Week 10: Lectuye Notes

Togice :  Correctness of Bellmen Ford
A ppli cation of Bellwan ford
AW pairs shortest path

1 oxdc‘ - Woarshall
Jownseon A\a orithw

g@vvec{neos &y Bellmon Fo-ro\

Theovem: IF G+ (V,E) contains no ne,ao’cwe we,oaht cUdes
then after Hae Bellman- Ford G\?oﬁ'\’hm
executes,  dIv]=\S(sv) Jovall vev

PTOO?:

Let veN be an verlex, ‘ewo cownsider a sWhortest
POH'\ P -r-rows 5 1o anuwitiiin Hhe miiivium nwawmlber of eolves.

o\

Sivnee P is @ Shortest aﬂn we have
S o) - sLs Vi ) + W Vg Vi)

I\niko\.\}, alvel: O 8(5.'\'»), and ds] is unc\uov\%ed by
swesequent velokations .

- After ) poss ‘H'wov\a\\ €, ave have 4lV,]- 6 (swv,)

¢ A?\:ev 2 passes 'Hnmuak E, we have alv;]: §15v,)

- F\?{ew K passes, we hove d Tve: §L5wy)

Stwee 6, contains wno heao’nve— wciaht cv(,\es, P simple,
Lomzea%. simple path has < lvl-| edges.




D e{.eCHO (/] V\QQO}{VQ wes C |
L"a) -f - e \nt [ L\’es
‘ %

Co»ro\\m*\&: T o ~value dTv] fails Yo converge ofter

W-1 passes, theve enists a v\easﬁ'ive,-

we,'sawc cbc\e n (] +eachable ?rpm S.

DA § Shortest poths

I e ouaph is @ divected acac)a‘c %na?h (DAG), woe
fyeat —)*o‘po\lo%ica“\é sort the vertces.

Detevmine {: V- {\, 2 ..., \\1\3 sueh Haat (uw)EE
2 Hw < W)

O(.V"’E) Hwe ubiha o\e?‘ﬁﬂ-ﬁ‘rb*, seoclh .

Walk Hrrovaln the vertices ne NV in this order, 1elem‘m3
the e,d%eb n Adjlu], Theve by obiaining the shortest
pothe & in o total of OLV4E) Hwe.



Linear Prroqra wmm iv\%
4

Let ‘A be on man wmatria, b e om m-vettoy ond

« " é ™ . .
¢ be ew n-vector. C\'v\d an n-veeYor A ‘ot wonimizes

Cle subject t0 A £V, or determines tHhot no such

soluton enists.

n

q (]
" . ” & MO wmi zim} L 7
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A« 1 ¢

Li“e«@'f P'roq'row\mi nag Alaorithims
d d U

A\%ori-\-\/\ms —?u-r Hre zev\ereﬂ ?'roblem
* Simplexr method s, = practical but worst cose
enponental Hwe

. E\\'\Pboid G\VD!")'HAM - Fo]sdv\owia\ Hwme, lout slow in
prechve

* Intevior pont wnetnods - Polldhbmi o] Hme and competes
with simplex

Ceobi\oi\»"c'a problem:
No opHwizoton Criterian.
Just find o such thet Aat b.
e Tw %ev\eva\, ')ub’c a5 Werd os o'fo\\'noru(j 2



So\vinﬂ, o sr(alstem of diffevence constraints

Lineay P'roa'(ow\w\%ng where each 7ow of A conteins
emad:\\& one 1, ove -1 and Hre vest O's.

Enomple: Solution:
’x“ - '”.z .‘-' % 9‘1 s 3
Ny~ Ao, € -2 - A ¢ w\'.j Xy = O
N - fk3 ¢ 2 9(3: 2
C onst reint (ymp‘r\! The A wabvia has
Wiy 5 y
Ny =y € Wi CZ"J’ @———M@ diwen sions
o ’ lE]x1V)

Unsatishable Constraints

Theovew: Tf Hhe constraint Wrapk contoine o negoeHve -
weia\nt ca,r,le., Then Hre ba:tem of differences
is unsat sRable. |

10 |
qwﬁuF?obe that Hre vxe,ae\ive weiah’r cdc,le, 'S
Ny =2 Ny s - eV N, Thewn, we \eve

Ny — Wy £ Why
Ny~ Ay ¢ Wey

M - M- € Liga, e
‘M-— Q\L € wk\

B

0 ¢ wg{ah‘\: O? Cab\e
eO.

'T\Ae'l’e QO'fe, no va\ues for A; Cewn sa\ﬂ'sg\d ‘\10\3 conslroints,



Sa‘lisggimg Hhe constyeints,

Theovews SuPpobe no neaa\ive weigkl cade, enials in the
constyeint %mp\- Thewn Hae constreints are
satislalle.

froot:
Add @ wvew vertexr s o V¥ withe zero wejg\ﬁ eéae_
o each vertex w; g N

Note-
No neca elive - wei%\»t

("#de ¢ ivwtroduced

= shortest poths
enist.

Claiw:
The esﬁ%v\mewl: n = 6lov) solves Hae constraints.
Consider omy constraint aj —ay @i ownd consides Hhe

Shortest peths from 5 4o Ny ond Vi

The '\‘-n‘ovx%\e, iv\e,qua\&a %ivcs us S(sV;) ¢ 815'\"’)"'"0"3-
Sivee ag: 505,v) and Ay = 5(5V)), the constrain
K- Nt Wi is  salsPed.




Be\\msv\— Co-rd onad linear P'rogmw\mm

C°"¢“°*3’ The Bellwen- Ford a\aoﬂﬁnm con solve o
Sldb{em o w diffevence constreints on

w veriobles v Olwn) Hme.

. 5'1\'\%\2- souvce shortest peths is @ simple LP problem.

* Tn -?ad:, Bellwen- ford wanimizes A7, 4 --. +2Ay,

subjeck o The constreints aj- i ¢wij and a;¢0

* Be\\ WG W - Co'ro\ @50 wiini mizes WM {"li} - Min; i%g




S hortest Po'l'llg

5im3\e— soutce shostest ?eﬂns:

. Non_weaeh've e,d%e we.i%h\:s
- bﬁkb{:‘ra’s o\zo-r'\‘ﬂnm - O(E’\'V‘O%V)

- C\ eneve!

- Pellwen Ford - OKVE)

+ DAG

- One pass of el wman Co-ro\ O\\H-E)

A\ - peirs shortest PO’HAb
° /\\o\n— vxeza\ive edﬂe, weia\n\;b

- Dijkstve’s a\aori'\‘hm N #imes - OL\;g.rv"\oa'V

_/'_\_l\' POITS Shertest Poths
Im?u\:z b'awro?\n G+ LVvE), where l\fl ewn, with edﬂe-
weiz‘h’c Pune Hown W N — R

Ouk\w!:'- non wNetrioe of a\no-deb't—];o'\'\n \e,ma'\’lna 5L4Y)

Tdea H#1.
o Run Hellwon Co'ra\ once Yeowr each verviea
°—Y.‘;\N\€ s D&\]‘L E)

« Dense %Ta?k =y O\\]"’) Hwe

“C‘oo& j’iﬂzt ‘\'-r@_‘”




b Yneawic Qroq-mmming_
=) U (@)

Consider the wan oadjecency weltria A= (04) of Hhe A;amp\\,
ond Aeeiv\e,
" ikt of .
de; : wexalrd: of & s\Whortest Fo% Peomn i Yo ] Hhad
nses ot wost w ed%gg,,

Claim: We wave . .
0 if i}
d"to‘) .
") oo ¥ i¥]
ond -?o-r Wz W& -0 on=),
wm-
d‘,ibﬂ\) T MiNy {d{\:w‘ 3-‘- a\&S’S

ono-? of claiwm:

Lelanotion |
?o'r Ke— 1l town
doif diy >dix *®;
Then dij — div+ 0y

l\)o’ce'- I\)o' v\e?ah've uueig\n’c cua\e ’»mphes

S(i,‘)) : d;-)(“"); d‘i(ﬂ" A‘jlhﬂ):’.



Mokria Mutk p\s‘ cation

Covv\PwEe, C= A. B, where C, A ond B ave nin matrices:

C‘") ® Z‘_-a‘.“blts :

Ke)

Tiwe = 9(“5) us'mg_ the stavndord a\%oriﬂnm v
Wwet if we wep "4 o win and s 4" ?
C\") : "V\iﬂ'K {Gig + bn"i

'nnub, blm) r b(m"'x.A

0 o0 o0 00 103
Tdenkity wotrin » 15 (%2 %= % |67 (diy ).
00 o0 oL O

The (w“‘v\, +) mu\\—ip\s‘cokov\ 'S ossoaaﬁve,am\ with The
1eal vumbers, it Forwis onm a\?eb'mic sivucture called

0 closed sewivi n%

Cowsec‘uew"\&, we con C/OW\PW}:Q

bm e Bmo Lig K

(9)
bg - bmo Ac'— A?’

L]
.

b\\r\--\) ) b['\"‘). A - Aw—\
\jie,lo\\‘vxg e, Lg[a;.p)
’ﬂ'w\e 2 9 (V\-hs) = 9(1\")
No etter then nx B-F.



'Iw»Pfroveo\ matrist wmultiplication alaorithm

ereded Scyua'r'aﬂ%:
A A% x A

l’!g tn-d |
COW\PuEe A" Al', e e Az
~ o

0 [ \ea \n')f .Squa'r'\ V\ab-

Note:
Ah-,-; A“= Av\-ﬂ

1

Time = 0o lan)

To detect \neaah've weia\n'l cadeb, cheek Hae o\a‘avom\

-fo:’ we%o.’n've veluesuin Oln) oddiHona) ¥we.



[ loyd - Warshall Algorithn

Also d\am owie F'roa'rownm iv\a , out foster!

bﬂeiv\& Ci;ﬂ: weia\ﬂ't 0'?0 shortest Fo\\:h ?mm v -\-o:)
woitth intermediote vervlices b&lon%ina
to Hnae 55'1; {\lzl ---:K’f

() —F—D—B—0)

Thus . S“.,) s Cy L) Also , _(:i"w); Gii.

£ -
v

- O\Aclr Warshall Recusvene®

L) e 0 =) X
Cei £ Mf“K{Cl‘i 5. Civ "'C'i( 3

interwmediote verlces w {\d—:-"*k]



Pseudowde tor F\D\Jd' Wershal)

L ‘fof Ke) 4o n

2. do gb'f ie—4 bon
3. do ‘?O‘f J —)Yton
b, . . 4 Co
do "r Ci’ >Ctk+ k) Ye“xah.o“
S. Hhen C‘l — Cie C“S
No’ceb:
OKa\a Yo owit 5upevac'riyb, swee entra velaxations
Can't huvt

Runs in B Ln®) Hime
S5imple to code
EfBcient in proctee,

Taensi Xve Closuve ofia divected %mpk

35 if theve eaists & ?e-)\ne-fvm t¥o)

waxpu{e ‘E;;: {

0. othevrwise

Ibea-:
Use ﬂo\(.’d- Warshal), but with (¥, A) jnstead of
rnin, +) ¢
) L)

b Lke-1) Le-»
B o=t v e A by )

—ri\me = B(V\S)



G!'feFk e we{a\n-\-\‘wg_

—nﬂeOTeVn:
Given @ label hlv) for each veN, wewesgh{: eocl
e,o\%e (uv) g€ by
w (W) = wluw) + hlw) - hiv)

Then all poths between The some twowvertices arve
'feweialr\\:eo\ b\a the same awmount.

P-roo?-.
Let pe=visv, ... -—-k\'(\‘ be a path nthe caroPk.
Then we ‘\one, w LP) . Z' () [’Vi'vi‘“)
(=

: :{‘, (ol vy N w) ¥ W vg)- h’.\'uD)

ie

: wlp)e Wlve) = wivy)

To\rw\ SONn'S A\aowitkvvl‘
. Find a verten \abeling h such thot w (wv) %0 for a1\
(uw) e E b\d Ubive L3 el mon- fovd o solve Hhe

o\.i??efe,vxce constraints : hiv) —hlu) € W(U,V‘)
oY deterwsiv\ima Hrot @ ne%aﬁv‘e uaeia\n\: c,Uc)e enists.

« Time. O(VE)

2. Qun Dijkstrvals a\rao'(i‘\‘hw\ from each vertex woing
“Time = OWE+V*logV)

»
>

3 Reweight each shovtest-poth 1ev\<a’r\~ & (p) +o produce
the bhov{es{—?@r\‘k \ema'\‘lns _ug_LE) of He oﬁ%iwa\ 3'(0?1«

*Time:= 0 L\f:)

Tota) Hwe - O(\IE’.\-V'LIQUV)



