Week \l. Lecture Aotes

ngigs; b‘sjoiv\’c sel dete styuciure
Uwnion - Find
Augmer&ea\ dis‘]oint set deta stvucture
Network How

bis')ofn{-se{ dela shud:uwe LUYH'OV\—' de)

P'ro\ol em:

Moainlein o o‘\anamic colleeton of Paifw\se—o\'ss')oiv"k
sets S-: {Ss. Sg4 000 513 . Eacth sel 5; has one element

0‘55‘\""\3\13 shed @s Hae 1ePfesen'\'0'HVe, element , iep |.‘>,'|
M\lbt buPPo'r{ 3 oFeiah'onb:

* MAKE- SET(4) : 8dds rew set Sal to S with
rep[{a‘i]:ﬁ. Ljor any A ¢ S for all i)

* Unon (ay): replaces sets Sa Sy woith 54 U3y

S gb'l ama 4\,3 in Distinet sets 54'53,

. FIND' SET (QQ . ‘YG‘!’.UYV\& 7317;3,53“'\'3'}'\\1& 762[5al
N of set Sa con{ai\niv\a element 2.




‘5iw‘]>\e \inked -list solution

. r’xka s an (uvxo-ro\e-reol)

5"‘073 &G\Gk _‘)et 5{. € {’lg,ﬂ-‘l)"
ement ferfsi]

aou\o\a \inked \ist. Peline -re,?«esen*ah've el
fo be the front of the list, 4.

5% %,{ ’:‘F‘_:__"“'_f lq, ‘j"“ ‘____L_ Ny \

rep[5i]

e MAKE-5ET (2) inikalizes % 05 & lone node  — B
* CIND- SET (a) walks \e £t v Hhe List conteining o unk) it

reaches the front of the Ust — O(w)
ng N @Y\d \j ,

* UNoN (’)\vj) Concotenates the lists containi 1

\eov'\\nﬂ 7ep. s F\nd- 56T \’ﬂ e (9("‘)

5'1“/\‘2\8 balanced - lyee %olution

Stote each set’ o¢: {m,.m,,... .mg'ﬁ os o balanced tvee
Ua"“"‘.""a kcab7° De fine Tepvesen¥a\ive elewmerl 'repibi'l
‘o be the ~voot of e tvee.

e MAXE-SET () wikalizes S¢s {‘h.'h. Ng. Aus “"}
a5 a \ove nede — Bl

lep (5] ™,

s FIND- SET (2) walks up Hae tree
com’ca\mimﬂ o unh) it reaches

the voot — 9(%3»)

e Unon (1Y) concatenates the
trees contolning ondl 4

c\r\ev\caivx% Tep. = 3 Uag ")



Flias of altack

We wilt build o simple o\isj'oiw\; union dete structure that,
in an aworstized sense, Pe-r?ovmb 9;8wi&mn‘\'\n better
Hhan 9(\3 n) per opevaton, even better Haan Q(Qz lz "),

0(lg19da n), et buk ot quite BL).

To veach +his oal, we will inkroduce two Key tricks
Cach trick comverks o trivial Bln) solubion inte @ Siwmple

9[13 n) omortized solubion . Toae'hner’ +Hhe 4wo tricks vd\'eld
o0 wwuch better solubion .

First tricK arises in an au mented linked \rst.
Second triek ovises in o treen structure.

Auvawented linked - list Salulion
3

Store set S+ {“-n"lzs'--’*k} a5 unordered o\ou\ala )inked
list. Define Yc?[5£] to be front of the list, .
Cach element A alse stores peinter replaj] 4o rep[5i]

| IE — 1 ~
s:[ [m] d==l Tm] T L a

1ep Us:]

* B SET (W) veturns vepla] — pLy)

* UNWON (My) concatenates Hae lists cov\\:o\‘\m‘ns M end Y

ond uvpdetes the vep pointexs for all elements in
Hhe \ist ¢On+9u'nfna y. - Bw)



Enomple of augmented linked-list solution
J

Each elewent w; stores pointer vep (%] 4o rep(5].
UN©oN (2.y)

* Concatenates He \ists aw}o{y\,‘nq 2 eand y> avol
> uPdo'tea the vep Poivd:ers for o\l elements inthe
list c,ow\,aiv\ina a

98 usy, [
==
Tep[ S -
Eﬁ@z—‘-‘?ﬂ—’
Tep(sy]
SaUby :
- n
X, 'JT..—- \:,
vep[savsy]




Al ‘t e'maHve C&\nCG'{QV\G‘HOV\

UNoN (my) could instead

* concatenate the lists containing 4 and %, and
+ updote -the 7ep pointers jor all elements in Hhe list

vaﬁ'of\nina .
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I
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o v YCPts"
i S |
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Yep[Sy)
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7ep
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,r'a:\'ak 1: Swaller into laraer
J

To Save work, concotenate smaller list into Hie end of
the lavger list. Cost . 9(“"“8”“ of sweller list)

Auawxewl; ist do store its weight (#e,lemevsl:i)
3

Let*n” denote Hae overall number of elements
(equ'wa le_wH%, the wum ber of MAKE- 5 T operation s).

Let “w” denote Hie Jotal number of operations
Let .'f” denote He vwumber of Find- 56T opevatons,

THEOREM :  Cost of all UNION's |8 OLn\a n) .
Cb'roﬂera: Total cost is O(m+ nla n).

AV\Gl\ébL‘J of Tyier d

To save workK, concatenate smaller list jnto Hhe end of
The lavger Yst. CostTy0 (1% leng#h of smalley list)

Theorem: Tota| cost of UNION S o OLv\
P‘VOO?!

Monitor awm element o ond set Sa conmtaining it
Afler initial MAXE- SET(2), weia\n!: [%a)%!. Eocw R Hime
S is united with Sy, weight [8y] > weight 1241, pay 1

1o updlate 7ep(a], and weja\nt [%44] @t least doubles
("V\vfeabiv\a \oa \Nb‘a\f\“tt*"g-}).

18n)

Eaech Hwe 'S‘d wo united with swalley set 5,,7.:&5
hoﬂinrﬂ, and weja\n’c 1447 bw\y intreon bes .
Thus pay £ 18 " fovm,



Ke pre senhing sels as trees
J V]

Store each set 5,‘, = {’)t..'ng,.--.ﬂ«} asb an uv\o'rolereol,
Fo’cenholla unbalenced, not hecebsavﬂa biwo'r\d tvee,
.Skﬂiv\? cm\& r)mrev\\: pointers. '(epc.‘a,;'] is the tree voot.

Sie {ou.'»u"'s.ﬂ«,’ﬂnﬂaj

* MAKG- SET(7) iwitializes

a5 6 love wnode — B
* fiad- oCT () walks uyp Hhe
tree conteining W unh) it
teaches the voot - O (deptnind)
* UNvoN (')\.3) contatenates the
trees cov\+ainina n av\o\n

Triek ) adapted ‘o tvees

LAION (1Y) Con use @, Simple concatenation sbre%egu:
Make toot FIND -SET(Y) 0 clnild of root FIND-SET(A).
= Fwb- sETy) <\ Fwn-set (o)

We con adapt Taickd o "’\«\
Hais content also: + t) B

Me-/ae Yree with swalley X é
we\'a\nt wo tree withh 1ﬁ el @ R
) iaht.
arger weig 9;\/

Heiz\\’t of tvee ineveases OM‘J when it size douloles

So '\neia\n\t is \oz@‘ri‘\’hw\ic in weiah{:.
Thus Yotel cost 1o O(W\-\"hg\n)



ek 2 patb\ cowmpression

When we emecute o Finp- SET op evation ond welK up
0 path p o the Yoo, we Kwnow Hnre -re,F-rebev\\:a'Hveo

fov oWl nodes on Poan P

Poﬁ\ compre s5ion makes all
of Hwose vodes direct cwild ren
of Hre root. m m m

Cost of Finp- SET () 18
Ng
i)Y O( depth (ﬂ) m @

Fine - 2€7(Yy)

B
Cost of m Ao m m Is

b - SE T \‘
s st (é ﬂ

D(deptnial) Finn - 56T 19,)



Av\a\\d:ﬁs ot Tariek 2 alone

Theorem:

Total cost of CWD-SE’T is O(W\Lg ")

Proef:
Awortizakon ba Po{'enHa\ -Eunuh‘ow.

The we’\a\n\: of o node A (5 # nodes in its subtvee.
begiv\e P(My.ocrP) & Z‘i \3 weiﬂht (]

UNON (i, 25) inereases Poien\-{a) of voot Find- SET(W),
b‘d at wost Ja weigt Lroet Frub- setla] ¢ \%r“'

E-Gch b*eP dOw\n E—-’bc, made ba F’Nb"557[9‘f_)_)

ewcep-t— the Eirs%, woves ¢'s sulstree out 4 P 5u\o’b;ee.
; >4

Thus if —“i“%“"" I, wg%\'\’t[gj s s decveoses b‘J >

?‘a\'ma '?of The 5\:6p down’. There con be atwost

\qn steps p—~C For’ wowich '\fe'\ah’c Tcd 4}’1_\40(,%9&!:[}:1

Theovem:

1P all Union opevahov\s oteLuy beeore all Fwb-5¢T
operatons, Hhentotal cost 35 Olwin)
PTOOB'.

TP o Cwp-sgT Ofem\w'on troverses o poth voith K

nodes, c,os-Hng OLK) Huwme, then X-2 viodes ave wede
new children of Mo vool.

This c,lr\cm%e, conn heppen on\a once for each of
the n elements.

S0, the Yolal cost of Amd. SET jo 0l 34m).



ACK&Y Mown'S ‘Euv\r}ion A

3¢, if kO
be‘&“e Axu) N A(i") ), if k21— iterote ja Hmes
-
Aol})e §4) Aoli)e 2
Alp~21 A

A ~2i P22 AW

a0}
) 2

,f‘ 204%
A L) iv o lot bi%%er. A\ 72

2
’9'. XS Asth" Zoqq
All3) > 2

De&ne, o([_v\\-‘ AN SLK" Ale?/ h& ¢y '?of ?-mcha\ n

Avxa\\;Lbis o'? Tatks .\+}:

Theorem:
Tn qeneral, fotel cost 13 Olm alw)

f'




A?Ph cation:- bqwemm Conneerivity

5“??"53 e %TGP\/\ ) caiveV\ ‘o us ivsc;remew%-a“v by
AbD -VERTEX ()
ADD - EDGE Lwv)

ond we want +o Support cormechivity quesies:
CONNECTED [u.):

?
A"e u OV\d N Ywe Same cpyw\eded CJOMPOV\QV\‘Z-

CO" emew\p\e, we want 1o waintain o 9?"‘"“‘8 'Eofef”l;

50 we check wwether eaclh vew e,o\ae connects A
F-revioub\j Ais connected Paiv of ves¥ces.

Sets of vestices Teyvesev\\: cownected components.

Suppose o %1@9\/\ is given forus increwmentally by

Abb. VERTEXAV) ~\MAxE- SET(V)

Abp- EDGELuA) = 18 ot (ONNBCTED (uw)
frewn UNIWON (V)

ona

CONNECTEB(wY) : Finb- sgT[W= F1nd- o6 T (V)



r\ow netlwork s
DefiniHon: A Yow net work is & divected ‘3"'?\’* ,6_\‘_L\L'E?.
with twe A.iﬂ-iv\auis\\ed vexHeen: @ Souyee S and
o sink t. Cach e,dae (uwwv) €€ has & von-
v\ejah've copacity cluiv). TP (uv) ¢ €, then
clu,v) = 0.

Eam Ple:

Definikion: A &b_ihx_g_%.\mn on 6 15 @ | P - P:va-:&

5@“5?\63\!\3 Hae -po“owlnz'.

- Capgc,\‘-hL constraint: fFor al wveN
' d
O & Pl\h\n ra CLUQV)

- E\ow conservetion: for all LEV - {s.\:z,

pluv) — S plvw) = O
VeV veN

The value of @ Plow is Yhe net Flow out of the

Source:

S plsV) = S plws)
veN veV



A Nowo on @ metwork

c,ofoc"*_’
?obiHve 1

How \“ 4

Flow conservation (\ixe Kiveholfs current low ):

*Flow into U i 2115
*Flow oul of u is OH42-2

The value °¥ Hai s ﬁ\ow s Y=0xr2s= 3.

Ma‘nimum-f'\ow Prob\emt G'%vew G j’\ow network C\, ?ma\

a Plow of mamimum valuevin 4.

-TV\ Hie eloove &aufe, v alue og me MU muw j‘law s A.

Flow Can cellation

Without losshof ¢3we~ra\i{:\j , positive How 3065 either
from u +o V, oy Prow Vv tou , but not oth.

Net How From
U Yo V in both

cases is5 3

The capacity

constsaint ond 29 |ve D wug (o2
fow conservation @
ave pveserved by

s trans formation

TANTUITION:

View flow as o rate , ot @ quanhity.
— 1 v




A wotational :‘>§mp\s’g'caHon

IDEA: Work with the net flow between two verhces,
Tother Hhon with the positive Jlow.

Defmition: A [net) fow on G is a Punchion }: VXV R
5@Hs?3iv\3 the go\\owiv\g'.
- Q@mc&g constraint : For all uwe V,
‘)’luov) & CL‘J!\’)
- Bow conservation : For al) ue \- is.tg

_ one o‘bsuW\PHOV‘
VZGV‘HMN) 2 531\'5'&00\ of two

- Sxew - ﬂ\ﬂ\ma*?i" CO'( al unv eV
Huw) = < i)

Eq wivalence of beei wiHen

Theorem: The twe deﬁ‘ wiHons ere eﬂuiva\en\

Proof:
Ld: d’l.uﬂ'.) = PLU|V)— P['V'U)

QG?GC"“L‘:} constyaint: Since PUAN) ¢ clu,v) awnad
plvi) >0, we have luw) ¢ eluwd.

Flow conseyvalion:

5 Fluy) = 2_ (plu.v') - pL'v.u))

vev VEV

- L ;JLU.V’)— Z_ PLVv“)

VeV VEV




SKew symmetry : tu,v)
awwn " I

Pluw) - plwviv)

- (plv.u\ - pluw")
- .]r‘\h“)

«o

l\lemt , Cownsider Flu), 14 Huwv)> 0
PUMV)

(]

0 . &[u.v') &0

C;oPacj’cﬂ Constraint . (bsa a\ee'ivﬁh'on PL\AN')?,D. Since.
Fluw) ¢ elwy), it folows Haat plu,v) ¢ clu,v)

F\ow Conserveahon: If jluw')>o, Hren Ptu,v')-?lvm)-jl"n').
7¢ jluv) $0, then Pluv) - plvu)e —3lviu)= Fuv)
ond 5k ew s'dwmei:vy)

S plun)- 2 Suplum) = S Huw)
vev Y &V vev. .

Theve Pove,

Notation
Definiton: The valus of o Plow }, dewoted by 13l is

iven b
% e ‘j Hl _ i"}u)'v) - ‘.}L,S,\l)

VEV

i § wplicit Summation wotaton:

A set vsed in an ovithmeHe

formula Tepresents
? Sum over e elements of the set.

EmamP]e:

How con servaton;

HuN): 0 Jor ol u e v- {5t}



Simeple _propertes of flow

Lewmmaos
jLX.X) = 0
‘)b‘,“ﬂ e ——]LY,X)
Hxuy, s fua) + §U1,2) 3F X0Ye &

Theorem

131 3N E)

?tooi‘. H\ N 3[5'-\1)
: —}\V,V)— .)-Lv-s, '\J) Owit braces

« 3V, v-s)
e v, t)+ ‘)\\l. V-s-t)

- 4 \Vv ‘-')

Flow into the sink

‘5’“ 3’\5,\/') = L’
wv,t)e 4.




Cuts
A cut (5T of & —ﬁo\p network G+ (V,€) i5 @ parktion of

V such et S€S ond TET.
1¢ 4 is o Ylow on G, ‘Hthen the Fow across the cut is

3\ s,7)

HOT) = (242 a -2 142) = Y

Another cherecterizaHon of Howe value
Lemwa: For ovy. Pow £ N oy cut (5:7) 141: }L’).‘T).
Proot:  $187) = JLo.VI= 415:8)
= A15,V)
: 3{5,\1)—-}[_5—5,\0
» s V) 4

Capacity of a cut

cut (5T) is (5T

Ceyac\"l'\j o'? Q

c(s7)-= (242) + (V42+2)
=1



Upper bound ow the moanimum JHow value

Theorem:
The value O‘F OV\a j'\ovo 15 bouwo‘eo‘ above b!ﬂ Hhe
capab\'l'j of ovna cul.

P-too}'. \+1 ] ,}Ls"“)

* Z_i j’l.“v\l)

ued ver
& 2 i__ (,LM:V)

uss VT

= C L‘J,T)/

Qe sidual Networ®
be,zw'vx'skom
Let 4 bee —}’\ow own Q = L,
QkL\I,E,) 15 the %-raPk with strictly

A
Cap@cy c_} (s cluy)- Jluw) > 0.

E) - The e sidua) network

positive residua)

E'd%eb " E} adwit more How.

Fmemp\e:
0v) "3
¢ ¢ P e B
Ty 2
L ewviw\oLs

\E;) ¢ 2]E]



A :
\A%\N\ ew\"mg PG-HA:

be?imﬂ-"o«m A\nz Po‘H\ Brmm
o in § wi

| a\ovxa W auaw\ev\\ﬂ' "9

5 ‘\‘ot [T 61} \.5 Gwn

OU%W\ ev\*’w\% po a1 'feo?ed' f.The Jlow value

con be wmereadse poth P oy
Cylp) = win f4 lu,wd

(“\‘)GP
E
3 1 2:6 0:2 25
G: W@ﬁ
X% 1 »n®
Cyle) - 2
z Y ? 2 2
oy 1 RO
(
% 9 ! 3

Maa - flow, win cub™theovem

Theorem:

The ﬂ—o\\ow'\\na ere ee’u\ve\emt :
.} is 6 wenimum Flow
2. 3 odwits wo ou%w\en\-ivx% Pa-\’kb

5. Y= e (b5T) Yov sowme cut 15.T)



