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Continuum Damage Mechanics (CDM) allows the description of the influence of 
damage on the stress-strain behavior of materials. In the present part, some practical 
damage growth equations are reviewed for creep, fatigue, creep-fatigue interaction, 
ductile damage, and brittle damage. The capabilities of CDM to improve both the 
crack initiation and crack propagation predictive tools are then discussed. Particular 
attention is given to the new developments of the "local approaches to fracture." 

1 Introduction 

The general purpose of Continuum Damage Mechanics is to 
introduce the possibility of describing the coupling effects be
tween damage processes and the stress-strain behavior of 
materials (Hult, 1979; Chaboche, 1981; Krajcinovic, 1984). 
Part I of the present paper (Chaboche, 1988) reviewed the 
main features of CDM and its incorporation in a general ther
modynamic framework. The damage growth equations were 
written in a general form, by means of a dissipative potential. 

The present part develops some useful and practical damage 
rate equations. Different damage variables are associated with 
different damage processes such as creep, fatigue, ductile and 
brittle damage. Various growth equations are considered and 
discussed on the basis of some examples on various kinds of 
materials. They can be incorporated in the general framework 
presented in Part I. 

Applications of CDM and, more precisely, of the damage 
growth equations are possible in two domains: 

(a) To improve the life prediction techniques, with the 
purpose of calculating damage growth and crack initiation in 
structures. Several domains can be considered: high cycle and 
low cycle fatigue, creep, and creep-fatigue. 

(b) To improve the macroscopic crack growth calculation 
techniques, usually based on the Fracture Mechanics concepts. 
Including the damage processes explicitly allows additional 
possibilities of improving the "local approaches to fracture," 
which are now extensively developed. Sections 3.2 and 3.3 
consider the respective capabilities of the two approaches. 

2 Damage Growth Equations 

2.1 Creep Damage. Continuum Damage Mechanics was 
developed first for the case of creep damage (Kachanov, 1958; 
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Predictions 
Tests 

Fig. 1 Calculated and measured creep curves on superalloy IN 100. 
Prediction of creep ductility. 

Rabotnov, 1969). The Rabotnov-Kachanov equation can be 
considered as very classical. With D varying between 0 for the 
undamaged material and 1 for the rupture, under pure tensile 
stresses, the expressions reduce to: 

dD={-^-\ (l-D)'kdt (1) 

where r, k, A are material and temperature dependent coeffi
cients. Their determination is made from constant stress creep 
data, for which the integration from 0 to 1 gives the rupture 
time: 

tr 
1 

k + r(x) 
while evolution of damage is given by: 

l / A r + l 

D=\ 
& 

(2) 

(3) 

The concept of effective stress, introduced in the secondary 
creep law (Norton's equation), allows the calculation of ter
tiary creep curves as well as the prediction of the change in 
creep ductility (Chaboche, 1978, 1984). Figure 1 gives an 
example: 
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WW^d" (4) 

Under multiaxial stress conditions the damage equations 
can be generalized by describing isodamage surfaces (or 
isochronous surfaces) defined with proper stress invariants: 
(a) the octahedral shear stress J2((T) related to the effects of 
shear; (b) the hydrostatic stress J{(p) = Tr(a) = a: 1, which 
greatly affects the growth of the cavities; and (c) the maximum 
principal stress J0(o) = ox, which opens the microcracks and 
causes them to grow. 

Following the method of Hayhurst (1972), the equivalent 
stress can be defined through a linear combination: 

x ( f f )=«/ 0 ( f f )+ /3 / , (a ) + ( l -« - /3 ) / 2 ( f f ) , (5) 

where a, 8 are coefficients dependent on the material and 
temperature. The time to failure under a fixed multiaxial stress 
is expressed as: 

The creep damage equations can be considered as taking in
to account the evolution of microstructural defects in an in
direct manner. Works by the material scientists have shown 
that the increase of damage results from a combination of two 
mechanisms, the nucleation and growth of cavities (Green
wood, 1973; Dyson, 1979). It is possible to make some connec
tions between the equations obtained from material science 
and the more macroscopic ones developed in the framework 
of CDM (Hayhurst, 1983). 

For the multiaxial stress criterion, the physical interpreta
tions often lead to a product form: 

x(<r)=[/0(ff)]«[/2W] !-a (7) 

which can describe adequately the isochronous surfaces in a 
large domain (Hayhurst, 1983; Delobelle, 1985). However, the 
form (7) automatically gives no damage under pure compres
sion, which is not perfectly true in polycrystalline metals, as 
shown by two level creep tests (Policella et al., 1982). Let us 
mention a possible different form for the damage growth 
equation, using the creep strain instead of time (Constesti, 
1986): 

dD=A[J0W4,det9 (8) 
such a form was deduced from cavity measurements on notch
ed specimens. It is possible to show that equations (1) and (4) 
are equivalent to equation (8) through the following one-to-
one mapping (Contesti, 1986): 

D~[\-(\-D)k-n + l\»+l (9) 

2.2 Fatigue Damage. In the case of fatigue several aspects 
have to be considered: 

(a) the existence of microinitiation and micropropagation 
stages; 

(b) the nonlinear-cumulative effects for two-level tests or 
block-program loading conditions; 

(c) the existence of a fatigue limit, but its marked decrease 
after prior damage; 

(d) the effect of mean-stress either for the fatigue limit or 
for the S-N curves. 

Fatigue damage accumulation models have been considered 
by Marco and Starkey (1954), Manson (1979), and Chaboche 
(1974). A common general form is obtained with: 

dD = D^"M^\ °M~a 1 dN (10) 
L M(a) J ' 

where oM and a are, respectively, the maximum and mean 
stresses. Several choices for a (Chaudonneret and Chaboche, 
1986) lead to the rules considered by Manson (1979), 
Subramanyan (1976), Hashin and Laird (1980). The key of the 

nonlinear effect is the dependency of a on aM and a which, 
after integrating for a two-level test, gives: 

^ = i - ( - ^ _ ) ^ T ( i i) 

The function M(CT) is deduced from a linear dependency be
tween a and the fatigue limit. 

This cumulative damage equation allows a very good 
description of multilevel fatigue tests (Chaboche, 1974). In a 
certain sense it includes in a continuous way the microinitia
tion and micropropagation phases as discussed by Manson 
(1979), Cailletaud and Levaillant (1984), and Miller and 
Zachariah (1977). Moreover, by a convenient variable change, 
equation (10) can be incorporated into Continuum Damage 
Mechanics, with the effective stress concept, as shown by 
damage measurements described by Lemaitre and Chaboche 
(1978, 1985). The microcrack measurements made by 
Cailletaud and Levaillant (1984), Hua and Socie (1984), and 
Socie et al. (1983), for instance, then show the possible 
equivalence between: (a) the definition by the effective stress 
concept; (b) the definition in terms of the remaining life con
cepts (subjacent in equation (10)); and (c) the quantification of 
physical damage, in terms of microcracking. 

In the case of Low-Cycle Fatigue, the conventional 
parametrization of the life is written in terms of the plastic (or 
total) strain range. Provided the existence of a one-to-one rela
tion between aM and Aep (the cyclic curve) equation (10) can 
still be used and contains independently the influence of mean-
stress. 

The generalization to multiaxial loading conditions is a dif
ficult problem. At least two parameters have to be considered: 
(a) an equivalent shear-stress amplitude, and (b) a mean (or 
maximum) hydrostatic stress. Experiments near the fatigue 
limit show the independency in the mean shear-stress and in 
the hydrostatic range (Dang Van, 1973). A possible form to 
generalize equation (10) has been proposed by Chaboche 
(1978). Additional studies are required to generalize such 
models in the case of nonproportional loading conditions. 

2.3 Creep-Fatigue Interaction. One advantage of the 
CDM approach in creep and fatigue is to allow a natural way 
to predict creep-fatigue interaction (Chrzanowski, 1976). The 
simplest hypothesis consists in a direct summation of creep 
and fatigue damages, which leads to (Chaboche, 1980): 

dD=fc(a, D)dt+fF(aM, a, D)dN (12) 

where fc is, for instance, deduced from equation (1) and fF 

from equation (10). These two functions can be determined 
from pure tensile creep tests and pure fatigue tests (high fre
quency). The conditions at low-frequency or with hold times 
are then predicted by integrating numerically equation (12). 
This approach has given good results for several materials 
(Lemaitre and Chaboche, 1985; Plumtree and Lemaitre, 1979; 
Del Puglia and Vitale, 1982). 

Let us note that the additive hypothesis does not correspond 
to the direct addition of physical damages of different natures. 
For instance, microcracks and cavities are not added. Only 
their mechanical effects are added, in the framework of the ef
fective stress concept. The mechanical effects are obtained by 
the above mentioned one-to-one mappings between the 
physical damage (cracks or cavities) and the corresponding 
macroscopic variable D (see Sections 2.1 and 2.2). 

2.4 Oxidatipn-Fatigue-Creep Interactions. At high 
temperature, the influence of time is often increased by the 
superposition of oxidation processes (Rezai-Aria and Remy, 
1986). The oxidation may enhance both the fatigue and creep 
mechanisms, contributing to both damage nucleation (in the 
form of surface cracks, preferential grain boundary oxidation, 
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Fig. 2 Influence of triaxlality on fracture strain, a a: A508 steel; o o: 
H steel; = = = = =: domain covered by McClintock/Rice-Tracey models; 
= : domain covered by the present model. 

or internal voids) and damage growth (crack tip deterioration, 
void growth from particles). 

Such additional factors have been considered as acting on 
the fatigue damage process in terms of a fatigue damage 
model including both an initiation and a propagation period 
(Cailletaud and Levaillant, 1984). The incorporation of oxida
tion in the creep damage equations can be considered as im
plicit (on a conceptual point of view). 

2.5 Ductile Plastic Damage. Ductile damage in metals is 
essentially the initiation and growth of cavities due to large 
deformations. Experiments of ductile rupture show that the 
dissipative potential </>* can be expressed, in the framework of 
time-independent plasticity (Lemaitre and Chaboche, 1985): 

• = , „ - * - * + _ _ ( - _ ) (13) 

ip = \-

- \ 

da 

d<j>* 
(-T^h) 

1/2 

D=-\ 

(\-D)=p(l~D) 

-Y 

(14) 

(15) 

Using the relation (14) of Part I (Chaboche, 1987a), be-
Y, and a particular choice for hardening: tween aeq and 

oeq=R + k + Kpl (16) 

K and Mbeing coefficients, which are material dependent, one 
obtains the following differential constitutive equation for 
ductile plastic damage (Lemaitre, 1985): 

D-
K2 r 2 

2ESL3 
- (1 + >0 + 3 ( 1 - 2 J < ) (-£-)'] pimp (17) 

In the case of radial loading, when the principal directions 
of stresses do not vary, the triaxiality ratio aH/aeq is constant 
and this expression may be integrated using the conditions: 

p<pD (damage threshold) -~£> = 0 

P=PR (strain to rupture) -~D = DC. 

Neglecting elastic strain in the calculation of p and using 
PD/PR = eo^eRi the equation for damage evolution may be 
written in terms of the one-dimensional threshold eD and one-
dimensional strain to rupture e^: 

a —Cn \ L "•(-£-)']-> D = ^— \P[-yV + ") + 3 (1 -2 . ) ( — £ - ) \-eD) (18) 

Identification of such a model consists in the quantitative 
evaluation of the coefficients eD, eR, and Dc (Poisson's ratio 
being known from elasticity), which can be done from ex
perimental measurements such as those mentioned in Section 
2.4 of Part I. 

As shown in Fig. 2, the present model gives the influence of 
triaxiality on the strain to failure (Lemaitre, 1985). It com
pares fairly well with the McClintock (1968) or Rice and 
Tracey (1969) models and can be used to predict the fracture 
limits of metal forming (Lemaitre, 1984). 

Let us note that the modified thermodynamic framework 
developed by Rousselier (1981) leads to similar results. It fits 
directly the Rice and Tracey model for a special choice of free 
energy. This theory allows a correct prediction of plastic in
stabilities and can be used to predict ductile fracture by means 
of local approaches (Rousselier et al., 1985; Rousselier, 1986). 
Let us mention also some work based on homogenization con
cepts which, in the case of ductile fracture, gives information 
about the damage evolution equations (Suquet, 1982; Dragon 
and Chihab, 1985). 

2.6 Brittle Damage and Elastic Behavior. The failure of 
some brittle materials can be treated simply by considering the 
coupling between damage and the elastic behavior. Such 
theories have been developed for concrete by Krajcinovic and 
Fonseka (1981), Mazars (1985), and Marigo (1985). The 
possibilities can be illustrated by means of a very simple 
damage growth equation (Lemaitre and Chaboche, 1985), 
written here for pure tension: 

dD = £)' 
0 

de if e = £ and de = d£>0 

if e<£ or de<0 

(19) 

where e0 and s are material constants and £ is a variable 
threshold (di, = de when e = £). With the initial conditions D 
= £ = e = 0, integrating (19) and using the elastic behavior 
(equation (11) of Part I) leads to: 

D -&r -*•['-£)' (20) 

+ 1 ) 4 ] 1 A + ' ' s t n e rupture strain, when D = 1. 
Figure 3 illustrates the stress-strain evolution obtained with 

5 = 2 and the corresponding load-unload behavior for the 
damaged elastic material. As shown in Fig. 3(b), such a simple 
model correctly predicts the observed behavior of concrete 
under pure compression (from Krajcinovic and Fonseka, 
1981). 

2.6 Damage Anisotropy. The directional nature of 
damage is clear in many situations. In creep, for instance, 
microstructural observations have identified two classes of 
metallic materials (Leckie and Hayhurst, 1984; Hayhurst, 
1983): (a) for copper, cavitation takes place on grain bound
aries more or less perpendicular to the maximum principal 
stress, and (b) for aluminum alloys, grain boundary cavitation 
is much more isotropically distributed. 

Clearly these observations relate to the anisotropy of the 
damage rate equation. In Continuum Damage Mechanics the 
problem of anisotropy concerns also the effect of damage on 
the constitutive behavior. Several levels of theories can then be 
considered, where the damage variable is considered as a 
scalar function (Leckie and Onat, 1980), vectors (Krajcinovic 
and Fonseka, 1981; Krajcinovic and Silva, 1982), or second 
(Kachanov, 1980) or fourth-order tensors (Chaboche, 1979; 
Chaboche, 1981). See also Krajcinovic (1984) for a more com
plete review. 
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The scalar measure of damage anisotropy is defined (in the 
creep range) by considering the grain boundaries orthogonal 
to the direction n and the fraction of boundaries which are 
cavitated. Then, to each direction n is associated a scalar 
valued function V(n). It was shown by Leckie and Onat 
(1980) that a tensorial decomposition of such elementary 
damage measure leads to even-order tensors. 

However, if one considers the damage as produced by small 
parallel cracks, it is possible to associate a vector to each crack 
direction (Krajcinovic and Fonseka, 1981). Such a theory, 

-0,2 - 0 , 3 - 0 , 4 - 0 , 5 

Strain x 10"2 

Fig. 3 (a) Stress-strain curve with the elastic behavior coupled with 
damage; (b) example of concrete under compression (from Krajcinovic 
and Fonseka, 1981) 

similar to the slip theory of plasticity, can be developed with a 
similar thermodynamic framework as the one presented in 
Part I, introducing, for instance, a vector as the dual variable 
to the present damage variable (instead of the scalar Y or of 
the fourth-order tensor Y defined by Lemaitre and Chaboche, 
1985). This kind of theory is very attractive and gives the 
direct distinction between active damage (open microcracks) 
and passive damage (closed microcracks). The main difficulty 
is the number of independent systems which have to be con
sidered in a general case, but several useful applications have 
been obtained for concrete under special loading cases 
(Krajcinovic and Fonseka, 1981). 

Another method of representing the actual state of damage 
is to use a second-order symmetric damage tensor (Kachanov, 
1980) as suggested by the relation (4) of Part I. The theory 
developed by Murakami and Ohno (1980) introduces the net 
stress concept in the damage growth equation and an effective 
stress tensor, through a fourth-order transformation, in the 
constitutive equation. The anisotropy of the damage growth 
equations is a linear combination of the isotropic case and a 
pure anisotropic one. 

The damage state can be represented directly as a nonsym
metrical fourth-order tensor, in the framework of the effective 
stress concept for the constitutive behavior (Chaboche, 1979). 
Damage measurement follows directly from the methods men
tioned in Section 2.4 of Part I. As in the previous theory the 
damage growth equation uses a linear combination of the 
isotropic case and a simple anisotropic one. Systematic com
parisons between these two theories have shown their 
similarities and their capabilities to describe actual anisotropic 
damage states (Murakami and Imaizumi, 1982; Chaboche, 
1984). 

3 Life Prediction in Structures 

3.1 Prediction of Crack Initiation. The life calculations of 
structures at high temperature incorporate two aspects treated 
independently or successively: (a) the macrocrack initiation is 
the important aspect for the design methodologies, and (b) the 
crack propagation prediction is used for design and 
maintenance through the concept of "Damage Tolerance." 

Relative to the first step, the classical approach considers 
successively the calculation of the stress-strain state at each 
point of the structure and the prediction of crack initiation 
from the obtained stress or strain fields. In the case of Low-
Cycle-Fatigue such calculations involve the full cyclic inelastic 

["Loading Conditions ~~\ 

Structures 

Constitutive Equations 
- E l a s t i c i t y 
- P l a s t i c i t y 
- Creep 

<=> Structural 
Analysis <=> stress, 

Strain C = > 
Damage 
Law <=0 Life 

Predic t ion 

(a) Life p red ic t ion by conventional method 

[Loading Conditions 

Struc tures 

Cons t i tu t ive Equations" 
Evolution Equations 
- Elasticity 
- Plasticity 
- Creep 
- Damage 

C=> Structural•and 
Damage Analysis C = > 

H i s t o r i e s of s t r e s s , 
S t r a in and Damage 

(b) Life p red ic t ion by continuum damage mechanics 

Fig. A Comparison between life predictions by conventional method 
(a) and that of continuum damage mechanics (b) 
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analysis to obtain relevant cyclic stabilized values. The dif
ficulties associated with the stabilization of the solution were 
underlined elsewhere (Cailletaud and Chaboche, 1986). 

One of the problems encountered in practical applications is 
the problem of fatigue damage nucleation and growth from 
initial stress concentrations. The macroscopic stress/strain 
gradients play an important role as compared to the 
microlevel, and the total volume of highly stressed material 
could be different. This difficulty is generally overcome by 
one of the two following ways: (i) taking into account the 
macro and micro-plasticity which induce stress redistribution, 
and (») introducing a critical distance, depending on the 
material. 

Future approaches will consider the coupling phenomena 
between the progressive deterioration of the material and its 
stress-strain behavior, in the framework of Continuum 
Damage Mechanics, as shown schematically in Fig. 4, taken 
from Marquis et al. (1981). The existence of a stabilized cycle 
in the structure is no longer possible and the physical processes 
at each point of the structure have to be followed by the 
mathematical model during the whole life, that is for 
thousands of cycles. 

Application of these concepts in fatigue, or more specifical
ly in High-Temperature-Low-Cycle-Fatigue with hold periods, 
is not possible at the present time for actual structures, even 
with the most powerful computers. However, the increase of 
computer capacity and rapidity, the decrease of computing 
time cost, and the research of special algorithms to perform 
"cycle jumps" could allow some practical possibilities. 
Methods have been examined by Savalle and Culie (1978) and 
applied to the case of the tension-compression specimens. 

In the creep situation, on the contrary, the coupling effect 
has been already considered in several applications (Marquis 
et al., 1981; Hayhurst, 1983) and permits the improvements of 
life predictions. 

3.2 Crack Propagation by Fracture Mechanics Concepts. 
The classical approach to predict crack growth and fracture in 
structural components is based on Fracture Mechanics con
cepts. Crack growth laws and failure criteria are based on 
global parameters such as the stress intensity factor K, the 
elastic strain energy release rate G, the contour integral / . In 
many cases Linear Elastic Fracture Mechanics constitutes a 
practical tool to predict crack growth, especially in a situation 
of non-dissipative "small scale yielding" materials. There is 
no doubt about its utility and worthiness in the past and in the 
future. 

However, in some situations this global approach presents 
some difficulties, even inconsistencies, especially when 
material nonlinearities play an important role, for example in 
ductile fracture or creep crack growth. Three developments 
for high temperature problems are briefly discussed below. 

3.2.1 Creep-Fatigue Interaction for Brittle Materials. 
Analysis of crack propagation in the framework of linear frac
ture mechanics is possible under high temperature fatigue, 
even under conditions of creep-fatigue interaction, at least for 
materials with a low ductility. The case of IN 100, treated by 
Policella and Lesne (1986), is very representative. Under con
stant temperature conditions the following results have been 
obtained: 

(1) The stress intensity factor K, calculated elastically or 
measured through the elastic strain energy release rate G 
(change in the measured stiffness of the specimen) is a useful 
parameter to correlate crack growth. 

(2) Pure fatigue crack propagation (5 Hz frequency) is 
well correlated by a simple power law. 

(3) Pure creep crack growth is described by a similar equa
tion, using time instead of cycle. 

(4) Fatigue with creep hold periods can be predicted from 

(a) •/ / / / (b) 

u / Aws) 

(1)-> Plastic f l ow during loading. 

(2) -* Actual unloadings before and after crack growth . 

(3) -> Fict i t ious elastic unloadings. 

Fig. 5 Schematics of the elastic energy release rate: (a) elastic brittle 
solid; (/») elasto-plastic brittle solid 

the addition of the two preceding contributions (with time in
tegration of the creep term). 

In the present case, the material has a low ductility but, due 
to the high temperature (1000°C) there are viscoplastic strains 
in the whole specimen. Linear Fracture Mechanics continues 
to apply because viscoplastic strain concentrates more at the 
crack tip. The concept of an elastic energy release, necessary 
to propagate the crack is justified by comparing the stiffness 
before and after the crack increment (Lemaitre and 
Chaboche, 1985). In such an extension of Linear Fracture 
Mechanics to creeping materials, the stiffness is considered 
during an infinitely rapid unloading, inducing elastic changes 
in the whole structure (only compressive flow at the crack tip); 
by this way the conditions appear similar to that of "small 
scale yielding." Figure 5 illustrates schematically the defini
tion of the elastic strain energy release (assuming here that the 
crack propagates at the maximum load). Let us note the con
sistency of using an "elastic" global parameter such as this 
with general thermodynamic concepts (Germain et al., 1983). 

3.2.2 Application Under Thermal Fatigue. In thermal 
fatigue, the main loads applied to the structure are thermal 
ones. Linear Fracture Mechanics can still be used, defining 
properly the elastic energy release rate (De Lorenzi, 1982), 
especially for materials with a low ductility. 

However, direct application of Linear Elastic Fracture 
Mechanics is incorrect. It must be applied after a preliminary 
elasto-plastic analysis (or elasto-viscoplastic) of the structure, 
without crack, in order to correctly take into account the 
global stress redistributions (external loading redistribution) 
induced by inelastic flow. 

The example of the plate submitted to cyclic thermal gra
dients (Lesne and Chaboche, 1984), without any external 
mechanical loads, illustrates clearly the point that, due to 
compressive stresses in the heated region, where the crack 
propagates, the stress intensity factor would be negative if 
calculated directly with the elastic fields. 

The procedure detailed by Policella and Lesne (1986) leads 
to a possible predictive way, using Linear Fracture Mechanics 
for a crack which has grown in the initially plastified structure 
(initial plastic strain field is obtained through the complete in
elastic analysis of the structure without the crack). In this way, 
the crack tip plasticity is not included in the analysis, which 
clearly corresponds to the "small scale yielding" assumption 
and justifies the use of some crack growth equations deter
mined with similar conditions (Policella and Lesne, 1986). 

3.2.3 Application to Ductile Materials. For more ductile 
materials, difficulties are encountered in the application of the 
Linear Fracture Mechanics; there is no longer a one-to-one 
correlation between K and the crack growth rate, especially 
under creep conditions. Nonlinear Fracture Mechanics in
troduces different global parameters, such as / i n ductile rup-
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O j ! (MPal 

Fig. 6 Crack as a damaged zone 

ture, A7 in fatigue (Low-Cycle-Fatigue), C* in creep. These 
parameters are justified only for special inelastic constitutive 
behavior and the correlations are not significantly better (Ben-
sussan et al., 1985). 

An alternative global approach can be developed to treat 
ductile materials; continue to use a linear elastic fracture 
parameter such as the stress intensity factor (or the elastic 
energy release rate), extending the concept of "small scale 
yielding" for fictitious elastic unloadings, as shown above 
(Lemaitre and Chaboche, 1985). This variable can be con
sidered as the thermodynamic force associated to the crack 
length (Germain et al., 1983). In other words, its definition 
has nothing to do with the actual behavior of the material; K 
(or G) plays the role of the stress in classical plasticity. The in
fluence of nonlinear behavior, of history effects, and of 
material processes at the crack tip will then be specified 
through the use of additional internal variables (as variable 
threshold parameters used by Pellas et al., 1977; Baudin and 
Robert, 1984) and additional growth equations: 

da =f(K, K„ . . .)dt 
(21) 

dK, =g(K, K„ . . .)dt 

In J;he case of fatigue crack growth it was shown by 
Lemaitre and Chaboche (1985) that the dissipation is propor
tional to the effective stress intensity KM = Kmsx - Ks, where 
Ks corresponds to the crack opening, chosen here as a growth 
rate threshold. 

Let us remark that the present approach, considering only 
the linear elastic energy release rate, is a theoretical concept. It 
does not suppose the real measurement of the compliance, but 
considers simply the stiffness change induced by the geometry 
change when the crack grows (neglecting the possible influence 
of the overall inelastic deformation on the compliance). In 
other words, the elastic unloadings have to be considered as 
fictitious, allowing to define the same driving force as in the 
commonly accepted small scale yielding. Moreover, the crack 
closure effects, during tension or compression unloading 
periods, are taken into account by the phenomenological 
parameter Ks in equation (21). 

3.3 Local Approaches to Fracture. As mentioned above 
some difficulties are encountered in applying global concepts 
of Fracture Mechanics to some complex situations including 
short cracks, history effects (overloads, warm-prestress, etc.), 
ductile fracture, and creep crack growth. 

Even if some correlations or parametrizations have been 
found satisfactory in many cases, alternative methods, called 
"local approaches," have been under development for several 
years (Janson and Hult, 1977). They consider the actual 
behavior at the crack tip, trying to calculate as precisely as 
possible the local stress and strain fields and the corresponding 

a 0 - H 4 I Aa = 0.4 mm 

Fig. 7 Creep crack growth prediction by a local approach for a CT 
specimen in INCO 718 at 600 C 

deterioration. Local failure criterion allows a crack increment 
to be predicted, and eventually the crack instability. 

In fact, two levels can be considered for local approachs: 
• Numerical methods using discrete crack increments: One 
uses the techniques of node release to produce the crack 
growth when some critical value of a physical quantity is 
reached at some critical distance ahead of the crack tip 
(Newman, 1974; Hinnerirhs, 1980; Anquez, 1983; Devaux and 
Mottet, 1984). This physical quantity can be an equivalent 
stress or strain, energy, or some measure of local damage. In 
such situations the prediction of crack growth using this 
method will be mesh dependent (Newman, 1974), but the local 
mesh size is fixed by means of statistical considerations 
(Rousselier, 1986; Mudry, 1986). Simplified approaches can 
be developed, using analytical stress-strain fields near the 
crack tip (Maas and Pineau, 1985). 
• Use of Continuum Damage Mechanics, including the pro
gressive deterioration and the corresponding stiffness reduc
tion. The crack (damaged zone) is then taken as the locus of 
material points with no rigidity, where damage has reached its 
critical value (Fig. 6). Conceptually, due to the stress 
redistribution associated with viscoplasticity and strength 
decrease, there is no need to introduce critical distance or node 
release techniques for crack growth simulation. After some 
maximum, the stresses in the plastic zone decrease continuous
ly as damage increases, approaching the crack tip. This ap
proach was studied first by Hayhurst et al. (1975) in the creep 
domain and is now under a large development in ductile frac
ture (Rousselier et al., 1985; Rousselier, 1986), creep crack 
growth (Saanouni et al., 1985; Hayhurst, 1985), fatigue (Ben 
Allal et al., 1984), and rupture of concrete (Mazars, 1985). 

Among many others (Lemaitre, 1985), several applications 
of local approaches have been done: 
• From a theoretical point of view, the use of CDM with a 
discontinuous damage growth law (sudden change from 0 to 1) 
solves Rice's paradox, giving consistency to the energy 
dissipated at the crack tip. Moreover, such simplified damage 
laws allow analytical solutions for simple structures (Bui and 
Ehrlacher, 1985; Bui et al., 1986). 
• The application of the first level of local approaches to 
fatigue can be considered now as classical (Newman, 1974; 
Anquez, 1983). For example, it gives correct predictions of 
crack opening or crack closure, even under complex loading 
conditions (multi levels, overloads, underloads, etc.). 
• Fracture of brittle materials such as concrete has been 
simulated in various ways (Mazars, 1985; Bazant and 
Pijaudier-Cabot, 1987) and for several kinds of components, 
using continuum damage concepts and taking into account the 
coupling between damage and the elastic behavior, as men
tioned in Section 2.6. 
• In the case of ductile fracture two levels have been applied 
(Devaux and Mottet, 1984; Rousselier et al., 1985; Rousselier, 
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1986), introducing or not the notion of damage. The local 
mesh size is fixed through "critical distance" considerations 
or a statistics of defects in the volume element. Good predic
tions have been obtained with the two methods, comparing 
notched axisymmetric specimens, cracked specimens, and 
compact tension specimens. 
• Creep crack growth has also been predicted using local ap
proaches of both types (Saanouni et al., 1985; Hayhurst, 1985; 
Walker and Wilson, 1984; Tvergaard, 1986). In the case of us
ing CDM concepts the main difficulties are associated with the 
time integration of the very stiff differential equations 
(Walker and Wilson, 1984). Special automatic time stepping 
has been developed for points approaching the rupture condi
tion (D = 1). Figure 7 shows an application to the creep crack 
growth in a C.T, specimen in Inconel 718 at 600°C (Saanouni 
et al., 1985). 

Such local approaches of fracture are very attractive, due to 
the possibility of implementing more physical rupture criteria 
and damage processes at the crack tip. They have already 
given good results in laboratory simulations and are beginning 
to be applied at an industrial level, especially in the case of 
cleavage and ductile fracture (in Devaux et al., 1986, for in
stance). Examples where local approaches have a benefit over 
classical fracture mechanics have been presented by Rousselier 
et al. (1985), Bensussan et al. (1985), Mudry (1985), and 
Devaux et al. (1986). 

Several problems delay a more general use: 
• The cost of calculations. However, the difference isn't so 
large if an inelastic analysis has also to be performed to apply 
Fracture Mechanics. Simplified procedures, using some 
analytical fields, could offer an intermediate, more practical, 
way. 
• The dependence on the finite element modeling, which 
seems a common feature of the various local approaches. Both 
the "crack width", the crack growth rate, and the failure load 
depend on the chosen mesh size, even when using the complete 
elastic-plastic-damage coupling as by Saanouni et al. (1985). 
From a practical point of view the local mesh size has to be fix
ed in every application after checking a particular one. 
Another attractive way may be to introduce a nonlocal defini
tion for damage growth, as already considered by Rousselier 
et al. (1985), Bazant and Pijaudier-Cabot (1987), Billardon 
(1986), and Saanouni and Lesne (1987). 

4 Conclusion 

Some practical damage rate equations have been briefly 
presented and discussed, in the framework of Continuum 
Damage Mechanics. Applications were shown on various 
kinds of materials, concerning: creep processes, fatigue pro
cesses, creep-fatigue interaction, ductile plastic damage of 
metals, and brittle damage, especially in concrete. In each 
case, uniaxial and multiaxial equations have been presented. 
Such damage growth theories can be used to predict crack in
itiation in structural components, as shown recently in various 
applications. Moreover, the use of CDM allows some in
teresting additional possibilities in the framework of local ap
proaches to fracture. 

This rational approach of damage proceeds as an extension 
of Continuum Mechanics. It allows many possibilities, in
troducing, for instance, some conncections between 
microstructure measurements and mechanical parameters. 
Moreover, this theory finds applications in many different 
situations (various loading conditions, various materials, 
various physical processes, etc.). 

In that it concerns life predictions in structures, Damage 
Mechanics allows one to take into account the coupling effects 
between deterioration processes and mechanical behavior. It 
will certainly be developed further and extensively used in the 

future as a complementary tool, between Continuum 
Mechanics and Fracture Mechanics. 

References 

Anquez, L., 1983, "Elastoplastic Crack Propagation (Fatigue and Failure)," 
La Recherche Aerospatiale 1983-2. 

Baudin, G., and Robert, M., 1984, "Crack Growth Life-time Prediction 
Under Aeronautical Type Loading," 5th European Conf. on Fracture, Lisbon. 

Bazant, Z. P., and Pijaudier-Cabot, G., 1987, "Modeling of Distributed 
Damage by Non-Local Continuum with Local Strain," 4th Int. Conf. on 
Numerical Methods in Fracture Mechanics, San Antonio, Texas, A. R. Lux-
moore et al., eds., Pineridge Press, Swansea, pp. 411-432. 

Ben Allal, A., Billardon, R., and Marquis, D., 1984, "Prevision de 
I'Amorcage et de la Propagation des Fissures par la Mecanique de l'Endom-
magement," Journees Int. de Printemps, "Amorcage des Fissures sous 
SoIIicitations Complexes," Paris. 

Bensussan, P., Maas, E., Pelloux, R., and Pineau, A., 1985, "Creep Crack 
Initiation and Propagation: Fracture Mechanics and Local Approach," 5th Int. 
Seminar on Inelastic Analysis and Life Prediction in High Temperature En
vironment, Paris. 

Beziat, J., Diboine, A., Levaillant, C , and Pineau, A., 1983, "Creep 
Damage in a 316 S.S. Under Triaxial Stresses," 4th Int. Seminar on Inelastic 
Analysis and Life Prediction in High Temperature Environment, Chicago, IL. 

Billardon, R., 1986, "Fully Coupled Strain and Damage Finite Element 
Analysis of Ductile Fracture," Int. Sem. on Local Approaches of Fracture, 
Moret-sur-Loing, France. 

Bui, H. D., and Ehrlacher, A., 1981, "Propagation of Damage in Elastic and 
Plastic Solids," ICF 6, Vol. 2, Cannes. 

Bui, H. D., Dang Van, K., and De Langre, E., 1986, "A Simplified Analysis 
of Creep Crack Growth Using Local Approach," Int. Seminar on Local Ap
proaches of Fracture, Moret-sur-Loing, France. 

Cailletaud, G., and Levaillant, C , 1984, "Creep-Fatigue Life Prediction: 
What About Initiation?", Nuclear Engng. and Design, No. 83, pp. 279-292. 

Cailletaud, G., and Chaboche, J. L., 1986, "On the Calculation of Structures 
in Cyclic Plasticity or Viscoplasticity," Computers and Structures, Vol. 23, No. 
1, pp. 23-31. 

Chaboche, J. L., 1974, "Une Loi Differentielle d'Endommagement de 
Fatigue avec Cumulation non Lineaire," Revue Francaise de Mecanique, No. 
50-51, English translation in "Annales de l 'IBTP," HS 39, 1977. 

Chaboche, J. L., 1972, "Description Thermodynamique et Phenomeno-
logique de la Viscoplasticite Cyclique avec Endommagement," These Univ. 
Paris VI, publication ONERA, N 1978-3. 

Chaboche, J. L., 1979, "Le Concept de Contrainte Effective Applique a 
l'Elasticite et a la Viscoplasticite en Presence d'un Endommagement 
Anisotrope," Col. EUROMECH115, Grenoble 1979, Editions du CNRS, 1982. 

Chaboche, J. L., 1980, "Lifetime Predictions and Cumulative Damage under 
High Temperature Conditions," Int. Symp. on Low Cycle Fatigue and Life 
Prediction, Firminy, France, ASTM STP 770, 1982. 

Chaboche, J. L., 1981, "Continuous Damage Mechanics. A Tool to Describe 
Phenomena Before Crack Initiation," Nuclear Engng. andDesign, Vol. 64, pp. 
233-247. 

Chaboche, J. L., 1984, "Anisotropic Creep Damage in the Framework of 
Continuum Damage Mechanics," Nuclear Engng. and Design, Vol. 79, pp. 
309-319. 

Chaboche, J. L., 1988, "Continuum Damage Mechanics: Part I—General 
Concepts," ASME JOURNAL OF APPLIED MECHANICS, Vol. 55, No. 1, pp. 59-64. 

Chaudonneret, M., and Chaboche, J. L., 1986, "Fatigue Life Prediction of 
Notched Specimens," Int. Conf. on Fatigue of Engineering Materials and Struc
tures, Sheffield. 

Chrzanowski, M., 1976, "Use of the Damage Concept in Describing Creep-
fatigue Interaction Under Prescribed Stress," Int. J. Mech. Sci., Vol. 18, pp. 
69-73. 

Contesti, E., 1986, "Endommagement en Fluage: Experience et Modelisa-
tion," Reunion GRECO Grandes Deformations et Endommagement—GIS 
Rupture a Chaud, Aussois, France. 

Dang Van, K., 1973, "Sur la Resistance a la Fatigue des Metaux," Sciences et 
Techniques de I'Armement, Vol. 47, 3eme Fasc. 

Del Puglia, A., and Vitale, E., 1982, "Damage Concept in Creep Fatigue: 
Current Theories and Applications," Proc. ASME-PVP Conf., Orlando, FL. 

Delobelle, P. , 1985, "Etude en Contraintes Biaxiales des Lois de Comporte-
ment d'un Acier Inoxydable du type 17-21 SPH—Modelisation et Identifica
tion—Introduction de l'Endommagement, Cas de l'INCONEL 718," These de 
Doctorat d'Etat, Besancon. 

De Lorenzi, H. G., 1982, "On the Energy Release Rate and the J-Integral for 
3-D Crack Configurations," Int. J. of Fracture, Vol. 19, pp. 183-193. 

Devaux, J. C , and Mottet, G., 1984, "Dechirure Ductile des Aciers Faible-
ment Allies: Modeles Numeriques," Rapport N 79-057, Framatone. 

Devaux, J. C , Saillard, P., and Pelissier-Tanon, A., 1986, "Calcul des Cir-
constances de Rupture d'une Virole Epaisse Prefissuree Soumise a un Choc 
Froid a 1'Azote Liquide," Int. Seminar "Local Approaches of Fracture," 
Moret-sur-Loing, France. 

Dragon, A., and Chihab, A., 1985, "Quantifying of Ductile Fracture 
Damage Evolution by Homogenization Approach," SMIRT 8, Bruxelles. 

Dyson, B. F., 1979, "Constrained Cavity Growth, Its Use in Quantifying Re
cent Creep Fracture Experiments," Canadian Met. Quart., Vol. 18, p. 31. 

Journal of Applied Mechanics MARCH 1988, Vol. 55/71 

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.org/ on 09/21/2013 Terms of Use: http://asme.org/terms



Germain, P.,,Nguyen, Q. S., and Suquet, P., 1983, "Continuum Ther
modynamics," ASME JOURNAL OF APPLIED MECHANICS, Vol. 50, pp. 

1010-1020. 
Greenwood, G., 1973, "Creep Life and Ductility," Int. Congress on Metal, 

Cambridge, 1973, in Microstructure and the Design of Alloys, Vol. 2, p. 91. 
Hashin, Z., and Laird, C , 1980, "Cumulative Damage under Two Level 

Cycling: Some Theoretical Predictions and Test Data," Fatigue of Engineering 
Materials and Structures, Vol. 2, pp. 345-350. 

Hayhurst, D. R., 1972, "Creep Rupture under Multi-axial State of Stress," / . 
Mech. Phys. Solids, Vol. 20, No. 6, pp. 381-390. 

Hayhurst, D. R., Dimmer, P. R., and Chernuka, M. W., 1975, "Estimates of 
the Creep Rupture Lifetime of Structures Using the Finite Element Method," J. 
Mech. Phys. of Solids, Vol. 23, p. 335. 

Hayhurst, D. R., 1983, "On the Role of Creep Continuum Damage in Struc
tural Mechanics," Engineering Approaches to High Temperature Design. 
Wilshire, Owen, eds., Pineridge Press, Swansea. 

Hayhurst, D. R., 1985, "On the Use of Creep Damage Constitutive Equa
tions to Predict the Behavior of Cracked Specimens Under Constant Applied 
Loads," 5th Int. Seminar on Inelastic Analysis and Life Prediction in High 
Temperature Environment, Paris. 

Hinnerirhs, T. D., 1980, "Viscoplastic and Creep Crack Growth Analysis by 
the Finite Element Method," Ph.D. Thesis, Air Force Institute of Technology. 

Hua, C. T., and Socie, D. F., 1984, "Fatigue Damage in the 1045 Steel under 
Constant Amplitude Biaxial Loading," FatigueEng. Mater. Struc, Vol. 7, No. 
3, pp. 165-179. 

Hull, J., 1979, "Continuum Damage Mechanics—Capabilities, Limitations 
and Promises," Mechanisms of Deformation and Fracture, Pergamon, Oxford, 
pp. 233-247. 

Janson, J., and Hult, J., 1977, "Fracture Mechanics and Damage Mechanics 
a Combined Approach," / . Mecanique Appliquee, Vol. 1, No. 1. 

Kachanov, L. M., 1958, "Time of the Rupture Process under Creep Condi
tions," Izv. Akad. Nauk, SSR, Otd Tekh. Naul, No. 8, pp. 26-31. 

Kachanov, M., 1980, "Continuum Model of Medium with Cracks," ASCE J. 
of the Engineering Mechanics Division, Vol. 106, No. EM5, p. 1039-1051. 

Krajcinovic, D., 1984, "Continuum Damage Mechanics, Applied Mechanics 
Reviews, Vol. 37, No. 1. 

Krajcinovic, D., and Fonseka, G. U., 1981, "The Continuous Damage 
Theory of Brittle Materials," Parts 1 and 2, ASME JOURNAL OF APPLIED 
MECHANICS, Vol. 48, pp. 809-824. 

Krajcinovic, D., and Silva, M. A. G., 1982, "Statistical Aspects of the Con
tinuous Damage Theory," Int. J. Solids Structures, Vol. 18, No. 7, pp. 
551-562. 

Leckie, F. A., and Hayhurst, D. R., 1974, "Creep Rupture of Structures," 
Proc. Royal Soc, London, Vol. 340, pp. 323-347. 

Leckie, F. A., and Onat, E. T., 1980, "Tensorial Nature of Damage Measur
ing Internal Variables," IUTAM Symp. on Physical Non-linearities in Struc
tural Analysis, Senlis, France. 

Lemaltre, J., 1984, "How to Use Damage Mechanics," Nuclear Engng. and 
Design, Vol. 80, pp. 233-245. 

Lemaltre, J., 1985, "A Continuum Damage Mechanics Model for Ductile 
Fracture," ASME / . Engng. Mat. and Technology, Vol. 107, pp. 83-89. 

Lemaitre, J., 1985, "Local Approach of Fracture," Symp. on Mechanics of 
Damage and Fatigue, Haifa, Israel. 

Lemaitre, J., and Chaboche, J. L., 1978, "Aspect Phenomenologique de la 
Rupture par Endommagement," J. de Mecanique Appliquee, Vol. 2, No. 3, pp. 
317-365. 

Lemaitre, J., and Chaboche, J. L., 1985, "Mecanique des Materiaux 
Solides, "Dunod, Paris. 

Lesne, P. M., and Chaboche, J. L., 1984, "Prediction of Crack Initiation 
Under Thermal Fatigue and Creep," 2nd Int. Conf. on Fatigue Thresholds. 
Fatigue 84, Birmingham. 

Maas, E., and Pineau, A., 1985, "Creep Crack Growth Behavior of type 316 
L Steel," Engng. Fracture Mechanics, Vol. 22, No. 2, pp. 307-325. 

McClintock, F., 1968, "A Criterion for Ductile Fracture by the Growth of 
Holes," ASME JOURNAL OF APPLIED MECHANICS. 

Manson, S. S., 1979, "Some Useful Concepts for the Designer in Treating 
Cumulative Damage at Elevated Temperature," I.CM. 3, Cambridge, Vol. 1, 
pp. 13-45. 

Marco, S. M., and Starkey, W. L., 1954, "A Concept of Fatigue Damage," 
Trans. ASME, Vol. 76, No. 4, pp. 627-632. 

Marigo, J. J., 1985, "Modelling of Brittle and Fatigue Damage for Elastic 

Material by Growth of Microvoids," Engng. Fracture Mechanics, Vol. 21, No. 
4, pp. 861-874. 

Marquis, D., Billardon, R., Benallal, A., and Grolade, D., 1981, "Prediction 
of Crack Initiation and Growth in Structures by Continuum Damage Theory," 
EUROMECH Colloquium 147, Damage Mechanics, Cachan, France. 

Mazars, J., 1985, "A Description of Micro and Macro Scale Damage of Con
crete Structures," Symp. on Mechanics of Damage and Fatigue, Haifa, Israel. 

Miller, K. J., and Zachariah, K. P., 1977, "Cumulative Damage Laws for 
Fatigue Crack Initiation and Stage 1 Propagation," Journal of Strain Analysis, 
Vol. 12, No. 4, pp. 262, 270. 

Mudry, F., 1986, "A Local Approach to Cleavage Fracture," Int. Seminar on 
Local Approaches of Fracture, Moret-sur-Loing, France. 

Murakami, S., and Ohno, N., 1980, "A Continuum Theory of Creep and 
Creep Damage," 3rd IUTAM. Symp. on Creep in Structures, Leicester. 

Murakami, S., and Imaizumi, T., 1982, "Mechanical Description of Creep 
Damage Stage and its Experimental Verification," J. de Mecanique Theorique 
et Appliquee, Vol. 1, No. 5, pp. 743-761. 

Newman, Jr., J. C , 1974, "Finite Element Analysis of Fatigue Crack 
Propagation Including the Effects of Crack Closure," Ph.D. Thesis, V.P.I., 
Blacksburg, VA. 

Pellas, J., Baudin, G., and Robert, M., 1977, "Fatigue Crack Growth Model 
Prediction with Two Differential Constitutive Equations," ICF4 Proceedings, 
Waterloo, pp. 1353-1360. 

Plumtree, A., and Lemaitre, J., 1979, "Application of Damage Concepts to 
Predict Creep-Fatigue Failures," ASME. Pressure Vessels and Piping Conf., 
Montreal. 

Policella, H., Paulmier, P., and Savalle, S., 1982, "Effet de la Contrainte 
Moyenne en Fatigue Vibratoire a Haute Temperature. Resultats Experimentaux 
sur IN 100 a 900°C," R. T. ONERA, No. 49/1765. 

Policella, H., and Lesne, P. M., 1986, "Amorcageet Propagation de Fissures 
en Fatigue Thermique. Calculs de Prevision," International Spring Meeting of 
Fatigue at High Temperature, Paris. 

Rabotnov, Y. N., 1969, "Creep Problem in Structural Members," North-
Holland. 

Rezai-Aria, F., and Remy, L., 1986, "Prediction de Duree de Vie en Fatigue 
Thermique dans un Alliage a Base de Cobalt," Int. Spring Meeting of Fatigue at 
High Temperature, Paris. 

Rice, J. R., and Tracey, D. M., 1969, "On the Ductile Enlargement of Voids 
in Triaxial Stress Fields," J. Mech. Phys. Solids, Vol. 17, p. 201. 

Rousselier, G., 1980, "Finite Deformation Constitutive Relations Including 
Ductile Fracture Damage," IUTAM Symp. on Three-Dimensional Constitutive 
Relations and Ductile Fracture, Dourdan, Nemat-Nasser, eds., North-Holland 
Publ. Comp., 1981, pp. 331-355. 

Rousselier, G., 1986, "Les Modeles de Rupture Ductile et Leurs Possibilites 
Actuelles dans le Cadre de l'Approche Locale de la Rupture," Seminaire Inter
national Approches Locales de la Rupture, Moret-sur-Loing, France. 

Rousselier, G., Devaux, J. C , and Mottet, G., 1985, "Ductile Initiation and 
Crack Growth in Tensile Specimens—Application of Continuum Damage 
Mechanics," SMIRT 8, Brussels. 

Saanouni, K., Chaboche, J. L., and Bathias, C , 1985, "On the Creep Crack 
Growth Prediction by a Local Approach," IUTAM Symp. on Mechanics of 
Damage and Fatigue, Haifa, also in J. of Engineering Fracture Mechanics, Vol. 
25, No. 5/6, 1986, pp. 677-691. 

Saanouni, K., and Lesne, P. M., 1987, "Non-Local Damage Model for Creep 
Crack Growth Prediction," Int. Sem. "High Temperature Fracture 
Mechanisms and Mechanics, Dourdan, France. 

Savalle, S., and Culie, J. P., 1978, "Methodes de Calcul Associees aux Lois 
de Comportement Cyclique et d'Endommagement," La Recherche 
Aerospatiale, No. 1978-5. 

Socie, D. F., Fash, J. W., and Leckie, F. A., 1983, "A Continuum Damage 
Model for Fatigue Analysis of Cast Iron," ASME Conf. in Life Prediction, 
Albany, New York. 

Subramanyan, S., 1976, "A Cumulative Damage Rule Based on the Knee 
Point of the S-N Curve," ASME J. of Engng. Mat. and Technology, pp. 
316-321. 

Suquet, P., 1982, "Plasticite et Homogeneisation," These Doctorat d'Etat, 
Univ. Paris VI. 

Tvergaard, V., 1986, "Analysis of Creep Crack Growth by Grain Boundary 
Cavitation," Int. J. of Fracture, Vol. 31, pp. 183-209. 

Walker, K. P., and Wilson, D. A., 1984, "Constitutive Modelling of Engine 
Materials," PWA Report FR 17911 (AFWAL-TR-84-4073). 

72/Vol. 55, MARCH 1988 Transactions of the ASME 

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.org/ on 09/21/2013 Terms of Use: http://asme.org/terms




