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Abstract

The paper presents three-dimensional (3D) viscoplastic analysis of adhesively bonded single lap joint considering

material and geometric nonlinearity. The constitutive relations for the adhesive is developed using a pressure dependent

(modi®ed) von Mises yield function and Ramberg±Osgood idealization for the experimental stress±strain curve. The

adherends and adhesive layers are modelled using 20 noded solid elements. The overall geometry of the lap joint, the

loading and the boundary conditions have been considered both according to the ASTM testing standard as well as

from those adopted in earlier investigations. Materially and geometrically nonlinear ®nite element analysis have been

carried out on several joint con®gurations. However, observations have been made in particular on peel and shear

stresses in the adhesive layer, which provides useful insight into the 3D nature of the problem. Ó 2001 Elsevier Science

Ltd. All rights reserved.
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1. Introduction

Adhesive bonding technology has expanded greatly

in recent years as more and more advanced composite

materials are being utilized. Research and development

of this technology covers over the past 50 years and has

been mainly directed towards the requirements of the

aerospace industry. Today, however, modern adhesives

o�er a joining technique of interest to engineers in a far

wider range of industries. Examples of such applications

are the sonar transducer adhesively bonded acoustical

window and the likely necessity of composite structural

components of carrier based aircraft. The civil engi-

neering sector is becoming increasingly aware of adhe-

sives as a method of joining. However, their use to date

has largely been restricted to essentially light bonding

applications. The use of adhesive bonding as a joining

method in aircraft construction is an accepted means of

attaining high structural e�ciency and improved fatigue

life.

Also the adhesive bonding gives the light, sti� and

economical structures free of blemishes caused by con-

ventional assembly methods. It is observed from the

various experiments and analysis that adhesive joints

prove to be more e�cient for lightly loaded structures,

whereas mechanically fastened joints are more e�cient

for heavily loaded structures. Adhesive bonded joints

have the major advantages of having less sources of

stress concentration, e�cient load transfer in large

area of bonding, superior fatigue resistance and high

strength±weight ratio compared to discrete joints.

Adhesives being viscous, ¯ow over the surface of solid

and because of their intimate contact, interact with its

molecular forces. Then, as a result of adhesive curing

process, they become strong solids which while retaining

intimate contact with the surfaces hold them together.

Computers and Structures 79 (2001) 769±783

www.elsevier.com/locate/compstruc

* Corresponding author. Tel.: +91-80-309-2667; fax: +91-80-

334-1683.
1 Now at: Department of Ship Science, University of

Southampton, Southampton, UK.

E-mail addresses: pcpandey@civil.iisc.ernet.in (P.C. Pan-

dey), narasim@ship.soton.ac.uk (S. Narasimhan).

0045-7949/01/$ - see front matter Ó 2001 Elsevier Science Ltd. All rights reserved.

PII: S0 04 5 -7 94 9 (00 )0 0 16 0 -7



These adhesives are not as strong as metal adherends,

and hence, the adhesive interlayer will always tend to be

the weakest link in bonded structures. Care is therefore

to be taken to ensure that service stresses are well within

its capabilities. This is normally achieved by providing a

relatively large area in bonding. The failure in adhesively

bonded joints can occur due to any of the following

reasons: cohesive failure within adhesive, adhesive failure

which occurs at interface of adhesive and adherend and

failure of adherends which also include delamination in

composite structures or due to their combinations.

The other type of failure is cyclic debonding in which

progressive separations of adherends occur by failure of

adhesive under cyclic loading. The main cause of failure

in adhesively bonded joints are the brittle nature of

adhesives. The adhesive is more prone to damage when

the structure is shock loaded and a momentary distor-

tion of substrate generates powerful peel and cleavage

forces that they may not be able to resist. Hence, an

accurate analysis of bonded joints are needed in order to

determine the stress distribution within adhesive for

worst combination of load which is going to come on the

structure.

The main problem involved in the analysis of adhe-

sive bonding of structural systems is the structural

complexities and modelling of viscous properties of ad-

hesives.

As it has been pointed out that the stress pattern

around the joint has a high stress gradient, idealization

of the structure as plane stress/strain or as bending ele-

ment requires high engineering judgement. Even the

simplest of the joints, such as single lap joint under

tensile forces, undergoes combined action of bending

and stretching and leads to complications in the stress

¯ow in three-dimensional (3D) pattern. Thus, in the ®-

nite element model, structural model of 3D behaviour.

Adhesives are viscous due to their material properties,

which have hydrostatic (mean) stress dependent yield

criterion, di�erent yield strengths in tension and com-

pression, nonlinear time dependent stress±strain rela-

tionship and sensitivity to temperature and humidity.

The nonlinear time dependent stress±strain relation-

ships cannot be adequately represented by the visco-

elastic theory even at moderate stress levels. The

viscoelastic modelling only predicts the time dependent

behaviour in elastic domains. However, adhesives show

more time dependence at high stress levels, i.e., in plastic

regions (viscoplastic).

2. Literature review

A review of the literature shows that most studies on

single lap joint model the structure as two-dimensional

(2D) component. All of them have considered the ad-

hesively bonded joint either as a plane stress or a plane

strain case. A comprehensive literature review of both

the analytic and the ®nite element technique for 2D

analysis can be referred in Refs. [11,12]. The authors

have performed parametric 2D viscoplastic analyses of

adhesive lap joints considering geometric nonlinearity.

Carpenter [2] has pioneered the ®nite element analysis

for adhesive joints with the acceptable idealization for

adhesive layers and has compared the ®nite element re-

sults with the analytical solutions. 3D ®nite element vi-

scoplastic analysis with geometric nonlinearity of lap

joints is studied by Narasimhan [7] and Pandey et al.

[9,10]. Tsai and Morton [21] analysed the 3D nature of a

single lap joint specimen in a linear elastic ®nite element

analysis in which boundary conditions accounts for the

geometrically nonlinear e�ects. It has been shown that a

3D region exists in the joint specimen, where adherend

and adhesive stress distributions in the overlap length

near (and especially on) the free surface are quite dif-

ferent from those occurring in the interior. It is further

observed that the adhesive peel stress is extremely sen-

sitive to 3D e�ect. The maximum value of peel stress

occurs at the end of the overlap in the central 2D core

region, rather at the corners where the 3D e�ects are

found. Pickett and Hollaway [14,15] have presented the

®nite element analysis of single, double and tubular lap

joints. They have considered a linearly elastic behaviour

for both the adhesive and the adherends. The single lap

joint has been analysed by considering the geometric

nonlinearity, where as the double and the tubular lap

joints were analysed without considering the geometric

nonlinearity. They have used the program developed by

Zienkiewicz (a total Lagrangian method) [23]. The linear

®nite element formulation which does not account for

the joint rotation during the load, is shown to overesti-

mate the peak adhesive stresses, where as a close

agreement is reached for the peak values in the classical

and geometric nonlinear ®nite element analysis of a

single lap joint. However, for a double lap joint, the

classical and the ®nite element solutions di�er by 25% in

their prediction of the peak stress. They concluded that

this is due to the assumption that the boundary stress

resultants are simple tension forces only and any bend-

ing e�ects which result from the eccentric loading will be

ignored in the classical theory. In the tubular lap joint,

maximum peel stresses di�er by 40% with the ®nite el-

ement results being consistently higher than the classical

results. They attributed this due to the error in the

boundary conditions.

Harris and Adams [5] have presented the strength

prediction of a single lap joint. They modelled the ad-

herend and the adhesive as elastoplastic. They have

analysed the single lap joint with edge spew ®llet and

considering the geometric nonlinearity, but the type of

geometric nonlinear formulation used is not given. They

have found that the maximum stress decreases with the

increase in the applied load, when the geometric non-
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linearity is considered and increased in the strength of

the joint. The ®nite element solutions were compared

with the closed form solutions and discrepancies were

found in predicting the maximum stresses.

Roy and Reddy [16] have given the 2D ®nite element

based on the updated Lagrangian formulation of elastic

solids. The procedure is the same as that given by Bathe

et al. [1]. Who have analysed the single lap joints con-

sidering the geometric nonlinearity and compared the

results obtained from another program, VISTA. The

results were in good agreement with the analysis. They

have also studied the nonlinear response of a bonded

cantilever plate under distributed transverse loading

with two di�erent meshes. One with a ®ne mesh and the

other with a coarse mesh. There were discrepancies in

the results obtained using both the meshes. They have

studied the e�ect of boundary conditions on the adhe-

sive stress distribution in a single lap joint.

Roy and Reddy [17,18] have analysed the adhesive

bonded joints considering the geometric nonlinearity

and modelled the adhesive as viscoelastic, but the adh-

erends as linearly elastic. Large displacements and ro-

tations, but small strains were accounted for the updated

Lagrangian description of the motion. Dattaguru et al.

[3] have studied the failure of a single lap joint by con-

sidering the geometric nonlinearity. They have con-

cluded that nonlinear e�ects due to large rotations have

signi®cant e�ects on the strain energy release rates.

A uni®ed ®nite element formulation for the geomet-

rically nonlinear analysis is presented in Refs. [7,10].

Geometrically nonlinear analysis can be formulated in

either a total Lagrangian or Eulerian coordinate system,

®rst one in terms of the initial position and second one in

terms of the ®nal deformed state. From the computa-

tional point of view, Eulerian formulation is strictly an

upgraded Lagrangian approach where the initial posi-

tion becomes the current equilibrium state prior to some

incremental stage. Stricklin et al. [20], Bathe et al. [1],

Schre¯er et al. [19] and Wood et al. [22] discussed the

updated Lagrangian and the total Lagrangian formula-

tions and pointed out that the total Lagrangian ap-

proach o�ers advantages since the initial con®guration

remains constant which simpli®es the formulation and

the computation. An advantage of the total Lagrangian

formulation is that the derivatives of the interpolation

functions are with respect to the initial con®guration,

and therefore need to be formed only once if they are

stored on the back up storage for use in all the load

steps. Further, anisotropy presents no problem in the

total Lagrangian formulation [17]. For these reasons,

total Lagrangian formulation is adopted in the analysis

of a single lap joint.

To analyse a single lap joint, linear formulation can

be utilised provided the load is of low magnitude, but it

cannot account for large out-of-plane deformations

which occur with joint rotations at higher levels of

loading. To accurately analyse a single lap joint a large

displacement theory must be used.

Pickett and Hollaway [14,15] have shown the close

agreement of peak adhesive stresses with the analytical

values when geometrically nonlinear ®nite element for-

mulation is adopted. The formulation presented here is

restricted to large displacement and large rotation, but

small strain problems.

In the present paper, adhesively bonded joints have

been analysed by modelling the adhesive layer as elasto-

viscoplastic and adherend as linearly elastic. It is as-

sumed that the adhesive layer behaves linearly elastic up

to initial yield stress and thereafter it enters viscoplastic

domain. This facilitates the use of the static yield crite-

rion which separates the elastic domain from the visco-

plastic. Behaviour of viscoplastic adhesive material is

studied and 3D results are compared with the 2D values

to identify 3D zones in the single lap joint. De®nition of

stress±strain relations, explicit form of Lagrangian for-

mulation and ®nite element implementation are given in

the appendices.

3. Elasto-viscoplastic analysis of solids

3.1. Viscoplastic constitutive law for the adhesive material

The total strain tensor eij and consequently _eij, can be

decomposed into the elastic and the inelastic (visco-

plastic) parts as

eij � ee
ij � evp

ij ; �1�

_eij � _ee
ij � _evp

ij �2�
in which ee

ij, evp
ij represent, respectively, the elastic, vi-

scoplastic components, while _ee
ij, _evp

ij represent the cor-

responding strain rate components. In a uniaxial context

the viscoplastic element remains inactive when r < ry.

The viscoplastic rheological model for uniaxial case is

shown in Fig. 1.

The elastic strain is related to the total stress ac-

cording to the generalized HookÕs law,

ee
ij �

Sij

2l
� �1ÿ 2m�

E
rmdij �3�

in which Sij � rij ÿ dijrm is the deviatoric stress tensor,

rm � 1=3rii is the mean hydrostatic pressure and l, E, m
are the shear modulus, elastic modulus and PoissonÕs
ratio, respectively.

Consequently, the corresponding elastic strain rate

tensor can be written as

_ee
ij �

_Sij

2l
� �1ÿ 2m�

E
_rmdij: �4�

Viscoplastic behaviour is governed by the scalar yield

function of the form
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F � F �rij; �
vp
ij ; k� ÿ ry�k� � 0 �5�

in which ry is the uniaxial or e�ective yield stress, �vp
ij is

the viscoplastic strain, k is a history dependent harden-

ing parameter and the value of F < 0 implies an elastic

state. The viscoplastic strain rate is expressed in its

general form as a function of the current stress accord-

ing to

_evp
ij � f �rij�: �6�

The speci®c form of the above equation proposed by

Perzyna [13] is employed as

_�vp
ij � ch/�F �i oQ�rij�

orij
�7�

in which c is the ¯uidity parameter controlling the

plastic rate, /�F � is a positive monotonic increasing ¯ow

function, and the notation h i implies that the visco-

plastic straining occurs only for values of /�F � > 0. The

scalar quantity Q can be interpreted as a plastic poten-

tial and for associated viscoplasticity Q � F , where F is

the yield function. Several choices have been recom-

mended for the function, /, but the two most common

forms [8] are

/�F � � eM�Fÿry�=ry ÿ 1; �8�

/�F � � �F� ÿ ry�=ry

�N �9�
in which M and N are constants. The ¯uidity parameter

c and the function /�F � are determined experimentally.

Finally, the total rate of stress medium can be ex-

pressed as

_rij � Cijkl� _�kl ÿ _�vp
kl �; �10�

where Cijkl is the usual constitutive tensor for elastic

materials. As the material considered is isotropic, the

yield function F is rewritten as

F �rij� � F �rm; J 02; J
0
3� ÿ ry�k�: �11�

In a similar way, Q is also de®ned, in which rm is the

mean stress and J 02, J 03 are the second and third invariants

of the deviatoric stresses, Sij.

3.2. Yield criterion for the adhesive material

Modi®ed von Mises yield criterion suggested by Gali

et al. [4] is given by

ka soct � kvrm � 1; �12�

soct � 1
3
�r1

h
ÿ r2�2 � �r2 ÿ r3�2 � �r3 ÿ r1�2

i1=2

; �13�

rm � 1
3
r1� � r2 � r3�: �14�

ka, kv are the material constants responsible for the yield

due to the distortional and isotropic stress components,

respectively.

Eq. (12) can be written in terms of stress invariants as

F � Cs�J2�1=2 � CvJ1 ÿ ry; �15�

where Cs �
���
3
p �1� k�=2k;Cv � �kÿ 1�=2k and k� rc=rt,

where J1 is the ®rst invariant of the general stress and k
is the ratio between compressive and tensile yield stress.

The e�ective strain is given by

e � Cs
1

1� m
�r0z�1=2 � Cv

1

1ÿ 2m
r01; �16�

Fig. 1. Uniaxial rheological model showing elasto-viscoplasticity.
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where m is PoissonÕs ratio, r0z is the second invariant of

deviatoric strain tensor and r01 is the ®rst invariant of the

general strain tensor.

Here, in this analysis, the nonlinear stress±strain be-

haviour of the adhesive material is represented by

Ramberg±Osgood equation as well as by a bilinear

hardening curve. Ramberg±Osgood curve were obtained

by the least square technique and the method is ex-

plained in Ref. [11].

4. Finite element model

A single lap joint of adhesive thickness 0.3 mm is

modelled using 3D 20 noded isoparametric elements

with 3� 3� 3 Gaussian integration scheme. Overall

dimensions and the boundary conditions of the joint are

given in Figs. 2 and 3. The ®nite element model has 560

elements and 3453 nodes. Adherend material presumed

to be linear elastic is intentionally given high initial yield

stress value since the focus is on the behaviour of ad-

hesive material. The properties of the materials are listed

in Table 1. Viscoplastic analyses are performed by

adopting the explicit scheme with the initial time step

length equal to 0.1 and time step increment, 1.5. Explicit

time scheme is being used instead of implicit scheme

since Pandey et al. [12] has shown that the execution

time per iteration for implicit scheme is more and the

economical and accurate solutions can be obtained by

explicit time integration scheme. 3D viscoplastic analysis

is performed to look at the stresses in adhesive layer and

three di�erent set of results are presented viz.,

· Peel and shear stresses at di�erent time from linear

to steady state when the adhesive material is visco-

plastic.

· Comparison of stress distribution in the adhesive

layer for linear-elastic, elastic solution with geometric

nonlinearity, elasto-viscoplastic solution and elasto-

plastic solution with the geometric nonlinear e�ect.

· Identi®cation of 3D zones in the adhesive layer on

comparison with the 2D plane strain results of

Pandey et al. [11,12].

5. Results and discussions

5.1. Elasto-viscoplastic analysis

Peel and shear stress distribution at the middle layer

of the adhesive in the central section of the joint is

shown in the Fig. 4. The lap joint is subjected to the

tensile load of 200 MPa in one increment and the ad-

hesive material is given elasto-viscoplastic properties.

Stresses are redistributed in the adhesive layer till it

Fig. 2. Single lap joint model with dimensions (L � 32:0 mm, C � 16:0 mm, H � 1:6 mm, h � 0:3 mm, B � 1:0, 4.0, 8.0, 12.0, 16.0,

24.0 and 32.0 mm).

Fig. 3. Typical ®nite element mesh with boundary conditions.

Table 1

Material properties of adhesive and adherend [17]

Items Adherend (steel) Adhesive (FM-73)

E 21,000.0 MPa 2210.0 MPa

ry 5000.0 MPa 40.0 MPa

c ± 4:495� 10ÿ3/s

/�F � ± �F ÿ F0�N=F0

N ± 1.426

k ± 1.4
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reaches the steady state solution. The stress curves

shows the stress variation at di�erent time values start-

ing from time equal to zero which is the linear elastic

solution. The steady state solution which corresponds to

elastoplastic analysis is reached over the period of 27.1 s

and it took 66 iterations. From the plots, the following

points can be deduced:

· Distribution pattern of peel and shear stress is same

for di�erent time values.

Fig. 4. Peel and shear stress distributions with time at y � 8:0 and z � 1:75 mm (for B � 16:0 mm).
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· Peel stress variation is pronounced at the overlap

edges than at the central overlap length.

· Peak peel stress always occurs at the end of overlap

length.

· Peak peel stress decreases with time, and peak steady

state values is 85% of the linear-elastic solution.

· Peak shear stress decreases with the increase in period

and there is a shift in the location of peak stress to-

wards the middle region of overlap length indicating

the sensitivity of viscoplastic material with time.

· Steady state peak shear stress is around 72% of the

linear stress value.

5.2. Comparison of various analyses results ± single lap

joint

For linear-elastic and elasto-viscoplastic analysis the

load is applied in one increment whereas for geometric

nonlinearity, load is applied in 10 increments of equal

load factor. The initial yield stress for adhesive and

adherend are given larger values so as to remain in

elastic region for linear-elastic and elastic solution with

geometric nonlinearity. The results of peel and shear

stresses for various analyses are shown in the Figs. 5 and

6 and following comparisons are made:

Fig. 5. Peel and shear stress distributions obtained for di�erent types of analysis at y � 0:5 and z � 1:75 mm (for B � 1:0 mm; LE:

linear elastic solution; GE: geometric nonlinear elastic solution; VP: visco plastic solution; GVP: geometric nonlinear viscoplastic

solution).

Fig. 6. Peel and shear stress distribution for di�erent load increments.
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· Maximum peel stress occurs at the end of the overlap

length for all cases.

· Maximum peel stress decreases for the analysis in the

order of linear-elastic, elastic with geometric nonlin-

earity, elasto-viscoplastic and elasto-viscoplastic with

geometric nonlinearity.

· Geometric nonlinear analysis reduces the maximum

peel and shear stresses at the end portion of overlap

for both elastic and elasto-viscoplastic solutions.

· In linear elastic analysis with geometric nonlinearity,

peak peel and shear stresses are, respectively, around

80% and 90% of the maximum values obtained with-

out considering geometric nonlinearity.

· Also, in elasto-viscoplastic solution with geometric

nonlinearity, peak peel and shear stresses are, respec-

tively, around 90% and 93% of the maximum values

obtained without considering geometric nonlinearity.

· From the above two observations, it can be stated

that the reduction in peak peel stress is more pro-

nounced than reduction in peak shear stress due to

the e�ect of geometric nonlinearity for both the anal-

ysis linear-elastic and elasto-viscoplastic.

· All these observations are in good agreement with the

2D results of Pandey et al. [11].

5.3. Identi®cation of 2D and 3D zones in single lap joint

3D zones in the single lap joint are identi®ed from the

zones of plane strain behaviour (i.e. 2D zone) by com-

paring the 3D results with the 2D results of Pandey et al.

[11,12]. Peel and shear stresses were plotted along the

width of the joint at di�erent locations of overlap length.

Both the overlap length and the width are made nor-

malized so that the results of di�erent width can be

plotted in one graph. The plane strain value [11] will be

same throughout the unit width of the joint. This value

is picked and plotted as a straight line on the graph of

3D results. Now this will enable us to compare the val-

ues at various places along the width of the joint. These

plots are given in Figs. 7 and 8. The 3D plots given in

Figs. 9 and 10 also shall be referred to identify 3D zones.

The observations made from the plots are as follows:

· Behaviour at the edges: Peel stress values are close to

plane strain [11] at the edges. In particular, the values

are matching with the 2D value for the distance of

5% on the ends of lateral width for the ratios

B=C � 0:25, 0.5 and 0.75. In the other places, 3D ef-

fect is more pronounced. With regard to shear stress,

the behaviour is visibly 3D for all the ratios.

· Behaviour at the centre: The peel and shear stresses

are picked at the centre of the overlap length. On

comparison with 2D value, it is clear that the 3D be-

haviour is enhanced throughout the width, but it

should be noted that magnitude is not very signi®cant

from 2D value for both the peel and shear stress.

· Behaviour at other places: The peel distributions at

other places also shows 3D regions clearly from the

plane strain locations. But, on the part of shear

stress, plane strain value is matching with the stresses

Fig. 7. Peel stress distributions for various B=C ratios at �X ÿ L�=C � 0:0, 0.1, 0.2, 0.3, 0.4, and 0.5.
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at the centre of the lateral width and at the overlap

locations 10±20% on either side of the centre. It is

not same case at 30±40% of the lap length and 3D ef-

fect is more pronounced for the full width. Shear

stresses too shows the variations but the di�erences

on the magnitude are in the range of 2±6 MPa.

6. Conclusions

3D viscoplastic ®nite element analysis of adhesively

bonded single lap joint is presented. Total Lagrangian

method is formulated to consider the geometric non-

linearity in the single lap joint due to ®nite rotation of

the joint. The stress±strain of the adhesive material is

modelled by the Ramberg±Osgood equation. Modi®ed

von Mises criteria is employed for the adhesive material.

Viscoplastic analysis gives the reduced stresses at the end

of overlap than the elastic solution. From the observa-

tions made on the identi®cation of 3D zones, it is con-

cluded that 3D analysis shows signi®cantly di�erent

distributions of stresses from the plane strain analysis

away from the central region. Hence, the need for 3D

analysis is recommended for behavioural study and joint

design.
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Appendix A. Method of formulation

A.1. Deformation and strain

The formulation of geometric nonlinearity is this

appendix the explicit form of Lagrangian formulation

in the next appendix can be referred in detail in

Zeinkiewicz [23].

Let X � � x; y; z �T de®ne the rectangular coordi-

nates of a material point in a body before the defor-

mation. If this point is displaced by u � � u; v; w �T
measured relative to the ®xed frame of reference, its new

coordinates will become

X � � x; y; z �T � X � u: �A:1�
Let us consider two neighbouring particles P0 and Q0 on

the undeformed body. In the ®nal deformed position

they are identi®ed by Eulerian coordinates as P and Q. If

the distance between P0 and Q0, P and Q are given dS

with components dX � � dx; dy; dz �, respectively.

The relation between dX and dX is given by

X � J dX ; �A:2�

Fig. 8. Shear strees distributions for various B=C ratios at �X ÿ L�=C � 0:0, 0.1, 0.2, 0.3, 0.4, and 0.5.
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where

J � x; y; z
x; y; z

� �
�

ox=ox ox=oy ox=oz
oy=ox oy=oy oy=oz
oz=ox oz=oy oz=oz

24 35 �A:3�

is a Jacobian matrix de®ning the deformed state. The

change in length can be written as

1
2
�dS

2 ÿ dS2� � 1
2
�dX

T
dX ÿ dX TdX � � dX T�dX

� dX
T
�dX ; �A:4�

Fig. 9. 3D peel stress distribution for various B=C ratios: 0.25, 0.50, 0.75, 1.00, 1.50, and 2.00.
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where

� � 1
2
�J TJ ÿ I� �A:5�

is the Lagrangian de®nition of the strain (Green's strain)

and

� � 1
2
�I ÿ J

T
J� �A:6�

is the Eulerian de®nition of strain and I is an identity

unit matrix.

By substituting Eq. (A.1) into the Eqs. (A.5) and

(A.6), the explicit engineering expressions for the strain

Fig. 10. 3D shear stress distribution for various B=C ratios: 0.25, 0.50, 0.75, 1.00, 1.50 and 2.00.
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components are obtained and they are given in the next

section.

A.2. De®nitions of stresses

The natural de®nition of stresses is the Eulerian one

referring in the usual way to the forces per unit de-

formed area. Thus,

r �
rx sxy sxz

syx ry syz

szx szy rz

24 35 �A:7�

in the matrix notation.

The forces acting on the area dA are given in the

vector form as

dF � rdA: �A:8�

As per HillÕs [6] de®nition of conjugate pairs of stress

and strain variables, for GreenÕs strain, the conjugate

stress is the second Piola±Kircho� stress r. The equiv-

alent force vector acting on an original undeformed area

dA is given by an expression:

dF � rdA �A:9�
and the actual force on the deformed area by

dF � J dF : �A:10�
But the relation between dA and dA is given by

dA � Jj jJ Tÿ1 dA �A:11�
or

dA � Jj jÿ1J T dA: �A:12�
From Eqs. (A.8)±(A.12), we have the stress transfor-

mation relation:

r � Jj jJÿ1rJTÿ1; �A:13�
which shows that the second Piola±Kircho� stress is also

a symmetric one.

Appendix B. Explicit form of Lagrangian formulation

B.1. Strain±displacement relationships

GreenÕs strain in vector notation in the context of 3D

solids can be written using the engineering de®nitions as

ex � ou
ox
� ou

ox

� �2
"

� ov
ox

� �2

� ow
ox

� �2
#
; �B:1�

cxy �
ou
ox
� ov

ox
� ou

ox
ou
oy

�
� ov

ox
ov
oy
� ow

ox
ow
oy

�
�B:2�

and so on. The strain matrix is given as

� � �x; �y ; �z; cxy ; cyz; czx

� � � �0 � �l; �B:3�

where �0 is the usual linear, in®nitesimal strain vector

and �l is the nonlinear contribution. The nonlinear part

is conveniently written as

�l � 1

2

hT
x 0 0

0 hT
y 0

0 0 hT
z

hT
y hT

x 0

0 hT
z hT

y

hT
z 0 hT

x

266666664

377777775
hx

hy

hz

24 35 � 1
2
Ah; �B:4�

where

hx � ou=ox ov=ox ow=ox� �T; �B:5�

hy � ou=oy ov=oy ow=oy� �T; �B:6�

hz � ou=oz ov=oz ow=oz� �T: �B:7�

B.2. Nonlinear equilibrium equations

The governing nonlinear equilibrium equations will

be established from the virtual work equation, in the

Eulerian coordinate system. This is given by the inte-

gration over the deformed volume V and the deformed

area A as [24],Z
V

d�TrdV �
Z

V
qduTqdV �

Z
A

duTp dA �B:8�

in which q is the density in the deformed state and r and

d� refer to the vector forms of the Eulerian stress and the

deformation increment in the distorted coordinate X .

Alternatively, the above equation can be written in

terms of the variables referred to the original, undis-

torted, coordinates and now obtainZ
V

d�TrdV �
Z

V
qduTqdV �

Z
A

duTp dA; �B:9�

where r is the second Piola±Kircho� stress and d� is the

increment of Green's strain, both referred to the unde-

formed coordinates.

Then, the relation between q and q [24] is given by

q � q
Jj j : �B:10�

The tractions p de®ned with respect to the unde-

formed body are given in terms of the tractions p acting

over a deformed surface area [19] as

p � dA
dA

� �
p; �B:11�
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where p � p, for the small strain case with Jj j � 1 and

dA=dA
ÿ � � 1. The displacement u within the element is

given as a function of the n nodal displacement as

u � Nd; �B:12�

where d � �d1; d2; . . . ; dn� and N is a shape function

matrix with di � �ui; vi;wi�.
After substituting the above expressions for �0 and

di�erentiating,

d�o � B0 dd; di � � ui; vi; wi �T;
d � � d1; d2; . . . ; dn �; �B:13�

where B0 is the small displacement strain matrix and it is

given by a typical component sub matrix for the node i

as

Bi
0 �

oNi=@x 0 0
0 oNi=oy 0
0 0 oNi=oz

oNi=oy oNi=ox 0
0 oNi=oz oNi=oy

oNi=oz 0 oNi=ox

26666664

37777775: �B:14�

Di�erentiation of �l yields

d�l � 1
2
dAh� 1

2
Adh; �B:15�

which due to the structure of the matrices involved be-

comes

d�l � Adh: �B:16�
Now, the (9� 1) vector h can be written as

h � Gd � �G1 . . . Gi . . .�
d1

�
di

�

2664
3775; �B:17�

where

Gi �
I3 oNi=ox
I3 oNi=oy
I3 oNi=oxz

24 35 �B:18�

and I3 is a 3� 3 identity matrix.

Substituting Eq. (B.17) into Eq. (B.15), we get

d�l � Bl dd �B:19�
with

Bl � AG: �B:20�
Thus, the strain displacement matrix becomes

B � B0 � Bl: �B:21�
The total strain matrix in Eq. (B.3) can be written, using

Eqs. (B.4), (B.17) and (B.21) as

� � B0

ÿ � 1
2
Bl

�
d: �B:22�

For the computational purpose, it is convenient to ob-

tain Bl explicitly by multiplying out the appropriate

terms in Eq. (B.20). The expression for the 3D analysis

shall be referred in Ref. [24]. From Eq. (B.12) the virtual

displacement is

du � N dd: �B:23�
The virtual work Eq. (B.9) is now rewritten as

ddT

Z
V

BTrdV � ddT

Z
V

N Tqq dV

� ddT

Z
A

N Tp dA: �B:24�

Since the virtual displacements dd are arbitrary, Eq.

(B.24) gives the equilibrium equations in the discretised

form asZ
V

BTrdV � f � 0; �B:25�

where the vector of equivalent nodal loads f which

comprises the vectors due to the body forces fb, applied

tractions ft, nodal forces fp, initial stress fr0
and the

initial strain f�0 is given by

f �
Z

V
N TqqdV �

Z
A

N Tp dA: �B:26�

This is identical with that obtained in the in®nitesi-

mal displacement case with the crucial exception that B

is a linear function of the nodal displacement d.

Appendix C. Finite element implementation

On the part of establishing equilibrium equations,

incremental formulation is implemented in which the

static and transient values are updated incrementally

corresponding to the successive time steps (or load steps)

in order to trace out the complete solution path. In this

solution, it is important that the governing ®nite element

equations are satis®ed at each time step to su�cient

accuracy, otherwise the solution errors can be signi®-

cantly accumulated that can lead to the solution insta-

bilities. The governing equations of equilibrium which

have to be satis®ed at any instant of time tn are given in

the form of Eq. (B.25) asZ
V

BT
n rdV � fn � 0: �C:1�

During a time increment Dt � tn�1 ÿ tn, the equilibrium

equations which must be satis®ed are given by the in-

cremental form of Eq. (C.1) asZ
V

BT
n DrdV �

Z
V

dBT
n rdV � Dfn � 0

or

P.C. Pandey, S. Narasimhan / Computers and Structures 79 (2001) 769±783 781



Z
V

BT
n DrdV � KrnDdn � Dfn � 0; �C:2�

where Dfn represents the change in loading occurring

during the time interval Dtn. In majority of the problems

encountered in engineering, the load increments are

applied in discrete steps and thus Dfn � 0 for all the time

steps except the ®rst one within an increment. This load

increment includes the e�ect of all the initial strains,

body forces and the external boundary load.

The incremental stress change vector occurring in

time interval Dtn is given by

Drn � Ddee
n � D�Den ÿ Devp

n �; �C:3�
where D is the elasticity matrix. Using Euler time inte-

gration scheme, incremental strain vector between time

tn and t�n�1� is given by

Devp
n � �1

h
ÿ a� _evp

n � a _evp
n�1

i
Dtn; 06 a6 1: �C:4�

The incremental stress±strain relationship at time tn is

written as

Drn � D̂n�BnDdn ÿ _evp
n Dtn�; �C:5�

where

D̂n � �I � DCn�ÿ1D � �Dÿ1 � Cn�ÿ1
; �C:6�

Cn � aDtnHn; �C:7�

Hn � o _evp

or

" #
n

� Hn�rn�: �C:8�

Substitution of Dr from Eq. (C.5) for implicit scheme, in

the incremental equilibrium Eq. (C.2) gives

Ddn � KT
n

� �ÿ1
DVn; �C:9�

where the tangential sti�ness matrix KT
n is given by

�KT
n � � Kn � Krn �C:10�

with

Kn �
Z

V
BT

n D̂nBn dV ;

Krn �
Z

V
GTMGdV :

�C:11�

The explicit form of M in the above equation is given by

Narasimhan [6]. The incremental pseudo loads are given

by

DVn �
Z

V
BT

n D̂n _evp
n Dtn dV � dfn � wn �C:12�

in which wn represents the vector of residual or out of

balance forces given by

wn �
Z

V
BT

n rn dV � fn: �C:13�

Thus, for each time step a series of equilibrium iteration

cycles should be performed, with the residual forces

being applied until they become negligible small. A

computationally economic alternative is to avoid the

equilibrium iteration process, but to add the residual

forces to the pseudo loads to be applied for the next time

step. The total displacement and the stresses are com-

puted at time t�n�1� as

dn�1 � dn � Ddn; rn�1 � rn � Drn:

Displacement convergence criteria is used with the tol-

erance limit in the order of 10ÿ2±10ÿ6, depending upon

the desired accuracy. In the viscoplastic algorithm,

convergence of the numerical process to the steady state

is monitored by comparing the values of the viscoplastic

strain rate determined during each time step. The steady

state conditions are deemed to be achieved at the end of

time step n, if

Dtn�1

P
All
G:P

_evp
n�1

Dt1

P
All
G:P

_evp
1

24 356TOLER; �C:14�

where _evp
n�1 is the e�ective strain rate at the end of the nth

iteration. TOLER is the speci®ed tolerance.
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