Week 6. Lecture Notes

Topics:  Ravdowly built BsT.
Red Plack Tyee.
Augmen’co«ﬁon of dale Structure.

Interval trees.

Ro\nol ovized B5T seort

Rond. B5T. Sort (Al ...w'.\)
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Lemma: Le{ j R‘-’ R e a convex -eunchov\, ond let
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J ensen's Inequality

Lewawar Lel § be a conven -Ew\ch‘on, ond let X be
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Let Xn be the Tomdow veriable o\e\noh‘wg Hre

heiaWt of @ 'randowx\j bwilt \OiV\O'rﬁ seavech tyee own
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Balanced Seavch Trees

PBaloneced Search dree. A seareh- t1ee deta structure

‘Fof which o \o\ei%\nt of Otboav\} s 8uo'ram\:e—ec\ vowen

o\\ay\ovm'c cet on W ilewas .

\mPlewer\Hvxg, o
AVL Trees, 2-% trees
2-%-4 tijees, B - tvees.
Red - Dlaek Trees

gmew\p\es:

Ree\ - Black Teees

This date slvructure Tequives on eatva owne-

bit
F'\elo\ . coVoT, in eath weoe.

Ked. black ?fo?efﬁeb'-
wode.ishei ther ced o¥ blatX

. Eve'na
) ove black.

9. The oot owd leaves KN!L'!-

3. )% & wode s ted, Tren its ?ofevx’c js olatk

4. Al 5;w\?)e, Fa‘\'\ns -E'vowx owd wooe 2 1o @

lea} hWove Yhe sSawmme nuwmloer

descendant
black- \Aeiah’c ).

of blatk wodes =




aow\?\e of & qed - black tree

N @" YCJ V‘an—
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h+ 4 ANL .

g Eve'nd vwode is either ~ed o+ blatk

2. The vool @nd leaves LN\L":) are black

2. ) eweode 15 ved, then ite Paren\; is black
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des mdew\’(
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IoeA: Tnsert a in tyee. Color o 7ed. On\\d
3 wﬁaln{, ve ~ioloted . Move the violehon
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Fseudo code.

2

0

0.

2.

IS .

TREE- INSGRT (T.a)

RB - TNSERT LT, )

be
e o] RED  »orly R8P grihes
colo
: RED
while 2 ¢ Toot [T ond covor Lplal)

do if plal. \ef{:[\o frtaﬂ]
1 Lp Lpmal] vye ount]

unb\c 0‘9\.

Then Y & T'\a
W colo? [\dl = RED

then Llase 1)
else i? e 'ﬁa\n

L Lptn]

» Cose 2 Jolls

tren (CaSe 27
into Cade 9

{case %)

clse Q"Hnen“ claunse with 1eft and

) ‘ﬁta\n‘l "’ 5wa f?eo\)

color [7oot [ﬂ] — BLACK



le?’bv'.calll\]o’caﬁok

Let A dewnote 0 suwotves with e Viack oot

. A

(07, children of Push C's black onto A
ond D, ond Tewurst
since Co ?Ne"‘{ Wy

be 7ed-
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Done ). No wore ~elations
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Rumn'm% Time:
O(logv\\ with O 10latons

Note:
Riy-DELETE - takes S

Hwe.

ame Gbavmp‘h}'ﬁc Tunm‘v\?



b\.{ namic Order Statisties

DS - SELECT l,':» 5) : teturns the i smallest element
in the agy\omic sek S

05- RANK (a1, 5): Teturns Hre Tank of 265 in the
sorted order of 5's elements.

Jben: Use o red - black tree (r)mr the set 5, but
Keep subtree sizes \wthe wode.

No*oHon -ro« nodes: m

E’K&\mg]e, of an 05vee

size [] = size [left {a1] + size [‘”a‘"* 1s1]+ |



SELECTION

IMPlemew}aHovx T'n'okz Use (¢} sev\'h'ne) (dumm

(if 7ewral)
-;b-( NIL suth Hapl size [N!L]:O.

b 09%- sereet ()

2. ke size [1eft 1] +] » k. Tonk (2)

= i (=K Hen veturn a

. if i<k

2 then qeturn 05-sELeet (eft 1ad,i)

‘. else veturn 09 SELECT (yignt [al, (k)
E")Law\P\e'-

05- seLECT (760t} 5)

% @
o] \ a
< (e @ B

tz)
5 B

Kuv\niv\z‘/“’me: 0(_&0: OU.na,n) £vr red- black {vees.



Data Structure Maintenance

Q. \A“-\\J not Keep He 7anKs Hhew selves in +Hhe nodes

nstead of subtree S)ze‘a?.

A. 'T\ncz ave ol +o waintain when Haie ved - black
tvee 19 wodified .

Mooli?y\‘nz opefGHOnb‘. INSERT ond DeLETE

5%1@{3?:’: Updol:e subtree size s when \'nsef'Hn?, ov
o\c\e_-Hv\a.

Emam?le o-? insertion

Taisery K")

(14 \
",



Hav\cu\.n(a, Tebalancina
d d

Don'} 'Eorze.{: Hral RB-\NSERT ond K B- DELETE may
also need o w\oa\ifg ‘Hre ved -black tree n ovder +o
maintain balence. '

kcwlo'F'\V\ﬁﬁ" no effect on subtree sizes.
Rolatons: S up cublree sizes v QL) time

Efxaw\p\e :

7 3 s
> RB-INsgRT ond R B.DELETE. vun in O(loa n) Hme.

Data- styuctuve o o
ﬂeﬂnodo\oan: (ea., ovdey- stat stics trees )
' Choose on uv\o\e\’\taiv\g deta structure L"A' black ’c'recs)

2. Deteymine additiona) information to be stoved in Hie
dota structure (subtree sizes)

3, \Ie,oﬁ#:, Haab tHhis nformation cow be weintained Jos
modif\d,iwg, operations (R8- \WWSERT, RB-DELETE - dont
-‘oﬂae{: <ote Hons)

4. be\;e\o? new o\ansmw‘(,—se’c OPGU'O‘HOV\b Haet use tHae
informaton (05- SGLECLT ond OS5- RANK)

These bLePs ove Zuid&\iwes,not viﬁid Tules.



T wterval Tvees

Cloal: To maintain o oltanomfc set of intervals, such as
Hwe 'm’cewais.

ict'}, 107

lowl¢l- 7 — J — 10 = \nia"\‘-i]

sg

—l

1" - *

L} 2 9

P e e ety

22 2¢

® : .
uersy For given query ‘wterval (, find on interve)
i the set +Haot ovevlaps L.

F’o\\owiv\% Hie wetiodoloay
47

L Clhoose on uV\c\e'cka"\n% deta structuve.

¢ Red bvlack tvee kcwjed on low [1eft) evo\poin!:-

2 Detevrwmine odditons) infoymation Yo be stoved in
‘e dete struckure.
* Stove in each node o the \owﬂeb{: value wmial
M Yhe sublree vooled at o, s well as the
interval int (2] covrwpondin& Yo Hhe ke.a,



Eaa W\P]e, ‘nterval tree

'/.\’ high Lintlal]

m 1eft ]
™ (via\n’c \‘ﬂ]

mn] : mon

™ o&'\gg nq oPe-mHov\s
d

3. Ve'nf ot thie m?m’muhon con be maintained
| A Mod\f-a\na OPe'mHovsb

Cin. 's  on +he wmd dowon
v 0L XHwme per rota

o JNSERT :
. QoTATION: Fimup

@

Tolal insert Hwme: Oanﬂ;
| Delete siwilar.

Hon .




New operations

b, bcve,\oF new o\\avxmmic -set opevaHons that use +re

in Porwo Hon.

T NTERvVAL - 5€AReH (i)

ks A e—vook

2. while o3 AIL owd (lowliI> Ligh Lint 1a1]
or \owlint [a1] 2> \m'ahft"!)

8. do P iond ivtTal dov't ovevlep
. if 1eft1a]# NIL and low [ ¢ m{1eft 1a1]
5. hen A &« left 2]
else 2 & ¥i9 wtla]
+. Teturn a

Emawple 1. INTERVAL- SEARCH (T1i])

(5. f12.1)
L ),
SRS,
N & vool

{luyn] and Tr13ne] down't
Qve'I\OP

M8 > ae 1eft[a]



<

(0.8
(w167 and [s07] don't

ovevlop

1uy 8 mé—-'ﬁ%\n’c ()

&

F @
@ £

GE %

[\"I,l&') ,o'\né tﬁ,\ﬁj o\teﬂ\ap

s sl

veturn




Emample 2. TNTERvVAL - SEARCH Lt '2,"-11)

A %‘

22 2%

' N & voot
Tz, %) ond [13,19] don't

ovevlop
12818 S a « \eft(a]

%‘

m @
%v [214] ond [S07) dont oveﬂap

RYE o & & 'raa\nt (»7]

(i2,4] awd (15,187 clon't everlap
12710 > A~ ﬂam {2l

((3,0)
2N .%E
%%% (L] © no interva)
: MeNIL] H No intevrva

@ ” et ove-t\aF 4
o/

ist.
T2, ] eni



Ah@lﬂ_ 5 S
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Tiwne = OlW) e o(\or), Since INTERVAL- SEARLH Odoes

constont werk at eaclh level as it -fo)!owb a simple PO‘HI\
down Hae tree.

List all ovev\ePPivxa intervals :
» Seevewn, list,delete, 're,Pe,o&
e Insert Haewm o\ o\bm‘n at Hie end

Tiwe OLK\oz nj, where K is Hhe total number of

ove-v\appmg intervals.

'“Ais is an ou%pu‘:-sex\gi‘\i!@ bo\md.

best a\aoﬂﬂnw’ Yo date w0 (k4 l"a “)

Covvecltness

Theovem: Lel Lube the set of intervals inHae lefE

Sublree og neode n, and let K. be the set of intervals
n s ‘riah’c sulbs tree.

1§ Hhe seearch goed 153\\1', Hien

{i' eL: U overlaps 'LS e <P
if the searth qoes \efl, Haen

$i el: U overlaps il= o

2 {i' €ER: 'b'o-ueﬂopg ¢ty = <

Tw other woovds, its e\waas bo?e Yo teke @i
o\n\a ] of e two cdhildven = we wi) eitaer ?ﬁnd

Someﬁnimz oY vsoﬁniv\a waes o be quv\o‘,



C orveciness @ooﬁ

Ficnds Su?rose -ﬁ‘-wl Hoet seareh Joes via\n’c.
v 18 13-(’}_[0\3: NIL, then we ave done, since | = &+

* Otevwise , Hhe code dittates Hal we must hove
low U >wmteft 1), The value mlielta1]
c,o-rve,sponds to Hae 'ﬁah\: ewnd Foivsl: o-e sSowne

intevval je L, and wo oHier interval in L con

heve o \aﬂrﬂe' 'riz\v& end point Hren Nak(j)

LI —— - b

¢ — a

g \
high t) » m{teft 1] owli)

+ Thevefore, {i' €L: U overlaps (§ = o

Ne'n{: 5uppose Hat He searcth aoe& lc?l:, onol assumé

Hel
O, QU y overlaps 1.3 = <

*Then, Hhe code dictates ot low i1 ¢ mIleft]al] =
mak [11 for some jel

¢ Sinee JEL , it doesnet ove-r\ap i, and hence
high Lil < low 141
¢ But, Hhe bémmz-searo\f\ tree F‘roPe'l‘t‘g implies Haal
-?o-t ol L'e K, we have low T{T £ low Ti']

¢ Bul
" =n i[’ eR: i ove'r\ays ifS = =p.
=



