Module: 4

Lecture:2

Damped Single-degree of Freedom System
Free Vibration of Damped System(Contd.)

Critically damped motion [§ = 1-0] Case - 111
Sl = Sz = _a)n

We obtain a double root
The correct general solution is

X = (A+Bt)e ™!

Initial conditions X(0), X(0) at t=20

X = —w,Ae " +Be ™' - Bo,te ™
t =0 x0) = A
%0) = —w, A + B

t =20
= B = X0 + o, A
X(0) + @, x(0)

at
at

X = [X(0) + {X(0) + o, x(0)}t]e "

X(t) 1

X(0)
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Oscillatory Motion [§ > 1-0] Casel

—§+\/a) —(;—\/a)u)nt

X = Ae( " Be(

X = A(_§+\/ﬁ)wn e({ﬂ/ﬁj%t - B(_éa—\/zi—l)a)ne(g‘/ﬁ)“’“t

B.C.att=0 x = x(0), % = x(0)
B.C(l) »x(0) = A+B — A = x(0)-B

B.C.2) > x(0) = A(—g+,/§2—1)wn+ B(—g—,/ 2—1)con

%(0) = {x(O)—B}(—gJM/;2 —l)a)n+ B(—g—w/gz —l)a)n
- x<0)+x(0)(—g—m)a)n - B{+{(—\/27—1—47—\/27—1}
) —x(O)(—{—w/ 2—1)a)n

2\ -1 w,

A = x(0) -B
— X(0) — x(O)(—g - l)a)n
2/ -1 o,

_ X0+ X(O)(g“ +4/C7 - l)n)n
20,47 -1

= x(0) -

¢+ -1 apt ¢ =G -1 oyt .
X = Ae( ’ Jw +Be( )w — Response equation

A
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Oscillatory motion ( ‘> 1,())

Special Case (From General damped solution)

Free undamped vibration
c =20
X = Asino,t + A,coso,t

Where o, = % — natural frequency

X = Asin(ao,t + @)
To determine A;, A, and A we have to apply the initial condition at t=0.
at t =0 X = X,, X =V,

Vg .
X(t) = xycosw,t + —Lsinw,t

20

Logarithmic Decrement from Damped free vibration

Height of two consecutive picks X, X,. We can define a quantity called Logarithmic Decrement
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SemX - Ae 5" sin (w4t + @)

X, Ae = Dginfw, (t+T) + ¢]
~Eoat -
g = t + 2
= In —So (t+:;n.(a)d 9) T = =
e = sin(wy t + @) Wy

sin{a)d (t+2—”J+¢} = sin(wy +27 +¢) = sin(w4t + ¢)

@y
5 = EoT = fw,
Wy
= ¢w 27 & —  verysmall
= | ————
a)n\ll_é:2
0 =218 = & = i
2z

The damping factor & can also be determined by measuring two displacements separated by any
number of complete cycles. Letting X; and X;+; be the amplitudes corresponding to the times t;
and tj.,; =t; + J*T, where j is an integer, we conclude that

AT TR s N Xi _ gtam
Xj+1 X2 X3 X4 Xj+1
s =t X o lpeeem) T
J Xj+l
)
S - 27é
1— &
J 5 = 2xE
§ = L —
CC
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Graphical representation of linear and non-linear logarithmic decrement curves
Summary of Expressions

Ay = (_é: i\/gz _l)a’n

when & > 1 — 4 & 4, arereal

A exp(— &+ \/ﬁ)a)nt + Azexp(— & - \/ﬁ)a}nt

X =
when & =1 A, = —o,
X = (A+Ate
when & < 1, A, arecomplex

X = Alexp(—(f +iqE —l)a)nt + Azexp(—§ — iy &7 —l)a)nt

When damping is very small you
wy = w,1-E? should take a series of peaks (2 peaks
will give erroneous result)
5= - 27 1, X
- - 2 §=—In—
X2 - § n Xn +1
For small damping, 6 = 2x& n = no of peaks

Numerical Example

Problem: Initial condition and damping conditions are given as follows
t=0;x=0; X =V,

&= 25,1,0.1

Find out the response

Solution: l X

There are three cases
1) Over damped
2) Critically damped
3) Under damped

Case | E =125
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>
I

A exp(—f + &7 —l)a)nt + A, exp(—/f — & —l)a)nt

x= A a 020905t A, o479yt

To find A;, A, use initial condition

= A = -A = 2(0218)

n
x = 02180 (e—0.209a)nt N e—4.79a)nt)
a)n
Case II
¢ =1
X = (A, + Azt)e’”’"t
ApplingB.C. = A =0; A, =V,
X = V,te™

Case III
E=0.1
x = e "' (Asin0.995m,t + Bcos0.995m,t)

From the initial conditions
x =0 -—> B =20
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