell and substrate concentrations,
F' is the feed flow rate of substrate (assuming no biomass in feed) and V' the volume of

the reactor. The continuous time representation of the bioreactor system is:

F.S,

v
>
F.X,5
Figure 17.1: Bioreactor
X — _EFx S
d v+ ulS) (17.1)

@& = —H(Sr-5)-0a(9)X

dt
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where S is the substrate concentration and X is the cell concentration. The growth model

where all of the biomass cells are “lumped together” in a single (one-hump) model
wu(S) = KSe (17.2)

is used to represent the substrate growth rate as a function of biomass with K as the
growth model coefficient. The specific substrate consumption rate, o, is related to the

yield coefficient Y in the form
Y(9) = M =a+bS (17.3)

where a and b are positive constants used to approximate the increasing portion of the
yield curve. Combining (17.1)-(17.3), the dimensionless cell and substrate mass balances

can be represented as

90— _Cy+ Da(1 - Cy)e Oy (17.4)
co '
ddc7"2 = —C2 + Dal—l—lﬁ—i_—ﬁCQ (1 - 02)6 K Cl

where C and Cy are the dimensionless cell mass and substrate conversion, respectively.
Brengel and Seider transformed (17.4) to yield the following system of equations incorpo-

rating the manipulated input variable, v which is the dimensionless feed flow rate.

(cog+X2)

D0 (C1S + X1)(1+ ) + Dag(1—Xp—Cas)e 5 (Chs + X1) (17.5)
(ea5+X3) '
L2 = (8 + Xp)(1+u) + Das(1—Xo—Cogle 7 ezt (Cus + X1)

where 7g represents dimensionless time under steady state conditions Dag, the Damkohler
number at the steady state, X; the dimensionless cell mass deviation from steady state

and X, is the corresponding dimensionless substrate conversion deviation.

DC motor

The traditional model of DC motor is a second-order linear one, which ignores the dead
nonlinear zone of the motor. Unfortunately, the dead zone caused by the nonlinear friction
would bring great effect to servo systems. Therefore, it is vital to model the dead zone
of DC motor accurately in order to improve the performance of servo system. In order
to simplify applications and reflect the real nonlinear friction of the motor accurately, a

simplified friction model was proposed by Cong S. et al. , which is expressed as
Ty = Tusgn(w) + (T — T.)e " “Dsgn(w) (17.6)
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Figure 17.2: DC motor

Where, T is the Coulomb friction torque (Nm); T} is static friction torque (Nm); « is
time constant; w is the angular speed of the rotor (rad/s). The DC motor equivalent
circuit under rating excitation is as shown in Figure 17.2. The voltage balance equation
of DC motor armature circuit is expressed as

di
:Ra- La_ Ke
U 1+ I + Kew

where, 7 is armature current (A); L, is equivalent inductance of armature circuit (H); R,
is equivalent resistance of armature circuit (€2); u is terminal voltage of armature circuit
(V); K. is voltage coefficient of DC motor (Vs/rad). The torque balance equation of DC

motor is expressed as

dw
Kyi— Buw = J—
t? w dt

where, J is the inertia moment of the rotor (Kgm?); K; is the torque coefficient of DC
motor (Nm/A). B is viscous friction coefficient of DC motor (Nms/rad). The linear DC

motor model is obtained as

Ly=—K.w— Ryji+u

Considering the effect of nonlinear friction, the nonlinear friction torque is applied to

model the dead zone of DC motor. Then the nonlinear DC motor model is shown as

Jir = —Bw + Ki — T,sgn(w) — (T, — T,)e=“Dsgn(w)

. (17.7)
Ly=—-—K.w— Ryt +u

The DC motor model is transformed into second-order nonlinear model from traditional
second-order linear one due to the presence of nonlinear friction torque, which makes the

model of DC motor more accurate.

Joint Initiative of IITs and IISc 53
Funded by MHRD



Exercise problems

1. Using suitable states, represent the Furuta pendulum dynamics in state-space form

and find the equilibrium set.
2. Find the equilibrium set for the ball on a circular beam system.

3. The dynamics of a DC motor can be described by

Uf = Rfif + Lfo
Ve = Cripw+ Loty + Ruiq
Jw = cifig — Cc3w

The first equation is for the field circuit with v, Ry and Ly being its voltage, current,
resistance and inductance. The variables v,, R, and L, are the corresponding vari-
ables for the armature circuit described by the second equation. The third equation
is a torque equation for the shaft, with J as the rotor inertia and c3 as a damping
coefficient. The term cji5w is the back e.m.f induced in the armature circuit, and
colfi, is the torque produced by the interaction of the armature current with the

field circuit flux.
a. For a separately excited D.C motor, the voltages v, and vy are independent
control inputs. Choose appropriate state variables and find the state equation.

b. Specialize the state equation of part (a) to the field controlled DC motor, where

vy is the control input while v, is held constant.

c. Specialize the state equation of part (a) to the armature controlled DC motor,
where v, is the control input while v is held constant. Can you reduce the

order of the model in this case?
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d. In a shunt wound DC motor, the field and armature windings are connected
in parallel and an external resistance R, is connected in series with the field
winding to limit the field flux; that is, v = v, = vy + Ryiy. With v as the

control input, write down the state equation.

Controller y

Light Source

7

Optical Measurement
System

/

Figure 17.3: Magnetic suspension system

4. The schematic diagram of a magnetic suspension system (see Figure (17.3)), where a
ball of magnetic material is suspended by means of an electromagnet whose current
is controlled by feedback from the optically measured ball position. This system has
the basic ingredients of systems constructed to levitate mass, used in gyroscopes,
accelerometers and fast trains. The equation of motion of the ball is mij = —ky +
mg + F(y,i), where m is the mass of the ball, y > 0 is the vertical (downward)
position of the ball measured from a reference point (y = 0 when the ball is next
to the coil), k is a viscous friction coefficient, g is the acceleration due to gravity,
F(y,1) is the force generated by the electromagnet, and ¢ is its electric current. The
inductance of the electromagnet depends on the position of the ball and can be
modeled as L(y) = Ly + Lo/(1 4+ y/a) where Ly, Ly and a are positive constants.
This model represents the case that the inductance has its highest value when the
ball is next to the coil and decreases to a constant value as the ball is removed to
y = oo. With E(y,i) = 0.5L(y)i* as the energy stored in the electromagnet, the
force F(y,i) is given by F(y,i) = _Wf/a)?)‘ When the electric circuit of the
coil is driven by a voltage source with voltage v, Kirchoft’s voltage law gives the

relationship v = (;5—1— Ri, where R is the series resistance of the circuit and ¢ = L(y)i
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is the magnetic flux linkage.

a. Using x1 = y,x9 = 9, v3 = i as state variables and u = v as control input, find

the state equation.

b. Suppose it is desired to balance the ball at a certain position r > 0. Find the
steady state values I, and V,, of i and v, respectively, which are necessary to

maintain such balance.

5. Consider a magnetic beam balance (MBB) system, that consists of an off-centered
beam of length [ free to rotate on a pivot, under the influence of gravity, as shown

in Figure 17.4.

The beam geometry is such that the center-of-mass is at a distance [, from the center
of the beam. An electromagnet A is placed below one end of the beam and a dummy
electromagnet B is placed at the other end to incorporate physical constraints into

the system and obtain a symmetrical arrangement.

/ /

Figure 17.4: Schematic of the beam-balance system

Let J,m, (. denote the moment-of-inertia, mass and distance between the pivot and
center-of-mass of the beam, 6 is the angle made by the beam with the horizontal,
0 is the angular velocity, ¢ is the acceleration due to gravity and F is the force
created by the electromagnet. Further, let [ denote the length of the beam and e

the air-gap. The electromagnetic circuit is given by
v=LI+IL+IR (17.8)

where R and L are the resistance and inductance of the coil respectively, I is the

current and v is the voltage applied across the coil terminals. The inductance L is

Joint Initiative of IITs and IISc 56
Funded by MHRD



NPTEL-Electrical Engineering - Nonlinear Control System

LoOm
Om+067

f = 0 and #,, is the maximal angle that is reached when one end of the beam touches

related to the beam angle as L = where L is the inductance of the coil when

the electromagnet and is given by 6,, = arctan (2 e¢/l). Finally the expression for

the force I is given by

] 2
e (9% 9) (17.9)

where A\ is a positive constant. In arriving at the above equations, it is assumed
that the permeability of the magnetic material is constant over the operating range
and the flux density is uniformly distributed across the air-gap. Also, the effect of
eddy current, stray flux and flux leakage are assumed to be small that they can be
neglected. Find the state-space representation of the system with a) with F' as the

control input , (b) with the voltage v as the current input.

6. What is the number of isolated equilibrium points for an n-link manipulator moving

in a vertical plane under the influence of gravity?
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